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Abstract

In this thesis we study the expressive power of variants of monadic second-order logic (MSO) on infinite
trees by means of automata. In particular we are interested in weak MSO and well-founded MSO, where the
second-order quantifiers range respectively over finite sets and over subsets of well-founded trees. On finitely
branching trees, weak and well-founded MSO have the same expressive power and are both strictly weaker than
MSO. The associated class of automata (called weak MSO-automata) is a restriction of the class characterizing
MSO-expressivity.

We show that, on trees with arbitrary branching degree, weak MSO-automata characterize the expressive
power of well-founded MSO, which turns out to be incomparable with weak MSO. Indeed, in this generalized
setting, weak MSO gives an account of properties of the ‘horizontal dimension’ of trees, which cannot be described
by means of MSO or well-founded MSO formulae.

In analogy with the result of Janin and Walukiewicz for MSO and the modal y-calculus, this raises the issue of
which modal logic captures the bisimulation-invariant fragment of well-founded MSO and weak MSO. We show
that the alternation-free fragment of the modal u-calculus and the bisimulation-invariant fragment of well-founded
MSO have the same expressive power on trees of arbitrary branching degree. We motivate the conjecture that
weak MSO modulo bisimulation collapses inside MSO and well-founded MSO.
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Introduction

Monadic second-order logic (MSO) is an expressive specification language in which first-order logic is extended
with quantification over sets. By adding a successor relation R to the language, path quantification, reachability and
other properties of transition systems can be described in MSO. We are interested in a particular kind of transition
system, namely trees without leaves. In the sequel, we use the name tree to refer to such infinite structures.

In the 60’s, Rabin [27] proved the decidability of MSO on binary trees. This landmark result was obtained by
an automata-theoretic characterization of the expressive power of MSO on these structures. The idea is to define a
class of automata C such that, for each formula ¢ € MSO, we can construct an automaton A in C accepting exactly
the binary trees in which @ is true. Viceversa, for each automaton A in C we can find a formula @ € MSO that is
true exactly in the binary trees that are accepted by A.

Rabin’s work became of direct interest for computer scientists one decade later, when it was realized that
(infinite) trees can be used as models of the behavior of nonterminating systems [26]. In this framework, MSO
plays the role of an assembly-like language into which most specification languages (such as temporal logics and
the modal u-calculus) can be compiled [6] [10]. The underlying automata theory associated with MSO has been
developed consequently, extending Rabin’s characterization result to more general classes of structures.

In the 90’s, the work of Walukiewicz [33] [32] has provided a very general framework for investigating MSO
by means of automata. In particular, in [33] a class of automata was introduced, which captures the expressive
power of MSO on trees with arbitrary (also infinite) branching degree. We will present them under the name of
MSO-automata.

Parallel to these developments, variants of MSO have also received attention. Among them, weak monadic
second-order logic (WMSO) is a quite appealing specification language, being computationally more manageable
than MSO [21], but as expressive as MSO on simple structures such as streams [19]. Syntax and semantics of
WMSO are defined as for MSO, but for second-order quantifiers, which are restricted to range over finite sets only.
An automata characterization of WMSO on binary trees has been proposed by Rabin [28], to show that WMSO
is strictly less expressive than MSO on this class of structures. Automata for WMSO on binary trees have been
further investigated in the *80s by Muller, Saoudi and Schupp [24], introducing the notion of weak alternating tree
automaton.

On structures that are more general than binary trees, automata theory for WMSO is less settled. It is a folklore
result that weak alternating tree automata can be suitably generalized to serve as a characterization of the expressive
power of WMSO on finitely branching trees. We call weak MSO-automata the resulting class of automata, being
essentially MSO-automata where further constraints have been imposed on the structure of each run. This automata
characterization leads to the result that WMSO is weaker than MSO also on finitely branching trees.

In this thesis, we consider the question of how MSO and WMSO relate on a more general class of structures,
namely trees of arbitrary branching degree. The motivation is given by a simple observation on MSO-automata,
namely that they are not able to distinguish between trees with finite or infinite branching degree. This Finite
Branching Property can be rephrased on the side of logic, by saying that each MSO-formula that is true in some
tree is true in a finitely branching tree. As a consequence of that, the landscape of connections between MSO and
WMSO on arbitrarily branching trees radically changes with respect to the case of finitely branching trees.

* We can define a WMSO-formula that is only true in trees that are not finitely branching, meaning that WMSO
does not have the Finite Branching Property. It follows that WMSO is no more weaker than MSO on trees of
arbitrary branching degree, but the two logics have incomparable expressive power.

* On the side of automata, weak MSO-automata happen to have the Finite Branching Property, being a
restricted version of MSO-automata. It follows that, contrary to the case of finitely branching trees, weak
MSO-automata cannot serve as a characterization of WMSO on the more general class of structures.

The outcome of this analysis is that the setting of finitely branching trees does not give the complete picture of
WMSO-expressivity, on the side of logic, and of definability by weak MSO-automata, on the side of automata. In this
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thesis we will be mainly interested in investigating the second question, that is, the theory of weak MSO-automata
on trees of arbitrary branching degree. The structure of our work can be outlined as follows.

After preliminaries, in the second chapter we rephrase Walukiewicz’s automata characterization of MSO on
arbitrarily branching trees. Given a formula ¢ €e MSO, we show how an MSO-automaton equivalent to ¢ can
be constructed, by induction on its syntactic shape. The flexibility of MSO-automata makes relatively easy to
prove that the tree languages that they recognize are closed under union and complementation. The hard part
is to show that they are closed under projection, corresponding to the case in which ¢ is of the form 3p.vy,
with p a set-variable. For this purpose, we emphasize the role of the Simulation Theorem, which provides a
normal form for MSO-automata. The construction which is involved in this result turns out to be an useful
benchmark to understand the nature of MSO-expressivity.

The third chapter considers the case of weak MSO-automata, defined as a restricted version of the automata
introduced in the previous chapter. If MSO-automata are tailored to serve as a characterization of MSO,
now we proceed in the converse direction, tailoring a logic that corresponds to weak MSO-automata. This
is given as a variant of MSO, which we call well-founded monadic second-order logic (WFMSO). 1t is
defined as MSO but for the semantics of second-order quantifiers, that are restricted to range over subsets
of well-founded trees only. Analogously to the case of MSO, given a formula ¢ € WFMSO, we show by
induction how a weak MSO-automaton equivalent to ¢ can be constructed. Once again, the conceptual core
of our argument is the case in which @ is of the form 3p.y, with p a set-variable. By definition of WFMSO,
the variable p does not range over arbitrary sets of nodes, but only on the subsets of well-founded trees. To
obtain the characterization result, we provide a normal form theorem for weak MSO-automata, which is the
‘weak’ counterpart of the Simulation Theorem, now tailored to the case of WFMSO-quantification.

In the fourth chapter we complete the correspondence between weak MSO-automata and WFMSO, by
showing that each weak MSO-automaton is equivalent to some formula ¢ € WFMSO. The proof of this result
passes through the introduction of non-deterministic Biichi automata (NDB automata), which are somehow
intermediate between weak MSO-automata and MSO-automata. We prove that for each tree language L, if
both £ and its complement are recognized by NDB automata, then L is defined by some WFMSO-formula.
This provides another automata characterization for WFMSO, in terms of NDB automata. Just as for the case
of weak MSO-automata, also NDB automata have a counterpart working on binary trees, which has been
introduced by Rabin to characterize WMSO on this restricted class of structures [28].

The fifth chapter brings together all the work we did in the previous part to compare the expressive power
of MSO, WMSO and WFMSO on different classes of structures. We argue that automata do not just give
an account of these logics, but also reveal which kind of specifications is better expressed by one logic
with respect to the others. For instance, we observe that MSO is stronger than WFMSO and WMSO in
expressing properties of the vertical dimension of trees, such as ‘each path has only finitely many nodes
whose label includes p’. On the other hand, WMSO turns out to be more expressive than MSO and WFMSO
on the horizontal dimension of trees, expressing properties such as ‘being finitely branching’. This latter
property in particular cannot be expressed by means of MSO or WFMSO formulae, as revealed by a careful
analysis of the automata characterization provided for these two logics in the previous chapters. On the
base of these observations, we state that, on arbitrarily branching trees, WFMSO and WMSO are respectively
strictly weaker and incomparable with MSO. Next, we examine the question of how WFMSO and WMSO
are related. Despite of the fact that they are the same logic on finitely branching trees, we show that
they are incomparable on trees of arbitrary branching degree. This is in some sense a refinement of the
incomparability result for MSO and WMSO, WFMSO being weaker than MSO. In particular, it will follow as
a corollary of another characterization result, which we consider one of the main contributions of this thesis:
the bisimulation-invariant fragment of WFMSO is as expressive as the alternation-free fragment of the modal
u-calculus.

We also include an appendix, where a game-theoretical argument is supplied to prove that MSO-automata are
closed under complementation.



Chapter 1

Preliminaries

In this section we introduce some of the preliminaries and fix the notation. We refer to [17], [13] and [5]
respectively for the terminology of Set Theory, Model Theory and Order Theory.

1.1 Sets, Functions and Relations

Sets are usually indicated with capital Latin letters X, Y, Z, relations with capital Latin letters R, Q and functions
with small Latin letters f, g and A.

Sets Let X be a set. We indicate with £(X) the set of subsets of X. For any subset ¥ € X of X, we denote with
XY theset {xeX |x¢Y}. IfY is a finite subset of X then we write Y S, X. If Y is strictly included in X, meaning
that X \'Y is non-empty, we write Y ¢ X. Given a set Z, we indicate with X x Z and X v Z respectively the cartesian
product and the disjoint union of X and Z. For the set X x Z we have the usual projection functions 7ty : X x Z - X
and T : X xZ > Z.

Functions The notation f: X — Y means that f is a function with domain X and codomain Y. We refer to X - Y
as the type of f. The domain and codomain of f are also indicated respectively as Dom(f) and Cod(f). For
any subset Z C X, the set f[Z] is defined as {y €Y | f(x) =y for some x € Z} and we indicate with f;z:Z —Y the
restriction of the function f to Z. The image f[X] of f on the whole domain X is also denoted with Ran(f). For
any singleton set {z}, we indicate with f[z~ y] the function with domain X u{z} (where z may be in X) and
codomain Y, which is given by

Ifx=z

flzmy](x) = { jf(x) Otherwise.

We say that f is -1 if f(x) = f(y) implies that x =y, for all x,y € X. We say that f is onto if Ran(f) =Y. The
function f: X — Y is bijective if it is both 1-1 and onto. If f is 1-1, the inverse of f is the function £~ :Ran(f) - X
assigning to each y € Ran(f) the unique x € X such that y = f(x). Given functions g: X —Y and h:Y - Z, we
denote as hog: X — Z the composition of g and h. Given functions f:X — Y and f': X’ —Y’, we say that f’
extends f if X and Y are subsets respectively of X’ and Y’, and f is equal to fr,x- Functions are always assumed
total when not specified otherwise.

Relations Let X and Y be sets. Given a binary relation R € X xY, we define Dom(R) := {m(x,y) | (x,y) € R}
and Ran(R) := {m,(x,y) | (x,y) € R}. For any element x € X, we indicate with R[x] the set {y €Y | (x,y) € R}. The
relations R* and R* are defined respectively as the transitive closure of R and the reflexive and transitive closure of
R.

Natural Numbers The cardinality of a set X is indicated with |X|. Following von Neumann’s convention, we
denote with  the set of natural numbers with the usual order < and we identify each natural number i < ® with the
set {0,1,2,...,i—1}. For any finite subset ¥ of ®, we denote with Max(Y) and Min(Y) respectively the largest
and the smallest number occurring in Y. A function f whose domain is y for some y < ® and whose codomain is
aset Z is called a sequence in Z. The standard notation for Ran(f) is (z;)i<y, where z; indicates that f(i) = z, for
each i <. Suppose that the set Z has some order <. We say that a sequence (z;);<y of elements of Z is monotone in
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<if z; < z;1 for each i <. In some contexts we refer to an infinite sequence (z;)i<e Of elements of Z as a Z—stream.
We denote with Z® the set of all Z—streams.

1.2 Trees

Convention 1.1. Throughout this thesis we let P be a fixed set of propositional letters, whose elements are denoted
with small Latin letters p, ¢ and r. We denote with C the set £(P) of labels on P. An element of C is usually
indicated with the letter c. <

Definition 1.2 (Labeled Transition System). A C-labeled transition system is a tuple S = (T,R,V), where T is a
set, R: T x T is a binary relation and V : P — °(T) is a function. We say that T is the carrier, R is the successor
relation and V is the valuation function of S. For any pair (s,t) € R we say that s is a predecessor of t and ¢ is a
successor of s. For any pair (s,7) € R*, we say that s is an ancestor of t and ¢ is a descendant of s. <

We introduce trees as a particular kind of transitions systems.

Definition 1.3 (Tree). A tuple T =(T,s;,R,V) is a C-labeled tree if T = (T,R,V) is a C-labeled transition system,
sy € T is a distinguished point that has no predecessor, each s € T that is different from s; has a unique predecessor
and the following identity holds.

T = R* [S[]

The elements of T are called nodes and sy is called the root of T. q

Subtree Let T =(T,s;,R,V) be a C-labeled tree. A C-labeled tree T” = (T”,s},R',V') is a subtree of Tif T' C T,
R' =Rn(T'xT")and V'(p) =V (p) nT' for each p € P. Observe that each subtree of T is uniquely determined by
its carrier. Each node s € T uniquely defines a subtree of T with carrier R*[s] and root s, which we denote with T.s.

Height and Leaf The height of a node s € T is inductively defined as follows: the root is the unique node at
height 0; if s € T is a node of height i, then each 7 € R[s] is a node of height i+ 1. Two nodes s,t € T are siblings
if there is a node r € T such that s € R[r] and 7 € R[r]. A leaf of T is a node s € T such that R[s] = @. A tree T is
leafless if no node in T is a leaf.

Path and Branch Let S ¢ T be a set of nodes. We say that S is a path if S = (is;);<; for some sequence (s;);<x
with k < ® and s;Rs;;| for each i < k. We say that S is backwards closed if t € S and sRt implies s € S, for all 5,1 € T.
Similarly, S is frontwards closed if, for all s € S with R[s] # @, there is some ¢ € S with sRt. The set S is a branch of
T if it is a path and it is both frontwards and backwards closed.

Branching Degree With the terminology branching degree we refer to the cardinality of the set R[s] for nodes
seT. A tree T is finitely branching if R[s] is finite for all s € T'. For any k < @, we say that T is a k-bounded tree if
|R[s]| < k for all s € T. In the specific case in which |R[s]| =2 for all s € T, we say that T is a binary tree. We say
that T is arbitrarily branching if there is no special requirement on its branching degree.

Well-foundedness The tree T is well-founded if every path in T is finite. We denote with WF(T) the set of
well-founded subtrees of T. A set of nodes S € T is well-closed if S S’, where S’ is the carrier of some well-founded
subtree of T. We use the notation WC(T') to indicate the set of well-closed subsets of T'.

