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Chapter 1

Introduction

Through history logic has been used for several purposes, for example as foun-
dation of mathematics or in philosophy to provide an controlled environment of
argumentation. In this thesis we are interested in using logic to describe mathe-
matical structures. For example, it is well know that algebraic logic can be used
to describe algebraic structures. Birkhoff Theorem clarifies under what condi-
tions a class of algebraic structures can be characterized using algebraic logic.
The dual concept of algebraic structure is that of coalgebraic structure. In the
last decade there has been a development of different logical languages to de-
scribe coalgebraic structures. There is no agreement in which of these language
is the most appropriate to describe coalgebras. This disagreement is partially
based on the fact that there is not much work comparing these languages. In
this thesis we will do some steps on this direction comparing two languages to
describe coalgebraic structures.

Coalgebras and algebras are formally dual concepts, i.e. given a functor T,
a coalgebra is a function a : A — T A and an algebra is a function oo : TA — A.
Peter Gumm in [6] claims that coalgebras as direct duals of algebras have been in
scene for more than 30 years, but did not receive much attention primarily due
to the lack of vital examples. The vital examples came from computer science.
Various kind of transitions systems, automata and functional programming lan-
guages are naturally represented as coalgebraic structures. These new examples
demonstrated that a better intuition to understand universal coalgebra is to
conceive it as a general and uniform theory to describe dynamic systems.

Our starting point is that of basic modal logic and Kripke structures, frames
and models. It is well known that modal logic is an expressive language to talk
about Kripke structures or relational structures, see [2]. Using modal logic we
can provide an internal local perspective on relational structures, see [2]. Now
Kripke frames and Kripke models can be naturally represented in coalgebraic
terms. For example, a Kripke frame (A, R) is represented by a function R : A
— PA, where P is the covariant power set functor and R(s) is the the successors
of s. Here, we can see that modal logic is a language to talk about coalgebraic
structures. This immediately rises interesting questions. Are there other formal
languages like basic modal logic for other coalgebras? Is the modal language
an isolated language or is it an example of a more general concept? Since there
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are many languages to talk about coalgebras what is the relation between them?

The first question can be answered through abstract model theory. A lan-
guage for coalgebras is a set with a class of satisfaction relations. The satisfac-
tion of a modal formula on some point of a Kripke frame can be seen as a process
executed over some Kripke structure. Here, we can say that from the point of
modal logic Kripke structures are dynamic systems, therefore coalgebras are a
generalization of Kripke frames, but there is no natural interpretation of basic
modal formulas over arbitrary coalgebras. Pattinson in [9] and Schréder in [10]
solved this problem showing that there is a direct generalization of modal logic,
see Chapter 4 here, using the concept of relation lifting; we call those languages
coalgebraic modal languages. These language can be uniformly defined for a
large class of functors. Hence modal logic is a particular instance of a more
general phenomenon. Historically, coalgebraic modal languages were not the
first languages invented to talk about coalgebras in a uniform framework and
as a generalization of modal logic. The first language with this features was in-
vented by Lawerence S. Moss, see [8]; we call this language Moss’ language. The
presence of at least two different languages to talk about coalgebras explain the
third question. What is the relation between them? We have no general answer
for this question. Out here we do answer the third question in the particular
case of Moss’ language and coalgebraic modal languages.

To return to our starting point, it is usually claimed that in the particu-
lar case of the covariant power set functor, Moss’ language and the coalgebraic
modal language are equally expressive, see [12]. Unfortunately in the litera-
ture used for this thesis, there is no much material explaining what it means
for two languages to be equally expressive. This thesis will not provide such
general theory. Instead we will compare Moss’ language and coalgebraic modal
languages at a semantical level and at a syntactical level.

One way to define the expressiveness of a language is using its semantics. A
language £ is said to be more expressive than a language Lo if £1 can express
differences between coalgebras that the language Lo cannot. Using this crite-
rion, we will then show that Moss’ language and coalgebraic modal languages
are equally expressive.

Another way to compare the expressiveness of two languages is trough trans-
lations. Using the notation from the previous paragraph, this means that each
formula in the language Lo is translated into an equivalent formula in £;. Using
this criterion, we will show that in the case of Kripke polynomial functors every
predicate lifting can be translated into Moss’ language.

The structure of the thesis is as follows: In the proceeding chapter we intro-
duce the formal context in which this thesis is located, we discuss some basics of
category theory and universal coalgebra. We also establish the background re-
lated to languages and translations, including expressive languages. In Chapter
3 we define Moss’ language, provide examples in the case of Kripke polynomial
functors, and finally we show how to extend Moss’ language with disjunctions
and negations. In Chapter 4 we show how to generalize modal logic to coal-
gebraic modal languages, provide examples in the case of Kripke polynomial



functors, and show, in an original work, that coalgebraic modal languages can
be represented as initial algebras. With these preliminaries out of the way,
we are ready to compare Moss’ language and coalgebraic modal languages. In
Chapter 5 we demonstrate that the existence of expressive languages is equiv-
alent to the existence of a final object. We present a new elementary proof
developed by the author and Clemens Kupke. Using this result, we define non
constructive translations between Moss’ Language and coalgebraic modal lan-
guages. In the final chapter, we refine such translations, defying constructive
finitary translations for the particular case of Kripke polynomial functors.

Some final remarks: Unfortunately we have neither space nor time to intro-
duce universal coalgebra from scratch, we assume the reader is familiar with
some notions of category theory and coalgebra. The next chapter is only a
source of references for this thesis. An introduction like [11] for category theory
supplies more than enough material. Another useful source is [4], in this book
Robert Golblatt studies the basic concepts in great detail for the particular case
of sets. In the area of universal coalgebra there are several different introduc-
tions we specially recommend [6], [7] and [12]. As stated, our starting point is
that of basic modal logic and Kripke structures. Again there is not enough space
to provide a decent introduction to the subject, therefore we assume the reader
is familiar with modal logic. We base most of our general knowledge on modal
logic in [2]. Finally, we clarify that during this thesis, references in the text are
only used to help the reader to find more detailed proofs and explanations. A
claim like ”Theorem 5.2.1 can be found in [2]” only means that we have used
reference [2] as a base for theorem 5.2.1; we do not claim that the original proof
or idea first appeared in [2].
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Chapter 2

Formalizing the Beginning

In the previous chapter we gave a general introduction to the subject concerning
this thesis. This chapter has two objectives. First, to introduce the formal
context in that this thesis is placed. As we said before, this thesis is not self
contained. This thesis is not an introduction to the theory of coalgebras neither
a state of the art in the use of logics for coalgebras. We give no introduction
to modal logic, the work done in [2] provides more than enough material. The
first section is a short reference to category theory and the second section is
a short introduction to coalgebra. The well informed reader can skip these
sections without problem. The second objective of this chapter is to make
explicit the basic framework that we are gonna use to compare Moss’ language
and coalgebraic modal languages.

2.1 A Short Reference for Category Theory

This thesis is a friendly interaction between category theory and set theory. In
most situations we try to present the subjects from both perspectives but there
are plenty of situations where one overwhelms the other and then it makes no
sense to consider both perspectives.

We assume familiarity with set theoretical operations, with the concepts of
cardinal and ordinal numbers and with the notion of reqular cardinals.

Definition 2.1.1. A cardinal number k is said to be regular if its cofinality is
K itself.

An intuition behind regular cardinal is that they can not be covered using
less than x steps. We will use regular cardinals to bound disjunctions and con-
junctions. An example of a regular cardinal is Xg. An example of a non regular
cardinal is N,.

Here we don’t assume familiarity with general category theory but familiarity
with a categorical view of sets. We assume the reader is familiar with the
concepts of products, pullbacks, equalizers, terminal objects and their duals on
the category of sets. The work done by Robert Goldblatt in [4] is a nice source
to obtain that knowledge. We also assume the reader is aware of the principle
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of duality, and the adjunction between exponentials and products, i.e there is a

natural correspondence
XxY —Z7

X —7ZY
This thesis is only about set coalgebras, i.e coalgebras for a functor T : Set
— Set. Therefore we have to assume familiarity with endofunctors over the
category Set. We fix some notation.

Notation 2.1.2. Given a functor T, we write, indiscriminately, Ty or T(f) to
indicate the action of T over a function f.

Definition 2.1.3. A category C is locally small iff given any objects X,Y in C
the arrows between X and Y form a set.

It is well known than the category of sets is locally small.

Among all the endofunctors over the category Set, the following functors will
play and important role: (1) The homomorphism functors.

Definition 2.1.4 (Hom(—, —) functors). Let C be a locally small category. The
functor
Home : C? x C — Set

is defined in the following way. On objects: Home maps a pair of objects, X,Y
in C, to the set of arrows, Hom(X,Y'), between them. On arrows: Home maps
a pair of arrows, f: X' — X;9:Y — Y, to the function

Home((f,g9)) : Hom(X,Y) — Hom(X',Y").

This function maps an arrow h : X — Y to the following composite

X Y

If it is clear what category is involved we will drop the subindex. If the category C
is a category where the arrows are natural transformations we write Nat(—, —)
instead of Hom(—, —).

Notice the following two facts: First, if we fix the first component, say with
C, in the previous functor we obtain a covariant functor

Hom(C,—):C —C.

Second, if we fix the second component, say with C, we obtain a contravariant
functor
Hom(—,C):C? — C.

The category Set has a distinguished object 2, a set with two elements. This
set is particularly important because the contravariant functor

Hom(—,2) : Set®? — Set
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is isomorphic to the contravariant power set functor. The contravariant power
set functor, written 2(=) or sometimes 75, maps a set X to its power set PX.
The action on arrows is as follows: An arrow f : X — Y is mapped to its
inverse image f~!' : PY — PX. If f is an inclusion map i : X — Y, it is
mapped to (=) N X : PY — PX. Notice that we have three different notations
for the contravariant power set functor,

Hom(—,2) and P(—) and 2(7),

we will use the three of theme indiscriminately. The reason for that is that each
of them give a different perspective that is useful for different situations.

(2) Another important functor is the covariant power set functor written P.
This functor maps an object X to its power set PX. An arrow f: X — Y is
mapped to its direct image f : PX — PY. We recall that the direct image is
defined as follows. Given a subset A C X

P(f) = flA = {f(z) |z € A}.
With respect to the covariant power set functor it is interesting to remark

Remark 2.1.5. The covariant power set functor is not isomorphic to any sin-
gle functor of the form Hom(D,—), but it is isomorphic to a colimit of such
functors.

(3) Functors can be combined using the limits and colimits on the base
category, it is done pointwise. We are particularly interested in products and
coproducts. Given two functors 71,715 : Set — Set we define the product func-
tor Ty x Ty : Set — Set as follows. An object X is mapped to 71X x ToX.
An arrow f : X — Y is mapped to the product arrow (T1(f),T2(f)). The
coproduct of two functors is defined following the same idea.

Remark 2.1.6. The reader with knowledge in category theory should know that
products and coproducts of functors are particular cases of limits and colimits
in the category Set®¢t. This category is the category of endo functors on the
category of sets with natural transformations as arrows and usual composition.
The existence of limits and colimits in Set* is a particualr instance of the
following general result:

For any locally small category C the functor category Set® has all finite limits
and colimits.

We refer the reader to 7?7 for a more detailed discussion.

(4) Other functors that will play an important role in this thesis are Kripke
polynomial functors. The collection of Kripke polynomial functors, KPFs for
short, is inductively defined as follows:

K:I|D|K0+K1|K0XK1|H0m(D,K)|PK

Here 7 is the identity functor, D is a constant functor with value D, P is the co-
variant power set functor, Hom(D, —) is the homomorphism functor, products
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and coproducts are defined as we explained on the previous paragraph. Replac-
ing P with the finite power set functor P,,, and demanding D to be finite, we
obtain the collection of finitary Kripke polynomial functors.

Once we assume familiarity with functors we don’t have to do much to
encourage natural transformations to jump to the stage.

Definition 2.1.7. Let F,G : C — D be functors. A natural transformation A
from F to G (denoted A : F — G) is a function that assigns to each object A in
C a morphism g : FA — GA inD in such a way that the following naturality
condition holds: for each morphism f: A — B, the square on the right

C D
Al Fa—24 Lo
fl|Fr Gy
B| FB— GB

B

commutes in D.

The idea of the previous schema is that we have something in C and there
are two ways to transfer it into . A natural transformation is a transformation
between such transformations. A component of a natural transformation are
called operators.

Another fact that we will use later, specially in the last chapter, is that using
functors we can transfer and retract natural transformations.

Definition 2.1.8. If F,G : C — D are functors and A\ : F — G is a natural
transformation, then

o for each functor H : D — E, the natural transformation H(\) : HF
— HG is defined by
H(X)a =H(Aa),

this natural transformation is the H-transfer of A.
e For each functor H : [E — C, the natural transformation A\ : FH — GH

is defined by
(Am)a = Ama,
this natural transformation is the H-retract of \.
In Chapter 3 we will need the concept of equivalence. We will only mention

the definition and some results. The interested reader can find more information
in [11].

Definition 2.1.9 (Equivalences). A functor F : C — D is essentially surjective
on objects, if for any object D in D there exists an object C in C such that F(C)
is isomorphic to D.
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A functor F : C — D is said to be an equivalence if it is full, faithful and
essentially surjective on objects. Two categories are equivalent if there exists an
equivalence between them.

An important characterization of equivalences is given by the following re-
sult, a suggestion for a proof can be found in [11].

Theorem 2.1.10. A functor F : C — D is an equivalence iff there exists a
functor G : D — C and natural transformations

pw:lde — GF wv:Idp — FG
whose components are all isomorphism.

The intuition behind equivalences is that, in general, asking two categories
to be isomorphic is a really strong condition. It can be relaxed using equiva-
lences. Two equivalent categories can not be distinguished using the language of
category theory. This happens because objects are defined up to isomorphisms.

2.2 A Short Reference for Coalgebras

Coalgebras and Algebras are formally dual concepts. In this thesis we will only
study the particular case of coalgebras associated with a functor 7' : Set — Set,
i.e set-coalgebras. Assuming this we define coalgebras and algebras:

Definition 2.2.1. Let a functor T : Set — Set be given.
o A coalgebra for T, or a T-coalgebra, is a function a: A — TA.
e An algebra for T, or a T-algebra, is a function o : TA — A.
The map « is called a structural map.

Notice that more important than the carrier set is the structural map. In
most of the cases there is not a unique structural map associated with a set
A. Because of that in most situations we will only write the structural map to
represent coalgebras. General introductions to the theory of universal coalgebra
can be found in [6] or in [7] or in [9].

Many structures on mathematics and computer science can naturally be
represented as coalgebras. Our starting point is that of Kripke frames. A
Kripke frame (A, R) is represented coalgebraically as follows: A Kripke frame
is a coalgebra for the covariant power set functor. We define ag : A — PA to
be

s' € a(s) iff sRs’.

Coalgebras for a functor T' are not isolated objects there are morphism be-
tween them, more formally they from a category. A coalgebraic morphism is
defined as follows
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Definition 2.2.2. A morphism [ : a — [ between coalgebras o and (3, for a
functor T, is a function f: A — B such that the following diagram

A ! B
o p
TAWTB

commutes. We call f a coalgebraic morphism. Dually we define algebraic
morphisms.

The commutativity of the previous means that the states s, f(s) behave in
the same way. It is easy to see that in the case of P-coalgebras, Kripke frames,
coalgebraic morphism are precisely bounded morphism between Kripke frames.
The concept of bisimulation is naturally generalized to arbitrary coalgebras as
follows.

Definition 2.2.3. If (4, «) and (B, 3) are coalgebras, then a relation R C Ax B
is a T-bisimulation from « to B if there exists a structural map p : R — TR
such that the following diagram

A= UEE

TA

R ~ B

« p 0

TA = TR > TB
T(ma) T(rp)

commutes, i.e the projections are T-morphisms. Two states s,s’ in coalgebras
a and (3, respectively, are said to be bisimilar, written s« ', if there exists a
bisimulation R between o and 8 such that (s,s’) € R.

Some properties of bisimulations, see [6] for the complete proofs, that will
be used later are:

Proposition 2.2.4. The union of any collection of bisimulations from « to 8
is a bisimulation from a to 3.

Based on the previous proposition we conclude that for each pair of coalge-
bras (A4, «), (B, 3) there exists a largest bisimulation from « to (3, the union of
all the bisimulations from « to 8. We call this relation bisimilarity. This will
be denoted by < g and may be written without subscript if there is no risk of
confusion. We also write (a, s) < (8, s’) when s = o3¢, and view bisimilarity
as a relation between pointed coalgebras. A functor is said to have transitive
bisimilarity if

s« s < s implies s 5.

Corollary 2.2.5. Given pointed coalgebras (o, s),(5,s'), then s<— s’ iff there
exists a bisimulation, say R, from a to B such that (s,s’) € R.

There is a deep relation between bisimulation and coalgebraic morphisms.
Namely, coalgebraic morphisms are functional bisimulations. Formally, it means.
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Proposition 2.2.6. A function f: A — B is a morphism from « to B iff its
graph,
Gy =A{(s,f(s))|s € A},

1s a bisimulation.

Unfortunately bisimulations do not behave nicely in all cases, see [9]. There is
another concept that allows us to study the behavior of states, namely behavioral
equivalence.

Definition 2.2.7. Two states s, s’ in coalgebras o, 3, respectively, are behav-
ioral equivalent, written s ~ s', if there exists another coalgebra v and coalge-
braic morphisms f : a« — v and g : § — v such that f(s) = g(s').

Coalgebraic morphisms preserve the behavior of states, then two states are
behavioral equivalent if we can find a new state that behave as the both of the
initial states. In the general theory of coalgebras this notion is more natural
than the notion of bisimulation.

Coalgebras and algebras are not isolated structures, together with coalge-
braic and algebraic morphisms form categories.

Notation 2.2.8. Let a functor T : Set — Set be given.

o We write Coalg(T) for the category of T-coalgebras with coalgebraic mor-
phism and usual functional composition.

o We write Alg(T) for the category of T-algebras with algebraic morphism
and usual functional composition.

A final coalgebra is a terminal object in a category of coalgebras. It is easy
to see that if a final coalgebra exists then two states are behavioral equivalent
iff they behave the same over the final coalgebra.

A category of coalgebras has all the colimits that exists in the base category,
that because colimits are computed pointwise, see [6]. For example the coprod-
uct of two coalgebras «a, 5 is computed as follows: At a first instance we have
the coproduct of the two structural maps

[a,0]: A+ B—TA+TB.
The universal property of the coproduct gives us another arrow
[T(ia),T(ig)] : TA+TB — T(A+ B).
It is straight forward to check that
[T(ia)e, T(ip)B): A+ B —T(A+ B)
is the coproduct of o and 3 in the category Coalg(T). On the other direction

it can be shown, see [6], that the carrier of a colimit in Coalg(T") is the same
colimit in the base category.
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Remark 2.2.9. In general limits do not exists in categories of coalgebras, even
if all of them exists on the base category. The existence of limits is bounded to
the preservation of limits of the functor T, see [6]. In this thesis we dont have
to deal with limits of coalgebras.

We finish this section stating an useful result for coalgebras.

Lemma 2.2.10 (Lambek’s lemma). If ¢ : Z — TZ is a final coalgebra, then ¢
is an isomorphism.

2.3 Languages for Coalgebras

As we said before, our starting point is the fact that the basic modal language
is a formal language to express facts about P-coalgebras. In this thesis we will
show, see Chapter 4, how to generalize the basic modal language to arbitrary
set-functors. Generally speaking languages for coalgebras, see [5] or [10], are
defined as follows:

Definition 2.3.1 (Languages for Coalgebras). Let T be a functor and let L
be a set (language). The set L is a local language for T-coalgebras iff there is
an operation, =, such that to each T-coalgebra, (A, «), assigns a satisfaction
relation Fo,C A X L.

When a pair (s,¢) belongs to =, we write a, s =, or s o @, and say:
The formula ¢ is true, or satisfied, at state s in A.

This is equivalent to the existence of a function
E: PCoalg(T) — PL,
where the domain is the class of all pointed T-coalgebras.

This definition is quite general. Furthermore notice that we do not assume
the existence of any logical connectives like disjunctions or modalities, Goldblatt
in [5] suggests that better name could be prelogics. Clearly the basic modal lan-
guage is a local language for P-coalgebras. But there have been several other
examples of local languages in the literature for particular cases of functors since
long time ago. For example a modal language with polyadic modalities is a local
language for the products of the power set functor with itself.