Frontier and Prefix We say that G is a frontier of T if GNE is a singleton for every branch E of T. A set S is
a prefix of T if there exists a frontier G of T such that S = {s €T | sR*r for some ¢ € G}. Observe that each prefix
S of T is the carrier of a well-founded backwards closed subtree of T, with the property that for each node s € S
either none or all successors of s are in S. It is easy to see that every prefix is uniquely determined by a frontier
and viceversa. If S is a prefix, we denote with Fz(S) the associated frontier. Given two frontiers G; and G, of T,
we write Gy < G if, for every branch E in T, given 51 € G| nE and s, € G, N E, we have that s;R*s,. Analogously,
G < G5 holds if, for every branch E in T, given s; € G| nE and s, € Go N E, we have that s{R*s;.
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E;

Aprefix of T

A well-founded subtree of T A frontierof T

A well-closed set

A path
A branch

Figure 1.1: naming of parts.

p-variant Let p be a propositional letter (not necessarily in P). Given T = (T,s;,R,V), suppose that T? =
(T,s;,R,VP)is aP(Pu{p})-labeled tree such that V” : Pu{p} — £(T) is given as V[p — S] for some S € £(T).
We refer to T? as a p-variant of T. A p-variant T? of T is well-closed if VP (p) e WC(T). Similarly, T? is a finite
p-variant if V?(p) €, T. For a given set S € £(T'), we denote with T[p — S] the p-variant T? = (T,s;,R,V?) of T
obtained by putting VZ =V[p+~ S].

Remark 1.4 (Coalgebraic Presentation [31]). It will be convenient to introduce an alternative presentation of
trees, where the evaluation function and the successor relation are specified from the ‘local’ point of view of a
node. Given a C-labeled tree T = (T, s;,V,R), we can represent V : P — £(T') as a labeling function 6¢: T — C and
RcTxT as a successor function 6g: T — £(T). Given a node s € T, we call 6¢(s) the label of s and for each
p € oc(s) we say that s is labeled with p. Since 6¢ and G have the same domain, we can encode them as a single
function 6: T — °(T) x C, assigning to each node the set of its successors and its label. Then we can represent T as
a tuple (7,s;,6). Throughout this thesis we will mainly use this presentation for trees. <

Bisimulation is a notion of behavioral equivalence between processes [3]. Roughly, two processes are bisimilar
when their behavior is indistinguishable from the point of view of an external observer. Transition systems are a
mathematical model for processes and bisimulation is usually rendered as a binary relation. In the sequel we define
this notion for the case of trees.

Definition 1.5 (Bisimulation). Given C-labeled trees T = (T, s;,0) and T’ = (T”,s},6"), a bisimulation is a relation
Z c T xT' such that for all (¢,1") € Z the following holds:

* oc(t) =oc(t');
« for all s € og(7) there is 5" € 64 (¢") such that (s,s") € Z;
« forall s’ € 61 (") there is s € Gg(7) such that (s,s") € Z.

The trees T and T are bisimilar if there is a bisimulation Z ¢ 7' x T including (s7,s;). We write T 2 T’ to
indicate that T and T” are bisimilar. <

Given a tree T, the w-expansion T, of T is a canonical instance of a tree which is bisimilar to T. Intuitively,
Ty is given as a tree with the same root of T and ® copies of any other node s € T.

Definition 1.6 (w-expansion). Given a C-labeled trees T = (T, s;,0), the w-expansion of T is a C-labeled tree
Te = (T, (57,0),06°) defined as follows.

o The carrier Ty, is given as ((T ~ {s;}) x @) u{(s7,0)}.

* For each node (s,i) € Ty, the label 62 (s, i) of (s,i) is just 6¢(s), and the set 6 (s, i) of its successors is given
as Or(s) x . N



Remark 1.7. Each C-labeled tree T is bisimilar to its w-expansion Tg,. A bisimulation relation Z € T x T,
witnessing this fact can be defined by putting

Z = {(s,(s,0)) [ s (T~ {s1}) and i <} U {(s7,(s1,0))}-
In words, Z links each node s € T to all the copies of s in the m-expansion. «

Convention 1.8. Throughout this thesis, every tree T that we consider is leafless and C-labeled if not specified
otherwise. <

1.3 Monadic Second-Order Logics on Trees

Definition 1.9 (Syntax). The monadic second-order language on P is defined by the grammar

¢ == ptq|R(p,q)|-9|ove]|3p.o, (1.1)

where p and ¢ are letters from P. Given a formula ¢ of the monadic second-order language, we denote with
FV(@) and BV () respectively the set of free and bound letters occurring in @, defined as expected. We also adopt
the standard convention that no letter occurs both free and bound in @, that is, FV (@) and BV (@) are disjoint.

The language of monadic second-order logic (MSOp), weak monadic second-order logic (WMSOp) and well-
Sfounded monadic second-order logic (WFMSOp) is the monadic second-order language on P. We omit the subscript
P when this is clear from the context. <

Definition 1.10 (Semantics). Let T = (7T,s;,V,R) be a C-labeled tree and @ a formula of the monadic second-order
language on P. The semantics of MSO is given by the following clauses, defining a truth relation = between T and
@, by induction on @. If T = ¢ holds, then we say that @ is true in T.

TE pcq iff V(p)cV(q)

TE R(p,q) iff for all s € V(p) there is some ¢ € V(q) with sRt
Te - iff T ¢

TeE ovy iff TeE oorTE v

Te Ip.@ iff there is a p-variant T? of T such that T” = ¢

The semantics of WMSO is given as the semantics of MSO but for the clause of the existential quantifier, which is
replaced by the following clause.

TE3Ip.¢ iff thereis afinite p-variant T? of T such that T? = ¢

The semantics of WFMSO is given as the semantics of MSO but for the clause of the existential quantifier, which is
replaced by the following clause.

TE3dp.¢ iff thereisa well-closed p-variant T? of T such that T? = ¢

Let @ € MSO be a formula. We denote with |@| p the set of C-labeled trees T such that T = @. The subscript P is
omitted when the set P of propositional letters is clear from the context. <

Remark 1.11. The monadic second-order language is a one-sorted language: the only variables appearing are the
letters from the set P, which are interpreted over sets. This definition is very convenient for the automata-theoretic
perspective that we will consider throughout this thesis. Perhaps a different version of the monadic second-order
language may have been expected, with two sorts of variables. For instance, given a set Var of individual variables
and the usual set P of set variables, consider the language defined by the following grammar.

@ == x~ylxep|xRy|-¢|ove|3xo|3p.g (1.2)

Variables x and y are from the set Var and p is from the set P. We can provide a semantic interpretation on
trees for formulae of this language in a completely standard way: ~ is interpreted as equality of nodes, R as the
successor relation, and 3x and 3p denote respectively first-order quantification (that is, quantification over nodes)
and second-order quantification (that is, quantification over sets of nodes).
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In fact the monadic second-order logics based on languages as in (1.1) or (1.2) are equivalent: the key
observation is that an individual variable x can be seen as a set variable p, whose interpretation is restricted to
singletons. The translation from a formula as in (1.2) to a formula as in (1.1) crucially involves formulae Empty(p)
and Singl(p) defined by putting

Empty(p) Vg (pcq)
Singl(p) (=(Empty(p)))) AV¥q (g p— (Empty(q) v pE q)).
Either if we interpret Empty(p) and Singl(p) according to the semantics of MSO, WMSO or WFMSO, the formula

Empty(p) holds in a tree T when V (p) is the empty set and Singl(p) when V(p) is a singleton. We refer to [31],
remark 6.34 for more details on this translation. «

1.4 The Modal y-Calculus

We refer to [31] for a thorough introduction to the modal w-calculus (uMC).
Definition 1.12 (Syntax). The language of the modal y-calculus on P is given by the following grammar:
¢ ==pl-plovelere|co[De|up.e|vp.e,

where p is a letter from P, which does not occur under the scope of - in up.@ and vp.@. We call u and v respectively
least and greatest fixpoint operator. Given a formula ¢ € uMC, we define the sets FV(@) and BV (@) of free and
bound variables of @ as expected, with fixpoint operators binding propositional letters analogously to quantifiers of
the monadic second-order language. We also adopt the standard convention that FV (@) and BV (@) are disjoint. <

Definition 1.13 (Semantics). Given atree T = (T,s;,V,R), we inductively define the meaning ||@|T of a formula
@euMC in T as follows.

Ipl* = V(p)

|-p|* = T~V(p)

lwi Ay = ARG R

Iy v |* = Iy "o v

=ve = {seT |Vt (sRt=te|y|"}
Jow|" = {seT |3t (sRente|y|™}
lupw| " = ST |52 || 5Ty
Ivpy* = ST | Sc |y 5Ty

We say that @ is frue in T - notation T = @ - if the following condition holds.

Teo iff sielo|”.

As for the case of MSO, we denote with || p the set of C-labeled trees T such that T = ¢. The subscript P is
omitted when the set P of propositional letters is clear from the context. N

Formulae of the modal u-calculus are classified according to their alternation depth, which is informally given
as the maximal length of a chain of nested alternating least and greatest fixpoint operators [4]. In particular,
we are interested in the alternation-free fragment of modal u-calculus, which is the collection of uMC-formulae
without nesting of least and greatest fixpoint operators. The study of this fragment is motivated by computational
feasibility, the alternation depth being the major factor in the complexity of model-checking algorithms for the
modal u-calculus [8].

Definition 1.14. We define the alternation-free fragment of modal u-calculus (AFMC) as the set of formulae
¢ € uMC with the following property:

x for any two subformulae of @ of the form up.y; and vg.y», letters p and g do not occur free respectively in
Y, and . <

Example 1.15. The formula up.(ap v (vq.(¢gAr))) is in AFMC, because p does not occur free in ogAr and ¢
does not occur free in Ap Vv (vq.(eg Ar)). Instead, the formula up.(vq.(Op Vv rvoq)) is not in AFMC because p
occurs free in Op Vv rvV oq. <



1.5 Definability

Tree Languages We usually refer to a set of C-labeled trees L as a tree language on P - or just as a tree language,
if P is clear from the context. We indicate with £ the complement of L, i.e. the set of C-labeled trees that are not in
L. A tree language L is MSO-definable if there is a formula ¢ € MSO such that |@| = £. We say that @ defines L.
Given MSO-formulae @, and @,, we say that they are equivalent - notation @ = ¢, - if |@;]| = | ¢2|. We define in
the same way analogous notions of definability for WMSO, WFMSO, uMC and AFMC.

Bisimulation Invariance The tree language £ is bisimulation closed if T 2 T’ implies that T € £ <> T’ € £ for
each tree T and T'. A formula @ € MSO is bisimulation invariant if T 2 T’ implies that T = ¢ <> T’ = ¢ for each
tree T and T'. We define in the same way analogous notions of bisimulation invariance for WMSO, WFMSO, uMC
and AFMC.

Proposition 1.16. Each uMC-definable tree language is bisimulation closed.

Proposition 1.17 (Janin-Walukiewicz Theorem [15]). The class of MSO-definable tree languages that are bisimu-
lation closed coincides with the class of uMC-definable tree languages.

The following is a corollary of Bradfield’s result on the modal p-calculus [4], showing that the alternation depth
hierarchy does not collapse.

Proposition 1.18 ([4]). The class of AFMC-definable tree languages is strictly included in the class of uMC-
definable tree languages.

1.6 Topological Complexity

We are interested in measuring the complexity of tree languages, from a topological point of view. In chapter 5
we are going to use the topological perspective to compare the expressive power of different logics on trees.

Borel Sets Given a topological space (X,7), the class Borel(X) c £(X) of Borel sets of (X,7) is the smallest
collection having all the open sets of (X,T) as elements and that is closed under the set-theoretical operations of
countable union and complementation. A subset ¥ € X is Borel if it is an element of Borel(X).

Prefix Topology [9] We define a topology on C-labeled trees. For a C-labeled tree T and a natural number 7 < ®
the depth-n prefix of T, denoted as T("), is the subtree of T with carrier the prefix {s €T | s has height at most n}.
We say that two trees T and T” are equivalent up to height n if T =T We call a set X of trees open if, for
each T € X, there is a natural number n > 1 such that, for any tree T, if T = T/(") then T’ is in X. It can be
checked that this definition of open set yields a topology on C-labeled trees, which we call prefix topology.

The following results relate topological complexity and logical definability of tree languages.
Proposition 1.19 ([9]). Let L be a tree language on P. If L is WMSO-definable then it is a Borel set of the prefix
topology.

Proposition 1.20 ([9]). The tree language on P defined by the formula uq.(Qq Vv p) is not a Borel set of the prefix
topology.

1.7 First-Order Logic

Throughout this section, we fix a finite set A of unary predicates. First, we present a first-order logic on
signature given by A. It will be used later to define automata whose transition function is given in terms of
first-order sentences.

Definition 1.21. Let Var a set of first-order variables. We define For* (A) as the set of formulae generated by the
following grammar.

Qv == T[L|x~nylxdyla(x)[ovy|ery|Ixe| V.o (1.3)

The variables x and y are from the set Var. Intuitively, For*(A) is the set of first-order formulae on signature A,
where unary predicates from A can only occur positively. Given a subset S of A, we introduce the notation

G = Aab).

aes
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The formula 1§ (x) is called a positive A-type. We use the convention that, if S is the empty set, then T (x) is T.
Given a finite set X S, For*(A) of formulae, \/ X is the formula given as the (finite) disjunction of all formulae in
X. Given a set Y € For*(A) of formulae, SLatt(Y) = {\/X | X S, Y} is the collection of all finite disjunctions of
formulae in Y. We indicate with FO* (A) the set of sentences from For*(A). N

Definition 1.22 (Semantics). Given a set X, a function m: A — £(X) and a valuation v: Var - X, we inductively
define the notion of a formula ¢ € For* (A) being true in (X,m,v) as follows.

(X,myv)E T
(X,mv)# 1L
(X,m,v) & xwny iff v(x) =v(y)
(X,m,v) & x#y iff v(x) #v(y)
(X,m,v) = a(x) iff xem(a)
(X,mv)E ovy iff (X,m,v)E= @or (X,mv)E ¥
(X,mv)E oAy iff (X,m,v)E @and (X,m,v) = y
(X,m,v) = Ix.@ iff (X,m,v[x~s]) = @ for some s € X
(X,m,v) = Vx.@ iff (X,m,v[x—s])E @forall seX
The function m is called a marking. We say that (X,m,v) is an A-structure. <q

Given @ and y in For™ (A), in the sequel we freely use the notation @ — s to abbreviate -@ vy, provided that
- can be rewritten into an equivalent formula in For*(A).

Definition 1.23. For sets A and X, let My x be a set of markings of type A — (X ). We define a partial order < on
M, x by putting

mam' iff m(a)cm'(a)forallacA.
<

Let @ € FO* (A) be a sentence and (X,m,v) a first-order structure on signature A. Since @ has no free variables,
we simply write (X,m) & ¢ to indicate that ¢ is true in (X,m,v) for any v. Each sentence in FO"(A) enjoys a
monotonicity property that we introduce with the following remark.