In 1999 Lawrence S. Moss published a paper, see [8], where he explicitly
presented a local language that could be uniformly defined for all set functors,
actually standard weak pullback preserving functors, this language is presented
here in Chapter 3. Another important example of local languages for coalgebras
are the languages with coalgebraic modalities, such languages are presented in
Chapter 4. The main, and only, subject of this thesis is to compare these two
languages at a semantical level and at a syntactical level.
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2.3.1 Semantical Comparisons

Our first approach to compare the expressiveness of local languages is done
using semantics. The expressiveness of a language is not given for the facts it
can express about coalgebras but for those differences that the language can
not express. Notice that for every local language we can restrict the function =
to a single pointed coalgebra («, s). This produces what we call truth classes,
formally truth classes are defined as follows.

Definition 2.3.2 (Truth Classes). Given a local language L, we associate with
each pointed coalgebra (a, s) its Truth Class

La,s) ={p € L]slkq p}.

A set ® C L is called a truth class if there exists a coalgebra o and a state s € A
such that ® = L(c, s). We write L= for the set of all truth classes.

Using the truth classes of local language £ for T-coalgebras we can define
an equivalence relation «~ , logical equivalence or logically indistinguishability,
over the class of all pointed T-coalgebras as follows:

(a, 8) e~ (B,8) iff La,s) = L(B,5)
Using this equivalence relation we can define expressive power as follows

Definition 2.3.3 (Expressive Power). Let £ be a local language for T -coalgebras.
The expressive power of L is the set of equivalence classes of the relation («, s)
and (8, s") are logically indistinguishable for L.

As we said this thesis does not contain a general theory of expressiveness
hence we do not claim the previous definition is the most appropriate, but it is a
start. This definition of expressive power is what we would call a semantical def-
inition. Semantical because the expressive power is a set of pointed coalgebras.
Using this definition we can give a first method to compare languages.

Definition 2.3.4 (Semantic Comparison of Expressiveness). Let L1, Lo be local
languages. We say that the language Lo is more expressive than the language
£17 Zﬁ

a g B implies o <~y 3,

where «~1 and «~o are the respective logically equivalence relations. When a
language L1 is more expressive that a language Lo we write L1 < Lo. We say
that the language Lo is strictly more expressive than a language L1, iff

L1 <a Lo and Lo %ar L4

This framework to compare expressiveness is formalizing the following intu-
ition: A language Lo is more expressive than a language £; if and only if Lo
can express properties that £; can not. For example if ML is the basic modal
language and M LFE is the basic modal language together with an universal
modality. The language M LFE is strictly more expressive that M L.

Since M LE is an extension of ML it is clear that it will be more expressive
than M L. To see that it is strictly more expressive let M7 = ({z,y},0,0) and
My = ({z,y},0,V(p) = {y}). Clearly (M1, z) e~ (Ma, ), but (M, ) «~nrE
(M3, x) does not hold.
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2.3.2 Adequate and Hennessy-Milner Languages

In this thesis we are only interested in local languages that behave nicely with
respect to bisimulations and behavioral equivalence. Those are called expressive
languages. The general idea is the following: Assume we have a local language
L and an equivalence relation R over some class of pointed coalgebras. We
would like characterize the relation R using £ but also the other way around,
i.e characterize the language £ using R. When this is possible we say that L is
expressive for R.

Adequate Languages

Definition 2.3.5 (Adequacy). Given an equivalence relation, say R, over PCoalg(T).
We say that a local language L is adequate or appropriate with respect to R iff
equivalence according to R implies equivalence according to L. That is, for any

pair of pointed coalgebras, say (a, s) and and (8,s’)

(o, $)R(B,8") implies (o, s) o r (B, 5")

Adequacy says that the language £ can be characterized using R. Conversely
it says, if s and s’ are not logically equivalent then they can not be equivalent
using R. Notice that adequacy is preserved downwards, i.e under less expressive
languages. That is if R is an equivalence over the class of pointed coalgebras,
and it is the case that L5 is adequate with respect to R and £; < L5 then £4
is adequate with respect to R.

Example 2.3.6. Some basic examples from modal logic are:

e The basic modal language is adequate with respect to bisimilarity of Kripke
models.

o First order logic is not adequate with respect to bisimulation of Kripke
models

Hennessy-Milner Language

The other side of the coin is to give a logical characterization of an equivalence
relation, say R, over the class of pointed coalgebras. In order to do that we
need the notion of a Hennessy-Milner language.

Definition 2.3.7 (Hennessy-Milner language). Let R be an equivalence rela-
tion over the class of pointed coalgebras. We say that a language L has the
Hennessy-Milner property with respect to R iff logical equivalence according to
L implies equivalence according to R. That is for any pointed coalgebras, say

(o, 8) and (B8,$'),
(o, 8) «~sp (8,8") implies (o, s)R(3,s").

Conversely it says, if s and s’ are not R-equivalent then there is a formula
that witness it. The Hennessy-Milner property is preserved upwards, i.e over
more expressive languages. That is if R is an equivalence over the class of
pointed coalgebras and it is the case that £; has the Hennessy-Milner property
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with respect to R and £1 < L5 then £, has the Hennessy-Milner property with
respect to R. Combining adequate and Hennessy-Milner we obtain expressive
languages.

Definition 2.3.8 (Expressive language). Let R be an equivalence class over the
class of pointed coalgebras. We say that a language L is expressive with respect
to R iff it is adequate and has the Hennessy-Milner property with respect to R

A relation between the expressiveness of a Hennessy-Milner languages and
adequate language is:

Theorem 2.3.9. Fiz an equivalence relation R over the class of pointed coalge-
bras. Then Hennessy-Milner languages for R are semantically more expressive
than adequate languages for R, i.e if L1 is an adequate language and Lo has the
Hennessy-Milner property then L1 < L.

Now as consequence of the previous theorem we obtain that expressive lan-
guage can not be differentiated at a semantical level,

Corollary 2.3.10. Ezpressive languages can not be differentiated semantically.

Perhaps expressive languages can be differentiated using some more sophis-
ticated notion. This leads us to translations, or syntactic comparisons of ex-
pressiveness.

2.3.3 Translations

In Chapter 3 using the literature we show that Moss language is expressive. In
Chapter 4 using the references we show that we can always find a set of predicate
liftings such that the language of predicate liftings is expressive. Hence based
on the previous corollary we conclude that these two languages are equally ex-
pressive at the semantical level. Because of that we will now approach the com-
parison issue at a syntactical level. The intuition is the following: A language
Lo is more expressive than a language at a syntactical level than a language £
iff for every formula ¢ € £, there exists a formula 1 € Lo that is equivalent to
. Notice that this intuition is defining a function from £; to L,.

Definition 2.3.11 (Translations). Let L1, Lo be local languages. A translation
from Ly to Lo is a function

Trs: Ly — Lo,
such that for every pointed coalgebra (c, s) the following holds: For all ¢ € L4
a, s }ZL‘J ' iﬁa?s |:£2 TTS(LP)

Clearly the standard translation ST : ML — FOLR is a translation. The
characterizing property of translations can also be expressed using satisfaction
sets.

Proposition 2.3.12. Let Ly, Lo be local languages for coalgebras. A function
Trs: L1 — Lo is a translation iff it commutes with validity. That is for every
coalgebra o and every formula ¢ € L1 the equality

[Pl1.a = [Trs(@)]2,a

holds, where [—]; ;1 = 1,2 are the appropriate satisfaction sets.
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Translations are related to the semantic comparison of expressive power in
the following sense.

Proposition 2.3.13. Let L£q,Ls be local languages. If there is a translation
Trs: L1 — Lo then L1 < L.

Proof. Assume (a, s) «wr, (8,5"), we want to prove (a, s) e, (8,8"). Using
the former assumption and the translation we have:

a,s E=r, piff a,s =g, Trs(e) iff 3,5 =, Trs(e) iff 3,5 =, ¢.
this concludes the proof O

Based on the previous result we see that there is, at least, another form to
compare languages.

Definition 2.3.14 (Syntactic Comparison of Expressiveness). Let L1, Ls be lo-
cal languages. We say that the language Lo is more expressive than the language
L1 via translations, iff there exists a translation Trs: L1 — Lo.

The previous proposition implies that the syntactic comparison of expres-
siveness is finer than the semantic comparison of expressiveness, i.e translations
may, in principle, see differences that semantics can not.

Based on the results of the previous section in later chapters we will prove
that Moss’ language and coalgebraic modal languages are indistinguishable at
a semantical level, then the main problem to study in this thesis becomes the
following:

Can we define translations between Moss’ language and Coalgebraic
modal languages?

In other words the main problem of this thesis can be restated as follows:

Can we express Moss’ modality using predicate liftings and boolean
operators? Given a predicate lifting, say A, can we express A using
Moss’ modality and boolean operators?

In the last chapter we answer this question in the case of Kripke polynomial
functors.



Chapter 3

Moss’ Language

In this chapter we will study the language that Lawrence S. Moss published
in the paper Coalgebraic Logic, see [8], in 1999. As stated in that paper Moss
developed a language to express facts about coalgebraic structures that could
be defined uniformly for a large class of functors.

In this chapter, we first present some preliminaries, concentrating on two
subjects. One, relation liftings. The satisfaction relation associated with Moss’
language is given by relation liftings. Two, k-accessible functors. We will see
that this is a condition needed to guarantee that Moss’ language has a set for-
mulas and not a class of formulas. With those preliminaries out of the way, we
present present a formulations of Moss’ language following the work done by
Pattinson in [9]. Afterwards, we will compute Moss’ language for Kripke poly-
nomial functors to provide some examples and to prepare the field for Chapter
6. We finish this chapter by showing one way to extend Moss’ language with
negations and disjunctions. An interesting result is that the existence of a
translation is represented by the existence of a full and faithful functor and the
equivalence of two categories.

3.1 Preliminaries

First we provide some definitions and results that will be used later.

3.1.1 Accessible Functors

As we have said in several occasions, our starting point is that of the covariant
power set functor, and the fact that the basic modal language is a local lan-
guages for P-coalgebras. It is well known that modal logic does not have the
Hennessy-Milner property with respect to the class of all P-coalgebras. Using
Lambek’s lemma, see 2.2.10 in the previous chapter, it can be shown that the
category Coalg(P) has no terminal object. However, the covariant power set
functor has a finitary version P, such that: One, modal logic can be seen as
a logic for P,-coalgebras. Two, modal logic has the Hennessy-Milner property
with respect to P,-coalgebras. Furthermore the category Coalg(P,) has a ter-
minal object.

17
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The functor P, acts on arrows in the same way the functor P does. This
functor maps a set X the finite subsets of X. In this section we will present a
generalization of the functor P, to arbitrary functors and to arbitrary regular
cardinals, see definition 2.1.1 on the previous chapter.

The functor P, is what we call and accessible functor. Hence a generalization
of it has to deal with accessibility. Because of that we first define accessible
functors.

Definition 3.1.1 (Accessible functors). Suppose k is a regular cardinal. A
functor T : Set — Set is k-accessible, if the following holds:

For all sets X and all x € TX there is a subset Yy C X with |Yy| < Kk such
that © € T;(Y), where i : Y — X is the inclusion and the set T;(Y) is the
direct image of Y under the function T;. A functor is called accessible iff it is
K-accessible for some regqular cardinal k.

Unfortunately it is not relevant for this thesis to explain in full detail the
ideas used to the generalize the functor P,. We only present what we claim is
a generalization:

Definition 3.1.2 (Small T, functors). Let T : Set — Set be a functor and let
K be a regular cardinal. Given a set X, we define

To(X) = {Ti(TA)|i: A — X, |A] <k}

where i is the inclusion function. Given a function f : X — Y we define
T.(f) =Ty.

The small T, functors are important because we can prove the following
result.

Proposition 3.1.3. Let T : Set — Set be a functor. Then for each regular
cardinal K, the functor T, is a k-accessible functor which agrees with T iff T is
K-accessible.

Proof. By definition every small T, functor is x-accessible. Also by definition
we see that T, agrees on objects with T iff T' is k-accessible.

Hence we only have to prove, that they agree on arrows, i.e given a function
f: X — Y, the function Tt maps elements in 7,,.X to elements in 7,.Y.

In order to see that, let x € T, X, then there exists A C X,|A| < & such
that « € T;(T'A) that is there exists p € T'A such that T;(p) = . Now notice
that the diagram

A—t o x
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commutes, where the i’s are the respective inclusions and f(A) is the direct
image of A under f. Then, since T is a functor, we conclude that

T
TA —~TX

Ty, Ty

also commutes. From this last diagram we have Ty(z) = TyT;(p) = T3 Ty (p).
Therefore Ty (z) € T;(T f(A)), but by definition | f(A)| < &, we conclude Ty (z) €
T.(Y). This concludes the proof. O

Our presentation of Moss’ language is based in the following result, the proof
can be found in [1].

Theorem 3.1.4. If T is an accessible functor. Then there exists an initial
T-algebra.

We will only see the use of this result after we have defined Moss’ language.

Remark 3.1.5. There are interesting issues about the relation between the
category Coalg(T) and the categories Coalg(T,). We claim that the category
Coalg(T) is a colimit of the categories Coalg(T,). But, as we said before, this
s mot relevant for this thesis and we will say no more.

3.1.2 Relation Liftings

We will define a satisfaction relation related to Moss’ language using a cate-
gorical approach. To explain the set theoretical counter part we will use the
following concepts and results:

Theorem 3.1.6 (Epi-mono Factorizations). In the category Set, every arrow
f: X — Y can be factored in the following way:

x f

Y

E

where e is a surjection and m is an injection. This factorization is unique up
to isomorphisms.

Remark 3.1.7. The previous result is a particular instance of a more general
fact. More explicitly the previous result can be proved in any reqular category.
Notice that in the category of Set every injection is a monomorphism, also ev-
ery surjection is an epimorphism, this explain the name of the theorem. What
s more interesting is that the arrow e can be constructed to be a regular epi-
morphism, i.e an epimorphism that is a coequalizer. In the category Set the
concepts of surjective, epimorphism, and regqular epimorphism are equivalent.
The interested reader is refereed to [11] for a general discussion on epi-mono
factorizations.
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Using epi-mono factorizations we can define relation liftings.

Definition 3.1.8 (Relation Lifting). Let T : Set — Set be an endofunctor and
let (mx,my) : R — X XY be a binary relation. The relation lifting of R, written
TR, is the following epi-mono factorization

(T'(mx), T(ry))

TR TX xTY

TR
Since we are working in the category Set the relation lifting of R using T is
in fact a subset of TX x TY . Because of that in the category Set we can give a
more concrete characterization of relation liftings, see [12], in the following way:

Proposition 3.1.9. Let T : Set — Set be an endofunctor. The relation lifting
of a relation R C X XY is the object:

T(R) = {(T(nx)(u), T(my)(u)) |u € TR}

Relation liftings do not behave nicely in all cases. In our presentation of
Moss’ language we will restrict our attention to the following functors.

Definition 3.1.10. A functor T preserves weak pullbacks if and only if
T(RoS)=TRoTS

for all composable relations R, S. In the particular case of set functors a functor
T preserves weak pull backs iff it can be extended to the category of sets with
relations and usual composition

Remark 3.1.11. The name given in the previous definition might seem a bit
weird since there is no pullback involved. The two definitions are equivalent see
[6] or [9]. In this thesis we don’t really have to deal with pullbacks and that is
why we have chosen the previous statement as our definition.

Our presentation of Moss’ language needs the following propositions.

Proposition 3.1.12. Let a functor T : Set — Set and a function f: A — B
be given. Assume T preserves weak pullbacks, then

Where Gy, Gr(y) are the graphs of the respective functions.

Proof. A complete proof is an easy calculation hence is omitted. A sketch of the
proof is: Notice that the graph of an arrow f : A — B is the following pullback

Gy —TE ., B
TA 1p

A

7 B

Therefore, since every functor preserves identities and we assume 7' preserves
weak pullbacks, we conclude the desired equality. O
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It is also easy to see that

Proposition 3.1.13. Let a functor T : Set — Set and a function f : A — B
be given. Assume T preserves weak pullbacks, then

T(ep)T(Gy) =T(Gy-1)T(€a).

Where Gy, Gr(yy are the graphs of the respective functions.

3.2 Coalgebraic Logic

The coalgebraic language invented by Moss is a local language, hence it has
two components. One: A set of formulas, called Moss’ language. Two: A
satisfaction relation, called Moss’ satisfaction and we write it IF. As we said,
Moss’ language can be uniformly defined for a large class of functors. One of
the reasons for this is that Moss’ satisfaction is univocally determined by Moss’
language, i.e. once we define the set of formulas the satisfaction relation will be
obtained in a unique way. Because of this we only refer to Moss’ language. In
the following pages of this chapter we will assume our functors preserve weak
pullbacks.

3.2.1 Moss Language

Rutten in [7] explains that during the development of computer science over the
past few decades it has become clear that an abstract description of program-
ming languages is desirable, for example to ensure that a particular program
does not depend on the particular representation of the data it operates. Rut-
ten, in the same source, remarks that the data types used by computer scientists
are often generated from a given collection of operations. This leads computer
scientists to use wnitial algebras to obtain the abstract representation they need.
This idea can be used to define the set of formulas for Moss’ language. The
formulas of Moss’ language are an abstract representation of the facts that are
expressive in the language.

Remark 3.2.1. Rutten’s idea will become more clear when we present an alge-
braic representation of coalgebraic modal languages in the next chapter. There
we will see that using an operational perspective of the coalgebraic modalities we
can represent the formulas using an initial algebra.

One way to understand Moss’ language is to obtain a language that is deeply
related to a functor T'. Following Rutten, a first approach would be to use the
initial algebra for the functor 7', but such algebra might not exist. This problem
is solved using the small T}, functor, because it is k-accessible and then Theorem
3.1.4 guarantees the existence of the initial algebra.

But using only the functor T}, will lead us to a language where sentences
cannot be combined, each formula will be an isolated formula. To solve this
problem we use P + T instead of only 7. The power set functor will alow us to
do conjunctions of formulas. Again to ensure the existence of the initial algebra,
we should use P, + T} instead of P + T.
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Notice that by the universal property of coproducts there exist two functions:
N\ Pallh) — L; Vi TeLy — L5

Using these functions, Moss’ language can be defined, see [9], in a categorical
context that follows Rutten.

Definition 3.2.2 (Moss Language). Given a functor T : Set — Set that pre-
serves weak pullbacks. We define k-Moss’ language, written L% to be the car-
rier of (L%, \, V), where this later structure is an initial algebra for the functor
P + 1. The operator V s call the Moss’ modality.

Remark 3.2.3. The reader familiar with Moss’ work will notice that this pre-
vious definition is not the definition Moss used in [8]. In that paper Lawrence
Moss presented the language as follows:

Given a standard functor T : Set — Set that preserves weak pullbacks
and regular cardinal k. We define the k-Moss’ language, written Lf., to be
L = (Pe+Tx)«. That is L is the least set such that

L5 = PoLh+ T Lh.

This presentation has some problems. For example using this original approach
Moss’ language is not definable for all Kripke polynomial functors since the
homomorphism functors are not standard. Furthermore Moss’ has to extend
functors to the category of classes with set continuous functions, this has the
disadvantage that Moss’ language is then a class and not a set.

Rutten in [7] remarks that the least and greatest fixed points of a monotone
function are generalized to the least and greatest points of a functor. That is
what Moss’ uses in [8] based on the assumption that the functor is standard.
Rutten then stress that this last fixed points are suitable described as initial
algebras and final coalgebras. Hence our presentations is a generalization of
Moss’ work.

Remark 3.2.4. Another presentation of Moss’ language from a more set the-
oretical perspective, see [12], is done using the least fixed point as follows:

For T : Set — Set be a standard functor that preserves weak pullbacks. we
define k-Moss’ language, written L4, to be the least class C' such that

1. ND € L if D € Po(LF).
2. For any P € T,,(L%) the formula VP € Lf..

By the comments above we claim that this presentation still produces the
same set of formulas.

3.2.2 Moss’ Satisfaction

In [7], Rutten shows how induction can de formulated abstractly using initial
algebras. Dually using terminal coalgebras we can formulate coinduction. These
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two concepts are not really relevant to this thesis, but the representation of Moss
language will produce a satisfaction relation by induction. Since L is the carrier
of the initial algebra for any other P, + T,-algebra with carrier A, there exists
a unique morphism

Ly — A

The existence of such morphism is the definition by induction discussed by Rut-
ten. In our case, we will show that Moss’ satisfaction is defined inductively using
this procedure. Since we want Moss’ language to be a language for coalgebras
we need to give an algebraic representation of coalgebras.

This categorical presentation of Moss’ Satisfaction can be found in [9]. More
precisely, Moss’ satisfaction is an initial arrow. To see that we have to define a
functor

M : Coalg(T)? — Alg(P+1T),

we use M for Moss functor. As we will see in later sections and chapters,
Moss functors play an important role in defining appropriate semantics and
translations between languages. In order to define the Moss’ functor we must
define a couple of natural transformations. These natural transformations are
defined by Pattinson in [9]. We deal with conjunctions first.

Definition 3.2.5. Given a set A we define 64 : P.PA — PA to be
0a(X) = ﬂX; where X € P, PA.

Remark 3.2.6. Recall that the actions on objects of the covariant power set
functor and of the contravariant power set function are the same, these functors
differ on arrows. Now notice that the previous functions define a natural trans-
formation between contravariant functors and mot between covariant functors.
More formally it is:

Lemma 3.2.7. The functions 04, as defined above, are the components of a
natural transformation § : P,’P — P, where P is the contravariant power set
functor. That is, the following diagram

Set Set
3 Sa §
A P.PA PA
f Pe(f™h) -t
B P.PB 5 PB
B

commutes for every function f: A — B.
Now we take care about Moss’ modality.

Definition 3.2.8. We define 74 : TPA — PTA to be
ma(t) ={s € TA|(s,t) € T(ea)},

where €4 is the membership relation for A. We write w for Pattinson.
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The following lemma is a modification of Theorem 4.1.7 in [9] .

Lemma 3.2.9 (Pattinson Transformation). The functions 4, as defined above,
are the components of a natural transformation © : TP — PT, the Pattinson
transformation, that is the following diagram

Set Set

A TPA—2— PTA
FLTU ()
B TPB—5 = PTB

commutes for every function f : A — B.

Proof. We want to prove T'(f)~'ng = naT(f~!). Suppose t € TPB and s € A,
then by definition we have

s € T(f) tnp(t) iff (Ty(s),t) € T(ep)-
By definition of composition of relations,
(Tf(s),t) € T(GB) iff (S,t) S T(GB)GT(f).

Since T preserves weak pullbacks it commutes with graphs, see proposition
3.1.12, this equivalence can be extended to

(Tys,t) € T(ep) iff (s,t) € T(ep)T(Gy).
By definition it preserves composition of relations, then our equivalence now is
(s,t) € T(ep)T(Gy) iff (s,t) € T(Gy-1)T(ea).
Again using the fact that the relation lifting preserves graphs we obtain,
(5,t) € T(Gy-1)T(eqa) iff (s,Tp-1(t)) € T(en)
iff s € mATp-1(2).

Hence we conclude
ENS fﬁl’iTB(t) iff se 7TATf—1(t),

from that we obtain the desired equality and this concludes the proof. O

If we have a coalgebra o : A — T A we define 7, to be the following com-

posite

TPA A

PTA

To o
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Using this we now consider the following schema:

Coalg(T) Alg(P. +T)
f 5 Ppi+Tpr
A B P.PA+TA~— P.PB+TB
o B | 04,70l (6B, mp]
TA -~ TB PA -~ & PB

Notice that from the commutative diagrams in the lemmas 3.2.7 and 3.2.9 im-
plies that the diagram on the right commutes if and only if the diagram on the
left does. This shows that the assignation is functorial. We can define the Moss
functor following this idea.

Definition 3.2.10 (Moss Functor). We define a functor
M : Coalg(T,,)? — Alg(T,; + P.)

in the following way. On objects: Given a T-coalgebra (A, «), the functor M
maps it to
[04,70] : PsPA+TPA — PA.

On arrows: The functor M maps a morphism f : (A,a) — (B, ) to
f71 (PB,[6p,mp]) — (PA, 04, 7a])

Notice that the image of a coalgebra « is in fact its complex algebra using
the Moss’ modality, therefore another appropriate name for this functor could
also be Complex algebra functor.

From now on we will assume our functor is in fact x-accessible, and we will
only stress the subindex in particular important occasions. Using Moss functor
we can define Moss’ satisfaction as follows.

Definition 3.2.11 (Moss Satisfaction). Let T : Set — Set be a functor that
preserves weak pullbacks and let (A, «) be a T,-coalgebra. We define

[]a: L7 — PA

to be the unique arrow [—lo @ (L5, [\, V]) — (PA,[0a,7a]) that exists in
Alg(P. + Tk) because the algebra on the left is initial. We define IF, in the
following way:

slka ¢ iff s € [Pla-
Notation 3.2.12. We fiz some notation before going on. Let [~]q : L5 — PA
be Moss’ satisfaction for some coalgebra oo and let p € TLY. Instead of writing

T([=]a)(p)

we will write
T([¢la)

We will keep the same notation for extensions of Moss’ language.
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Pattinson transformations are useful because we can compute the satisfac-
tion set of a formula Vi as follows.

[Vela = a7 maT(l¢]) = {s € A| (a(s), T([¢])) € T(€a)}-

Remark 3.2.13. Since w4 is defined using relation lifting we can see that Moss
satisfaction is also characterized by following clauses, see [12]:

Let T : Set — Set be a functor that preserves weak pullbacks. Given a
T-coalgebra (A, o) we define -, C A X L% as the least relation satisfying:

sll—a/\go iff slko @ for all p € ®
slko VP iff (a(s), P) € TW for some set W Clk, .

Remark 3.2.14. Before going on we Notice that any algebra for the functor
P.. + T should have an operator corresponding to the operator

N\ Pullh) — LF,
and another operator corresponding to the operator
VvV T.Lh — L.

Because of that we will use the same notation on any algebra for P, +T, i.e an
algebra is of the form (A, [A,V]). In the particular case where such algebra is
in fact the complex algebra of a coalgebra o we write

(PA, [Aa, Va)).

Notice that V4, is equal to a= 'V 4 where V 4 is the A-component of Pattinson
transformation. At this point this is a purely notational convention but from
next section and specially on Chapter 6 it will show to have a much deeper
motivation. Namely we are going to translate modalities as algebraic operators
instead of modalities as formulas. We will say no more now.

Using Moss functors the following is immediate

Theorem 3.2.15. The Moss’ language associated with a functor T, that pre-
serves weak pull backs is adequate with respect to behavioral equivalence.

It is not that immediate, but also possible to show:

Theorem 3.2.16. The Moss’ language associated with a functor T, that pre-
serves weak pull backs has the Hennessy-Milner property with respect to behav-
ioral equivalence.

Proofs of this fact can be found in [8], Section 7, in [12], Theorem 194, and
in [9], Theorem 4.1.9.

3.3 Examples

In the previous section we presented the Moss’ language and Moss’ satisfaction
formally. In this section we will show how Moss’ language and Moss’ satisfaction
relation look like in the case of Kripke polynomial functors. The reader will be
refereed back to this section in Chapter 6.
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3.3.1 The Identity Functor

A coalgebra for the identity functor is a function o : A — A. We compute Moss
Logic for the identity functor.

In the case of the identity functor we can apply Moss’ modality to any
formula. In this case, the relation lifting of a relation is the relation itself, hence
the semantic of V is the following

sl Vo iff a(s) Ik, ¢.

The semantics for the boolean operators is defined as usual.

3.3.2 Constant Functors

In this section we assume we are working with a constant functor with value D.
A coalgebra for such functor is a function a: A — D.

A formula ¢ in the language Lp is either an element in D or a boolean
combination of elements in D.

The relation lifting of a relation is the equality between elements of D. The
semantics for V for a formula ¢ € D is:

s ko Vo iff (a(s), ) € D(IF,) iff a(s) = ¢.

3.3.3 Hom(D,—) Functors

We first recall that the action of a functor Hom(D, —) on arrows is: An arrow
f: A — B is mapped to the function

fo(=): Hom(D,A) — Hom(D, B).
Such function maps an arrow h: D — A to fh: D — B.

Notice that a coalgebra for this functor is a function o : A — Hom(D, A),
therefore for each state s € A the coalgebra maps associates a function «(z) : D
— A.

The Moss language for Hom(D, —) is more complex than the previous ones.
The operator V acts on functions ¢ : D — Lyomp,—). Given d € D, we will
write p(d) for the value of d under the function ¢. The relation lifting of the
membership relation is

Hom(D,€4) ={(f, f')| f(d) €a f'(d)) for all d € D}.
Using that we conclude that the semantics for the nabla is

slko Vo iff (Vd € D)(a(z)(d) Ik ¢(d)).
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3.3.4 Power set functor

A coalgebra for the covariant power set functor is a function av: A — PA. It is
well know that coalgebras for the covariant power set functor are Kripke frames
over one relation R, i.e the category of P-coalgebras with coalgebraic morphism
is isomorphic to the category of Kripke frames with one relation and bounded
morphism.

The nabla operator acts on subsets ® C Lf.. The relation lifting of the
membership relation with the covariant power set functor is

P(ea) ={(Qo, Q1) | (Vg0 € Qo)(3(q1 € Q1))(q0 €4 1)
and (Vg1 € Q1)(3(q0 € Qo))(q0 €4 ¢1)} -

Now assume Qo = a(s) for some coalgebra and some state s. Also assume @1
is the image of set of formulas ® under the covariant power set functor, i.e it
is the set of satisfaction sets of the formulas in ®. We use the same name ® to
avoid extra notation.

Consider the first part of the formula defining the relation lifting,
(Va0 € Qo)(Fq1 € Q1)(q0 €4 ¢1),
using our assumptions above it will become
(Vs' € a(s))(Fp € @)(s" € [¢]).

Using the basic modal operators we can see that this is expressing O/ ®.

Now consider the other side of the formula,
(Va1 € Q1)(3(q0 € Qo))((q0, 1) € (€4)),
Using the conventions above this becomes
(Vo € @)(3s" € a(s))(s" € [¢]).

In the basic modal language it expresses A ¢®. Using this two representations
we write Moss’ satisfaction for the nabla operator as follows

slha VO iff s = O\/ @ A /\ 02,

where |=, is the usual satisfaction relation for Kripke frames.

3.3.5 Nablas as operators
Before going on with examples we will continue the discussion started in remark

3.2.14 on page 26.

To understand Moss’ modality is to understand its semantics. As we have
seen the semantics of Moss’ modalities is given by Pattinson transformations.
Recall that Pattinson transformations, on page 25, are natural transformations

V:TP — PT,
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with the following components. An element ¢t € TPA is mapped to
Va(t)={s€TA|(s,t) € T(€a)}
Using this natural transformation, for each 7" coalgebra o we obtain a function
Vo=0a"'Va:TPA— PA.

As we saw after the definition of Moss’ satisfaction giving a formula ¢ € T L5 ()
the satisfaction set [V¢], can be computed as follows

[V‘P]a = a_lvAT([SD}a)~

Our conclusion is that in order to understand the semantics of the Moss’ modal-
ity it is enough to understand the action of the components of the natural
transformation

V:TP — PT.

Now we claim that we can compute Pattinson transformation using the corre-
sponding natural transformations of the ingredients of 7. In other words we
can understand the Moss’ modality of a functor 7' using the Moss’ modalities
of its ingredients. Let’s consider the case of coproducts to explain our point.

Coproducts of functors

Let K7 + K5 be the coproduct of two Kripke polynomial functors. We want to
describe the natural transformation

V(K + K2)P — P(K, + K»)
in terms of the natural transformations
V,:K\P — PK,
Va: KyP — PKs.

A first problem is that V is not the copvroduct ofvvl and V5 because 75(K 1+
K5) is not equal, or even isomorphic, to P(K;) + P(K32).

Notice that the relation lifting of the membership relation using a coproduct
of functors is

K1+ K(€4) = {(in(s),i1(t) | (5,1) € K1 (€4)}U{(i2(s),12(t)) | (5,1) € K2 (€a)},

where i1, i are the appropriate coproduct inclusions.

Using this we can express the the natural transformation V as follows. An
element t € KyPA + KyPA is mapped to

{il(s) € KHA+ KA ‘ s € V(l,A)(t)} ift e K175A
{ig(s) S KlA + KQA ‘ S € V(Q)A)(t)} ifte K175A

This shows how to express the natural transformation V in terms of V; and V.
Explicitly the A-component maps an element ¢t € K1PA + KoPA to

VA(t) = V(l,A)(t) U V(ZA) (t)
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Now we will show how to compute the satisfaction set of V. Let o : A
— K1 A+ K5 A be a coalgebra for the coproduct and let ¢ € K1 L+ K>L. From
the representation above we conclude that our intuition on equation ?? for the
case of the coproduct was accurate but not quite. What we really have is

[Voliz,a = V1o Ki([pl12) U Va0 Ka([0]12).

In other words this can be express as follows

[Voliz,a = ViaKi([oh2) if ¢ € K1 L7 (7).
[Voliz.a = Voo Ka([pli2) if ¢ € K2L7(-),

where T' = K1 + K2.

A more logical presentation of the satisfaction relation would be
slkq Vo iff (a(s) € K1A N (s € ViK1[9])) V (a(s) € K3A N (s € Vo Ksp])).

Remark 3.3.1. Another reason why we decided to use Pattinson transforma-
tions to describe Moss’ modality for coproducts is the following issue. For a
formula ¢ € K1L5(=), where T = K + Ko, we would be tempted to describe
the formula V saying that it is like the formula V1p, where V1 is Moss’ modal-
ity for K.

But this does not makes sense because Moss’ modality for the coproduct is
a function V : TLE(=) — LE(=) and Moss” modality V1 is a function Vi :
K1 Ly, (7)) — Lk, (7). Hence, we don’t know, in principle, if ¢ € K1Lx, (7).

If we see that the Moss’ modality is in fact a natural transformation we can
describe this natural transformation using the ingredients of T', as we saw in
the case of the coproduct. Then we solve the issue mentioned in this remark
because even that we can not apply V1 to a formula ¢ € L5(=), we can apply
the natural transformation defining V1 to the satisfaction set T([¢]12) and then
obtain the satisfaction set [V].

The moral of the history is: We can describe the Pattinson transformation
associated with a functor T using the Pattinson transformations of the ingre-
dients of T. We exemplify this idea on the other inductive cases of Kripke
polynomial functors.

3.3.6 Product of functors

Let a pair of functors Ky, Ky : Set — Set be given. In this section we will
investigate Moss language and the Coalgebraic modal language for the product
functor Ky x Ky : Set — Set. We write [—];2 for the satisfaction relation,
[<]1,[~]2 for the satisfaction relations of K; and K, respectively. V is the
Moss’ modality for the product, and Vi, Vs are the modalities for the respec-
tive factors.

A coalgebra for a product functor is an arrow «: A — K1 A x K2A. Hence
given s € A, we have a(s) = (s1,s2) for some s; € K1 A and sy € KyA. That
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is a coalgebra over the coproduct is the product of a coalgebra «; for K; and a
coalgebra as for K5, both with the same carrier.

The nabla operator for a product functor acts on pair of formulas (¢1, @2)
such that
p1 € KiL and ¢ € Ko L.

By definition we have

s lka Vg1, p2) iff (s1,52), (K1 x K2)([=]) (1, ¥2)) € K1 x Ka(€4).

The relation lifting for the product is given by
K1 x Ks(€a) = {((xo, 21), (20, 21)) | (20, 20) € K1(€4) and (z1,27) € Ka(€4)}-

From that unravelling the definition of satisfaction for a product functor we
obtain the following interpretation.

sk V(<p1,<p2) iff 71'10[(5) S lel([Qpl]lZ and 7T'20£(S) € VQKQ([()OQ]lQ).

Again we remark that in this case seeing the modalities as operator is crucial.
From this we conclude that the nabla operator for the product acts as follows
on complex algebras: Given t; € K1PA and ty € KoPA,

V(t1,t2) = Vi(t1) N Va(ta).

3.3.7 Hom(D, K)) functors

Now we will compose a Kripke polynomial functor, say K, with a homomor-
phisms functor, say Hom(D,—). A coalgebra for this functor is a function
a: A — Hom(D,KA). Notice that the functor Hom(D, K(—)) is a particular
case of the product functors, namely multiply 7" with itself D-times. Hence
in the case of finitary Kripke polynomial functors it is just the case studied in
the previous section. Anyway we can still analyze on the case of an arbitrary D.

The nabla operator acts on formulas ¢ € Hom(D, KE"”"Hom(D K)), i.e a for-
mula is a function ¢ : D — Kﬁ"‘Hom(D K): The relation lifting of the member-
ship relation is

Hom(D, K(€4)) ={(f, f) [ (f(d), f'(d)) € K(€a)}-

From that we conclude that the semantics for the nabla operator is
s lka Ve iff (Vd € D)(a(s)(d) € V'K ([p(d)])),

where V' is the nabla operator for K and [—] is the Moss’ satisfaction for
Hom(D, K).

3.3.8 PK functors

We finish this section composing the covariant power set functor with a Kripke
polynomial functor. A coalgebra for this functor is a function o : A — PKA.
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Such coalgebra can be seen as a frame of type K. The nabla operator acts on
formulas ® C K L}. The relation lifting of the membership relation is
P(ea) = {(Qo, Q1) | (Vo € Qo)(3(q1 € Q1))((q0,q1) € K(€4))
and (Vg1 € Q1)(3(q0 € Q0))((q0,q1) € K(€a))} -

Therefore the A-component Va:PK P — PPK of Pattinson transformation
acts as follows: A set @ C K'PA is mapped to
Va(Q) ={U C KA| (Vg€ Q)(Fuec U)((q,u) € K(€4))
and (Vu € U)(3g € Q)((q,u) € K(€4))}-

From these definitions we obtain

slko VO iff (Vs' € a(s))(3(p € @) ((s', K([¢]) € K(€4))
and (Vo € ®)(3(s" € a(s))) (s, K([¢]) € K(€a))-

3.4 Extensions of Moss’ Languages

In the following section we show that more important then Moss’ satisfaction
are Moss functors. They are the crucial point to define appropriate satisfaction
relations over coalgebras. Notice that in the given presentations of Moss lan-
guage there is no mention to negations neither to disjunctions. This is not a
coincidence. In this section we will present extensions of Moss language with
negations and disjunctions.

An extension of Moss language can be done using a k-accessible functor
H : Set — Set and a natural transformation

v:HP — P.
Using v we define a Moss functor
M(y) : Coalg(T) — Alg(P. +T + H)

in the obvious way. Explicitly: On Arrows M (v) acts like M, i.e M(y)y = f~%.
On Objects: The functor M () maps a coalgebra (4, a) to the following algebra

The fact that + is a natural transformation is exactly what we need to prove
that M (7) is in indeed a functor.

3.4.1 Moss’ Language + Negations

Negation is added using the identity functor, written I, and the complement
transformation

-:P— P.
We remark two facts: First that a component —4 : PA — PA of the com-

plement transformation maps a subset X C A to its complement. Second, the
complement transformation is in fact a natural transformation.
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Definition 3.4.1 (Moss Language + Negations). Given a functor T : Set —
Set that preserves pullbacks. We define Moss coalgebraic language with nega-
tions, written L5.(—) to be the carrier of the initial object, say (L%(=), [N\, V, ),
in the category Alg(Px+ T +1).

We use M (—) for the associated Moss functor.

Definition 3.4.2 (Moss Satisfaction for negations). Let T : Set — Set be a
functor that preserves weak pullbacks and let (A, ) be a T-coalgebra. We define

[~la s L7(=) — PA

to be the unique arrow [—|o : (L5, [N, V,7]) — (PA,[Aa, Va, a]) that exists
in Alg(P. + T + I). We define Ik, in the following way:

x ke @ iff € []a-

The commutativity of the diagram

£5(-) s pa

()

7(7) ﬁg PA

shows that the functor M (—) provides the right semantics.

3.4.2 Moss’ Language + Disjunctions

We add disjunctions using the multiplication associated to the power set monad,
i.e using unions.
A component of this multiplication is a function

pa:PPA — PA.
such function maps a family of set X C PA to its union. i.e

pa(X) = UX; where X € P,PA.

Definition 3.4.3 (Moss Language + Disjunctions). Given a functor T : Set —
Set that preserves pullbacks. We define Moss coalgebraic language with disjunc-
tions, written L5 (\/) to be the carrier of the initial object, say (L5 (=), [N\, V, 1),
in the category Alg(Py + T, + Pi).

We use M (\/) for the associated Moss functor.

Definition 3.4.4 (Moss Satisfaction for disjunctions). Let T : Set — Set be a
functor that preserves weak pullbacks and let (A, ) be a T-coalgebra. We define

[a : £5(\/) — PA

to be the unique arrow [—|o : (L%, [N\, V,1]) — (PA,[Aa;s Va, Val) that ezists
in Alg(P. + T + Px). We define Ik, in the following way:

x ko @ iff x € [pla-
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3.4.3 Moss’ Language + Negations + Disjunctions

In principle using the extension procedure described at the beginning of this
section we could also add disjunctions to the language £45.(—). But it is well
know that disjunctions can be expressed using conjunctions and negations. In
this section we will show that this fact has a categorical representation.