Remark 1.24 (Monotonicity). Let X be a set and ¢ € FO*(A) a sentence. We observe the following property of @,
that can be easily verified by induction on ¢:

* Letm:A — (X) be a marking such that (X,m) & ¢. For every marking m’ : A — (X ) such that m < m’ we
have that (X,m’) &= . <

Definition 1.25 (Basic Form). Let B;...By and C; ...C; be sequences of subsets of A, possibly empty if k=0 or
j=0. A sentence @ € FO* (A) is in basic form if it is of shape

¢ = .3 (dif (D) N () AV (diff (52) >V 16(2),

1<isk 1<l<j

where each T3 (x;) and ¢, (z) is a positive A-type, as in definition 1.21, and diff (y1, .-, ¥n) := At<mem’<n (Vm # Ym)
is a For*(A)-formula stating that the interpretations of y,...,y, are pairwise different. The sentence ¢ is of the
form 3x; ... 3x (W1 AVZ yr); we refer to W) and y; respectively as the existential and the universal part of @. We
indicate which positive A-types appear in the sentence by saying that ¢ depends on the sequence By ...By,Cy...C;
of subsets of A. We denote with BF*(A) the set of all sentences from FO* (A) that are in basic form. N

Using Ehrenfeucht-Fraissé Games [13] it is possible to show that every sentence @ € FO*(A) can be rewritten
into an equivalent disjunction of sentences in BF*(A).

Proposition 1.26 ([33] - Lemma 38, [11] - Lemma 16.23). Let ¢ € FO*(A) be a sentence. There is a sentence
¢’ € SLatt(BF™* (A)) such that ¢ = ¢'.
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Remark 1.27. A sentence @ € BF*(A) in basic form provides a quite informative picture of each A-structure
(X,m) in which is true. By the particular shape of ¢, the marking m has the effect of partitioning X into two sets
X5 and X/ = X ~\ XZ'. The set X4’ consists of the witnesses for variables x1,...,x; in the existential part in @. By the
presence of the subformula diff (£) in ¢, we know that X' contains exactly k elements s, ...,s;. For i with 1 <i<k,
the node s; € X3' is associated with the positive A-type T3 (x;), meaning that s; € Nyep; m(a). Analogously, the set
X\ contains all the other elements of X, which are witnesses for the variable z in the universal part of ¢. We have
that s € Npec, m(b), for some positive A-type ra (z) occurring in the universal part of @.

The A-structure (X,m) is generally a ‘redundant’ representation of the sentence @. Each element ¢ € X witnesses
some variable y of @, either in its existential or universal part, associated with a positive A-type T§ (). This means
that there is a set S; € A, such that S is a subset of S; and 7 is in (Mg, m(a). The key observation is that # would still
be a ‘good’ witness for the variable y if we do not assign to ¢ any unary predicate in S; \ S. Following this intuition,
we say that a marking m" : A — (X)) is a shrinking of m if the following conditions hold.

1. Given any s; € {s1,...,5¢} = X%,
{aeA|s;em’(a)} = B
2. Givenany t € X \ XJ' = X7,
{acAltem’(a)} < {acA|tem(a)}.
Furthermore, {a €A |t e m"(a)} is a minimal element of {Cy,...,C;} with respect to the order c.

It is clear by the syntactic shape of ¢ that at least one shrinking of m exists. Intuitively, the two conditions express
that the A-structure (X,m") is a ‘non-redundant’ representation of the sentence @, obtained by ‘contracting’ the
representation (X,m). The marking m" assigns to each element 7 of X a subset of A, which is c-minimal among the
ones making ¢ a witness for the corresponding variable in @, according to the partition X5' UXy/. These intuitions
are fixed by the next three statements, which easily follow by the conditions on m” expressed above.

a) m’ <m.
b) (X,m")E@.

¢) For each marking 7: A — (X)), if 7z < m® and (X,7) & @, then i = m". “«

1.8 Game Terminology and Parity Games

Throughout this thesis we work with automata processing trees. A very convenient way to describe a run of
such automata is by means of games. In particular, since all trees are assumed leafless, a run will generally be an
infinite object, that we want to model through an infinite game. For this purpose, we introduce some terminology
and background on infinite games. All the games that we consider involve two players called Eloise (3) and Abelard
(V). In some contexts we refer to player I, meaning that we want to specify a notion for a generic player in {3,V }.

Board Games A board game G is a tuple (G3,Gy,E,Win), where G3 and Gy are disjoint sets whose union
G =G3UGy is called board, E € G x G is a set of edges, and Win € G® is a set of G—streams. Each element u € G is
a position. Intuitively, if u is an element of G, this means that player IT is supposed to move from position u. An
initialized board game G@uy is a tuple (G3,Gyv,u;,E, Win) where (G3,Gv,E, Win) is a board game and u; € G is
a distinguished position that we call the initial position of the game.

Matches Given a board game G, a match in G is a sequence T = (1;) <o, Of positions of G, where o is either @ or
a natural number, and (u;,u;+1) € E for all i with i + 1 < o.. Analogously, given an initialized board game G@uj,
we say that T is a match in G@uy if it is a match in G and ug = ;. If A = ®, we say that 7 is an infinite match.
Otherwise, o = k for some k < ® and 7 is a finite match. We refer to u;_; as the last position in 7, for which we use
the notation last(7). Since last() is an element of G = G3 U Gy, then one of the two players, that we indicate with
IT, is supposed to move from last(7). If there is no u € G such that (last(7),u) € E, we say that player IT gets stuck
in 7.

If = is infinite or 7 is finite with one of the two players getting stuck, we say that T is a total match. Otherwise T
is a partial match. If 7 is a total match then it is won by some player. If 7 is finite, then the winner is the opponent
of the player who gets stuck. Otherwise T is infinite, meaning that it is a G—stream: 3 wins if © belongs to Win,
and Y wins if 7 does not belong to Win. Given two matches T = (;);<q and T’ = (v;) i<y, we say that T’ extends  if
a<yandu; =v; foralli<a.
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Strategies Given a board game G and a player IT, let PMIQI denote the set of partial matches of G whose last
position belongs to player I1. A strategy for I1 is a function f of type PMIGI - G. A match = (u;)j<q Of G is
f-conform if for each i < o such that u; € Gr we have that u;,; = f(uo, .. .,u;). Given a partial match 7 in Dom(f),
the position f(m) is legitimate if (last(n), f(n)) isin E.

Given u € G, a strategy f: PM ﬁ — G, consider the following two conditions.

1. For each f-conform partial match 7t of G @u, if last(nt) is in Gyy then f(7) is legitimate.
2. Each f-conform total match of G@u is won by II.

If f respects the first condition, we say that f is a surviving strategy for IT in G @u. Intuitively, if f is surviving
then player IT never gets stuck in matches that are played according to f. Furthermore, if f respects both the first
and the second condition, then we say that f is a winning strategy for Il in G@u. If IT has a winning strategy in
G @u then we say that u is a winning position for IT in G. We denote with Winr(G) the set of positions of G that
are winning for I1.

Remark 1.28. As given above, a strategy for player I is defined for all partial matches in PMIG]. However,
throughout this thesis we will occasionally work with strategies which are only defined on a subset X of PMI(-;[. This
is convenient for the purpose of merging several strategies fi, f», ..., fi together, obtaining a well-defined strategy
f' by the union of their graphs. In fact, we can assume that any partially defined strategy f: X — G has domain
PMIGI, by letting f(7) be an arbitrary position for all partial matches T € PM ﬁ X,

Similarly, notice that the property of a strategy f of being surviving or winning for IT only depends on the
value of f on partial matches in PMIC-;I that are f-conform. By this observation, for the purpose of showing that f is
surviving or winning, we usually define it just on f-conform partial matches in PMﬁ. <

Parity Games Let G = (G3,Gy,E,Win) be a board game. A parity map is a function Q : G — ® assigning a
natural number to each position in G, such that Q[G] is finite. Given an infinite match T € G®, we denote with
Inf(m) the set {k < ® | Q(u) = k for infinitely many u € t}. Since = is infinite and Q[G] is finite, then Inf(7) is
non-empty. We say that Win is a parity set if there exists a parity map Q : G — ® such that

Win = {meG®|Min(Inf(m)) is even}.

A parity game is a board game G = (G3, Gy, E, Win) where Win is a parity set. We can see parity games as board
games where Win presents a quite regular structure. What makes them so appealing is that they enjoy a remarkable
property which is called positional determinacy.

Positional Determinacy A strategy f: PM$ — G is called positional if f(1) = f(n') for each & and 7" in Dom(f)
with last(nt) = last(n'). Intuitively, positional strategies only depend on the last position of partial matches on
which they are defined. For this reason, a positional strategy with type PMIG] — G can represented as a function of
type Gr1 — G.

A board game G with board G is determined if G = Win3(G) U Winy(G), that is, each u € G is a winning position
for one of the two players.

Theorem 1.29 (Positional Determinacy of Parity Games, [7], [22]). For each parity game G, there are positional
strategies f3 and fvy respectively for player 3 and ¥, such that for every position u € G there is a player I1 such that
11 is a winning strategy for Il in G@u.

Following theorem 1.29, it will be convenient to assume that each strategy we work with in parity games is
positional.

1.9 Stream Automata

Many of the concepts we presented so far are related to infinite sequences, also called streams. This motivates
the introduction of automata operating on streams, that will be used in Chapter 2. We assume that the reader is
already familiar with elementary notions of automata theory such as run and acceptance condition, for which we
refer to [11].

Definition 1.30. An X-—stream automaton is a tuple Z = (Z,z;,A,Acc) where Z is a finite set of states, z; € Z is an
initial state, A: Zx X — §°(Z) is a transition function and Acc € Z® is an acceptance condition. We say that Z is
deterministic if for each (z,x) € Z x X the set A(z,x) is a singleton, and non-deterministic otherwise. We call Z a
parity X —stream automaton if Acc is a parity set.
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For an X —stream (X;)i<w, a run p of Z on (X;)i<e is a Z—stream (z;);<o Where zo = z; and z;41 € A(z;,x;) for
each i < ®. We say that (x;)i< is accepted by Z if there exists a run p of Z on (x;);<e such that p € Acc. We denote
with L(Z) the set of X—streams that are accepted by Z, also called the language of Z. N

Definition 1.31. For a set X, let £ € X be a set of X —streams. Similarly to the case of trees, we refer to £ as a
stream language. We say that L is an -regular language if there is an X —stream automaton Z such that L(Z) = L.
<

Given X -stream automata Z and Z,, we write Z; = Z; if L(Z;) = L(Z;). We notice that an X —stream can
also be seen as a very simple kind of tree, with a unique branch and no labeled node - automata on trees, that we
introduce in the next chapter, are in fact a generalization of stream automata. By this observation, we occasionally
make use of the notation introduced in this section also for automata working on trees.
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Chapter 2

Automata Characterization of MSO

In this chapter we give an account of the expressive power of MSO in terms of automata working on trees.
For this purpose we introduce MSO-automata. The underlying idea is that, for each formula ¢ € MSO, we can
effectively construct an MSO-automaton Ay which is equivalent to ¢, that is, Ag has the following property:

forany tree T, T=¢ iff Ag accepts T. (2.1)

2.1 MSO-Automata: Definition
Every MSO-automaton A will be given as a tuple A = (A, a;,A, Q).

1. The first two components are a finite set A of states (also called carrier) and the initial state a; € A of A.

2. The automaton A depends on an alphabet, which is standardly given as the set C := °(P), for P the set of
propositional letters that we fixed with convention 1.1. The third component of A is a transition function A
of type AxC — FO* (A). Operationally, this means that:

* the function A takes as input a state a € A and the label o¢(s) € C of a node s of T;
* the function A gives as output a first-order sentence A(a,6¢(s)) € FO* (A) where states a € A of the

automaton can occur positively as unary predicates.

3. The fourth component Q is a function of type A — ®, assigning to each state a € A a natural number Q(a).

Before giving the formal definition of MSO-automaton, we provide some intuitions on how the behavior of A is
expressed in terms of A and Q. For this purpose we fix a tree T. The idea is to describe any run of A on T in terms
of a game, which we call the acceptance game of A on T. The acceptance game has two players: player 3 claims
that T should be accepted by A, whereas player V tries to refute this statement. A basic position of the game is a
pair (a,s) € Ax T where a is a state of A and s is a node of T. A match T proceeds in rounds, where each round is
associated with a basic position. The interplay of the two players determines how we pass from a basic position
(a;,s;) in round i to another basic position (a;+1,s:+1) in round i + 1. Each round consists of two moves, that we
can describe as follows.

* Move of 3: from position (a;,s;) € Ax T, player 3 provides a marking m: A — £(cg(s;)) assigning sets of
successors of s; to states of A. Then (Gg(s;),m) is an A-structure according to definition 1.21.

Requirement: the marking m chosen by 3 must be such that the sentence A(a;,0¢(s;)) is true in (Gg(s;),m).

» Move of V: given the marking m : A — og(s;), player V chooses the next basic position (a;41,5:41) €A T.

Requirement: the position (a;;1,s;+1) chosen by V must respect m, in the sense that s, is in m(d;+1).

Therefore T consists of basic positions - belonging to 3 - and positions with markings - belonging to V, which
occur alternated.

T = (al,sl),ml,(ag,sz),m2,...,(an,s,,),mn,...

We can assign a numeric value - which we call pariry - to each position in . Each basic position (a;,s;)
is associated with parity Q(a;). All positions with a marking receive parity Max(Q[A]). Since every position
receives some parity, acceptance games can be seen as parity games: winning conditions are defined accordingly.
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Observe that, if 7 is infinite, then the minimum parity occurring infinitely often along the play is always associated
with some basic position. The intuition is that positions with markings receive a conventional parity, which is not
relevant for determining the winner of a match.

We are now ready to provide the formal definition of MSO-automata.
Definition 2.1 ([33][31]). An MSO-automaton on alphabet C is a tuple A = (A,a;,A, Q) where:
¢ A is a finite set of states;
e qj €A is the initial state of A;
* A:AxC— FO"(A) is the transition function of A,
¢ Q:A — is the parity map of A.

Given a tree T, the acceptance game of A on T - notation A(A,T) - is a parity game defined according to the
rules of table 2.1. We recall that finite matches of A(A,T) are lost by the player who gets stuck. An infinite match
of A(A,T) is won by 3 if and only if the minimum parity occurring infinitely often is even.

Position Player | Admissible moves Parity
(a,s)eAxS 3 {m:A - P(cr(s)) | (cr(s),m) =A(a,0c(s))} Q(a)
m:A— f(cgr(s)) v {(b,t) |tem(b)} Max(Q[A])

Table 2.1: Acceptance game for MSO-automata

The tree T is accepted by A if and only if 3 has a winning strategy in A(A,T) @ (ay,s;). <
Convention 2.2. In the sequel we assume that each MSO-automaton is on alphabet C, if not specified otherwise. «

Remark 2.3. A winning strategy f for 3 in G = A(A,T)@(ay,s;) is in particular a surviving strategy for the
same player in G. Indeed, for each basic position (a,s) € A x T that is reached in some f-conform match of G, the
marking m suggested by f makes A(a,0¢(s)) true in 6g(s), meaning that 3 does not get stuck. The notion of
surviving strategy can be conveniently restricted to subsets of 7. Given W ¢ T, we say that a strategy f’ for 3 in
G is surviving in W if, for each basic position (a,s) € A x W that is reached in some f-conform match of G, the
marking m suggested by f’ makes A(a,0¢c(s)) true in og(s). “

Remark 2.4. Given an MSO-automaton A = (A,ar,A, Q) and atree T, let f be a strategy for 3in G = A(A, T) @ (ay, s1).
Since G is a parity game, we can assume f to be positional. Therefore it can be represented as a function from
basic positions (of f-conform matches of G) to markings:

fi(as) = mag,

where mg s : A - P(cor(s)) is the move that f suggests to 3 from position (a,s) € AxT. A very convenient way to
represent the information carried by f is by displaying its graph as a tree T, defined as follows:

* the carrier Ty of Ty consists of the basic positions in Dom(f);

* the root of T is the basic position (ay,sy);
* the successor function G,’; : Ty — P(Ty) is defined by putting
ki (as) = {(bt) |t ema(b)}

where mg 5 = f(a,s).

the labeling function csé : Ty — C is defined by putting
Gg :(a,s) = oc(s)
where ¢ is the labeling function of T.
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An useful observation is that any f-conform partial match 7 of A(A, T) corresponds to a unique path B of T,
and viceversa. In order to see that, observe that B and 7 are both sequence of basic positions. The difference is that
markings are represented explicitly in 7 as positions, whereas in B they determine the successor relation between
basic positions. However, both presentations have the same amount of information, namely which are the sets of
admissible moves for V along the play.