The best know translation for disjunctions is
V==A-
Using this translation we will produce a translation functor and an equivalence.
Definition 3.4.5 (Translation Functor). We define a translation functor,
F,: AlgP.+T+1) — Alg(P. + T + Py),

in the following way: The functor F\, is the identity on arrows. On objects: The
functor B\, maps an algebra (A,[Aa,V a,—4]) to the algebra

(A, [AA, V4,74 Aa P-,]).

In more details we can describe the translation functor to be the identity on
the Moss language and disjunctions are expressed by the following composite:

pA—DLAL 4
P-. A
PA e -

Proposition 3.4.6. The translation functor is in fact a functor.

Proof. Tt is enough to show that for a morphism f: A — B of P, +T + I
algebras the following diagram

A ! B
—A NP, -5 AB P-y
PA Tf’ PB

commutes. Since f is a morphism of P, 4+ T + I-algebras the following two
diagrams

A ! B A ! B
Na AB A B
A——PB A B
P Py P f

commute. From that using the power set functor we conclude the commutativity
of the first diagram. This concludes the proof. O
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Proposition 3.4.7. The translation functor F\, is full and faithful, and dis-
Junctions are expressible in the language L(—).

Proof. he first claim follows by construction. The second claim follows from the
commutativity of the following diagram

By

Alg(P+T +1) - Alg(Py + T + Py)

M(=) M(v)

Coalg(T)°P
O

Proposition 3.4.8. The categories Alg(P,+T +I1+Py) and Alg(P,+T+1)
are equivalent.

Proof. Consider the forgetful functor
U:Alg(P.+T+1+P,) — Alg(P.+T +1I).

Clearly the forgetful functor is full and faithful. Now every algebra (A, [Aa, V 4, 4])
is isomorphic, in fact equal, to the image of the algebra (A, [Aa, V4, 74,74 A4
P-,]) under the functor U. Therefore the functor U is essentially surjective on
objects, hence is an equivalence. This concludes the proof. O

Notice that the forgetful functor is not injective in objects therefore is not
an isomorphism.
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Chapter 4

From Modal Logic to
Coalgebraic Modal Logic
via Yoneda Lemma

In the previous chapter, we studied the first language developed to express facts
about coalgebras that could be defined uniformly for a large class of functors.
As we saw in the case of the power set functor, section 3.3.4, the basic modalities
are inside the nabla, see equation 3.3.4 on page 28. Furthermore in the case
of the power set functor, we can recover the basic modalities from the nabla
operator. We can easily see that

Op =V{p, T}; and Op = VOV V{p}.

Now we would like to change the functor but still obtain modalities from the
nabla operator. We want to obtain modalities that are like the basic modalities
¢, 0 but for arbitrary functors. In this chapter we don’t show how to obtain
such modalities. A non constructive procedure can be found on Chapter 5, an-
other more constructive answer for the case of Kripke polynomial functors can
be found on Chapter 6.

In this chapter we will show how to generalize the basic modalities to ar-
bitrary functors. One of the key points is to see that coalgebraic modalities,
as nabla operators, are rather operators over sets instead of just formulas, i.e.
they can be described using natural transformations. Using this perspective we
will present the basic modalities as natural transformations. With this we will
define the concept of predicate lifting that we claim is a good generalization of
the concept of modality.

To put it in another way,

Using predicate liftings each coalgebra induces a neighborhood model.

In other words, using predicate liftings we can transform an obscure, and not
really known, T-coalgebra into a more familiar structure like a neighborhood
model. This other intuition will show to be the right approach to present coalge-
braic modal languages algebraically, i.e. as the carrier of some initial algebra, see

37
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Section 4.5. We will not discus this approach right now. Instead we will begin
studying the basic modalities of the basic modal language to present predicate
liftings as a generalization of the basic modalities.

4.1 Basic Modal Logic Revisited

First we analyze the case of the universal modality. Recall that a Kripke frame
is a coalgebra for the power set functor. Now, given a formula of the basic modal
language ¢, what can we say about the formula

Oep.

This last formula has a well known semantics using the relational approach. We
will restate this definition using the coalgebraic perspective. Let a Kripke frame
a: A — PA and a state s € A be given. Translating the relational semantics
for the box, we obtain:

s o Op iff (V5' € a(s))(s' Fa 9)-
Restating this using satisfaction sets we obtain
s € [Og] iff a(s) C [¢]. (4.1)

Now notice two facts: first, an equivalence like the previous one is associated
with every formula . Second, we are transforming a membership relation into
a subset relation in the same way the power set functor does. Then we can
see the box like a transformation of satisfaction sets. Consider the following
function

Oy :24 —2P4

defined as follows
Oa(X)={Y CA|]Y C X}.

Using this, function the semantics for the universal modality can be expressed
as follows

s Eo Op iff a(s) € Da([e).

Now notice that if f: A — B is a function, the following diagram

Set Set
A 9A Da 9PA
£l (P
B 28— 27

commutes. That is, the universal modality is a natural transformation O : P

— PP.
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Using the same kind of analysis we can see that the existential modality is
also a natural transformation ¢ : P — PP. This natural transformation has
the following components:

Oa(X)={Y CA|Y NX %0}

Based on this analysis, a natural way (not the only one) to generalize the
basic modal operators is to change the functor and keep the naturality condition.
Such natural transformations are called predicate liftings. Formally predicate
liftings are defined as follows:

Definition 4.1.1 (Predicate Liftings). A predicate lifting for a functor T is a
natural transformation

A:200) — 9T
where 2(7) : Set? — Set denotes the contravariant power set functor.

Remark 4.1.2. The naturality condition happens to be the right condition to
obtain adequate languages with respect to behavioral equivalence. In our presen-
tation it will be used to define Schréoder functors that are the analogous of Moss’
functor for the case of coalgebraic modal languages.

4.2 Coalgebraic Modal Languages

Now we will present how to recover a language from predicate liftings. We
first present coalgebraic modal languages as they are defined in [10]. Later we
will present coalgebraic modal languages in a more categorical light, i.e. we
will define coalgebraic modal languages as the carrier of initial algebras for an
appropriate functor. With this algebraic characterization, we will define the
equivalent of Moss’ functors for the case of coalgebraic modal languages. We
call these Schroder functors.

Our task now is to interpret predicate liftings over coalgebras. As we saw in
the previous section the semantics for the universal modality can be restated as
follows:

s = Op iff a(s) € Oa([e]),

where 04 is the A-component of the natural transformation associated with
the universal modality. From this it is clear how to define the semantics for a
predicate lifting. The idea is that for each predicate lifting, say A\, we will have
a symbol in the language. We use [A] to represent representing the modality
associated with A. Using this we define the semantics for A as follows:

s o [N iff a(s) € Aa([¢]),

where A4 is the A-component of A. At this point, we have enough machinery
to define a coalgebraic modal language. Before doing this, however, we will first
discuses polyadic modalities. This because monadic predicate liftings can not
handle all the modalities known from modal logic.

Consider the functor P((—) x (—)). A coalgebra for this functor is a function

a:A— P(AxA).
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This coalgebra is in fact isomorphic to a Kripke frame where the successor of a
state s is not a single state s’ but a pair of states (s, s”). An intuitive modality
for @ would be a modality that sees the behavior of s and s’ at the same time.
Notice that predicate liftings cannot, in principle, cover this intuition. Predicate
liftings act over a single formula and then only see a successor of an state s as
a single object. Therefore we have to switch from predicate liftings to polyadic
predicate liftings.

Definition 4.2.1 (Polyadic Predicate Liftings). Let n be a cardinal number.
An n-ary predicate lifting for a functor T' is a natural transformation

Az (201 — 2T

where 2(7) : Set®? — Set denotes the contravariant power set functor. A set A
of such predicate liftings is called o-bounded for a regular cardinal o or o =1
if all predicate liftings in A have arity smaller than o.

The naturality condition says that for all sets A, B and functions f: A — B
the following diagram

Set Set
4 (2Ay1 M gTa
FLopu=hn (T~
B (7)1 —— 217

commutes, where Ay, Ag are the components of A and the vertical arrow on

the left of the square is the n-fold product of f~!'. The commutativity of this
—

diagram is equivalent to the fact that for each family X = (X;);e, of subsets

Xj g Ba

(T5) " Ap(X) = Aaf 1(X)
holds, where f~1(X) = (f~1(X;))jen-

For example consider the following polyadic predicate lifting for a functor
Hom(D, —). We define v to be the following |D|-ary predicate lifting:

VA . (2A)D _>2H0m(D,A)

(Xa)aep —— {h:D — A|(¥d € D)(h(D) C X,)}.

It is easy to see that these functions are in fact the components of a natural
transformation v : (2(7))P — 2Hom(D,=),

The intuition behind polyadic predicate liftings is that of polyadic modalities.

Now we can define coalgebraic modal languages. This language is parame-
terized by a set of predicate liftings A.
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Definition 4.2.2 (Coalgebraic Modal Languages I). Let T : Set — Set be a
K-accessible functor and let A be a set of predicate liftings, possibly polyadic, for
T. Then L5 (A), the k-coalgebraic modal language for T', is defined as the least
class such that

1. If ® € P LE(A) then A ® € LE(A).
2. If p € LE(A) then —p € LE(A).

3. If X is a n-ary predicate lifting in A and (@;)jen is a family of formulas
in L (A) then [N (p))jen € L5(A).

The satisfaction relation is defined as usual.

Definition 4.2.3 (Coalgebraic satisfaction I). We define the satisfaction rela-
tion for conjunctions and negations in the usual way. The definition for a modal
operator [A] is:

(,5) = [\(9;)jen iff als) € Aa(lg]),

where [¢] = ([¢5])jen-

It is our we claim that coalgebraic modal languages are an appropriate gen-
eralization of the basic modal language.

4.3 Counting Predicate Liftings

There might seem that there are too many predicate liftings for a functor T,
but in fact this is not the case. Lutz Schrdoer in [10] showed that the predicate
liftings of arity n are in bijection with the subsets of T'(27). In order to see
that we have to use one of the basic results of category theory, namely Yoneda
Lemma. The general formulation of Yoneda Lemma is as follows.

Lemma 4.3.1 (Yoneda Lemma). Let C be a locally small category, Let F : C°P
— Set be a functor. For every object C' of C, there is a natural bijection

yo,r : Nat(Hom(—,C), F) — F(C).

This bijection is natural in the following sense: Given g : C' — C in C and
pw:F — F' in Set®”, the diagram

Nat(Hom(—,C), F) 2%

Nat(g,pu) porFy = Fope

Nat(Hom(—,C"), F") F'(C)

Yo,
commutes in the category Set.

Proof. We will only define the natural bijection. A complete proof can be found
in [11]. A natural transformation A : Hom(—, C') — F is completely determined
by Ac(1¢) € F(C). Conversely given an element a € F(C) we define a natural
transformation A, : Hom(—,C) — F such that the component )\, x maps an
arrow f: X — C to Axq(f) = Fy(a). These maps are inverse of each other
and satisfy the mentioned naturality condition. O
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Notice that given a functor T : Set — Set there is a functor T°P : Set?
— Set°? that acts exactly like T' but has different domain and codomain, hence
is not equal. Since the actions are the same we use the same name for both
functors. Now the functor T°P can be composed with any Hom(—,C') functor.
We obtain a contravariant functor

Hom(T(-),C) : Set? — Set.
Then we can restate Yoneda Lemma for such particular functors.

Proposition 4.3.2. Let T : Set — Set be a functor. For every set C there is
a natural bijection

yor : Nat(Hom(—,C), Hom(T(—),C)) — Hom(T(C),C).

This will also hold in the particular case of C' = 2, a set with two elements.
There is a natural bijection

yor : Nat(Hom(—,2), Hom(T(—),2) — Hom(T'(2),2).
Then we conclude that for predicate liftings we have

Corollary 4.3.3. Let T : Set — Set be a functor. The predicate liftings for T
are in natural bijection with the subsets of T'(2).

We will explain explicitly how to obtain a predicate lifting from a set C' C
T(2). First notice that such set is in fact a function

xc:T(2) — 2.
We want to define a predicate lifting, i.e a natural transformation,
)\C : ﬁ d 75T.

We only explain how to define the components. Fix a set A. The component of
Ac on A, written A¢ 4, according to Yoneda Lemma is defined as follows.

Let X be a subset of A. Since T is covariant we have a function
T(xx): TA— T2.
Using the contravariant power set functor we obtain a function
(T(xx))"':PT2 — PTA.

Now the proof of Yoneda Lemma says that in order to obtain the action of Ac 4
over X, this last function should be evaluated on C' | i.e

Aca(X) = (T(xx))H(O).
In an even more set theoretical presentation this set is defined as follows.
Aoa(X) ={t e TA|T(xx)(t) € C} (4.2)

We can obtain a similar representation of polyadic predicate liftings. Notice
the following.
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Proposition 4.3.4. For any cardinal number ), the functor Hom(—,2)" : Set°?
— Set is isomorphic to Hom(—,2") : Set®? — Set.

Proof. We define a natural isomorphism having as components the following
functions: px : Hom(X,2)" — Hom(X,2") maps a family of functions (f; : X
— 2)jen and assigns the product arrow (fj)jen. Its inverse maps an arrow
f:X — 2" the family 7; f : X — 2, where 7; is the j-th component. O

Based on this proposition from now on, in order to simplify computations
we will understand polyadic predicate liftings as transformations

A Hom(—,2") — Hom(T(-),2).
The previous proposition has as corollary the desired representation.

Corollary 4.3.5. Let T : Set — Set be a functor and n a cardinal number.
The n-ary predicate liftings for T are in natural bijection with the subsets of
T(2M).

Explicitly, the n-ary predicate lifting associated with a set C' C T(2") is
computed as follows. Let (X;)je, be a family of subsets of A. The family
(X;)jen defines an arrow

< Xx; >jent A — 27,
namely the product arrow. Using the functor T' over this arrow we obtain
T(< xx; >jen) : TA — T(2").
Using the contravariant power set functor we obtain a function
((T(< xx, >jea)) ™) : PT(27) — PTA,

Notice that we are using the inverse image of the function T(< X; >je,).
Evaluating this function on C' we obtain the action of A¢c 4 over X, i.e

Ae,a(X) = (T(< xx; >jen)) " )(O).
In a set theoretical presentation this set is defined as follows.

Ao.a(X) ={t e TA|(T(< xx; >jen)(t) € O)}. (4.3)

4.3.1 Singleton Predicate Liftings

In this section we will study some important cases of predicate liftings for a
functor T'. First, the predicate liftings associated with the empty set. Second,
the predicate liftings associated with the full sets 7'(27) and third, the predicate
liftings associated with singleton sets.

Every functor has at least two predicate liftings of arity 7, one associated
with the empty set,an another one associated with full set 7°(2"). Let us compute
first the predicate lifting associated with the empty set. Equation (4.3) describes
the predicate lifting as follows

)\@’A(X) = {t S TA|T(< XX, >j€n)(t) € @} = 0.
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Notice that there are no coalgebra «, no state s € A and no formula ¢ such that

s Fa [Ny

holds. It would be possible if our states accepts contradictions. We write this
predicate lifting A, instead of A\g. In other words [A| ] = L. These predicates
liftings will play an important role in the translations of coproducts.

Now we compute the predicate lifting associated with the full set 7'(2"7). By
equation (4.3) the action of this predicate lifting is

Aren),a(X) ={t € TA[(T(< xx,; >jen)(t) € 2")} = TA.

Notice that for every coalgebra «, every state s € A and every formula ¢ the
following

8 Fa [Aren)]e

holds. We write this predicate lifting At instead of Agn. These predicate lifting
will play an important role in the translation of products.

One of most basic facts of set theory, but one of the most fundamental ones,
is the following: For any set C' the following

c=J{»

peC

holds. From that we have that the predicate liftings associated with singleton
sets have an important property, namely they generate all other predicate lift-
ings. Let p € T'(27). Equation (4.3) implies that the predicate lifting associated
with {p} is

Apya(X) = {t € TA[(T([xx,ljen)(t) € {p})}
={t e TA[(T([xx;ljen)(t) = p)}

From that we can prove the following simple but useful result

Theorem 4.3.6. Let a functor T : Set — Set and a set C C T(2") be given.

Then for every set A and every family of subsets X = (Xj)jen of A, the fol-
lowing

— —
AeaX) = Apay(X)
peC

holds.
As corollary we have the particular case of n = 1.

Corollary 4.3.7. Let a functor T : Set — Set and a set C C T(2) be given.
Then for every set A and every subset X C A, the following

Aea(X) = [ Appa(X)
peC

holds
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This is particularly important because now we have the following represen-
tation of coalgebraic modalities.

Corollary 4.3.8. Let T : Set — Set be a functor and s a state in some T'-
coalgebra o, then for every set C C T'(2") and every family of formulas (¢;) ey,

S ':a [AC](@)jGn Zﬁs ':a \/ P\{p}](‘ﬂ)jen-

peC
In the particular case of n = 1 this is.

Corollary 4.3.9. Let T : Set — Set be a functor and s a state in some T'-
coalgebra «, then for every set C C T(2) and every formula ¢

5 Fa [/\C]QO iff s Fa \/ P‘{p}]‘/"

peC

Since such predicate liftings will be of particular importance we give them a
name.

Definition 4.3.10 (Singleton Predicate Liftings). A predicate lifting Ac asso-
ciated with a set C C T(2") is called a singleton predicate lifting, or a singleton
lifting, if C' = {p} for some p € T(2"). We usually write A\, instead of A,y for
the singleton lifting associated with {p}.

In Chapter 6 we will use singleton liftings to simplify our work. This last
two corollaries show that it will be enough to translate singleton liftings in the
case the target language has disjunctions. This will be particularity useful to
cover the inductive steps.

4.4 Examples

Until here we have presented coalgebraic modal languages formally and we have
defined the concept of singleton lifting. In this section we will show how do the
predicate liftings look like in the case of Kripke polynomial functors. Based on
Theorem 4.3.6 in most of the cases we will only show how singleton predicate
liftings look like. The reader will be refereed back to this section in Chapter 6.

4.4.1 The Identity Functor

A coalgebra for the identity functor is a function o : A — A.

According to the first corollary of proposition 4.3.2, the identity functor has
four monadic predicate liftings.

From now on during this thesis we will represent the set 2 as follows 2 =
{47

Using this notation the four predicate liftings associated for the identity
functor are associated with the following sets

DAL ATH{L T
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We will compute explicitly the predicate lifting associated with {T}. Equation
4.2 tell us that the A component of this predicate lifting is

Arypa(X) ={t e TA|(xx)(t) e {T}} = X.

In other words the predicate lifting associated with {T} is the identity: 1 :24
— 24, The semantics for this predicate lifting is:

s Ea [y iff a(s) Fa ¢.
We can easily see that the other predicate liftings are:

1. The complement: — : 24 — 24 this corresponds to {1}. The semantics
for this predicate lifting is:

s Fa [Fle iff afs) Fa —p.

2. The top constant: M : 24 — 24 this corresponds to {L, T}. The seman-
tics for this predicate lifting is:

s o [M]e iff a(s) Ea T.

3. The bot constant: () : 24 — 24, this corresponds to (). The semantics for
this predicate lifting is:

s Ea [0]p iff a(s) =4 L.

Polyadic predicate liftings are sequences of the singleton liftings.

4.4.2 Constant functors

In this section we assume we are working with a constant functor with value D.
A coalgebra for such functor is a function a: A — D.

As a consequence of proposition 4.3.2 we know that D has 2P| predicate
liftings. Let C' C D, the component, of the predicate lifting A¢,

Ac,a 24 9P
is the constant function with value C'. The semantics is given by
s o Dol iff a(s) € Ao([]) iff a(s) € C.
In the particular case of singleton sets it is
s o Dol iff as) = p.

In this case there is no difference between polyadic predicate liftings an unary
liftings.
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4.4.3 Hom(D,—) Functors

Notice that a coalgebra for this functor is a function @ : A — Hom(D, A),
therefore for each state s € A the coalgebra maps associates a function «(s) : D
— A

In this case we only study singleton liftings, i.e we only consider the case
{P} € Hom(D,2), i.e P C D. Since Hom(D,—)(xx) is the function that
composes X x to the right, we can see that the predicate lifting associated with
{P} acts as follows: Given X C A

Apa(X) ={h:D — Alxxh=xr}.

More generally, given {P} C Hom(D,2"), the polyadic predicate lifting associ-
ated with {P} acts as follows: First notice that P can be seen as a family of
subsets of D, say (P;);ey, then given a family (X;) ca

Apa(Xj)jen = ) Apy,a(X;).
Jjen
In this last formula we are using the fact that composition to the right distributes

over product arrows.

4.4.4 Power set functor

According to Proposition 4.3.2, the power set functor has 16 predicate liftings.
The universal modality correspond to the set {@, {T}}. The existential modal-
ity correspond to the set {{T},{T,L}}. Furthermore it can be shown that all
other predicate liftings are the boolean combinations of the last two. We only
show this characterization for the singleton liftings.

The singleton liftings are the associated with the elements of P2
{THA{LHL {L T} 0.
Here are they respective semantics. Fix a set A and a subset X C A.

We will first compute the predicate associated with {T}. Equation 4.2 tells
that the components of this natural transformation are

Aa(X) ={UCA|P(xx)(U) =T}
Since P(xx) is the direct image we have that the components of Aty are
M(X)={UCA|U#ADANUCX}.
The semantics for this predicate lifting is given by the formula Op A Q.
Using the same procedure we can see that the components of A¢,y are

AM(X)={UCA|U#£0AUC X},
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where =X is the complement of X. The semantics for this predicate lifting is
given by the formula O-p A O—p.

We will give more details in section 4.4.8 but we can see that the predicate
lifting Ay 7} has the following components
MMX)={UCA|IUNX #£0#AUnN-X}.

The semantics is given by the formula Q@ A O—¢p.

Finally the predicate lifting Ay is defines as follows
Aa(X) = {0}.

A state validates this predicate lifting iff it has no successors, i.e validates [JL.
Notice that the empty set defining this predicate lifting is an element of P2 and
not a subset of it.

4.4.5 Coproducts of functors

Let K7 + K5 be the coproduct of two Kripke polynomial functors. It is well
know that XY+Z = XY x XZ. Therefore a predicate lifting

A 200) oK+ K2) (=) o 9K (=) o 21(2(—)7
is in fact a pair of predicate liftings
Ap:200) a5, 2(0)  oKe(),

Assume A = (A1, \2), where A\; and Mg are predicate liftings for K; and Ky
respectively. It is easy to see that for a set X C A,

Aa(X) = A a(X) U Az a(X).
The same holds for polyadic predicate liftings.
Now we characterize singleton liftings for the coproduct. An element p €
K1(2M)+ K5(2") belongs to exactly one of the factors. Assume p € K1(2"). The
predicate lifting for the coproduct associated with {p} is (Ap, A1), where A| is

the predicate lifting defined on page 43 and A, is the predicate lifting for K;
associated with {p}. This predicate lifting acts as follows.

— —
(Aps AL)a(X) = Ap(X),

where X = (Xj)jen Symmetrically if p € K5(2") the predicate lifting for the

coproduct associated with {p} is (A1, Ap).

A coalgebra for the coproduct is a function o : A — K1 A+ KA, i.e for
each state s € A either a(s) € K1 A or either a(s) € Ko A. The semantics for a
singleton lifting associated with p € K;(2") is

s Fa [Mps AL(9))jen If a(s) € Ap([p5]) jen-

Notice that this previous formula implies a(s) € K1 A. The semantics for p €
K5(2") is symmetric.
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4.4.6 Product of functors

Let a pair of functors K, K5 : Set — Set be given. In this section we will in-
vestigate the Coalgebraic modal language for the product functor K7 x K5 : Set
— Set.

We first studied singleton liftings to understand predicate liftings for the
product. The following paragraphs will show that singleton liftings enormously
simplify the presentation of predicate liftings for the product of functors.

Let (p1,p2) € K1(27) x K5(2"). According to equation 4.3, the predicate
lifting for the product associated with {(p1,p2)} acts as follows: Given a family
of subsets (X;);e, of A

)‘(pl,pz)7A(X) = {(t17t2) S KlAXKQA‘ (K1XK2)(< XXj >j€’r7)(t15t2) = (p17p2))}'

In other words this can be stated as follows

Apr.p2),A(Xj) jen = Ap (Xj)jen X Apy (Xj)jen,

where A\, and ), are the singleton predicate liftings associated with p; for K,
and associated with py for K.

The semantics for such singleton predicate lifting is:

8 Fa (A1) |(9))jen i mals) € Ap, ([¢5])jen and maal(s) € Ap, ([¢])jen-

Remark 4.4.1. Notice that the predicate liftings for the product are associated
with sets C C K12 x Ko. If the set C is the product of two sets we can give
a mice characterization as we did in the case of singleton liftings. If not a
characterization using the predicate liftings of the factors is much more obscure.
Singleton liftings solve this problem because now the predicate lifting associated
with C' can be represented as the union of the predicate liftings of its elements.

4.4.7 Hom(D, K)) functors

Now we will compose a Kripke polynomial functor, say K, with a homomor-
phism functor, say Hom(D, —). A coalgebra for this functor is a function « : A
— Hom(D, KA).

A singleton predicate lifting will be associated with a function P : D —
K (2"). The predicate lifting associated with {P} acts as follows: Given a
family of subsets (X;);e, of A
Apa(Xj)jen ={h: D — TA|K([Xj]jeq)h = P}.
The semantic for such predicate lifting is:

s Ea [AP](9))jey iff (Vd € D)(a(s)(d) € Apay(X;j)jen);

where Ap(g) is the singleton predicate lifting associated with P(d) for K.
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4.4.8 PK functors

A coalgebra for this functor can be seen as a Kripke frame of type K, i.e is
a function o : A — PKA. A singleton lifting will be associated with a set
P C K(2). Equation 4.2 tell us that the function of A(p 4) : 24 — 2PK4 acts
as follows: A set X C A is mapped to

Ap,ay(X) ={U € KA|K(xx)[U] = P},

where K (xx)[U] is the direct image of U under the function K(xx). Notice
that K(xx) : KA — K2, therefore its direct image goes from PK A to PK2.
Using this we can see that the elements in A(p_4)(X) are the sets U C K A such
that

(Vu € U)(Fp € P)(K(xx)(u) =p) ANV(p € P)(Fu € U)(K(xx)(u) = p).

Now we will provide a characterization that will be used to translate the
predicate liftings for a functor of the form PK into the Moss’ language for the
same functor.

We will use capital P to denote subsets of K2 and we will use small p to
denote elements of K2. Consider the predicate lifting associated with P = {p},
where p € K2. The A-component of this predicate lifting goes from 24 to
2PKA  Rewriting the previous characterization the elements of Afp}(X) are the
sets U C K A such that

(Vu € U)(K (xx)(u) = p) A (Fu € U)(K(xx)(u) = p)-

Now consider the predicate lifting associated with p € K2 for the functor K.
We already know that the A-component A, : 24 — 2KA 4cts as follows

Ap(X) = {u € KA|K(xx)(u) = p}.
Using this we can see that the formula
(Vu € U)(K(xx)(u) = p)

is equivalent to the formula
U CM\(X).

The formula
(Fu e U)(K (xx)(u) =p)

is expressing the fact that U is not empty. We conclude that the singleton lifting
Afpy 24 — 9PKA can be characterized in terms of Ap as follows:

Appa)(X) ={UCTA|U #£DAU C A\(X)}.
More general, we can see that for P C K2 the formula
(Vu € U)(3p € P)(K(xx)(u) = p)

is equivalent to the formula

Uc ).

pEP
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We can also see that the formula

V(p € P)(Fu € U)(K(xx)(u) =p)
is equivalent to the formula
(Vp € P)(UN X (X) # D).

Using that we can characterize A(p,4) : 24 — 2PKA i terms of the predicate

liftings for K associated with the elements of P as follows

Apay(X) ={U C KA|U C [ A(X) A (Vp € P)(UNN(X) #0)},
peP

where a A, : 24 — 2KA4 i5 the singleton lifting associated with p for the functor
K.

4.5 Coalgebraic Modal Languages Algebraically

On Chapter 3 we showed that Moss’ language can also be represented as the
initial algebra of the functor P, +T}. In this section we will show that a similar
characterization can be given for coalgebraic modal languages, i.e they can be
understood in a more categorical context. First we show how to see predicate
liftings as operators over sets.

As we said before there is another intuition, to understand predicate liftings.
Namely predicate liftings convert coalgebras into neighborhood frames. The
components of a predicate lifting A,

g 24 —2T4,
are uniquely determined by its exponential adjoints,
5\:1 CTA — 22"
This functions are defined as follows
Aa(t) = {X CAlte (X))
Given a T-coalgebra a we can define a neighborhood model by composition
X;a A — 22A.

Then predicate liftings can be understand as a way to transform an obscure, and
not really known, T-coalgebra into a more familiar structure like neighborhood
models are.

Now notice that the exponential adjoint associated with the neighborhood
model of a predicate lifting is a function

fa:2A—>2A
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defined as follows,
fa(X)={s€ Ala(s) € Aa(X)} = a A (X).
This shows how to present predicate liftings as algebraic operators.

Generally speaking, given a T-coalgebra (A, «) and a predicate lifting A :
2(=)x1 _ 9T(=) we define A\, : PA — PA to be the following composite

A4

2A><77 > 2TA

)\a Oé_l

2A
Furthermore it can be shown that in fact we have

Lemma 4.5.1. The functions A\, as defined above, have the following property:
In the following schema

Coalg(T) Alg(I)

-1
a—tp | pat! PB
e B Aa Ag
TA—g=TB | PA~———PB

the diagram on the right commutes if the diagram on the left commutes.

4.5.1 Schroder functors

Following the idea used to define a functor M associated with Moss’ language
we now define a functor associated with a predicate lifting A, and in general
with a set of predicate liftings A.

Definition 4.5.2 (Schréder Functor). Given a predicate lifting X : 2071 —
2T(=) | we define a functor

S(A) : Coalg(T)? — Alg(P +1*+ 1)

in the following way. On objects: Given a T-coalgebra (A, ), the functor S(\)
maps this coalgebra to

[JA,Aa,ﬁA} : PPA+PA+PA— PA,

where §4 and -4 are the functions defined on Chapter 8 representing conjunc-
tions, see page 23, and negations, see page 32. On arrows: The functor S()\)
maps a morphism f: (A,a) — (B, ) to

f_l : (PB, [(55,)\@,ﬁ3]) — (PA, [6A7>\ouﬁA])-
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Given a set of predicate liftings A, we define a functor
S(A) : Coalg(T)? — Alg(P+A+1T)

in a similar way. Here P+ A+ I states for P+ [[cp I™ + I, where ny is the
arity of \.

Remark 4.5.3. Notice that one of the reasons why the definition above makes
sense, i.e Schrader functors are in fact functors, is that predicate liftings are
natural transformation.

Now we can redefine coalgebraic modal languages.

Definition 4.5.4 (Coalgebraic Modal languages II). Given a k-accessible func-
tor T : Set — Set, we define the r-coalgebraic modal language, written L5.(A),
to be the carrier of (L5(A), N\, A, —), where this later structure is an initial al-
gebra for the functor P, + A+ I, defined above.

Using this and Schréder functors we redefine the satisfaction relation for
coalgebraic modal language as follows: Let T : Set — Set be a functor that
preserves weak pullbacks and let (A, «) be a Ty-coalgebra. We define

[—]a: L7p(A) — PA

to be the unique arrow [—|q @ (L5(A), [N\, A, 7)) — (PA,[Aa, A, —4]) that exists
in Alg(P, + A+ 1I). We define =4 as follows:

SEa @ iff s € [¢a-
Using Schroder functors the following is immediate

Theorem 4.5.5. Coalgebraic languages language associated with a functor T
are adequate with respect to behavioral equivalence.

Unfortunately not all coalgebraic modal languages with only unary predicate
liftings have the Hennessy-Milner property with respect to behavioral equiva-
lence, for example modal logic for P-coalgebras. This problem is solved assum-
ing k-accessibility and imposing some properties over the parameter A.

In [10] Schroder defines separating sets of predicate liftings as follows.

Definition 4.5.6 (Separating sets). A set A of predicate liftings for T is sep-
arating iff for each set A, the associated source of transposites

(;“A CTA — 2((2“)’7))
AEA

18 jointly injective for each set A. That is every t € T A is uniquely determined

by the set

{0 X) e Ax (27t € aa(X)).

We say that set C C T2 is separating if the associated set of predicate liftings
18 separating.
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In other word a set of predicate liftings is separating if it can differentiate
elements in T'A, i.e if t # t' then there exists A € A and X C A such that

te )\A(X) and t/ ¢ )\A(X).

Using separating sets of predicate liftings Schroder in [10] showed that under
the condition of separability, coalgebraic modal languages are expressive.

Theorem 4.5.7. Let T be a k-accessible functor and let A be a separating set of
predicate liftings, possibly polyadic, for T. Then L%(A) has the Hennessy-Milner
property with respect to behavioral equivalence in the category of T-coalgebras.

Now it happens to be the case that all accessible functors admit a separating
set of predicate liftings, see [10].

Proposition 4.5.8. If T is k-accessible and preserves monos, then T admits a
Kk-bounded set of polyadic predicate liftings.

As corollary we have

Corollary 4.5.9. Let T be a k-accessible functor and let A be the set of k-
bounded predicate liftings for T. Then L%(A) has the Hennessy-Milner property
with respect to behavioral equivalence in the category of T-coalgebras.



Chapter 5

Hennessy-Milner Logics and
Final Coalgebras

In this chapter we will prove the following:

The existence of an expressive local language for behavioral equivalence is
equivalent to the existence of a final coalgebra.

In the last section of this chapter we will use this construction to produce trans-
lations between Moss’ language and coalgebraic modal languages.

Final Coalgebras are terminal objects in the category of coalgebras. Final
coalgebras are particulary important because they code all the possible be-
haviors of states in the category Coalg(T) and have the following coinductive
property: Let (Z,¢) be a final coalgebra and s, s’ € Z then

s s iff s=5"iff s~ ¢,
where the first relation is bisimilarity and the last one is behavioral equivalence.

If there is an expressive language £ for bisimilarity, or behavioral equivalence,
the previous equivalence can be extended to

s=siff s s iff s=5iff s~ s,

where the first relation is the logically equivalent relation. Notice that both
adequacy and HM are needed to obtain the first equivalence.

In other words: if there is a final coalgebra (Z, ¢) and an adequate language
L with the HM for behavioral equivalence then the states of the final coalgebra
represent the truth classes of £, see page 13.

In this chapter we will show that this is the only possibility, i.e. a language
L is expressive iff we can define a final coalgebraic structure over the set of truth

classes, written (L, ().

95
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5.1 Simple Coalgebras

In this section we will mention concepts of Universal Algebra. We do not enter
in details because they are not needed for the formal development of this thesis,
but tho be familiar with those concepts might help the intuition. We encourage
the interested reader to consult a book in Universal algebra. We recommend [3].

Congruences are one of the central objects in Universal Algebra. An equiv-
alence relation 6 on a set A, where A is the underlying set of some algebra, is
called a congruence if the algebraic structure can be transferred to A/6 to make
the quotient map, ey, into a homomorphism. Now any function has a kernel
equivalence relation on its domain, namely

Kerf ={(z,y)| f(z) = f(y)}.

Furthermore, when f is a homomorphism of algebras this is a congruence. In
fact in universal algebra the congruences are just the kernels of homomorphisms.
An algebra is simple if it has no non-trivial congruences relations.

Suppose now that A is the state set of a T-coalgebra, say . What does it
take to make the quotient set A/6 into a coalgebra? The answer, see [5] or [6],
is:

Theorem 5.1.1. Let (A, a) be a T-coalgebra, let 6 be an equivalence relation
over A and eg : A — A/0 be the canonical map. The following are equivalent:

o There is a unique structural map dy : A0 — T(A/0) such that the fol-
lowing diagram

A—S0 . A6
« dg
TA oy T(A/6)

commutes.
e 0 C Ker(T(eg)a).

o The relation 0 is the kernel of some T-coalgebra morphism with domain

(4, a).
Based on the previous theorem we define the concept of congruence.

Definition 5.1.2. An equivalence relation, say 0, over the state set of a T-
coalgebra, a, is called a congruence if

0 C Ker(T(ep)a),
where eg : A — A/0 is the canonical map.

Not all bisimulations are congruences, that because some bisimulations are
not equivalence relations. In general it is not the case that all congruences are
bisimulations, unless the functor preserves weak kernels. There is a counterex-
ample in [6]. Never the less, see [6], it can be shown that for any functor, any
bisimulation can be extended to a smallest congruence containing it.
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Proposition 5.1.3. For every bisimulation (R, p) there exists the smallest con-
gruence relation, (R), containing R.

Proof. By definition the projections w1, 73 : p — « are T-morphism. Let e : «
— 7 be a coequalizer of 71,72 in Coalg(T). By Theorem 5.1.1 Ker(e) is a
congruence because e is a morphism in Coalg(T'). By definition of coequalizers
it contains R and it is the smallest congruence containing R. O

In the category Set every coequalizer produces an equivalence relation and
viceversa. This implies the following corollary.

Corollary 5.1.4. Every bisimulation that is an equivalence relation is a con-
gruence.

It is shown in [6] that the set of all congruences is a complete lattice.

Theorem 5.1.5. The set of all congruences on a coalgebra (A, &) is a complete
lattice. The supremum is given by

Vo =WJo)"

is the transitive closure. The infimum is given by

/\0; = Con[()0;],

where Con|R] is the supremum of all congruences contained in R.

where (—)*

The smallest element of the lattice of congruences on (A, «) is trivial, i.e it
is the identity, A 4. But unlike the universal algebra case the largest element
T 4, may be, in general, a proper subset of A x A. For example in the case of
the constant functor a pair of states (s,s’) in a coalgebra o : A — D belongs
to some congruence iff a(s) = «a(s’). However the largest congruence has the
following uniqueness property:

Theorem 5.1.6. If T 4 is the largest congruence on « then for every coalgebra
B there is at most one morphism f: 3 — a/T 4

Proof. Assume f1, fo : 8 — a/YT 4 are two morphisms. Let e : /T4 — &
coequalize them in Colag(T). By Theorem 5.1.1 the relation Ker(efy), where
fr is the quotient map, is a congruence on «. Therefore Ker(efy) C V. In
other words, for every a,a’ € A

efy(a) = efy(a’) implies aVa'.

Fixb € Bandleta € fi(b),a’ € fo(b). By definition fv(a) = f1(b) and fv(a') =
f2(b). Then we have

efv(a) = efi(b) = efz(b) = efv(d).

Hence by the previous observation aVa', therefore f1(b) = f2(b). This concludes
the proof. O

The previous theorem shows that coalgebras of the form /T 4 are weakly
terminal, i.e almost terminal but the existence condition is missing. This lead
us to the concept of simple coalgebras.
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Definition 5.1.7. A coalgebra (A, «) is called simple if its largest, and hence
only, congruence is Aa. In other words Ap =T 4.

Simple coalgebras can also be characterized in the following way
Theorem 5.1.8. For a coalgebra (A, «), the following are equivalent.

1. « is a simple coalgebra.

2. Every morphism with domain « is injective.

3. For every coalgebra (3 there is at most one morphism f: [ — «a.

4. Every epimorphism with domain « is an isomorphism.

Proof. The proof is almost direct from the definitions. The interested reader
can also consult 77. O

Based on this theorem we obtain the following relation between congruences,
final coalgebras and simplicity.

Corollary 5.1.9. e For any coalgebra o, o/ T 4 is simple.

e Fvery final coalgebra is simple.
Using this corollary we can also prove the following.

Theorem 5.1.10. Assume a final coalgebra ( exists. Then a coalgebra o is
simple iff it is isomorphic to a subcoalgebra of (.

5.2 From Final Coalgebras to Hennessy-Milner
Logics
Proposition 5.2.1. Suppose T has a final coalgebra (Z,(), with f, being the

unique morphism from « to ¢ for each T-coalgebra (A, ). Then for any pointed
coalgebras (o, s), (83,5,

o s 458 implies fo(s) = fa(s).
o If T has transitive bisimilarity, then fu(s) = fa(s') implies s = op8’.

Proof. (1): If s« 488, then (s,s’) belongs to some bisimulation R from « to
(. Hence there exists a coalgebra structure, p, on R such that the following
diagram

oL A LR

fa fs

SN—Sh—

commutes. Form that we conclude

fa(s) = faﬂ'A(S,Sl) = fﬁﬂ-B(s’S/) = fﬁ(sl)-

(2): Morphism are functional bisimulations, therefore

s fals) = fp(s') = 8.

Since T has transitive bisimilarity we conclude s+ s’ O
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Theorem 5.2.2. If T has a final coalgebra then there exists an adequate local
language L with the Hennessy-Milner property with respect to behavioral equiv-
alence.

Proof. Assume T has a final coalgebra (Z,(), with f, being the unique mor-
phism from « to ¢ for each T-coalgebra (A4, «).

We define a local language by taking £ = Z, so that £ is small, and putting

s Ea piff fo(s) = .