We refer to T as the tree representation of f. Itis convenient to fix a projection function 71:%r :Ty — T, canonically

defined by putting ng :(a,s) — s. Observe that ng preserves the tree structure, in the sense that, given basic positions
(a,s) and (b,t) in T with (b,t) in Gl (a,s), the node t =t} (b,¢) is in Gr(s) = Or(T, (a,s)). «

In the sequel we provide two basic examples of how MSO-automata and MSO-formulae can be associated, as
described in (2.1).

Example 2.5. Let p and g be letters in P. We want to provide an MSO-automaton A, .y such that for any tree T
Ag(p,q) accepts T iff TER(p,q).

Let Ag(p.q) = (A, ar,A, Q) be defined as follows.

A = {ap,a1}
ay = Qo
Aag,c) = { x (a1 (x)AVy (y+x—>ap(y))) prec.
’ Vx (ap(x)) Otherwise
L Ifgé¢c
A(aj,c) = { Ix (a1 (x)AVy (y£x—>ap(y))) Ifpecandgec
Vx (ap(x)) Otherwise
Qag) = 0
Qla) = 0

Let T be a tree. We provide an informal argument showing that Ag(,, ;) accepts T if and only if every node in T
labeled with p has a successor labeled with g.

The main observation is that, since both states of Ag, ;) have parity even, 3 is going to win all infinite matches
of A(Ag(p.q)»T)@(ay,sr). Therefore the only chance that ¥ has to win is by letting 3 get stuck. By definition of A,
this happens if and only if the match arrives at some node s that is labeled with p, from which 3 has to mark with
a; some node 7 € 6g(s) such that g ¢ 6 ().

If a node s with this property exists, then V has the power of bringing the match, in finitely many rounds, to a
basic position of the form (a,s) for some a € A. It suffices that at each round he selects the next basic position, of
the form (b,t), in such a way that tR*s. If no node s with such property exists, the match is infinite and 3 is the
winner. <

Example 2.6. Let p and g be letters in P. We want to provide an MSO-automaton A ,c, such that for any tree T
Apcgaccepts T iff Trpeg.

The automaton A c, = (A,a7,A, Q) is defined as follows.

A = {ao}
a; = ag
B Vxap(x) Ifgecorpé¢c
Alao,€) = { 1 Otherwise
Q.(a()) = 0

Similarly to example 2.6 it is straightforward to check that A ,c, accepts exactly the trees where every node labeled
with p is also labeled with g. <
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2.2 Functional Strategies and Their Syntactic Characterization

The above examples give an idea of how first-order logic allows for rich and flexible specifications of the
transition function of automata. As we will see in section 2.4, a remarkable consequence of this logical perspective
is that closure properties of the tree languages definable by MSO-automata, such as union and complementation,
are easily derivable from closure properties of the set FO* (A).

However, this flexibility is also a source of difficulties and complexity. In order to see that, let A = (A, a;,A, Q)
be an MSO-automaton, T a tree and f a winning strategy for 3in G = A(A,T) @ (ay,s;). Suppose that (a,s) eAxT
is a basic position occurring in an f-conform match of G, with A(a,6¢(s)) € FO*(A) defined as 3x (a;(x) Aaz(x))
for some a;,as € A. In order to make this sentence true, the marking suggested by f must assign both a; and a; to
the same node € og(ss). This means that both position (ay,7) and (az,) can be chosen by V to continue the match.
Observe that V’s move affects significantly the continuation of the match, because he does not only determine the
next node - ¢, for instance - from which the match is played, but also the associated state - either a; or a;.

It is convenient to visualize this situation by drawing the tree representation Ty of f, as in remark 2.4. If we
compare T and T at the height of the set 6z(s), we see that T is more ‘complex’ than T with respect to 7: both
positions (ay,t) and (az,t) are nodes of T . Intuitively, by the sole information that the node ¢ of T/ is involved in
an f-conform match, we cannot determine which basic position is associated with z.

This ability of inferring the structure of Ty from T is an essential ingredient of the projection construction
on MSO-automata, that we will introduce in section 2.4 as the automata counterpart of existential quantification
in MSO. For this reason, we want to avoid the situation described above, by enforcing that each node in T is
marked with at most one state from A along f-conform matches of G. This corresponds to the projection function
7:‘5 : Ty — T being a I-1 correspondence between Ty and T. In fact, we can express the same condition in terms of
properties of the strategy f itself. For this purpose, we introduce the notion of a strategy for 3 being functional.

Definition 2.7. Let A = (A, a;,A, Q) be an MSO-automaton and T a tree. Let f be a strategy for 3in A(A, T) @ (ay, ;).
We say that f is functional if, for each basic position (a,s) € Dom(f), the marking f(a,s) assigns to each node
t € 6r(s) at most one state b € A. <

Our goal is to define a transformation, which allows to pass from an MSO-automaton A to an equivalent
MSO-automaton A’ such that, for each tree T, a winning strategy for 3 in A(A’,T)@(ay,s;) can always assumed
to be functional. The idea is to tackle this question by providing a syntactic characterization of functionality, in
terms of the first-order sentences associated with the transition function of MSO-automata.

For this purpose, we recall to the notion of sentence in basic form, as in definition 1.25. By proposition 1.26,
each sentence in FO* (A) is equivalent to a disjunction of sentences in basic form. It follows that the transition
function A of A can be assumed of type A x C — SLatt(BF*(A)) instead of AxC — FO*(A). In the same spirit,
we want to show that the codomain of A can be further restricted to first-order sentences having a quite specific
syntactic shape, which will be associated with the property of a strategy for 3 of being functional.

Definition 2.8 (Functional basic form). Given a set A of unary predicates, let ¢ € BF*(A) be a sentence in basic
form depending on sequences B ...By and C; ...C; of subsets of A, that is,

¢ = .3 (dif (DA N tp(0) V2 (diff (£2) >V T(2))).

1<isk 1<l<j

We say that @ is in functional basic form if each S in {By ... By,C;...C;} is either the empty set or a singleton. We
denote with FBF*(A) the set of all sentences in BF* (A) which are in functional basic form. N

Definition 2.9 (Non-deterministic automata). Let A = (A,a;,A,Q) be an MSO-automaton. We say that A is
non-deterministic if A has type A xC — SLatt(FBF* (A)). <

The following statement justifies the introduction of sentences in functional basic form as the ‘syntactic
characterization’ of functional strategies for 3.

Proposition 2.10. Let A = (A,a;,A, Q) be a non-deterministic MSO-automaton. Given any tree T, each surviving
strategy for 3 in A(A,T)@ (ay,s;) can be assumed to be functional.

The proof of proposition 2.10 requires some preliminary observation. In fact, it is not hard to imagine a
surviving strategy f for 3 in A(A,T)@(ay,s;) which is nor functional. Given a position (a,s) € A x T, suppose
that m: A - £(cg(s)) is a marking that makes A(a,G¢(s)) true in 6g(s). Since A(a,o¢(s)) is an element of
FO*(A), it enjoys the monotonicity property described in remark 1.24, meaning that each marking which extends
m also makes A(a,0¢(s)) true in og(s). Among these extensions of m, we can find a marking m’ : A — £(cg(s))
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assigning more than one state to some node in 6g(s). Then, f might suggests to 3 the marking m’ from position
(a,s), implying that it is not a functional strategy.

In order to show proposition 2.10, the key observation is that it is in 3’s interest to make the fewest number of
moves available for V. Thus a rational choice for her would be to assign to each node in 6g(s) only the ‘strictly
necessary’ amount of states that makes A(a,6¢(s)) true. From this point of view, m’ is not a very good suggestion
for 3, because it generally assigns to each node more states than the marking m, which still makes A(a,0¢(s)) true
in og(s). By assuming that 3 plays according to this idea of rationality, we can rule out redundant markings such
as m'. Following these intuitions, we introduce the notion of minimal strategy.

Definition 2.11. Let A = (A,a;,A,Q) be an MSO-automaton, T a tree and f a surviving strategy for 3 in
A(A,T)@(az,sr). Given a€A and s € T, consider the sentence A(a,6¢(s)), which we can assume to be an
element of SLatt(BF*(A)) by proposition 1.26. Given a disjunct @ € BF* (A) of A(a,6¢(s)), let us use the notation
M ¢ for the set

{m:A~E(or(s)) | (or(s),m) & 0}

The set M o can be ordered according to the relation < between markings, as given in definition 1.23. We say that
S is minimal for A and T if, for each basic position (a,s) € Dom(f), there is a disjunct @ of A(a,6¢(s)) such that
the marking f(a,s) is minimal with respect to the order < in the set M ¢, that is, there is no marking m’ € M ¢
such that m’ # f(a,s) and m’ < f(a,s). q

Remark 2.12. Since we work with trees where a node can have infinitely many successors, the set M; ¢ is
generally infinite and we need some more arguing to show that it always has a minimal element with respect to the
order 4. The key observation is given by remark 1.27: a marking m : A — °(cg(s)) that makes ¢ € BF* (A) true
always has some shrinking. This means that there is a marking m’ : A — {(0g(s)) such that m” is in M ¢, we have
that m® < m, and also there is no marking m’ € M ¢ such that m" = m* and m’ <m". It follows in particular that m”
is a minimal element of M; . <

With the next proposition, we express the fact that 3 can be always assumed to play according to the idea of
rationality explained above.

Proposition 2.13. Let A = (A,a;,A,Q) be an MSO-automaton and T a tree. The following are equivalent.
1. Player 3 has a surviving strategy in A(A,T)@ (ay,sy) .
2. Player 3 has a surviving strategy in A(A,T)@(ay,s;) which is minimal for A and T.

The same equivalence holds with ‘winning’ in place of ‘surviving’.

Proof We confine ourselves to the case of surviving strategies. It is immediate to check that the very same argument
shows the statement also for the case of winning strategies. Direction (2 = 1) is immediate, so we focus on
direction (1 = 2). Let f be a surviving strategy for 3 in G = A(A,T) @ (ay,s;). We want to define a strategy f?
which is both minimal and surviving for 3 in G. The definition of f” is provided for each stage of the construction
of a match w® of G, while maintaining an f-conform shadow match © of G. For each round z that is played in i
and 7, we want to keep the following condition.

The basic position occurring in the match %t also occurs in the shadow )
match 7 at the current round.

The match 7° is initialized at position (ay,s;). We start the construction of the shadow match 7 also from
position (ay,sy), so that condition (%) holds for the first round. Observe that, since f is a surviving strategy for 3 in
G, then 7 is indeed (the initial part of) an f-conform match.

Inductively, consider the case of some round z; where we are playing from the same basic position (a,s) eAxT
both in 7 and ’. Since T is f-conform, the strategy f suggests to 3 a marking m : A — {(cg(s)) that makes
A(a,o¢(s)) true. This means that there is some disjunct ¢ of A(a,G¢(s)) that is true in (Gg(s),m). By remark
2.12, there is also some marking m’ : A — {(0g(s)) such that m" <m and m" is a minimal element of M, . By
definition m® makes @ true in 6g(s), meaning that it also makes A(a,6¢(s)) true in og(s). Therefore m’ is a
legitimate move for 3 in T* and we let it be the suggestion of the strategy f°.

If V gets stuck in 7t°, then 3 immediately wins the match. Otherwise, let (b,t) be the next basic position picked
by V in 7*. Since m" 9m, then ¢ is in m(b). This means that the position (b,?) is an admissible move for V also in
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the shadow match w. By letting V choose position (b,¢) in 7, we can keep the same basic position in ” and T at
round z;;; and condition (%) is maintained for one more stage of the construction.

The strategy f° that we just defined is minimal for A and T, according to definition 2.11. Moreover, in each
round that is played in the match 7*, the marking suggested by f* is a legitimate move for 3, meaning that she
never gets stuck in 7°. Since 7t* has been constructed as an arbitrary f’-conform match, this suffices to show that f?
is a surviving strategy for 3. O

We are now ready to supply a proof of proposition 2.10.

Proof of proposition 2.10 Let A = (A a;,A, Q) be a non-deterministic MSO-automaton, T a tree, and suppose that
3 has a surviving strategy f in A(A,T)@ (ay,s;). By proposition 2.13 we can assume that f is minimal. Suppose
by way of contradiction that f is not functional. Let (a,s) € Dom(f) and f € 6g(s) be such that the marking
m = f(a,s) assigns two distinct states aj,as € A to ¢. Since f is surviving and minimal then there is some disjunct
Qe FBF*(A) of A(a,0¢(s)) such that (og(s),m) = @ and m is minimal among the markings that make @ true in
GR(S).

Let mb: A — P(og(s)) be some shrinking of m as in remark 1.27. By definition, m* 9m and (cg(s),m") = @.
By the particular syntactic shape of @, the node ¢ witnesses some variable y occurring either in the existential or the
universal part of @, with associated positive A-type 5 (y). By definition, m" assigns to ¢ exactly the states in the
set S. Since @ is in functional basic form, then S is either empty or a singleton, meaning that ¢ is in m”(b) for at
most one b € A. Since m assigns both a; and a; to ¢, it follows that m® # m, contradicting the assumption that m is
minimal in M . Therefore f is a functional strategy and this completes the proof of the main statement. O

2.3 The Simulation Theorem

Our next goal is to show that every MSO-automaton can be assumed to be non-deterministic. This statement,
which is called the Simulation Theorem, can be considered the main technical result on MSO-automata.

Theorem 2.14 (Simulation Theorem, [33]). Given an MSO-automaton A, there is an effectively constructible
non-deterministic MSO-automaton AF® such that

A = AFF

The transformation of A into a non-deterministic automaton A”¥

is essentially performed in two steps.
1. First A is transformed into an equivalent non-deterministic automaton AF with a non-parity acceptance
condition.

2. Then A¥ is transformed into an equivalent non-deterministic MSO-automaton A% P,

The conceptual core of the construction lies in the first step. As a side remark, notice that the automaton AP is
not ‘officially’ an MSO-automaton, because of the non-parity acceptance condition. However, it makes sense to
say that such automaton is non-deterministic, this property depending only on the type of the transition function.
Before introducing further technical details, we gather some intuitions underlying the construction of AP For the
purpose of giving the transition function of AF a key observation is that each sentence @ € BF* (A) can be seen as
a sentence in FBF* (£(A)), modulo a ‘change of base’ from A to £(A). To be more precise, suppose that T§ (x) is
a positive A-type occurring in @, for some non-empty S € A.