By definition £ is adequate. On the other hand we defined L(c, s) = {fc(s)},
hence L(a, s) = L(8,s") iff fo(s) = fa(s’). Hence logically equivalent states are
behavioral equivalent, this concludes the proof. O

Corollary 5.2.3. If T has transitive bisimilarity and a final coalgebra then
there exists a local language L with the Hennessy-Milner property with respect
to bisimilarity.

Proof. Following the construction of the previous theorem we have

s fal(s) = fo(s') = 8.

If T has transitive bisimilarity we conclude s+ s'. O

5.3 From Hennessy-Milner Logics to Final Coal-
gebras

In this section we present an elementary construction of final coalgebras by
Clemens Kupke and the author directly over the set £, see page 13, of the
truth- classes.

Theorem 5.3.1. If there exists an adequate local language, say L, for T that
has the Hennessy-Milner property with respect to behavioral equivalence then T
has a final coalgebra.

Construction. We define a structural map, ¢ : £ — TL_, directly over the
set of truth classes. Notice that the satisfaction relation is a function

FatA— L.

By definition for any ® € L there exists a pointed coalgebra (c,s) such that
Eo (s) = ®. Using this we define

O

First we have to show that the function ¢ is well defined, i.e the value of ¢
does not depend on the choice of « neither in the choice of s. First we show it
is well defined under morphisms proving the following lemma.
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Lemma 5.3.2. Let f:a — (3 be a coalgebraic morphism, then for any s € A

T(Fa)a(s) =T(Fp)Bf ().
Proof. By the adequacy of L the following diagram
A

f Fa

B

Fs e

commutes. Then, since T is a functor,

T(Ep)T(f) = T(Fa)-

Using this and the fact that f is a morphism we obtain:

T(F=p)Bf(s) = T(Fp)Trals) = T(Fa)os)
This concludes the proof. O
Now we can prove

Claim 5.3.3. The function ¢ : L — TL, defined above, is well defined.
Explicitly it is: For any coalgebras o and (8 coalgebras and states s € A,s' € B
such that =4 (s) = =3 (s') the following holds

T(Fa)a(s) = T(Fs)8(s).

Proof. Let a, 8 be coalgebras and s € A, s’ € B be logically equivalent. There-
fore, by the HM, we conclude s ~ s’. By definition of behavioral equivalence
it implies that there is a coalgebra (G,~) and morphisms f: o« — vy and g : 8
— v such that f(s) = g(s’). By the previous lemma we conclude

T(Fa)a(s) = T(Ey)vf(s) = T(F4)v9(s) = T(Fp)B(s").
This concludes the proof. O

We remark that our definition of  is based in the following diagram

T(Lo)s

i.e we want this diagram to commute. Since we did not know ¢ we defined it is
such a way that the diagram commutes, we followed the lower path. As we said
before we had to show that ¢ was well defined. Once we have it we conclude.

Corollary 5.3.4. For any coalgebra «, the satisfaction function |=4: o — ¢ is
a morphism.
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We now show that the coalgebra (L, () is simple.
Claim 5.3.5. The coalgebra (L, () is simple.

Proof. Let 0 be a congruence on L., with eg its canonical map. We want to
show that it is the identity. By definition of congruence we know

0 C Ker(T'(eo)(),
i.e. for every p,v € L

w0y implies T'(eg)C(p) = T'(en)¢(¢)-

Assume ¢ is the truth class of a state s in a coalgebra o and that v is the truth
class of a sate s’ in a coalgebra 3 and assume p6v. If we manage to show s ~ s’
by the adequacy of £ we are done. Our assumption implies,

o (5) =g and 5 (5) = o

Therefore using the assumption @6y we obtain

o Fa (5) = eg(p) = eg(v) = eo = ().

since =, and [g are morphism, by the previous corollary, we conclude s ~ s’
and this concludes the proof of the claim. O

By the previous corollary and Theorem 5.1.8 we conclude (L, () is a final
coalgebra. This concludes the proof of Theorem 5.3.1.

We have just showed that if an adequate language £ has the HM with re-
spect to behavioral equivalence, then we can define a final coalgebraic structure
(L, ) such that for any coalgebra o the function |=,: a — ¢ is the only
morphism. Now we show that it is in fact the only possibility.

Theorem 5.3.6. Let L be a local language for coalgebras. If there is a final
coalgebraic structure (L=, () such that for any coalgebra, «, the function =q: o
— ( is the only morphism, then L is adequate and has the Hennessy Milner
property with respect to behavioral equivalence.

Proof. Adequacy: First notice that under the existence of a final coalgebra,
two states s, s’, in coalgebras a and (3, respectively, are behavioral equivalent iff
they are mapped to the same state in the final coalgebra. Assume s ~ s’, then
by hypotheses we conclude =, (s) =3 (s'). That is £ is adequate.

HM: Notice that two states s, s, in coalgebras o and 3 respectively, are logi-
cally equivalent iff =, (s) =|=3 (s'). Since each }=, is a morphism, we conclude
L has the Hennessy-Milner property with respect to behavioral equivalence. [

5.4 Non-compositional translations

Now we will use the construction of Theorem 5.3.1, on the previous section, to
produce translations between Moss’ language and Coalgebraic modal languages.
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The idea is the following: On chapter 3 we proved that Moss’ language, writ-
ten L., for a x-accessible functor is a set and has the Hennessy-Milner property
with respect to behavioral equivalence. On chapter 4 we proved that every
k-accessible functor that preserves monos admits a set of separating predicate
liftings, say A, hence the language L£%(A) has the Hennessy-Milner property
with respect to behavioral equivalence. Using theorem 5.3.1, we will construct
final coalgebras (s and (a, respectively. Then using Moss functor over (5 we
obtain a translation [ : L5 — Lp(A). Using the Schréder functor over (s we
obtain a translation m : L5(A) — Lr(—).

Theorem 5.4.1. Let T be a k-accessible functor that preserves weak pull backs,
then there exists a translation

l: Ly — Lp(A),

where A is a separating set of predicate liftings. Notice that we are allowing
arbitrary conjunctions on the language with predicate liftings.

Proof. From Chapter 4 we know that the language £%.(A) is expressive. Using
Theorem 5.3.1 we construct a final coalgebra (Z, () associated with £%.(A). We
recall that the states of this final coalgebra are the truth classes of L£(A).

Using Moss’ functor we map (Z, () into the category Alg(P, + T). By the
definition of Moss’ satisfaction, the following diagram
-

,CT ~PZ

PLr +TLr PPZ+TPZ

commutes, where the vertical right arrow is the complex algebra associated with

(Z,0).

We define a function, I : L5 — L5(A), as follows:

(A9 = N\,
Vre) =\ ALEOC ).

s'e[Vrel

We now claim that the function [, defined above, is a translation, i.e for
every coalgebra («, s) and any formula ¢ € L7 the following holds

sl @ iff s =4 U(p).

We will only take care about the operator V.

From left to right: Let f, : @« — ( be the unique terminal morphism in
Colag(T). Since Moss’ language is adequate we conclude f,(s) IF¢ Vre. On
the other hand since £4(A) is also adequate we conclude

L7 (M) (e, s) = L7(A)(C, fals))-
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This gives the implication from left to right.

From right to left: Assume s |=, /\,C':}(A)(C,;’) for some s such that
s' ¢ Vrp. By the adequacy of Moss’ language it is enough to show s’ ~ s. In
order to show that, we will use the Hennessy-Milner Property of L5.(A).

By definition truth classes we have
€ Li(A) () iff ¥ € LE(A)(C, ),
here we use the fact that £4.(A) has negations. Therefore, using the Hennessy-

Milner Property of £%(A), we conclude that s is behavioral equivalent to s,
Since Moss’ language is adequate we conclude

slFo V.
This concludes the proof. O

From that we conclude
Corollary 5.4.2. The Moss’ modality, Vr, is expressible in Lr(A).
Furthermore, based on chapter 4 we conclude

Corollary 5.4.3. Let T be a k-accessible functor that preserves monos, then
there exists a set of predicate liftings, say A that can express the Moss’ modality

V.
And clearly we have

Theorem 5.4.4. For every regular cardinal k The Moss language L1 is more
expressive than L (A).

Now we can use the same procedure to translate predicate liftings

Theorem 5.4.5. Let T be a k-accessible functor that preserves weak pull backs,
then there exists a translation

Notice that we are allowing arbitrary conjunctions on the Moss’ language.
Proof. The construction and proof are the same as in Theorem 5.4.1, i.e the

construction goes as follows:

By Theorem 3.2.16 the language L} is expressive. Using Theorem 5.3.1 we
construct a final coalgebra (Z, () associated with £%. We recall that the states
of this final coalgebra are the truth classes of L£%.. Using Schroder’s functor we
map (Z,() into the category Alg(P, + A).

We define a translation, m : L5(A) — Ly (), as follows:

m(N\w) = \m(),

m(=p) = ~m(p),
m(Ne) = \/ AL s), where A € A.

s'€[Ag]
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Using the procedure invented for the proof of Theorem 5.4.1 we conclude
that m is in fact a translation. O

From that we conclude

Corollary 5.4.6. Let T be a k-accessible functor that preserves weak pullbacks.
Every predicate lifting for T is expressible in Lr(—).

finally we obtain

Theorem 5.4.7. Let T be a k-accessible functor that preserves weak pullbacks
and monos, then the Moss language L1 (=) and the language L7 (A), where A is
the set of all predicate liftings, are equally expressive via translations.

Unfortunately the previous translations are not compositional and highly
non constructive. Such translations are also not finitary. For example in the
case of the power set functor the nabla operator would be translated as a for-
mula with w conjunctions. But we know that in this case the nabla operator
has a nice finitary translation, see equation 3.3.4 on page 28 in Chapter 3. We
will try to obtain more refined translations as a result. We particulary looking
for translations that are finitary. We do not approach this problem at a general
level but only in the case of Kripke polynomial functors, more specifically fini-
tary Kripke polynomial functors.



Chapter 6

From Moss’ Language to
Predicate Liftings and Back

In this chapter, we will compare Moss’ language with negations, written £5.(—),
and languages with predicate liftings, written £5.(A), for a given Kripke polyno-
mial functor T. We will define, when possible, translations between the two lan-
guages. Recall that a translation between two languages is a function T'rs : £
— L9 that commutes with satisfaction.

The collection of Kripke polynomial functors is inductively defined as follows:
K:=T|D|Ky+ K;|Kyx Ky |Hom(D,K)|PK.

Here 7 is the identity functor, D is a constant functor with value D, P is the co-
variant power set functor, Hom(D, —) is the homomorphism functor, products
and coproducts are taken pointwise, see Chapter 2. Replacing P with the finite
power set functor P,, and demanding D to be finite, we obtain the collection
of finitary Kripke polynomial functors.

We are particulary interested in finitary translations. A translation m :
LH(A) — L5(-) is said finitary if it maps finite formulas involving monadic
predicate liftings to finite formulas of finitary Kripke polynomial functors. When
possible, we will stress that our translations are in fact finitary.

We will define translations inductively over the complexity of the functor. In
Chapter 3, we had to use Pattinson transformations to describe Moss’ modality
in the inductive cases. We have a similar problem when we want to carry out
an inductive construction of translations. It is not enough to see translations
only as functions. One more time we consider modalities, nablas or predicate
liftings, not only act over formulas but rather over sets, i.e. they are natural
transformations. Our plan is to translate this natural transformations instead
of only formulas. We present a formal idea below. The intuitive idea is: We will
obtain translations composing natural transformations. Notice that nabla oper-
ators, i.e the components of Pattinson transformations, are functions taking an
argument of type TP A and producing a set. Divergent to that, predicate liftings
transform subsets into subsets. If we want to translate such functions into each

65
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other we should translate two things: one, the assignation rule of the function
itself, and two, the argument of the function. As we said, these two kinds of
translations are formalized using composition of natural transformations. When
our translation is obtained using composition of natural transformations, we call
it a natural translation. Natural translations allow us to pass over the inductive
steps because natural transformations are defined for all sets. The main prob-
lem is obtaining syntactic translations back from such natural transformations.
A natural transformation that produces a syntactic translation is said to be
logically representable. Using this technique we will prove:

Theorem 6.0.8. Let A be the set of monadic predicate liftings for a Kripke
polynomial functor T.

o FEvery formula of the language L5 (A) can be expressed using formulas of
L5 (7).
In particular we will show:

Corollary 6.0.9. Let A be the set of monadic predicate liftings for a finitary
Kripke Polynomial functor T .

o FEvery finite formula of the language L5.(A) can be expressed using finite
formulas of L5(=).

In the following section we, detail the general procedure to translate predi-
cate liftings. In order to provide a more concrete explanation, we will exemplify
our procedure using the identity functor and the covariant power set functor
before explaining the general theory. To give an idea of how to extend the
translations over the inductive steps, we will use combinations of the power set
functor and the identity functor.

A final comment before proceeding. In the following pages, we always assume
the boolean operators are translated as usual, hence we will only present our
translations in the case of the modal operators.

6.1 Translating Predicate Liftings

At a first glance, translating all predicate liftings might seem an enormous
amount work. We will use singleton liftings to simplify our work. Theorem
4.3.6, see page 44, implies that it is enough to translate singleton liftings. No-
tice that every finitary predicate lifting for finitary Kripke polynomial functors
can be expressed using only finitely many singleton liftings. This procedure will
allow us to restrict our translations to finitary translations. We should remark
that this idea will not work if the set T'(2) is infinite. However, we will show by
induction on the complexity of the functor that with each unary singleton lifting
App there is a map m,, : L5.(—) — T L5 () satisfying some nice properties that
help us to produce syntactic translations, i.e. in the case of the singleton liftings
it is enough to translate arguments. As stated, we will do it composing natural
transformations.

Before explaining the general theory let’s use examples. We start with the
identity functor.
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6.1.1 The identity functor

A coalgebra for the identity functor is a function a : A — A. Moss’ Language
for this functor can be found on page 27. Coalgebraic modal logic for this func-
tor can be found on page 45.

As we saw in section 4.4.1 of Chapter 4, the singleton liftings for the iden-
tity functor are associated to T and L. In that section we used [1] for the first
singleton lifting and [—] for the other. In some diagram because of some WTEX
technicalities we will also use At and A to denote these singleton liftings.

In the case of the identity functor the syntactic translation is immediate.
We define a syntactical translation m : £7(A) — L(=) as follows:

m([1]e) = Vm(p),
m([=]p) = V-m(p),
m([M]g) = )\ 0,
m(0le) = \/ 0.

This translation is fine but is hiding its origin. We will show that this transla-
tion is obtained from a natural transformation. This translation will help us to
explain our technique.

In order to obtain natural transformations from that translation, we notice
that in this case the Moss’ modality has the same semantics as the predicate
lifting [1]. Let’s play the blind translator for a bit and let’s assume we can use
the same formula in the Moss’ language and in the coalgebraic language, keep in
mind that this assumption is wrong, using that our translation can be written

m([llg) = Ve.

We can read this new equality as follows: The predicate lifting [1] is the same
as the operator V. If we see it in terms of satisfaction sets we can see that the
following diagram

P id P

)\T,oz Va

P

commutes for each coalgebra «. The natural transformation associated with [1]
is the identity. Notice that the components of this natural transformation can
be defined for every P, + [-algebra.

Form this diagram we can obtain the syntactic translation back. Notice that
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the following diagram

PA PA
[_]a [_}a
Lr(2) =7 L1(0)

commutes for every coalgebra «. Call the identity function on the bottom of
the previous square mt : L;(—) — L;(—). Using mt we obtain the syntactic
translation back as follows: Star defining a syntactic translation m : L;(A)
— L7(—) inductively. To translate formulas of the form [1]¢ use the following
diagram

Lr(A) —"" £1(=)

AT

F
'<

Lr(A) Lr(=) ~s L1(7)

m

Thus the translation of a formula [1]¢ is
m([l]p) = Vmrm(p) = Vm(p),

and that is exactly what we had before. In other words in order to define a
translation of a formula [1]¢ we assume that inductively we already know how
to use the translation m over the formula ¢ and then we use Moss’ modality
over it.

This procedure also works for the other singleton lifting, in that case, notice
that the following diagram

< - <

P -P

)\L,(x va

P )
commutes for every coalgebra a. The natural transformation associated with [
is the complement natural transformation. Again notice that the components of
this natural transformation can be defined for every P, +I-algebra. Furthermore
notice that the following diagram

N —A .

commutes for every coalgebra «, where the function at the bottom is the nega-
tion of the language, we use m  to represent that function. To obtain the trans-
lation back again we start defining a syntactic translation m : £;(A) — L;(—)
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inductively. To translate formulas of the form [y we use the following diagram

Li(A) —" + £1(-)

AT my

?
{

L1(A) Lr(—) < L1(=)

m

Using this diagram we conclude that the translation of a formula [—]¢p is
m([le) = Vmim(p) = V-m(p).

Again we obtain the translation above. Before explaining the general theory we
will show how the same procedure works for the covariant power set functor.

6.1.2 Power set functor

In this section, we will illustrate the general procedure explained in the next sec-
tion. Our reader has, at least, three options: one, to continue reading following
the linear order of the text. Two, to use a non-linear order skipping this section
now, reading the next section first and then go back to read this section. Three,
neither of the previous two. What we recommend is to read this section two
times. At a first instance, read it now to develop an intuition of what is going
to happen in the next section. But also do a parallel reading with the next sec-
tion. In this section we treat two examples of logical translators in detail. The
concept of logical translator can be found in the next section. The structure of
each example is exactly the structure of next section. More explicitly for each
example, we will define a natural transformation 7 : P — PP. Using 7 we will
show that we can express a predicate lifting

\: PPP
using Pattinson transformation
V:PP — PP,
for the covariant power set functor, as follows
A= VrT.

Moss Logic for the power set functor can be found on page 28. Coalgebraic
modal logic for this functor can be found on page 47.

As stated, playing the blind translator, the universal and existential modality
can be translated in terms of Moss’ language as follows:

O =V{p, T} Qe =V0V V{p}.

In this section, we will show how the procedure used in the case of the identity
functor can also be used to translate the singleton liftings of the covariant power
set functor. The singleton liftings of the power set functor are associated with
the sets

0, {T} {43 {L, T}
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The existential modality is not a singleton lifting, it is associated with the set
{{T} {L, T}}, but the translation suggested above allows us to produce a trans-
lation using the same technique we will use for the singleton liftings. Hence to
help the intuition we will explain our technique in the case of the existential
modality and in the case of the predicate lifting associated with {T}.

The existential modality

We start with the existential modality. The formula

Op=V{p, T}

shows us that in this case it is enough to translate the argument. Recall that
the A-component of the existential modality maps a set X C A to

Qa(X)={UCA|UNX #0}.
In this section we will do three things:
1. We will define a natural transformation 7 : P — PP.
2. We will prove that for each set A the following holds
Oa=Vara.
Recall that V4 is the notation for Pattinson transformations.
3. Extract the translation above from 7.

First we define a natural transformation
7:P — PP
as follows: the A-component of 7 is a function
T4 : PA — PPA.
This function maps a set X C A
Ta(X) ={X, A}.

As we said now we want to show that these functions are the components of
a natural transformation. In order to show that we have to show that given a
function f: A — B and X C B the following holds

Ta(fHX) = P(fH)7B(X).
By definition we have

Ta(f7H(X)) = {f7H(X), A}
On the other side of the equality we have

P(f~Hre(X) =P(f)({X, B}).
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By definition of P(f~!) we conclude that
P Hme(X) = {f71(X), (B}

Now notice that for every function f : A — B the inverse image of B is A, using
this we conclude the desired equality and then that 7 is a natural transformation.

Now as stated we will prove ¢ = V7. In order to prove this we have to show
that the following diagram

PA A ppa

Oa Va
PA :
commutes for every set A. By definition of relation lifting for the covariant
power set functor we know that U € V474(X) iff U C A and
MueU)(ue XVue A)ANBuelU)(uec AN (FueU)(ue X).

Notice that the first two conjunctions are always true if U is non empty, also
notice that the last conjunction implies that U is non empty. Therefore we
conclude

UeVata(X)ifUCAANFueU)(ue X)iff U € O4(X).

We conclude ¢ = V7 as we wanted. Using the terminology of the next section
we have just showed that 7 is a natural translator for ¢.