@) = AbK)

beS
Now we may think of ¢ (x) as a £(A)—type instead of an A-type.
+ _
Ts(x) = S(x)

Intuitively, what we did is to ‘encapsulate’ the conjunction into S. The resulting formula S(x) is a positive
£(A)-type. By applying this procedure for each non-empty positive A-type occurring in ¢, we obtain a sentence
o% in FBF* (£(A)).
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Definition 2.15 (Change of base). Fix a set A of unary predicates. Let ¢ € BF*(A) be a sentence in basic form
depending on sequences By ...By and C; ...C; of subsets of A. For each subset S in the sequence, we define the
formula ‘1:65o (x) as follows:

o [ Skx) ISzo
() = { T Otherwise

We denote with (pp the sentence given as follows.

o = . dif(®A A rgi(xl-)/\\fz (diff (x,2) > \/ Tg(z)))

1<i<k 1<i<j

<

Note that, given @ € BF*(A), the sentence ¢ is in FBF*(f(A)). Definition 2.15 provides the tools to
characterize a powerset construction on A. The idea would be to construct an automaton A with £(A) as set
of states and a transition function Al : (A) x C — SLatt(FBF* (£(A))), obtained from the transition function
A:AxC — FO*(A) of A by using definition 2.15. The automaton A would be non-deterministic according to
definition 2.9.

This is almost the construction we are going to define. In fact we still need to specify the acceptance conditions
of A, in such a way that it is equivalent to the original automaton A. It turns out that the choice of £(A) as carrier
is too coarse for this purpose.

In order to motivate this statement, let T be a tree. The idea is that a match 7t of A(A!, T) represents a bundle
of matches my,..., 7 of A(A,T), which 3 and V play in parallel on the same branch of T. We want to define
the winning conditions of A(A!,T) in such a way that 3 wins 7! if and only if she manages to win each match
Ty, k.

The problem is how to recover the structure of the various matches 7y, ..., given the sole information of 7t
Suppose that (B1,s1),(B2,52),...,(Bnu,s,) ... are the basic positions visited along 7tt, with (B;,s;) in 2(A) x T for
each i <. Every match ;€ {m,..., 7} is associated with a sequence of basic positions (b1,51),(b2,52),--.,(bn,8n), - .-
such that b; is in B; for each i < ®. However, we do not know which b; is the element that we should pick in B; to
recover the corresponding position of 7;: more than one choice is possible.

By B,

A1 S

Figure 2.1: the problem of recovering the position of 7; which is associated with node s5.

A possible way to deal with this problem is to assign a tag to each state b; € B;, carrying the information of
which is the ‘precedent state’ of A occurring in the corresponding match 7;. For instance, if b; € B; and b;_; € B;_;
are such that (b;_1,si-1), (b;,s;) are basic positions visited in 7t; at rounds i — 1 and i, then we put the tag b;_; to b;.

This transformation turns every macro-state B € £(A) into a binary relation R € (A x A), where (b1,b;) €R
stands for the state b, € A equipped with tag b; € A. The powerset construction on A must be modified accordingly,
leading to a refined powerset construction on A, which we denote with AP,

Before the formal definition of A®, we need some preliminary work formalizing the intuitions given above.
First, we introduce the notion of trace. A sequence of positions (Ry,s1),(R2,82),...,(Ry,sn) ..., with (R;,s;) €
(P(AxA)) =T, will induce a set of traces, indicating which matches of A on T are associated with the sequence.

Definition 2.16 ([31]). Let A be a finite set of states and let p € ((AxA))® be a (A x A)—stream.
p = Ro,Rl,...,Rn,...
A trace o€ A® through p is an A—stream such that a;R;,1a;, for all i < .

a = ap,a,...,dy,...
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Definition 2.17 ([31]). Let A be a finite set of states and Q : A — ® a parity map. We say that a trace o€ A® is good
if the minimum parity occurring infinitely often along o is even, and bad otherwise. The set NBTq C (P(AxA))®
is defined as

NBTq := {pe(f(AxA))®|every trace through p is good}.
4

The last component we need to consider before giving the formal definition of A¥ is the transition function.
As we mentioned, the idea is to perform a ‘change of base’ on the transition function of the original automaton A,
passing from first-order sentences on signature A to first-order sentences on signature {(A). Now we need to shift
the same argument to the signature £°(A x A), associated with the binary relations on A which will form the carrier
of A¥. For this purpose we introduce an intermediate step, transforming first-order sentences on signature A into
first-order sentences on signature A x A.

Definition 2.18 ([31]). Let A = (A,a;,A, Q) be an MSO-automaton. Fix a € A and ¢ € C. The sentence A*(a,c) is
defined as

A*(a,c) = A(a,c)[(a,b)~b|beA],

where A(a,c)[(a,b) ~b | beA] denotes the sentence in FO* (A x A) obtained by replacing each occurrence of an
unary predicate b € A in A(a,c) with the unary predicate (a,b) € Ax A. <q

The next step is to put together definition 2.15 and 2.18 to characterize a transition function ranging over
sentences on signature (A xA).

Definition 2.19. Let A = (A, a;,A, Q) be an MSO-automaton. Let ¢ € C be a label and R € °(A x A) a binary relation
on A. By proposition 1.26 there is a sentence P . € SLatt(BF " (A x A)) such that

N\ A(ac) = P
acRan(R)

We define W . to be the sentence (W% .)¥, where the translation (-)¥ is given as in definition 2.15. <q

Observe that Wg . is an element of SLatt(FBF* (£(AxA))). Now we have all the ingredients to provide the
definition of A

Definition 2.20. Let A = (A,a;,A, Q) be an MSO-automaton. The automaton AP = (AF ,as;],Ap ,Acc) is defined as

follows.
AP = p(AxA)
a = {anar}
Ap(R,c) = Wre
Acc = NBTg

Here Wg . is given according to proposition 2.21 and NBTq is given according to definition 2.17. The automaton
AP is called the refined powerset construction on A. N

The next step is to show that A¥ is indeed equivalent to the original automaton A. For this purpose, it is
convenient first to prove two lemmata, associating the one-step behaviors of the automata A and AP,

Proposition 2.21. Let A = (A,a;,A,Q) be an MSO-automaton and AF = (Ap,aéf,Ap,Acc) its refined powerset

construction. Let R € A¥ be a binary relation, T a tree and s a node of T. Suppose that, for each a € Ran(R), there
is a marking mg : A — £(0g(s)) such that (og(s),my) = A(a,0¢c(s)). The following two statements hold.

1. There is a marking m* : A x A — f(og(s)) such that

a) (GR(S)vm*) E /\uGRan(R) A” (a,Gc(S)),'
b) for each state a € Ran(R), node t € og(s), state b € A such that t € m* (a,b), we have that t € m,(b).

2. There is a marking m® : A¥ — P(cg(s)) such that

a) (or(s),m") £ A" (R,0¢(s));
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b) for each state Q € A¥, node 1 € 6x(s) such that t e m¥ (Q), state b € Ran(Q), there is some a € Ran(R)
such that t € my(b).

Proof Fix some R € A¥. For each a € Ran(R), let m, : A - (cg(s)) be such that (cz(s),m,) £ A(a,6¢(s)). We
define a marking m* : A x A — °(cg(s)) by putting

m*(a,b) = my(b). (2.2)

For statement 1., fix some a € Ran(R). It is easy to check that (cg(s),m*) = A*(a,6¢(s)), by definition of
A* and the monotonicity property of A*(a,6¢(s)) € FO*(AxA) as in remark 1.24. Statement 1.5 is immediate by
definition of m*. In order to show statement 2, we define a marking m® : (A x A) - £(cz(s)) by putting

m Q) = [ m*(ab). (2.3)
(ab)eQ

For statement 2.a, recall that A¥(R,6¢(s)) is the sentence Wg . € SLatt(FBF*(P(Ax A))) as in definition 2.15.
Then it is not hard to check that statement 2.a follows by statement 1.a and the definition of m* according to (2.2).

For statement 2.5, the main observation is that m* (Q) # @ implies that Dom(Q) ¢ Ran(R), for each Q € A¥.
In order to see that, just observe that, by (2.2), for any pair (a,b) € A x A, the marking m* (a,b) is defined only
if @ € Ran(R). Then it suffices to show that, for each state Q € A”, node ¢ € 6z (s) such that 7 e m* (Q), for each
(a,b) € Q, it holds that r € m,(b). This is clearly the case by statement 1.5 and definition of m® as in (2.3). ]

Proposition 2.22. Let A = (A,a;,A,Q) be an MSO-automaton and AF = (Ap,af,Ap,Acc) its refined powerset

construction. Let R € A¥ be a binary relation, T a tree and s a node of T. Suppose that there is a marking
mP : A¥ > ©(or(s)) such that (og(s),m") £ AP (R,6¢(s)). The following two statements hold.

1. There is a marking m* : A x A — £(og(s)) such that

a) (GR(S) ’ m*) F /\uGRun(R) A* (aa GC(S) );

b) for each state a € Ran(R), node t € 6g(s), state b € A such that t ¢ m* (a,b), there is Q € A¥ such that
(a,b) € Qandtem® (Q).

2. For each a € Ran(R), there is a marking m, : A — $(0g(s)) such that
a) (or(s),my) =A(a,oc(s));
b) for each node t € Gg(s), state b € A such that t € my(b), there is Q € A¥ such that b € Ran(Q) and
4

tem” (Q).

Proof Fix some R ¢ A¥ and let m® : 2(A x A) - (6 (s)) be a marking such that (cg(s),m") = A¥(R,6¢(s)). We
define a marking m* : A x A - (og(s)) by putting

m*(a,b) = U m®(0). (2.4)
(ab)eQ
Also for each a € Ran(R) we define a marking m, : A - (og(s)) by putting
my(b) = m*(a,b). (2.5)

The argument showing statements 1 and 2 on the base of (2.4) and (2.5) is entirely analogous to the one provided
for proposition 2.21. O

Proposition 2.23. Let A be an MSO-automaton and A its refined powerset construction. We have that
A = AF

Proof Consider an MSO-automaton A = (A, a;,A,Q) and let AF = (Ap,af7AP,NBTQ) be its refined powerset
construction. In order to show the two directions of the equivalence, we fix a tree T.

(=) Given a tree T, suppose that 3 has a winning strategy f in G = A(A,T)@(qay,s;). Our goal is to provide
a winning strategy % to 3 in G¥ = A(A¥ ,T)@(af ,s7). The definition of ¥ is provided for each stage of the
construction of a match ©¥ of G¥. While playing 7, player 3 maintains a set M of f-conform shadow matches.
We indicate with M; the set M at round i. Inductively, we will make sure that 3 can keep the following condition
for each round z; that is played in ¥ and each match in M.
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The current basic position in ¥ is of the form (R,s) € A¥ X T. For each
a € Ran(R), there is an f-conform shadow match 7, in M; at the same (€3]
round z;, such that the current basic position in 7, is (a,s) e Ax T.

Condition (%) holds for the initial round, where we initialize the match ¥ at position (a?s,) and an f-conform
match w,, of G from position (ay,s;). We set Mo ={n,, }.

By inductive hypothesis suppose that we have constructed (the initial part of) the match ¥, with rounds zo, .. ., z;.
Also, we are provided with a set M;, where each element of M; is (the initial part of) an f-conform shadow match,
with rounds zo,. .., z;, such that for each j < i condition () is respected by M and 1. Let (R,s) € A¥ x T be the
basic position occurring in ¥ at round z;. By condition (%), each a € Ran(R) is associated with an f-conform
match T, in M; at basic position (&, s), from which the strategy f suggests a marking m, : A — £(cg(s)) such that
(or(s),mq) E A(a,6¢(s)). We use this assumption to obtain a marking m® : A¥ — (cz(s)) as in proposition 2.21.
We let 3 choose m® from position (R, s) in ¥,

The marking mf is a legitimate choice for 3 by proposition 2.21, statement 2.a. If mp(Q) = g forall Q € A®, then
V gets stuck at the current round and 3 wins ¥, Otherwise, V is able to pick a next basic position (Q,7) € AP XT.
By proposition 2.21, statement 2.b, for each b € Ran(Q), there is some a € Ran(R) such that ¢ € m, (). Therefore
for each b € Ran(Q) we can select a match 7, € M, such that 7 € m,(b). We define 7, j, as the match w, extended
with the move given by V choosing (b,7) as next basic position. We define M, to be the collection of matches
Tty for all b € Ran(Q). In this way we are able to maintain condition () also at round z;4.

If V does not get stuck at some round, then ¥ is an infinite match of G¥. The sequence of states visited along
the play induces a A —stream p given as

a\Ri,....Ry,....

In order to check that 3 wins ¥

of the form

, it suffices to show that p is in NBT . For this purpose, let o be a trace through p

ar,aj,...,dp,. ...

By definition of trace, we have that a; € Ran(R;) for each i < ®. Then, by condition (%), the trace o is the sequence
of states visited along an f-conform match of G. Since f is assumed to be winning, the trace o is good. Therefore
pisin NBTq.

(<) We confine ourself to a sketch, since the argument follows the same line of reasoning of the one provided
for the converse direction. Suppose that 3 has a winning strategy f* in G& = A(AP,T) @(a}p,s[). Our goal is to
provide a winning strategy f to 3in G = A(A,T)@(ay,s;). We define f for each stage of the construction of a
match 7 of G, while maintaining an f' ¥ _conform shadow match 7 of gp. For each round z that is played in  and
¥, we want to keep the following condition.

The current basic position in 7 is of the form (a,s) € A x T and the current

basic position in i is (R, s) € A x T, for some R € A¥ with a € Ran(R). )

This condition clearly holds for the initial round. Inductively, let (a,s) and (R,s) be the positions occurring
respectively in 7t and 7’ at round z;, with a € Ran(R). Since ¥ is f¥-conform, the strategy ¥ suggests a marking
mP (A xA) > P(cr(s)) such that (og(s),m") = AP(R,6¢(s)). We use this assumption to obtain a marking
mg:A — £(0r(s)) as in proposition 2.22. We let 3 choose m, from position (a,s) in 7.

Analogously to the converse direction, we can show that m, is a legitimate move for 3. Then either the match 1
ends at the current round with V stuck and 3 winning, or V is able to pick a next basic position. Then we can show
that condition (%) can be maintained at round z;,1, by using proposition 2.22. If V never gets stuck, the match 7 is
infinite. Let o be the A—stream induced by the sequence of states encountered along the play in 7. In order to check
that 3 wins 7, the key observation is that o is a trace through the AP —stream associated with the f ¥ _conform match
n¥. Since /¥ is winning for 3 in G¥, the trace o is good, implying that 3 wins the corresponding match . O

We observe that the non-deterministic automaton A is not an MSO-automaton: the missing component is a
parity acceptance conditions replacing the condition NBT . The second part of the proof of theorem 2.14 consists in
showing that we can transform A¥ into an equivalent non-deterministic MSO-automaton A", The next proposition
shows how this can be done easily, provided that NBT g is an ®-regular language (definition 1.31).

Proposition 2.24 ([31]). Given an automaton Q =(Q,qr,Ag,Acc) with Ag of type Q x C — SLatt(FBF*(Q)), if
Acc € Q% is an -regular language then there is an effectively constructible non-deterministic MSO-automaton Q
such that Q = QP.
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Proof sketch The argument is the same given in [31], proof of proposition 6.29. We confine ourself to a sketch of
the proof.

Let Q = (Q,q1,Ag,Acc) be an automaton with A of type Q x C — SLatt(FBF*(Q)). By assumption Acc is an
o-regular language, meaning that there is a deterministic Q—stream automaton Z = (Z, z;,87,Q) with L(Z) = Acc.
We define an operation Shift, : FBF* (Q) - FBF*(Q x Z) as follows.

Shifi,(9) = 9[(4,82(z,9))/q | q € 0]

Then we define an automaton Qo Z := (Qx Z,(qy,z1),A,Q) by putting

Q(q:2) = Qz(z),
A(g,2),c¢) \/ {Shift,(¢) e FBF*(Q xZ) | ¢ is a disjunct of Ap(g,c)}.
It can be easily checked that A is of type (Q x Z) x C — Slatt(FBF*(Q x Z)), whence Q ®Z is a non-deterministic

MSO-automaton. We let Q' be the automaton Q ® Z. The proof of the main statement is concluded by showing
that indeed Q = QF. m]

The following proposition shows that the assumption of proposition 2.24 holds for AP

Proposition 2.25 ([33],[31]). Let A = (A,a;,A, Q) be an MSO-automaton. The language NBTq is ®-regular.

Proof sketch The argument is the same as the one given in [31], proof of proposition 6.27. We confine ourself to a
sketch of the proof. Let AP = (AP,Q}P,AP,NBTQ> be the refined powerset construction on A. In order to prove
the statement it suffices to define a non-deterministic A® —stream automaton Z accepting exactly the AP —streams
containing a bad trace. By closure properties of stream automata we can take a deterministic AP _stream automaton
7! which is equivalent to Z and then take an automaton Z’ accepting the complement of L(Z'). The automaton Z’
will be again a deterministic AP —stream automaton and it is immediate to see that it accepts exactly the infinite
AP —streams where every trace is good.

For the definition of Z, we essentially rely on the parity of the original automaton A. More precisely, let z; ¢ A
be a state. We define an automaton Z = (Z,z;,Az,Q7) by putting

Z = Aul{zy}
Az(a,R) { 26[12](13) gtﬁe:r\ifise
Qz(a) = { ?)(a) +1 gti;rivlise '
For the (easy) proof that L(Z) = L(AP) we refer to [31], proposition 6.27. ’

Now we are ready to prove the Simulation Theorem stated at the beginning of this section.

Proof of Theorem 2.14 Let A be the refined powerset construction on A obtained as in 2.20. By proposition
2.25, we can apply the construction of proposition 2.24 to AP We obtain a non-deterministic MSO-automaton AP
such that the following holds.

A= AP (proposition 2.23)
= AP (proposition 2.24)
This concludes the proof of the theorem. O

2.4 From MSO-Formulae to MSO-Automata

The Simulation Theorem allows us to show the main result of this chapter, namely that MSO-automata
characterize MSO in the sense of (2.1).

Theorem 2.26 ([33]). For every ¢ € MSO, there is an effectively constructible MSO-automaton Ay such that

forany tree T, TE @ iff AgacceptsT.
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The proof will proceed by induction on ¢@. The crux of the matter is the inductive case of the existential
quantifier, which is handled with a projection construction for MSO-automata. The hard part part of the proof,
namely that every MSO-automaton can be assumed to be non-deterministic, has been shown in section 2.3. Once
we are allowed to work under this assumption, the remaining part of the projection construction is relatively easy.
The next step is to define a closure operation on tree languages, corresponding to the semantics of MSO existential
quantification.

Definition 2.27. Given a tree T and a propositional letter p (not necessarily in P), we refer to the notion of
p-variant of T as defined in section 1.2. Recall that, since T is a C-labeled tree, then any p-variant T? of T is a
P(Pu{p})-labeled tree.

Let £ be a tree language. The projection of L over p is the language 3p.L defined as

Ip.L={T| there is a p-variant T? of T such that T” € L}.

Let C be a class of tree languages. C is closed under projection over p if, for any language £ in C, also the language
dp.LisinC. <

Definition 2.28 (Projection Construction). Let A = (A,a;,A, Q) be a non-deterministic MSO-automaton on alphabet
P(Pu{p}). We define the automaton Ip.A = (A, a;, A%, Q) on alphabet C by putting

A(a,c) = Ala,c)vA(a,cu{p}).

The automaton 3p.A is a non-deterministic MSO-automaton which we call the projection construction of A over p.
<

Proposition 2.29. Given a letter p and a non-deterministic MSO-automaton A on alphabet P(PuU{p}), let Ip.A
be the projection construction of A over p, on alphabet C. The following holds.

L(3p.A) = Ip.L(A) (2.6)

Proof Let A = (A,a;,A,Q) be an MSO-automaton on alphabet £(Pu{p}) and 3p.A be the projection construction
of A over p. Given a tree T, we want to show that

Jp.Aaccepts T iff there is a p-variant T of T such that A accepts T”.

(=) Let f be a winning strategy for 3 in G2 = A(3p.A,T)@(ay,s;). Since Ip.A is non-deterministic, by
proposition 2.10, we can assume f to be functional. Let Ty and n{ : Ty - T be respectively the tree representation
of f and its projection function defined according to remark 2.4. Since f is functional, we can assume TI:; to be 1-1.
This means that the inverse function of 75‘5 is well-defined. This is a function (ng ) :Ran(ng) — Ty mapping each
node s € Ran(nér ) to a basic position (a,s) € Ty. By definition of ng, the position (a,s) is unique for s, in the sense
that no other basic position with s as second component appears in T z. In other words, the fact that ng is 1-1 allows
us to assume the following property:

for each node s € T, if s is visited along the play of some f-conform
match of G2, then there is a unique state as € A, such that f guarantees )
that s will be only visited with 3p.A in state a;.

The idea is to let f itself suggest a p-variant T” of T, by using for each node of T the information provided by
property (). Given anode s € Ran(n£ ), let a5 € A be the first projection of (ag,s) = (ng )~'(5). We define a set X,,
of nodes of T as follows.

X, = {scRan(m}) | (0r(s)./(ass)) = Alas,0c(s)U{p})} 27
Since the strategy f is winning, f(ay,s) is a marking such that
(or(s), f(as,s)) £ Ala,0c(s)) v Aa,0c(s) u{p}).

Intuitively, X, collects all nodes s € Ran(ng ) whose label 6¢(s) is ‘considered as’ 6¢(s)u{p} by f. We let T? be
the p-variant of T induced by labeling with p exactly the nodes in X),. The proof is completed by the showing the
following claim.
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CLAIM 1. The strategy f is winning for 3 in A(A,T?)@(ay,sp).

PROOF OF CLAIM The idea is to construct an f-conform match « of G = A(A,T?) @ (ay,s;), while maintaining
an f-conform shadow match 77 of G3. For each round z, we want that the same basic position (a,s) € Ax T is
visited both in 7 and 7.

Let us first show why 3 is guaranteed to win 7t if this condition can be maintained. Since ¥ is f-conform and f
is winning for 3 in G, either ¥ gets stuck in ¥ or ¥ is infinite and the minimum parity occurring infinitely often
is even. If the former is the case, then it is easy to check that V also gets stuck in 7, because the same markings are
suggested to 3 in both games. If the latter is the case, observe that the automaton 3p.A has the same carrier A and
the same parity map Q of A, meaning that also 7 is infinite and the minimum parity occurring infinitely often is
even. This suffices to prove that 3 wins 7 and then f is winning for 3 in G.

It remains to show that for each round we can maintain the same basic positions in 7 and 7>, This is clearly
the case for the initial round, where we initialize both matches at position (ay,s;). Since (ay,s;) € Win3(G?), then
77 is (the initial part of) an f-conform match, as requested. Inductively, suppose that we are at round z; and both
matches visit the same position (a,s). Let m s : A - £(0og(s)) be the marking suggested by f from position (a,s).
If we can prove that m, s is a legitimate move for 3 in 7, then G (s) is marked by m, s both in 7 and in 7', meaning
that we can maintain the same positions in the two matches at round z;. 1.

Therefore the only thing that is left to show is that m, ; is a legitimate move for 3 in 7. Since f is winning in
G?, then we have that

(or(s),may) EA(a,0c(s)) vA(a,oc(s)u{p}), (2.8)
where 6¢ : T — C is the labeling function of T. What we need to show is that
(or(s),mays) £ A(a,00(s)), (2.9)

where 67.: T — (Pu{p}) is the labeling function of T”. For this purpose, we distinguish two cases.

1. First suppose that p € G’C’(s). By definition of T” we have that s € X,,, where X, is defined according to (2.7).
By definition of X, the following holds:

(or(s),mas) = Ala,oc(s)u{p}). (2.10)

By definition of p-variant we have that Gg agrees with o¢ on all propositional letters in P but p, meaning
that 67.(s) = 6¢(s) u{p}. Hence A(a,6%(s)) = A(a,6¢c(s) u{p}) and (2.9) just follows from (2.10).

2. In the remaining case we have that p ¢ 6/.(s). By definition of T? this means that s ¢ X,,. By inductive
hypothesis f is defined on (a,s), meaning that (a,s) is a node of Ty and therefore s € Ran(n?). This means
that the reason why s is not in X}, according to (2.7) is that

(Or(s),mas) i Aa,0c(s)U{p})- (2.11)

However, the marking m, ; suggested by f must be legitimate in G 3, meaning that it makes the other disjunct
of A%(a,o6¢(s)) true. Therefore
(or(s),mqs) E A(a,oc(s)). (2.12)

Since we are considering the case in which p ¢ 67.(s), by definition of p-variant we have that that 6. () =
oc(s). Hence A(a,67(s)) = A(a,0¢(s)) and (2.9) just follows from (2.12).

For each case we reached the conclusion that the marking m, , is a legitimate choice for 3 in G. This concludes the
proof of claim 1 and of direction (=). [

(<) Let T? be a p-variant of T such that 3 has a winning strategy f in A(A,T?)@ (ay,s;). Using an argument
analogous to the one showing claim 1, it is easy to check that f is also winning for 3 in A(3p.A, T)@(ay,s;).
i

In the sequel we present two further constructions for MSO-automata. We will use them to handle respectively
the inductive case of disjunction and the inductive case of negation in the proof of theorem 2.26.

Proposition 2.30. Given MSO-automata Ay and A,, there is an effectively constructible MSO-automaton A »
such that

L(A12) = L(Aj)UL(A).
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Proof sketch The definition of A ; as the sum of Aj and A, is given by a very standard construction of automata
theory. We refer to [11], lemma 16.5 for a more detailed proof and we confine ourselves to a sketch. Let
Ay =(A1,a},A1,Q1) and Ay = (Az,a;,Az,Qz) be two MSO-automata. Let a; ¢ A] UA; be a state. We define the
MSO-automaton A 7 = (A1 2,a7,A1 2,9 2) by putting

A1.2 = A1UA2U{CZ]}
Aj(a,c) ifacA
A(a,c) := Ao (a,c) ifaecA,
Ai(a},c)vAy(ai,c) ifa=a
Ql(a) ifaeAl
9172(61) = .Q.z(a) ifacA;

0 if a=ay.
It is easy to check that, for each tree T,
Ao accepts T iff Aj accepts T or A, accepts T.
O
Proposition 2.31. Given an MSO-automaton A, there is an effectively constructible MSO-automaton A such that
L(A) = L(A).

Proof We refer to Appendix A for a proof of this statement. |
We have now all the ingredients to prove the main statement of this section.
Proof of Theorem 2.26 The proof is by induction on @.

* If @ is of the form p £ ¢, for p and ¢ in P, then the automaton A, is provided by example 2.6.

* If @ is of the form R(p,q), for p and g in P, then the automaton A, is provided by example 2.5.

* If ¢ is of the form -\, by inductive hypothesis we have a weak MSO-automaton Ay, that is equivalent to
y. Let A_y be the MSO-automaton obtained by applying proposition 2.31 to Ay,. The following derivation
shows that A_y, is equivalent to —.

Ay accepts T < Ay, does not accept T (proposition 2.31)
= T#wy (inductive hypothesis)
< TE -y (semantics of MSO)

* If @ is of the form y; vy, by inductive hypothesis we have MSO-automata A, and A, that are equivalent
respectively to y; and ;. Let A, be the MSO-automaton obtained by applying proposition 2.30 to Ay, and
Ay, . The following derivation shows that A, is equivalent to Y v .

Ay accepts T < Ay, accepts T or Ay, accepts T (proposition 2.30)
= TeyorTEwy, (inductive hypothesis)
< TeEwy vy, (semantics of MSO)

* If ¢ = 3p.y, by inductive hypothesis we have an MSO-automaton Ay, that is equivalent to . By theorem
2.14 there is a non-deterministic MSO-automaton A{T,Bo which is equivalent to Ay. Let Ip.Ay, be the MSO-
automaton obtained from Aff by proposition 2.29. The following derivation shows that 3p.Ay, is equivalent
to dp.y.

dp.Ayaccepts T < thereis X, ¢ T such that A(I,P accepts T[p— X,,]  (proposition 2.29)
< thereis X, ¢ T such that Ay, accepts T[p+~ X,,]  (theorem 2.14)
< thereis X, T such that T[p —» X, | E ¥ (inductive hypothesis)
< Teidpy (semantics of MSO)

O

Remark 2.32. The converse of theorem 2.26 is also provable: for every MSO-automaton A, there is a formula
®a € MSO that is true exactly in the trees that are accepted by A. We refer to [33] for a proof of this statement. <
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2.5 Coda: Normal Form for Non-Deterministic M/SO-Automata

We conclude this chapter with a normal form theorem, putting non-deterministic MSO-automata in a very
convenient shape for the theory that is developed in the sequel of this thesis. In order to motivate our statement, let
A be a non-deterministic MSO-automaton and T a tree. By proposition 2.10 we know that each surviving strategy
f for 3in A(A, T)@(ay,s;) can be assumed to be functional: given a position (a,s) € Dom( f), the marking m
suggested by f assigns ar most one state b € A to each node 7 € 6g(s). In this section we want to strengthen this
condition, by showing that /m can be assumed to assign exactly one state b € A to each node ¢ € Gg(s). As before, the
idea is to enforce this property by refining the set of first-order sentences associated with the transition function A
of A. For this purpose, we introduce the notion of special basic form.

Definition 2.33 (Special basic form). Given a set A of unary predicates, let a; ...a and c; ...c; be sequences of
elements of A, with j 0. A sentence @ € FO" (A) is in special basic form if it is of shape

¢ = In. I (dif (D) A N ailx) AV (diff (£,2) >V a(2)))

I<i<k 1<i<j
We denote with SBF*(A) the set of all sentences in FO™ (A) which are in special basic form. <

Sentences in special basic form are a particular case of sentences in functional basic form. In order to see that,
fix some @ in FBF* (A). By definition, for each positive A-type T§ (x) occurring in @, the set S is either empty or a
singleton. By saying that @ is in special basic form, we rule out the case in which S is empty. In other words, ¢
does not have ‘holes’: it follows that, in each A-structure (X,m) where @ is true, each element of X is marked with
at least one unary predicate from A according to m.