Now we will extract the translation above using 7. Notice that given a
P + I-algebra 2 = (A, A, —), we can define a function

T A — PA

imitating the same idea we used to define 7 as follows: An element x € A is
mapped to
TQl('r) = {‘rv T}v

where T = A(D). Furthermore notice that this functions have the following
property: Let f : 2 — B be a morphism of P, + I algebras then the following
diagram

A—2 . pag
f P(f)
B——PB

commutes. In order to prove this, unravelling all definitions, we have to show

forx e A
{f(@), Aa(0)} = P(F){z, A (0)}).
By definition of P(f) we have

P(H){z; Aw(0)}) = {£(x), f(As ()}
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Since f is a morphism of P, + [-algebras we have
fAs = NaP(f).
Finally it is well known that
P(f) (@) =0.
From that we conclude
POz, As(0)}) = {f(2), fF(Aa(0))} = {f(z), Az (D)}

This illustrates the commutativity of the square above. Using the terminology
of next section we have defined a boolean transformation 7: I — P.

Notice that if 2 = (PA, A, —) is a P, + I-algebra where A is the A-component
of the natural transformation for conjunctions and — is the A component of the
natural transformation for negations, then

T = TA-

In the terminology of the next section we say that 7 extends 7. We also say
that 7 is a logical translator.

Notice that Lp(—) is a P, + I algebra. Hence we have a function
mo =Tep(-) : £p(=) — PLp(7)
such that
mo(p) ={p, T}
We remark that the function m¢ has as domain the Moss’ language and not

the language of predicate liftings. Furthermore notice the the Moss’ satisfaction
[<]a is a morphism of P, + I-algebras hence the following diagram

PA PPA
[~]a P([la)

‘C'P(_‘) mo P‘CP(_')

commutes for every coalgebra a.

Using all this we define a syntactic translation m : Lp(A) — Lp(—) induc-
tively. To translate formulas of the form Q¢ we use the following diagram

Lp(A) Lp(-)
¢ 1 Mo
Lp(8) —— Lp(=) ~5— PLp(-)

Using this diagram we can describe the translation of a formula Q¢ as follows
m(0p) = Vmom(e) = V{m(p), T}.

And it is exactly the translation that we wanted. Using the notation of the next
section we have proved that the translation m is a natural translation.
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Another example

We hope our reader is getting the idea. We will give one more detailed example
before explaining the general procedure. We will study the predicate lifting
associated with {T}. We recall that the predicate lifting Ay has as components

AM(X)={UCA|U#0AUC X}

Using the basic modal language, a formula A;r; is equivalent to the formula
Op A Q. This time we will not give the translation from the beginning but we
will produce it using the technique that is not explicit yet.

Again we will do three things.

1. We will define a natural transformation 7 : P — PP.
2. We will prove that for each set A the following holds
AgTra) = VaTa.
Recall that V 4 is the notation for Pattinson transformations.

3. We will extract a translation from 7.

First we define a natural transformation 7 : P — PP, associated with {T}.
The A-component of 7 maps a set X C A to

Ta(X) = {X}.

Now we will check that this defines a natural transformation. In order to show
that we have to show that given a function f : A — B and X C B the following
holds

Ta(f7H(X)) = P(f ) 7R(X).
By definition we have
Ta(f7HX)) = {7 X))
On the other side of the equality we have
P(fHre(X) =P(fTHHXY).
By definition of P(f~!) we conclude that

P(fHrs(X) = {7 (X))}

We conclude the desired equality and then that 7 is a natural transformation.
We can easily check that for each set A the following diagram

PA A ppa

A({THA) Va

PA
commutes. Notice that in this case U € V4 74(X) iff U C A and

MueU)(ue X)N(FuelU)(ue X).
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Therefore it is immediate that
U e VATA(X) ifU e /\({T},A)(X)

In the terminology of the next section we have showed that 7 is a natural trans-
lator for >\{T}

Now for every P, + I-algebra 20 = (A, A, —), we define a function
Tyt A— PA
following the same idea. Explicitly an element = € A is mapped to 79 (z) = {z}.

Furthermore these functions have the following property: Let f : 2 — B be a
morphism of P, 4 I algebras then the following diagram

A—2 . pyg
f P(f)
B——PB

commutes. In order to prove that we have to show that for x € B the following
holds

{f(2)} =P(H)({z}).

The follows immediately from the definition of P(f). Using the terminology of
the next section we have defined a boolean transformation 7: I — P.

Notice that if A = (PA, A, ) is a P, + I-algebra where A is the A-component
of the natural transformation for conjunctions and — is the A component of the
natural transformation for negations, then

T = TA-

In the terminology of the next section we say that 7 extends 7. We also say
that 7 is a logical translator.

Since Lp(—) is a P, + I algebra, in particular we have a function myry
Lp(=) — PLp(—), which maps a formula ¢ € Lp(—) to {p}. Notice that the
following diagram

PA— 22— pPA
[~]a P([~]a)
£p(5) e PLP()

commutes for every coalgebra a.
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Using my7y we define a syntactic translation m : Lp(A) — Lp(—) induc-
tively. To translate formulas of the form Ay, we use the following diagram

Lp(A) —"— Lp(-)

0 m(T)
Lp(8) 57— Lp(=) ~5— PLp(-)

Using this diagram we can describe the translation of a formula A(ry¢ is

m(Agrye) = Vmgrym(p) = V{m(p)}.

Using the notation of the blind translator it is m(A{typ) = V{p}. It is easy to
check that this is in fact a translation.

We will not translate the other singleton liftings in this section. The trans-
lation of the other predicate liftings is in the next section on page 81.

Now we believe the reader has enough background and intuition to see the
general procedure. Actually we hope that at this point the reader has seen the
general procedure by itself.

6.1.3 The general procedure

In this section, we will explain the general procedure used in the previous sec-
tions to obtain translations from natural transformations. As stated, the previ-
ous section contains two detailed examples of the work done here.

If we want to give an inductive translation from languages of predicate lift-
ings to Moss’ languages, then one must realize that the only way to translate
a predicate lifting is to use Moss’ modality. As we have seen in the examples
above and will see in the following pages, in the case of singleton liftings in fact
we only have to use Moss’ modality.

Our technique to translate a singleton lifting A, for a functor 7', is a three
steps technique. The three steps are:

Step 1: Carefully define a natural transformation 7 : P — TP.
Step 2: Prove that A = V.
Step 3: Extract a translation from 7.

The first two steps are coded in the definition of natural translator below. The
third step is the hard one and lead us to the concepts of boolean transformation
and logical translator. The third step produces the translation and the first two
steps allow us to prove that it is in fact a translation.

Remark 6.1.1. Notice that the steps of our technique should be executed in the
order in which they are presented. But motice that to produce a translation we
usually first define the function candidate to be a translation, and then we prove
that it is in fact a translation.
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Definition 6.1.2. A natural translator for a singleton lifting A, is a natural
transformation

7:P —TP,
such that the following diagram
PA A TpA
Ap Va
PTA (6.1)

commutes for every set A. In other words VT = \,.

We invite the reader the to check previous section to see two examples of
natural translators.

Now we want to obtain a syntactic translation from 7 and we want to extend
this translation over the inductive steps. For that purposes we will define the
concept of boolean transformation. A natural transformation A : FF — G is a
class of arrows indexed over the domain of F' and G. A boolean transformation
follows the same idea but we do not index over the domain category but over
the category of P, + [-algebras.

Definition 6.1.3 (Boolean transformations). Let two endofunctors F and G
over the category Set be given. A boolean transformation 7 from F to G (de-
noted T : F — G)) is a function that assigns to each P, + I-algebra A =
(A, A, 1) a function Ty : FA — GA, an arrow in Set, in such a way that the
following naturality condition holds: for each morphism of P, + I-algebras f : A
— B, the square on the right

Alg(P,, + 1) Set
2A FA—2 ~GA
f F(f) G(f)
B FB———GB

commutes.

Remark 6.1.4. The reader familiar with category theory should have noticed
that boolean transformations are just natural transformations

7 :FU — GU,

where U is the forgetful functor U : Alg(Ps + I) — Set.

Remark 6.1.5. Notice that every natural transformation from F to G is a
boolean transformation but not the other way around. We are indexing over the
category of P, + I-algebras and not over the category Set. This has two main
consequences: one, we only have a function 1o : FA — GA if the set A is the
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carrier of a Py + I-algebra. And two, if the set A is the carrier of many different
boolean structures, we should have a function from FA to GA for each of these
structures.

We suggest to our reader to have look to the previous section to see two
examples of boolean transformations.

The trick to obtain syntactic translations from natural transformations that
can be extended over the inductive steps is to use a combination of natural
translators and boolean transformations.

Definition 6.1.6. A natural translator T : P — TP for a singleton lifting
Ap is logically representable, or a logical translator, if there exists a boolean
transformation 7 : I — T such that if & = (PA, A, —) is a P, + I-algebra where
A is the A-component of the natural transformation for conjunctions and — is
the A component of the natural transformation for negations then

TA = TA.

If T is logically representable, we also say that T can be extended to a boolean
transformation, or that T can be extended to T, or that T extends T.

Examples of natural translators that can be extended to boolean transfor-
mations can be found in the previous section. For each of the logical translators
in the previous section we defined a function

m £7D(_\) - P[/p(—\),

that later we used to produce a translation. The existence of such functions is a
general property of logical translators. Later we will illustrate how to use these
functions to define a translation.

Lemma 6.1.7. If 7 : P — TP is a logical translator for a singleton lifting
Ap then there exists a function my : L5 (=) — TLE(=) such that the following
diagram

PA TPA
[~la T([~]a)
£5(-) TL () (6.2)

mp

commutes for each coalgebra «.
In other words for each L4 (=) the following holds

Ta([pla) = T([mp(p)la)

for each coalgebra o.

The function my, is called the signature of the translator.
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Proof. Since T is a logical translator it can be extended to a boolean translation
7T :1 — T. Since L§(—) is a P, + [-algebra there exists a function

(e = My L5(=) — TLE ().

Notice that the satisfaction relation [~], : £45(=) — PA is a morphism of
P,. + I-algebras. Therefore, by definition of boolean translation, the diagram in
the statement of the lemma commutes. O

We remark that the domain of the signature of a translator is Moss’ lan-
guage and not the coalgebraic language. As we saw in the previous sections
using logical translators we can produce syntactic translations from the lan-
guage of predicate liftings to the Moss’ language. Illustrations of this previous
lemma and construction of signatures are discussed in the previous section.

The idea to define a translation from a logical translator is as follows: Moss’
language happens to be a P,,+7T+I-algebra. To define translation is to define the
singleton lifting as a explicit operation of the algebra (L4 (—), A, V,—). Since
L5 (A) is an initial algebra we will give such definition inductively. In other
words we will define function

7 L5(-) — L5()
such that the following diagram

Lip(A) —— L5(7)

>
i)

L5 (A) —7— L3(=)

commutes. The commutativity of this squares represents that our translation
is defined inductively.

Theorem 6.1.8. The predicate lifting A\, is expressible in the Moss’ language
if there exists a natural translator T for A, that is logically representable.

Proof. We use [~](m,q) for Moss’ satisfaction, we use [, for the satisfaction
relation of coalgebraic modal languages.

Since 7 is a logical translator, by the previous lemma, there exists a function
my @ Li5(—) — TL%(-), the signature for 7, such that for every formula ¢ €
L5 (—) and every coalgebra « the following holds

TA([Ylm.ay) = T([mp(¥)))- (6.3)

We define a syntactic translation m : L5(A) — L5(-) inductively. The
inductive step to translate formulas of the form A, uses the the signature of 7
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in the following diagram

LE(A) —F— L5(-)

>~
=
-~

mp

L5(=) = TLE(-):

L) -

m

In other words the translation m works as follows
m(App) = Vmym(yp).

Now we want to see that this is in fact a translation, i.e. we want to prove the
following.

Claim 6.1.9. For every T-coalgebra o and every formula ¢ € L5 (A) the fol-
lowing holds

P‘P@] (s,@) — [Vmpm(cpﬂ (m,a)

We will present a proof of this equality using a chain of equalities that will
be extended step by step based on previous results.

Our inductive hypothesis is:

[@](s,a) = [m(<p)](m,a)-

In Chapter 4 when we showed how to present coalgebraic languages algebraically
we saw that

Po@ls,a) = & A a) ([ (s,0))-

Using the inductive hypothesis it can be extended as follows

[)‘p@](s,a) = a_l)\(p,A)([Qp](s,a))
= ™ A4 (M) (m,))-
Since 7 is a natural translator for A\, then for every set X C A we have
o A4y (X) = a ' Vara(X).

Replacing X for [m(¢)](m,q«) in the previous equation we conclude

a” Ap.a) ([Mm(D)] m.a)) = @'V aTa([M(9)] (m,a))-

Using this we can extend our first equality to

Ap#l(s,0) = ail)\(p”“)([@hs’a))
= a_lz\(pﬁ)([m(‘ﬁ)](m,a))
= a_lvATA([m(SO)](m,a))’

Since m(yp) € L%(—), we can use equation 6.3, above, and then obtain

a 'V ara([m(e)l(m.a)) = @'V aT([mym (o)) (m.a))-
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With this our chain of equalities is extended to

Po#lis) = @7 A, a) ([Pl s,00)
= a A, ([M(2)] msa)
= a 'Vara([m()] m.a))
= o' VaT ([mpm(©)] (m,a))-

Finally, recall that in Chapter 3 we saw that using Pattinson transformations
we can compute satisfaction sets as follows

o VAT ([mym()m,ay) = [V1p110(0)] (09 -
With all this together our chain becomes.
)
(m,a) )
a))
=« lvAT([um( ](m @) ) = [vmpm(w)](m,a)-

Pptl(s,0) = @ A, a) ([ (5,00
= a Ay ([m(p)]
=a~'Vara([m(e)]m

This concludes the proof of the claim.

Therefore we conclude that the function m described above is a translation
and this concludes the proof of the theorem. O

Definition 6.1.10. A translation m : L5(A) — L5(=) that is obtained by
the procedure described in the previous theorem is said to be natural for A,. A
translation is a natural translation if it is natural for all singleton liftings.

In summary, to produce a natural translation for a singleton lifting A for a
functor T" we need three steps. These steps are

Step 1: Define a natural transformation 7 : P — TP that seems like a natural
translator for A.

Step 2: Prove that 7 is a natural translator for A.
Step 3: Show that 7 can be extended to a boolean transformation 7: I — T

As we saw in Theorem 6.1.8, if we follow these three steps we can produce a
natural translation.

Remark 6.1.11. Technically speaking we produce a natural translation in four
steps:

Step 4: Use the signature of T to produce a translation for A.

but as we saw in the light of Theorem 6.1.8 it is enough to do the first three
steps and then the fourth one is automatic.

Remark 6.1.12. Let T’ be a functor, \ a singleton lifting for T, and let T be a
logical translator for . Now notice the following property of logical translators:
For any other functor T Moss’ language L5(—) is a Py, + I-algebra. Since T is
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a logical translator it can be extended to a boolean transformation 7T : 1 — T',
then there exists a function

ey () Lp(0) = T'LE ().

The existence of these functions is what will help us to extend logical translators
over the inductive steps. For example, using the coproduct inclusions we obtain
an arrow

PTLp (=) L1y (2) — (TLrir (2) + T Ly (7).

In later sections we will see that this arrow will be the signature of a natural
translator for the predicate lifting (A, A1) : P — P(T +T").

Some reasons why logical translators will be useful because are the following:

1. Natural translators help us to describe Pattinson transformations using
predicate liftings.

2. Since every logical translator can be extended to a boolean transformation
they produce syntactic translations.

3. We can appropriately redefine logical translators over the inductive steps,
using technics from category theory, in such a way that we obtain new
logical translators.

Before showing how to extend logical translators over all the inductive steps
we will produce natural translations for the other remaining base cases, i.e. the
constant functors and the homomorphism functors.

Power set functor (continued)

First we will define logical translators for the remaining singleton liftings for
the covariant power set functor. We will only mention which is the natural
translator and what is its signature. The construction of the other components
is clear from that.

We can construct a logical translator for the singleton lifting associated with
() using:

e A natural translator 7 : P — PP. The components of 7 are the constant
function with value 0.

e The signature of 7 is the function mygy : Lp(=) — PLp(—) with constant
value 0.

e The translation is
m()\{@}go) = VQ)

We can construct a logical translator for the singleton lifting associated with
{1} using:
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e A natural translator 7 : P — PP with the following components: The
A-component maps a set X C A to {-X}

e The signature of 7 is the function my,y : Lp(—) — PLp(-) which maps
a formula ¢ to {—¢}.

e The translation is
m(Ar1yp) = V{-m(p)}

We can construct a logical translator for the singleton lifting associated with
{L, T} using:

e A natural translator 7 : P — PP with the following components: The
A-component maps a set X C A to {—-X, X}

e The signature of 7 is the function my,y : Lp(=) — PLp (=) which maps
a formula ¢ to {—p, ¢}.

e The translation is
m()\{L,T}@) = V{-m(p),m(p)}

Summarizing we have that a translation for the covariant set functor is a
function m : L5(A) — L5(—) defined as follows:

m([Agpyle) = V0.

m([Amyle) = V{m(p)}.

m([Ay]e) = V{im(=¢)}.
m([A gt 13]e) = V{m(p), -m(e)}

6.1.4 Constant functors

In this section we assume we are working with a constant functor with value D.
A coalgebra for a constant functor is a function o : A — D. Moss’ Logic for
this functor can be found on page 27. Coalgebraic modal logic for this functor
can be found on page 46.

The predicate lifting associated with d € D is the constant function with
value d. The natural translator 7 : P — D associated with Ay has as compo-
nents constant functions with value d. Clearly this translator can be extended
to a boolean transformation. Hence it is a logical translator. The signature
my : Lp(—) — D of this translator is the constant function with value d. From
all this we conclude that in the case of constant functors the natural translation
is as follows:

Using Theorem 6.1.8 we define m : Lp(A) — Lp(—) inductively as follows:

m([Adlp) = Vd

Acle) = \/ V.

deC
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6.1.5 Hom(D,—) functors

A coalgebra for this functor is a function a: A — Hom(D, A). Moss Logic for
this functor can be found on page 27. Coalgebraic modal logic for this functor
can be found on page 47.

As we said before, a singleton lifting for this functor is associated with P C
D. Now we will define a natural translator 7 : P — Hom(D, P(—))using this
set P. The component 74 : PA — Hom(D,PA) of T acts as follows: A set
X C A is mapped to

Xp:D —PA

{ Xifde P,

d
~Xifd¢P

where —X is the complement of X. Now we will show that this is in fact a
natural transformation. We want to show that for a function g : A — B and
for every X C A,

9 (Xp) =g (X)p.

By definition we have
g 'Xp:D —B

g M (X)ifde P
d +—

Since the inverse image of g commutes with complements, we conclude the de-
sired equality.

In the previous construction we only used that ¢! is a morphism of P, + I-

algebras. From that we can see that we can extend 7 to a boolean transformation
7T :I — Hom(D, —) as follows: Let 2 be a P, + [-algebra and z € A an element
in the carrier. The element x is mapped to

zp:D —%

{ zifde P,

d
-z ifd¢ P

where —z is the complement of z in 2.

The signature of 7 is: mp : L5(=) — Hom(D, L%(—)), where T = Hom(D, —).
A formula ¢ is mapped to pp : D — L5(=), this function is defined as follows:

por(d) = g if de Pipp(d) =~ if d ¢ P,

Using this signature we define a natural translation m : £ (A) — L5(—) fol-
lowing the idea of Theorem 6.1.8. This translation acts on predicate liftings as
follows:

m([Aple) = Vm(p)p,

With this we finish all the base cases. Now we proceed to translate the
inductive steps.
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6.1.6 Coproducts of functors

Before explaining the general case, we will use the example P + I to show how
to extend natural translations of the base cases to coproducts.

Recall that a predicate lifting for a coproduct is the product of two predi-
cate liftings, one for each of the factors. Also recall that a singleton lifting is
associated with an element p in one of the factors of the coproduct.

Let’s consider the predicate lifting associated wit L € 2. The associated
predicate lifting for the coproduct is ([-], A1 ). Recall that this predicate lifting
maps X C A to -X C A+ PA. Now notice that the translator — : P — P can
be extended to — : P — P + PP using the appropriate injections. Furthermore
notice that this extension is a natural translator for ([-], A1 ). The signature
my : L5 (=) — (L5(=)+PLE(—)) maps a formula ¢ € L£5(—) to . Explicitly
the translation is

m(ALp) = V(~y),

where nabla is now the Moss’ modality for the coproduct.

Lets consider another example before explaining the general case. We con-
sider the case {T} € P2. The associated predicate lifting is (A1, A;7y). Again
we have a natural translator 7 : P — PP. We extend it to 7 : P — (P+PP) us-
ing the appropriate injections. Again this is a natural translator for (AL, A{13).
The signature myry : L3(=) — (L%(=) +PLE(—)) maps a formula ¢ € L%(—)
to {¢}. Explicitly the translation is

m(Agrye) = Vim(e)},

where nabla is now the Moss’ modality for the coproduct.