From the perspective of acceptance games, we can associate this situation with the property of a strategy for 3
of being full.

Definition 2.34. Let A = (A, a7,A, Q) be an MSO-automaton and T a tree. Let f be a strategy for 3in A(A, T) @ (ay, s7).
We say that f is full if, for each basic position (a,s) € Dom(f), the marking f(a,s) assigns to each node t € Gg(s)
at least one state b € A. <

Remark 2.35. Given a full surviving strategy f for 3 in A(A, T)@(ay,s;), we observe that all f-conform matches
are infinite. Indeed, player 3 never gets stuck because f is surviving. Moreover, player V does not get stuck neither:
since f is full, from each basic position (a,s) € A x T that is visited along the play, the suggested marking m assigns
some state to each successor of s. Since T is a leafless tree, this marking always induces some pair (b,t) e AxT
that is an admissible choice for player V.

We can visualize this property in terms of the tree representation T of f. By the fact that f is full and surviving,
it is easy to see that each node of T is visited in some f-conform match. It follows that the projection function

75‘5 :Ty — T is onto. As we observed before, if f is also functional, then Tcg is also a 1-1 correspondence between

Ty and T. This means that the property of f of being both full and functional corresponds to the property of ng of
being a bijection between Ty and T. <

The following statement fixes the relation between sentences in special basic form and full and functional
strategies.

Proposition 2.36. Let A =(A,a;,A, Q) be a non-deterministic MSO-automaton with A of type Ax C — SLatt(SBF* (A)).
Given a tree T, we can assume that each surviving strategy for 3 in A(A,T)@ (ay,s;) is full and functional.

Proof Let f be a surviving strategy for 3in G = A(A, T) @ (ay,s;). Since A is non-deterministic, then by proposition
2.10 we can assume f to be functional. In order to see that f is also full, let (a,s) € Dom(f) be a basic position
of G from which f suggests a marking m : A — (cog(s)) that makes A(a,6¢(s)) true in og(s). By definition
A(a,o¢c(s)) is a disjunction of sentences in special basic form, implying that there is some disjunct ¢ € SBF*(A)
which is true in (og(s),m). By the particular syntactic shape of @, each node 7 in (Gg(s),m) witnesses some
variable y, with b(y) a subformula occurring either in the existential or the universal part of @, for some b € A. This
means that m assigns the state b to the node 7. Since ¢ was an arbitrary node of Gz (s), it follows that each node of
or(s) is marked with some state according to m. Since (a,s) was an arbitrary position in Dom(f), it follows that f
is indeed a full strategy. O

The observations provided in remark 2.35 make full and functional strategies quite appealing. By proposition

2.36, we can assume each strategy for 3 to be full and functional by bringing non-deterministic MSO-automata in a
specific normal form, as shown with the next statement.
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Proposition 2.37. For each non-deterministic MSO-automaton A = (A,a;,A,Q), there is an equivalent non-
deterministic MSO-automaton AT = (AT al' AT Q) with AT of type AT x C — SLatt(SBF* (AT')).

In order to prove proposition 2.37, the idea is to let A" be an automaton based on the same carrier A of A, with
the addition of a state a; ¢ A. Roughly, the transition function AF of A" will be given by the sentences in functional
basic form which are associated with A, where each ‘hole’ has been filled with the new state a+. We want that a-
plays the role of a placeholder, in the sense that its presence is irrelevant for the acceptance game of A”. By this
observation we will be able to show A and A are in fact equivalent.

As a preliminary step towards the construction of A”, we introduce a procedure transforming a sentence
@ € FBF*(A) in functional basic form into a sentence in special basic form. This translation will depend on a given
unary predicate b. The idea is that each first-order variable y that is bound in ¢ is brought into the scope of at least
one unary predicate. If y is a variable that was not in the scope of any unary predicate in @, then the subformula
b(y) is placed in the translation of @.

Definition 2.38 (b-translation). Fix a set A of unary predicates and an unary predicate b (not necessarily in A). Let
@ € FBF*(A) be a sentence in functional basic form, depending on sequences B; ... By and C; ...C; of subsets of A.
For each subset S in the sequence, we define the formula ’cg(x) as follows:

b . ts(x) IfS+@
() = { b(x)  Otherwise.

The sentence @ € SBF*(Au{b}) is defined as follows.

¢ = Inx (diff(R) A /\ T () AVZ (diff (£2) >V 1¢,(2)))

1<i<k 1<l<j
In the particular case in which j = 0, the subformula V< TZI (z) is replaced with b(z). q

Definition 2.39. Let A = (A,a;,A,Q) be a non-deterministic MSO-automaton and a be a state that is not in A. We
define an automaton AF = (AT a;, AT QF) by putting

AP = Au{ar)
Aac) = Vx ar(x) Ifa=ar
’ V{¢? € SBF*(AF) | @ is a disjunct of A(a,c)} Otherwise
F _ 0 Ifa=ay
Q' (a) = { Q(a) Otherwise *

For each disjunct ¢ € FBF*(A) of A(a,c), the sentence ¢“7 is the ar-translation of ¢ according to definition 2.38.
It follows that the transition function A has type A” x C — SLatt(SBF* (AT)). The automaton A% is called the
completion of A. <

Proposition 2.40. Let A be a non-deterministic MSO-automaton and AT its completion. The following holds.
A = AF

Proof In order to show the two directions of the equivalence, we fix a tree T.

(=) Let f be a winning strategy for 3in G = A(A, T)@(ay,s;). By proposition 2.13 we can assume f to be
minimal. We want to define a winning strategy f¥ for 3 in the game G = A(A”,T)@ (az,s7). The idea is that £
will be constructed as a sort of ‘saturation’ of f: from a basic position (a,s), the marking m’ suggested by f¥
will extend the marking suggested by f by assigning the state a; to every node of og(s) that was left unmarked
according to f. By minimality of f, this means that there is a disjunct ¢ of A(a,Gg(s)), such that every unmarked
node corresponds to a ‘hole’, i.e. an A-type T§ (x) with S = &, in @. By this observation,it can be checked that mt
makes @7 true in Gg(s) and then it is a legitimate move for 3 in GF'. For the next basic position, we can always
assume that ¥ does not choose a position of the form (ar,t), because this is winning for 3 by definition of A" Tt
follows that we only need to consider f*-conform matches having the same positions of some f-conform match.

Now we proceed with the formal part of the proof. The strategy f* will be defined for each stage of the
construction of a match " in G¥'. While playing 7/, player 3 maintains an f-conform shadow match w. Inductively,
we will make sure that either infinitely many basic positions associated with state a+ occur in " or 3 can keep the
same basic positions for each round in " and .
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At the initial stage the match /" only consists of the position (az,s;). We initialize a shadow match &t from the
same position (ay,s;). By assumption the position (ay,s;) is winning for 3 in G, meaning that 7 is (the initial part
of) an f-conform match. By inductive hypothesis suppose that we have constructed (the initial part of) the match
7", with rounds 20,- - - ,Zi» and (the initial part of) an f-conform shadow match &, with rounds zy, .. .,z;, such that
for each round j < i the two matches have the same positions. Let (a,s) the basic position occurring in /" at round
;. By inductive hypothesis (a,s) also occurs in 7 at the same round. Let m : A — £(cg(s)) be the suggestion of f
from position (a,s). We denote with U, € Gg(s) be the set defined as

Uy = {seor(s)|s¢m(a)forallacA}.

We define a marking m’ : A” — (oz(s)) by putting

F ._ 7 Ifa=ar
m(a) = {m(a) Otherwise

In the sequel we show two claims on f7.

CLAIM 2. The marking m’ suggested by f* is a legitimate choice for 3.

PROOF OF CLAIM By assumption m makes A(a,6¢(s)) true in 6g(s). By minimality of f, there is some disjunct
@€ FBF*(A) of A(a,6¢(s)) such that m is minimal among the markings that make ¢ true in og(s). In order to
show that m’ is a legitimate choice for 3, it suffices to show that m’ makes @7 € SBF* (A") true. This can be
easily checked by minimality of m, definition of a+-translation and m" . [ |

CLAIM 3. Either the next basic position in " is winning for 3 in G or we can maintain the same basic positions
in o and 7 at round Zitl-

PROOF OF CLAIM Suppose that V picks (b,¢) as next position in ¥’ If b = ar, then V is doomed to lose the
match, because by definition of Af (a+,6¢()) all next rounds will be associated with basic positions with parity
Q(ay) = 0. Therefore (b,t) is a winning position for 3 in G

Otherwise, b # ar is a state of A and by definition of m we have that ¢ € m(b). This means that (b,t) is a
legitimate choice for V in  and we can keep the same basic positions one round further in the two matches. =

By claim 2 and 3, the strategy f* is surviving for 3. By proposition 2.36, f* is full and then the match nt*
is infinite. By claim 3 it follows that either a winning position for 3 is visited at some round in 7¥', or the same
parities occur infinitely often in & and the f-conform shadow match 7. Since f is a winning strategy for 3 in G,
also in the latter case the match 7t/ is won by 3.

(<) Let fF be a winning strategy for 3 in G¥ = A(AF,T)@ (ay,s;). We want to define a winning strategy f
for 3in G = A(A,T)@(ay,s;). Suppose that (a,s) € Ax T is a basic position on which f¥ is defined, providing
a marking m! : AT — (cg(s)). The idea is to let the suggestion of f be the restriction of m’ to a marking
m:A - P(cg(s)). Along the same line of reasoning used for direction (=), it is easy to check that, while playing
an f-conform match 7 of G, we can maintain an fF -conform shadow match 7t of GF such that T and 7¥ have the
same basic positions and 3 never gets stuck in 7. O

We are now ready to supply the proof of our normal form theorem for non-deterministic MSO-automata.

Proof of proposition 2.37 Let A be a non-deterministic MSO-automaton. By proposition 2.40 the automaton A is
equivalent to its completion AT, By definition, A” is a non-deterministic MSO-automaton, with transition function
of type AF xC — SLatt(SBF* (A)). i

Historical notes

Automata characterizing MSO on trees have been first introduced by Rabin [27]. Rabin’s results is restricted to
binary trees, but it can be easily extended to trees of k-bounded branching degree, for k a positive integer [23].

Automata characterizing MSO on trees of arbitrary branching degree have been introduced by Walukiewicz
[33]. He works with automata that are in fact equivalent to MSO-automata, providing results that are analogous to
the Simulation Theorem and the closure properties of section 2.4. Our presentation of MSO-automata - in particular,
the focus on the Simulation Theorem - follows the perspective of Venema [31]. We refer to [31], theorem 6.17, for a
result on y-automata which is analogous to the Simulation Theorem. The idea of the refined powerset construction
also comes from the analysis of g-automata given in [31], but the same motivation is already behind the Safra
construction for stream automata [29].
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Chapter 3

Automata Characterization of WEMSO

In this chapter we work with a restricted class of MSO-automata, which we call weak MSO-automata. Intuitively,
an MSO-automaton is weak if we can impose a quasi-order on its states that is ‘respected’ by the transition function
and the parity map.

Definition 3.1. A weak MSO-automaton on alphabet C is a tuple A = (A,<,a;,A, Q) where:
* (A,a7,A,Q) is an MSO-automaton;
* the relation < € A x A is a quasi-order on A;
* Ala,c)isin FO*({beA|axb})foreveryacAand ceC;
o forevery a,beAifa<band b <athen Q(a) = Q(d).

Let T be a tree. The acceptance game of A on T - notation A(A,T) - and its winning conditions are defined as
for MSO-automata, according to definition 2.1.

Remark 3.2. By definition, for each weak MSO-automaton A = (A,<,a;,A,Q), the MSO-automaton A’ =
(A,ar,A,Q) is equivalent to A. <

Remark 3.3 ([25]). The weakness constraint simplifies the structure of the acceptance game for weak MSO-
automata. Let A = (A,<,a;,A,Q) be a weak MSO-automaton and T a tree. Since < is a quasi-order, we can
partition A into equivalence classes by quotienting the symmetric closure of <, which we denote with =.. Let 7 be
an infinite match of A(A,T)@(ay,s;) , associated with basic positions

(al,sl),(al,sl),...,(a,,,s,,),....

By definition of A, for each i < ® we have that a; < a;;1. Since A is finite, there is some k < ® in which 7 stabilizes,
in the sense that for all j > k we have that aj <a;. and a;;| < a;. In other words, the match 7 is eventually trapped
into an equivalence class E of =-. According to definition 3.1, all states in E have the same parity. This means that
there is a unique parity n € Ran(Q) occurring infinitely often in 7.

By this observation it follows that we can restrict Q to a function Q': A — {0,1} without loss of generality. The
parity map Q' is defined by putting Q'(a) =0 if Q(a) is even and Q'(a) = 1 otherwise, for each a € A. It is easy to
check that A = (A,<,a;,A,Q) and A" = (A,<,a;,A,Q') are equivalent. <

The main goal of this chapter is to characterize the expressive power of WFMSO in terms of weak MSO-automata,
in analogy with the case of MSO and MSO-automata. We want to show that for every formula ¢ €e WFMSO we can
effectively construct a weak MSO-automaton which is equivalent to ¢. The argument proceeds by induction on @.
We focus on the inductive case of WFMSO existential quantification, which is the non-trivial part of the proof. For
this purpose, we define a closure operation on tree languages corresponding to the semantics of WFMSO existential
quantification.

Definition 3.4. Let T be a tree and p a propositional letter (not necessarily in P). We refer to the notion of
well-closed p-variant of T as defined in section 1.2. Recall that, since T is a C-labeled tree, any well-closed
p-variant T? of T is a £(Pu{p})-labeled tree.

Let £ be a tree language. The well-closed projection of L over p is the language 3y p.L defined as

Jwp.L={T| there is a well-closed p-variant T” of T such that T” € L}.

Let C be a class of tree languages. C is closed under well-closed projection over p if, for any language £ in C,
also the language Jwp.L isin C. <
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3.1 The Two-Sorted Construction

Our goal is to provide a projection construction that, given a weak MSO-automaton A, provides a weak
MSO-automaton Jy p.A recognizing Jy p.L(A).

The idea is to proceed by analogy with the proof showing that the tree languages recognized by MSO-automata
are closed under projection. In the case of MSO-automata, we proved that the construction is correct by using in an
essential way the assumption that the starting automaton is non-deterministic. In the case of weak MSO-automata,
this passage requires a finer analysis.

Remark 3.5. As shown by theorem 2.14, every MSO-automaton can be assumed to be non-deterministic. However,
this is not the case once we restrict to weak MSO-automata. In order to see that, let A be an MSO-automaton.
We recapitulate the steps leading to the non-deterministic version of A. This is achieved by performing a refined
version of the powerset construction. A non-deterministic automaton A¥ equivalent to A is first constructed with a
non-parity acceptance condition. Through some further transformations we obtain an equivalent non-deterministic
automaton A”® with a parity acceptance condition.