The general case

Moss’ Logic for coproducts can be found on page 29. Coalgebraic modal logic
for this functor can be found on page 48. A coalgebra for the coproduct is a
function a: A — K1 A+ K> A. Now we explain the general procedure.

Given p € K72+ K52 we want to translate the predicate lifting

Ap,12) 2() — pfati

into the Moss’ language for K3 + K. It is our claim that we can obtain such
translation using logical translators for K7 and K5. Furthermore we claim that
we can obtain a natural translation, i.e. a translation constructed from a logical
translator as described in Theorem 6.1.8. In other words we want to prove the
following theorem.

Theorem 6.1.13. Let K1 and K> be two functors such that:
o We can define Moss’ language for both of them.

e FEvery singleton lifting for K1 can be translated into the Moss’ language of
K1 using logical translators.
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e FEvery singleton lifting for Ko can be translated into the Moss’ language of
K5 using logical translators.

Then every singleton lifting for K1+ Ky can be translated into the Moss’ language
for K1 + Ko using logical translators.

Assume p € K12. Recall that the predicate lifting A(,12) is a pair (Ap, A1)
of predicate liftings, where )\, is the predicate lifting A, : 2(2) — 2K1(=) and
Ay is the predicate lifting associated with the empty set for K. In order to
produce a logical translator for (Ap, A1) we have to do three things:

1. Define a natural transformation 7 : P — K;P + K5P that has a chance
of being a natural translator for (Ay, AL ).

2. Prove that 7 is a natural translator for (Ap, A1 ).
3. Show that 7 can be extended to a boolean transformation 7 : I — K+ K.

Our inductive hypothesis is: For each p € K32 there exists a natural trans-
lator
Tp P — KiP,

that is vlogically representable, i.e. 7 produces a natural translation for A, : P
— K1P. The same holds for each p € K52.

First we define 7. By inductive hypothesis there exists a logical translator
P — K1 P

for Ap : 2(=) — 2K1(=) By definition of coproducts there exists a natural
transformation
1K, K\P — KiP+ KyP.

Composing these two natural transformations we obtain a natural transforma-
tion
T =1k, Tp: P — KiP + K)P.

Claim 6.1.14. The natural transformation 7, as defined above, is a natural
translator for (Ap, A1).

In order to prove this claim we have to show that the following diagram

(i1 7p) 4 KyPA+ KyPA

PA
()\vaJ_)A VA

PA (6.4)

commutes for each set A. In other words we want to proof (Ap, A1) = V7.

Since T, is a translator for A,, then for each X C A,

Ap,a)(X) = V1 a7y, 4)(X),
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where V; is the Pattinson transformation for K;. From now on we will omit
the subindex A.

This previous equality is saying the following
M(X) = {s € K1A| (5,7(X)) € Ki(€4)}. (6.5)
The commutativity of triangle 6.4 will follow once we prove that
M, AL)(X) = {s € (K1 A+ Ky A) | (s,i17,(X)) € K1 + Ka(€4)},

where 41 = ix,. This follows gathering the next two facts: one, by definition,
see page 48, we have

(M, AL)(X) = {s € K1A|s € A (X))

Two, the relation lifting for the coproduct is

Ky + Ka(ea) = {(ia(s), (X)) | (s, X) € K1(€a)U{(i2(s), 12(X)) [ (s, X) € Ka(€a)}-

Then Equation (6.5), above, implies the desired equality. This concludes the
proof of the claim. Therefore we conclude that 7 is a natural translator for

(Ap, AL)-

Now we want to obtain a syntactic translation from 7, i.e. we want to show
that the new translator 7 = ik, 7, is logically representable. Since 7, is logically
representable there exist a boolean transformation

Tl — Ky

that extends it. Notice that the injection ig, : K1 — K; + K3 is a boolean
transformation because it is a natural transformation. Composing these two
boolean transformations we obtain a boolean transformation

iKlﬁ I — (Kl + KQ)

Recall that the composition of boolean transformations is again a boolean trans-
formation. Since 7, extends 7, it follows that ik, 7, also extends 7 = ik, 7,. We
conclude that 7 is not only a translator for (A,, A1) but a logical translator.
The case p € K52 is symmetric. This concludes the proof of the theorem.

Corollary 6.1.15. Under the assumptions of the previous theorem, if we allow
K12 4+ Ko conjunctions in the Moss’ language, then every monadic singleton
lifting for K1 4+ K1 can be translated into the Moss’ language for K + Ks.

Proof. We translate singleton liftings using the previous theorem. Using Theo-
rem 4.3.6, we translate the other predicate liftings. O

An informal description of the natural translation obtained above will be as
follows. For p € K2, the signature of 7 is the function

mi = (i, Tp) s (- + £7(7) — (K1 L7 (2) + Ko L7 (7)),
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where T = K; + K,. Explicitly, the translation m : £5(A) — L£45(—) maps a
formula [Ap, AL ]p to
m([Ap; ALlp) = Vma ().

The case p € K52 is symmetric.

Corollary 6.1.16. Under the assumptions of the previous theorem, if K12 and K52
are finite, then every predicate lifting for K1 + Ko can be translated into Moss’
language for K1 + Ky using a finitary translation.

Corollary 6.1.17. If K1 and Ko are Kripke polynomial functors, then every
predicate lifting for K1 + Ko can be translated into Moss’ language for K1+ K.
If both functors are finitary, we obtain a finitary translation.

6.1.7 Product of functors

First we will use the example P x D to show how to extend the natural trans-
lations of the base cases to products.

We will only consider the singleton lifting associated with (d,{L}) € D x
P(2). Recall that the A-component of this predicate lifting maps a set X C A
to

N(X) % A1y (X) = {d} x {-X}.

We know that there exist logical translators,
Td:'ﬁ—)D, T{J_}Z,]B—?PIP,

associated with Ay and Ag,y respectively. Since we are working with a product
functor, the only reasonable attempt to construct a natural translator is to use
the universal property of the product to obtain a new translator

(Td,T{J_}) 275 — D x 'Pﬁ

Clearly it is again a natural transformation and doing a simple computation we
can see that in fact it is a natural translator for A4 (1}). The signature of this
translator, m(q,(1}) : L5(=) — D x PL5(-), maps a formula ¢ € L%(—) to
(d,{—¢}). From that we can see that a translation is

m(Aa,(1})®) = V(d,{=p}).

The general case

Let a pair of functors Ky, Ky : Set — Set be given. In this section we will
investigate Moss language and the Coalgebraic modal language for the product
functor K7 x Ko : Set — Set.

Moss Logic for this functor can be found on page 30. Coalgebraic modal
logic for this functor can be found on page 49.

A singleton predicate lifting for the product is associated with a pair (p1,p2) €
K12 x K52. The A-component of this predicate lifting is a function

. 9A KiAxK>A
pL.pa) 2% — 2 .

A
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Such function maps a set X C A to Ay, (X) x Ap,(X). We want to translate
A(p1,p2) into the Moss” language for K7 x Kj. It is our claim that we can do it
using a natural translation. In order to show that, we will prove the following
result.

Theorem 6.1.18. Let K1 and K> be two functors such that:
e We can define Moss’ language for both of them.

o Fvery singleton lifting for Ky can be translated into the Moss’ language of
K1 using logical translators.

o Fuvery singleton lifting for Ko can be translated into the Moss’ language of
K5 using logical translators.

Then every singleton lifting for K1 x Ko can be translated into the Moss’ language
for K1 x Ko using logical translators.

Fix (p1,p2) € K12 x K92. To produce a logical translator for /\(pl,pz) we
have to do three things:

1. Define a natural transformation 7 : P — K;P x KoP that will be a
natural translator for A, ,,)-

2. Prove that 7 is a natural translator for A¢,, ,.,)-
3. Show that 7 can be extended to a boolean transformation 7 : I — K x Ko

Our inductive hypothesis is: for each p; € K72 there exists a natural trans-
lator
Tp : P — KiP

that is logically representable. The same holds for each ps € K52.

First we define 7. By inductive hypothesis there exists logical translators
Tpy © P — K P; Tpy P — K P

for Ap, and Ap, respectively. By the universal property of the product there
exists a natural transformation

T = (Tpy, Tpy) P — KPP x K,P.

In other words, the natural translator associated with A, ,,) is the product
of 7,, and 7,,. Recall that the A-component of 7 maps a set X C A to

(T(p1,4) (X)), T(pa, ) (X))

Now we want to show that 7 is a natural translator for A(,, ,,), i.e. we want
to show

Aprpa) (X) = {(51,52) € K1 AXK A ((s1,82), (T, 7 ) (X)) € (K1 x K2)(€a)}-
(6.6)
By induction hypotheses we have

Apy (X) = {s1 € K1 A (51,7, (X)) € K1(€4)} and

Apy (X) = {52 € Ko A (52,7, (X)) € Ka(€4)}-



6.1. TRANSLATING PREDICATE LIFTINGS 89

The relation lifting of the membership relation with a product is:

Ky x Ka(€a) = {((x0, 21), (x5, 1))

(w0, 20) € K1(€4) and (z1,2)) € Ka(€4)}-

Putting this and the inductive hypothesis together we can prove Equation 6.6
after a straight forward computation. We conclude that 7 is a logical translator
for >‘(p1,p2)'

Now we have to show that (7,,,7p,) : P — K P x KoP is logically repre-
sentable. Let 2 be a P, + I-algebra with carrier set A. Since 7,, and 7, can
be extended to boolean translations there exists functions

T2y - A — K1 A and 7, 9y 1 A — KA.
Using the universal property of products we obtain a function
(Tp1,20) Tpr,2y) + A — K1 A X KA.
It is easy to see that these are the components of a boolean translation
(Tpir ) i 1 — K1+ K>

extending the natural translator (7,,,7p,). Notice that (7,,,7p,) is the product
of 75, and 7,,. We conclude that (7,,,7,,) is a logical translator for
With this we conclude the proof of the theorem.

p1,p2)"

Corollary 6.1.19. Under the assumptions of the previous theorem, if we allow
K12 x K92 conjuntions in Moss’ language, then every predicate lifting for K1 X
K can be translated into the Moss’ language for Ky x Ks.

Proof. We translate singleton liftings using the previous theorem. Using Theo-
rem 4.3.6 we translate the other predicate liftings. O

An informal description of the natural translation is as follows: Put T =
Ky x Ko, let my : L5(-) — K1L5(—) be the L5 (—)-component of 7,,, and
let mo : L5(=) — KoL5(=) be the £5(—) component of 7,,. The signature of
(Tpy» Tpy) 1s the product function of my and mag,

(ma,ma) : Lp(=) — KLy (=) X KoL (=),
A formula [A(p, ,,)]¢ is translated into

MA@y pa) ) = V(ma(p), ma(p))

Corollary 6.1.20. Under the assumptions of the previous theorem, if K12 and K52
are finite, then every predicate lifting for K1 x Ko can be translated into Moss’
language for K1 + Ky using a finitary translation.

Corollary 6.1.21. If K1 and Ko are Kripke polynomial functors, then every
predicate lifting for K1 x Ko can be translated into Moss’ language for K1 x K.
If both functors are finitary we obtain a finitary translation.

Hom(D, K) functors are a particular case of products, hence we do not
explain their translations.
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6.1.8 PK Functors

A coalgebra for this functor is a function o : A — PKA. Moss Logic for this
functor can be found on page 31. Coalgebraic modal logic for this functor can
be found on page 50.

Consider the predicate lifting associated with {1, T} € P2 for the covariant
power set functor. As we saw above, the translation for this predicate lifting is:

m(Ar,1yp) = V{m(e), - m(e)}.

Notice that we can restate it as follows

m()‘{T,J_}SD) = V{mrm(p),mim(p)},

where m—, and m  are the signatures for the natural translators of the pred-
icate liftings [1] and [—] for the identity functor. Furthermore notice that this
idea also works for the natural translator, i.e the A-component for a natural
translator 7 for A¢; 7y maps a set X C A ro

TA(X) = {74, 7(X), 74,1 (X)},

where 71 and 7, are the natural translators for [1] and [—], respectively.

The general procedure

Let \p : P — PKP be a singleton lifting for PK associated with a set P C K2.
We want to translate Ap into the Moss’ language for PK. One more time we
claim that we can in fact obtain a natural translation. In other words, we want
to prove the following result.

Theorem 6.1.22. Let K be a functor such that:
o We can define Moss’ language for K.

o Fuvery singleton lifting for K can be translated into the Moss’ language of
K wusing logical translators.

Then every singleton lifting for PK can be translated into the Moss’ language
for PK using logical translators.

Fix P C K2. To produce a logical translator for \p we have to do three
things:

1. Define a natural transformation 7p : P — PKP that will be a natural
translator for Ap.

2. Prove that 7p is a natural translator for Ap.
3. Show that 7p can be extended to a boolean transformation 7: I — PK

Our inductive hypothesis is: for each p € K2 there exists a logical translator

7P — KP
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for A, : P — PK.

As always we first define 7p. By inductive hypothesis for each p € P there
exists a logical translator
Tp: P — KP

for A, : P — PK. Since each Tp is a logical translator, it is a natural transfor-
mation. We define a natural translator

p: P — PKP
for Ap as follows: The A-component of 7p maps a set X C A to
TP, (X) = {7(p,2)(X) [p € P},

where 7, is a logical translator for A,. Since all 7, are natural transformations
it is straight forward to check that 7p is a natural transformation.

Now we have to prove that 7p is in fact the right translator, i.e we have to
show that the following diagram

PA PKPA

Ap Va
PKA
commutes for every set A, where V is the Moss’ modality for PK. From now

on we will omit the subindex A. By induction hypothesis we have that for each
p € K2 the following holds

M(X)={se KA|(s,7(X)) € K (€a)}.

In Section 4.4.8 of Chapter 4, we saw that A\p : P — PPK has the following
characterization

Ap(X) ={U CKA|U C | MW(X) A (Yp € P)UNNX) #0)}.
peP

In Section 3.3.8 of Chapter 3, we saw that Pattinson transformation for PK
can be described as follows: A set 7p(X) C K'PA is mapped to

Va(rp(X)) ={U € KA|(Vq € 7p(X))(3(u € U))((q,u) € K(€4))
and (Vu € U)(3(q € 7p(X)))((q,u) € K(€4))} .

Using the inductive hypothesis we can see that

(Vu € U)(3(q € 7p(X)))((g,u) € K(€a))

is equivalent to

Uc | nx).

pEP
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Using the inductive hypothesis we can also see that
(Vg € 7p(X))(3(u € U))((q, u) € K(€4))
is equivalent to
(vp € PY(U N A(X) £ 0).

Therefore we conclude that 7p is a natural translator for Ap.

Now we will show that 7p is logically representable. Let A be a Py + I-
algebra over a set A. By induction hypothesis all the translators 7, : P — KP
can be extended to boolean transformations. Therefore for each p € P there

exists a function
Tpay : A — KA.

Using these boolean transformations we define a boolean transformation
75 : P — PKP
as follows: the 2-component of 75 : P — PKP maps an element z € A to

Tpa (@) = {1 () |p € P}

It is straightforward to check that these are the components of a boolean trans-
lation 7p : I — PK extending 7p. We conclude that 7p is logical translator
for Ap. This concludes the proof of the theorem.

Corollary 6.1.23. Under the assumptions of the previous theorem, if we allow
PK?2 conjunctions in Moss’ language, then every predicate lifting for PK can
be translated into the Moss’ language for PK.

Proof. Using Theorem 6.1.8 we produce a natural translation for Ap. Using
Theorem 4.3.6 we translate the other predicate liftings. O

The signature mp : L5(—-) — PTLE(-), where T = PK, of 7p maps a
formula ¢ € L£5(=) to the set

mp(p) = {mp(p)|p € P},

where m, : L5(-) — PKL;(—) are the £5(—)-components of the boolean
transformations associated with the singleton liftings of K. In other words the
the translation is the following

m(App) = V{imym(p)|p € P}.

Corollary 6.1.24. Under the assumptions of the previous theorem, if K2 is
finite, then every predicate lifting for PK can be translated into Moss’ language
for PK wusing a finitary translation.

Corollary 6.1.25. If K is a Kripke polynomial functors, then every predicate
lifting for PK can be translated into Moss’ language for PK. If K is finitary
we obtain a finitary translation.



Chapter 7

Conclusions

In this section we summarize the results obtained in this thesis and mention our
ideas about further work.

What we have done

Based on the work done in Chapters 2, 3, 4, we proved the following result.

Theorem. For every k-accessible functor T that preserves weak pullbacks and
monomorphisms there exists a separating set of predicate liftings A such that
Moss’ language L5(—) and the coalgebraic modal language L5.(A) are indistin-
guishable at a semantic level.

In Chapter 5 we proved the following result.

Theorem. The existence of an expressive language for T-coalgebras is equiva-
lent to the existence of a final T-coalgebra.

Using this construction we defined translations and proved the following
theorem.

Theorem. For every regular cardinal & and every functor T that preserves weak
pullbacks and monomorphisms there exists a separating set of predicate liftings
A such that:

e Every formula in L4, (=) can be translated into a formula in L, (A).
e Every formula in Lf, (A) can be translated into a formula in Lr, ().

In Chapter 6 we defined the concepts of natural translator, logical translator
and boolean transformation. In that chapter we also developed a three steps
technique to produce logical translators. Recall that our technique is:

Step 1: Define a natural transformation 7 : P — TP that seems like a natural
translator for A.

Step 2: Prove that 7 is a natural translator for .

Step 3: Show that 7 can be extended to a boolean transformation 7 : I — T

93
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Using this procedure we proved the following result.

Theorem. A singleton predicate lifting A\, for a functor T is expressible in the
Moss’ language for T if there exists a natural translator T for A, that is logically
representable.

Using this construction in the particular case of Kripke polynomial functors
we proved the following theorem.

Theorem. Given a Kripke polynomial functor K, if we allow K2 conjunctions
in Moss’ language and the coalgebraic language, then every formula of monadic
predicate liftings for K can be translated in toa formula of Moss’ language for
K. If K is finitary this translation is a finitary translation.

During the proof of this last result we had to prove the following interesting
result.

Theorem. Let K1 and Ko be two functors such that:
e We can define Moss’ language for both of them.

o FEvery singleton lifting for K1 can be translated into the Moss’ language of
K; using logical translators.

o Fuvery singleton lifting for Ko can be translated into the Moss’ language of
K> using logical translators.

If these three condition hold then

o Fuvery singleton lifting for K1 + Ka can be translated into the Moss’ lan-
guage for K1 + Ky using logical translators

o Fuvery singleton lifting for K1 x Ka can be translated into the Moss’ lan-
guage for K1 x Ky using logical translators

o FEvery singleton lifting for PK; can be translated into the Moss’ language
for PK; wusing logical translators

In other words logical translators can be extended over products, coproducts
and composition with the functor P. This result has the following immediate
extension.

Let H be a functor which we can define Moss’ language. We define the
collection of Kripke polynomial functors modulo H inductively as follows:

K:I‘D|H‘K0+K1‘KOXK1|HOm(D,K)"PK

In other words we add H as a base functor. Using the previous result we can
then prove.

Theorem. Let K be a Kripke polynomial functor modulo H. If every single-
ton lifting for H can be translated using logical translators, then every singleton
lifting for K can be translated using logical translators.

If we allow K2 conjunctions in Moss’ language for K, then every predicate
lifting for K can be translated into Moss’ language for K.
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What we have not done

The previous section summarized most of the result developed in this thesis.
But there is much more work that is still to be done.

A first issue that we didn’t solve is: Can we translate Moss’ modality into
languages of predicate liftings? We can define natural translators for Moss’
modality as follows.

Definition. A natural translator for nabla is a pair (9, p) of natural transfor-
mations such that the following diagram

TPA YA

Hien LZ (75)A
Va PA

PTA (7.1)
commutes for every set A, where the L; ‘s are subfunctors of P+ A+ 1.

We can produce natural translators for all the Moss’ modalities for Kripke
polynomial functors. But we could not clarify under what conditions we can
extract a syntactic translation from the pair (¢, p). The main problem is than
now we want to obtain a one free variable formula from p. It is not yet clear for
us what are the conditions for that extractions. The main problem is the case
for PK functors.

Another issue related to the previous one is the translations of polyadic pred-
icate liftings. We conjecture that such translations can be obtained using logical
translators.

Related to the last theorem in the previous section it is out of the scope of
our knowledge what base functors H allow us to translate singleton predicate
liftings using logical translators.

Another issue is to investigate is about other constructions of functors that
allow us to extend logical translators. Two interesting constructions to investi-
gate are pullbacks and exponentials.
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