Now suppose that the starting automaton A is weak with quasi-order <. The weakness affects essentially
the parity acceptance condition of A, which however is not carried to the definition of AP Even if we define a
quasi-order <" on the macro-states of A7 on the base of <, there is no way to guarantee that the parity acceptance
condition of AP¥ respects <P® Tn other words, even if A is weak, the equivalent non-deterministic MSO automaton
APF s generally not weak . <

Because of remark 3.5 we cannot use the full power of non-determinism in the projection construction for weak
MSO-automata. However, in the sequel we show how a restricted version of non-determinism fits the best for our
purposes.

Let Q be a weak MSO-automaton, T a tree and f a winning strategy for 3 in Gy = A(Q,T)@(ay,s;). By
proposition 2.10 non-determinism corresponds to the strategy f being functional. The main idea is that we require
f to be functional only for a finite initial segment (i.e. a partial match) 7w of each match f-conform 7 of Gp. This
amounts to say that (Q behaves as a non-deterministic automaton as far as the match is played along wp. We call
this behavior the non-deterministic mode of Q. Through the remaining part of the match there is no requirement
on f being functional or (Q behaving as a non-deterministic automaton. We say that in this part Q has entered the
alternating mode.

As we did in the previous chapter, it is convenient to draw the tree representation T of f, which comes with a
projection function né : Ty — T according to remark 2.4. Each f-conform match of Gy is associated with some
backwards closed path of T¢. Since f is not assumed to be functional, n';; is generally not a 1-1 correspondence
between Ty and T: for some node s € T, there can possibly be more than one state a of Q such that (a,s) is a
node of Ty. However, each f-conform match 7 has an initial segment 7tz where f is functional. The set of all trs
forms a prefix Wy of Ty. The restriction of Tt'é to Wy is a 1-1 correspondence between W ¢ and some well-founded
subtree W of T.

The intuition behind the projection construction is to build a p-variant of T by allowing nodes labeled with p to
be only in W. The resulting p-variant will be well-closed according to definition 3.4.

Non-deterministic Alernating
mode of mode of ¢

Figure 3.1: the initial segment Tt of an f-conform match 7 induces a branch in the well-founded subtree W of T.

!The same phenomenon has been observed in a slightly different setting in [14], remark on theorem 4.1.
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Definition 3.6. Let Q = (0, q;,A, Q) be an MSO-automaton such that Q = B & B, for two finite sets By and B,. We
say that Q is non-deterministic in B if the following condition holds.

* Let T be a tree and f a winning strategy for 3 in A(Q,T)@(g;,sr). Let Ty and Tl:J% : Ty — T be respectively
the tree representation of f and its projection function as in remark 2.4. There exists a prefix Wy of T such
that:

1. all nodes in Wy are of the form (gq1,s) with g € By;
2. all nodes in Ty \ Wy are of the form (g5,s) with > € B;

3. the restriction of the projection function ng to Wy is 1-1.
<

In analogy with the case of MSO-automata, we want to show that for every weak MSO-automaton A we can
canonically construct an equivalent weak MSO-automaton that is non-deterministic in some non-empty set of states
B. The idea is to take as set B the carrier A¥ of the refined powerset construction on A, as in definition 2.20. The
resulting automaton A% is called two-sorted because it roughly consists of a copy of A¥ and a copy of A. Given a
tree T, we want that any match of A(A?S, T) is split in two parts:

1. for finitely many steps A% plays a match of the acceptance game of AP on T;
2. at a certain stage A5 abandons the first match and plays a match of the acceptance game of A on T.

The first part corresponds to A% being in the non-deterministic mode, whereas the second part corresponds to A%
being in the alternating mode. In fact A¥ is a non-deterministic automaton, whereas A is generally not. The formal
definition of A% will guarantee the correctness of this construction, in the sense that A turns out to be equivalent
to the original automaton A. Before going into the details of the construction of A%, we informally explain its
components.

« The set of states of A2 includes both the original states of A and the macro-states of A¥.

* The quasi-order in A%S of the states of A is the same as in the original automaton A. In order to guarantee
that we can switch from the non-deterministic mode to the alternating mode in any stage of the simulation
of AP, we put every state of A ‘above’ every macro-state, with respect to the quasi-order. The quasi-order
between macro-states themselves is defined as the flat order, because the transition of A¥ does not originally
have any order to respect.

* The initial state of A% is the initial state of A¥ because we start every run with A%S in the non-deterministic
mode.

* The transition function of A%’ is just the same of the original automaton A on the states of A. On the
macro-states of AP the transition function of A allows for continuing in the non-deterministic mode or
switching to the alternating mode and enter the simulation of A.

AB(a,c) = Aa,c)

AB(R,c) = ARc)v A Alac)
acRan(R)

Observe that the match in the game for A always starts from a state a € Ran(R), which is a winning position
if R was a winning position in the game for AP as shown in the proof of theorem 2.14. Intuitively, this
property guarantees that switching from the non-deterministic to the alternating mode does not alter the
winning conditions of a match.

* The parity map for A% has the same value as the map of A on the states of the original automaton A. All

the macro-states of A¥ receive an odd parity. In this way we guarantee that every match that is won by 3
eventually makes A?® switch from the non-deterministic mode to the alternating mode.

We are now ready to provide the formal definition of A5,
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Definition 3.7. Let A = (A,<,a7,A,Q) be a weak MSO-automaton and AP = (Ap ,af,Ap ,NBTg,) its refined
powerset construction as in definition 2.20. The weak MSO-automaton A% = (A%5 <25 475 A%S Q25) is defined as
follows.

AS = AuA®
< = < u@axA) u (AF xA)
& df
AS(a,c) = Ala,c)
ASR,e) = ARe)v N Alac)
acRan(R)
0%(a) = Q(a)
Q*S(R) = 1

Here a stands for any state in A and R stands for any state in AP The automaton A% is called the two-sorted
construction over A. <

Proposition 3.8. Let A = (A,a;,A, Q) be a weak MSO-automaton and A>S the two sorted construction on A. The
automaton A is non-deterministic in A¥.

Proof Let T be a tree and f a winning strategy for 3 in G2 = A(A?, T)@(g;,s;). By proposition 2.13 we can
assume f to be minimal. Let Ty = (T¢,(qr,s1),Ry,Vy) and Ttg : Ty — T be respectively the tree representation of
f and the projection function for T as in remark 2.4. We need to show that there is a prefix Wy of Ty with the
properties described as in definition 3.6.

In order to define Wy, it suffices to provide a frontier By of T . For this purpose, consider an arbitrary branch
E in T. By definition of T, the branch E corresponds to the sequence of basic positions visited in an f-conform
match 7tz of G25. The key observation is that, since f is winning and minimal, we can split E into an initial segment
where A%S is in the non-deterministic mode and the remaining part of E where A5 is in the alternating mode.

On the base of this observation, it is easy to see that there is a node (R, s) € AP xT along E with the following
properties:

* for each node (g,7) € A>S x T in E such that (¢,1)R}(R,s), we have that ¢ cAP,

« for each node (q,7) € A>> x T in E such that (R,s)R}(q,t), we have that g € A.

We put EnBy := {(R,s)}. Since E was an arbitrary branch of T, this suffices to define a frontier By of Ty. We
let Wy be the prefix induced by the frontier By, i.e.

Wr = {(Q,1) €Ty | (Q,1)R}(Q',1") for some (Q',1") € By }.

In order to prove the main statement, it remains to show that the restriction n§ W, Wy —T of TEJZC to Wyis 1-1.

Let W c T defined by putting W := ng [W¢]. Let fiw denote the restriction of f to a strategy for 3 in partial matches
of G5 which are played along nodes in W, that is, Dom(fyw) = Dom(f) n (A* x W). By definition of T; and 7],
in order to show that Tt; W, is 1-1, it suffices to show that f)y is a functional strategy.

For this purpose, let T be an fjw-conform partial match of G which is played along nodes in W, with basic
positions (a}p,s[), (R1,51),--.,(Rk,sr). The key observation is that T can be also seen as an fy-conform partial
match of G¥ = A(AP T)@ (af7 s7). In order to see that, consider any round z; in T with i < k, associated with basic
position (R;,s;). It suffices to show that the marking m; suggested by fjw makes Ap(Ri,GC(S,')) true in Gg(s;).
Since f is surviving, then fyy is surviving in W and m; makes A%S(R;,6¢(s;)) true in 6g(s;). By definition of A5,
this means that m; makes either A®(R;,6¢(s;)) or Nacran(r) A(a,c) true in Gg(s;). By assumption we know that
m; assigns Rjyq € AF to the node Si+1, because (R;y1,5:+1) is the next basic position in 7. Since fw is minimal, this
means that m; makes A” (R;,6¢(s;)) true in 6g(s;).

Therefore fw is a strategy for 3 in G¥ which is surviving in W. By proposition 2.10, it follows that fw is a
functional strategy, whence the function n{ w, is 1-1. m|

In the sequel we show that the two-sorted construction produces an automaton A?S which is equivalent to the
starting automaton A.
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Proposition 3.9. Ler A = (A,a;,A,Q) be a weak MSO-automaton and A?S the two sorted construction on A. For
each tree T, the automaton A% accepts T if and only if A accepts T.

Proof (=) Let T be a tree, /> a winning strategy of 3 in G*5 = A(A%, T)@ (a}P,sl). We want to define a strategy
f that is winning for 3in G = A(A,T)@(ay,s;). The key observation underlying the construction of f is that, for
each f 28_conform match 25 of G25, there is a round z in which A2 enters the alternating mode: from that moment
on, A% ‘behaves’ as A, and ©>5 becomes in fact a match of G. Then we can simply let f be defined as 25 for
all rounds after z. For the rounds preceding round z, A? is in non-deterministic mode and ‘behaves’ as AP This
means that in this phase 125 looks as match of the game A(AP, T) @ (a}P ,s1). However, the equivalence between
A¥ and A provides us with a canonical way to construct the strategy f for those rounds before z, in terms of a
strategy for 3 in A(AF T)@(d¥,s;).

Now we proceed with the formal part of the proof. The strategy f will be defined for each stage of the
construction of a match 7 in G. While playing m, player 3 maintains an f>5-conform shadow match ©>5. Inductively,
we will make sure that 3 can keep the following condition for each round z in 7 and 15,

Either case 1 or case 2 holds for the current round z.

1. Case 1 The current basic position in 7 is of the form (a,s) eAxT
and the current basic position in 5 is of the form (R,s) e A¥ x T,
with a € Ran(R). (€3

2. Case 2 Both  and n®S are at the same basic position of the form
(a,s) eAxT.

Let us first show why 3 is guaranteed to win 7 if she never gets stuck and condition (%) is maintained for each
round that is played in © and 7>, The case in which finitely many rounds are played corresponds to player V getting
stuck in 7. In the remaining case, suppose that infinitely many rounds are played in 7 and 725, We argue that there
is some round z in which a basic position of the form (b,7) € A x T occurs in the f25-conform shadow match 15, If
this was not the case, by definition of A>S, infinitely many positions of the form (R,1) ¢ A¥ x T would occur in 7%5.
Then the unique parity n < @ occurring infinitely often along ©>5 would be associated with a position of the form
(R,t) € AP XT. By definition of Q5, the parity n is odd, contradicting the fact that 25 is a winning strategy for 3.

Therefore there is a round z < @ in which a basic position of the form (b,t) € A x T occurs in 725, By definition
of A28, for all successive rounds Zi+1,%i+2,--- in which we maintain the match 7S, only positions of the form
(d,r) e AxT can occur in T3, Since the strategy 2’ is winning, then the unique parity m < ® occurring infinitely
often along the play associated with rounds z;,7;+1,2i+2,--- is even. By condition (%), rounds z;,7i+1,2i+2,--- IN T
have the same basic positions of rounds z;,z+1,Zi+2, ... in ©25. It follows that m is also the unique parity occurring
infinitely often along 7, so 3 wins 7.

Now the goal is to define a strategy f for 3 in 7, so that the move suggested by f is always legitimate and 3 can
maintain condition (%) for each inductive step of the construction of T and ©*5. At the initial round the match
consists only of the position (ay,s;). We start the construction of the shadow match 1?5 from position (a}P,SI). By

28

assumption (af,s;) € Win3(G*S), so w5 is in fact (the initial part of) an f>5-conform shadow match. Since a; is in

Ran(a}?), condition () holds for the first stage of the construction.

Inductively, suppose that we have constructed (the initial part of) the match 7, with rounds zo,...,z;, and (the
initial part of) an f>5-conform shadow match ©>5, with rounds z, ... ,z;, such that for each j < condition (%) is
respected. Let (a,s) the basic position occurring in T at round z;. In order to define the value of f on (a,s), we
distinguish two cases.

1. First, suppose that position (a,s) occurs also in 7> at round z;. Let mﬁ‘i be the marking suggested by 25 to
3 from position (a,s) in ©>5. We let m,%S‘ be also the suggestion for 3 from position (a,s) in 7.

2. Otherwise, suppose that at round z; a position (R, s) occurs in 125 with a € Ran(R). Let m,zei be the marking
suggested by 25 to 3 from position (R, s) in 5. We distinguish two further cases.

a) If (GR(s),mIZgS) F Aberan(r) A(P,0¢(s)), then 3 picks the marking m,zgs.
b) If (GR(S),mI%i) = AP(R,6¢(s)), since a is in Ran(R) we can apply proposition 2.22 to get a marking
my: A — P(cg(s)). We let m, be the choice of 3 in 7.
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Observe that cases 2.a and 2.b are exhaustive because 2 is winning, meaning that

(or(s),mp) EA(Rioc(s))v A A(b,oc(s)).
beRan(R)

Also cases 1 and 2 are exhaustive because condition (i) holds by inductive hypothesis. In order to complete the
proof, we need to show that the moves for 3 prescribed by f are legitimate and allow to maintain condition (%) for
one more round.

CLAIM 4. The move suggested by f from position (a,s) is legitimate.

PROOF OF CLAIM This clearly holds for case 1 of the definition of f. In order to prove the same for case 2.4,
the key observation is that by assumption a € Ran(R). It follows that A(a,0¢(s)) is one of the conjuncts of
Nberan(r) A(b,6¢(s)), therefore

(0r(s),miy) F A(a,6¢(s)).

Concerning case 2.b, proposition 2.22 guarantees that (Gr(s),m,) £ A(a,s). ]
CLAIM 5. If V does not get stuck at round z;, then player 3 can maintain condition (%) at round z;41.

PROOF OF CLAIM If f was defined according to case 1, then the set og(s) is marked according to marking mﬁSS
both in 7 and ©*5. Therefore any next basic position (b,¢) chosen by V in 7S is also available in the shadow match
7?5, By letting V choose (b,t) in 75, we have the same basic positions in the two matches at round z;, 1, so that
condition (%) is maintained.

Otherwise, suppose that f was defined according to case 2.a. The same argument provided for case 1 applies.
In the remaining case, f suggested a marking m to 3 according to case 2.b. Let (b,t) be the next basic position
chosen by Y in 7. Proposition 2.22 guarantees that there is Q € A® such that b € Ran(Q) and 1 € m* (Q). Therefore
the basic position (Q,7) is an available choice for V in the shadow match ©>5. By letting ¥ choose (Q,7) in 125, we
are able to maintain condition (). ]

The proof of the two claims completes the proof of the main statement.

(<) Given a winning strategy f for 3 in G, we want to construct a winning strategy 25 for 3 in G*5. The
definition of f is provided for each stage of the construction of a match 2% of G25, while maintaining an f-conform
shadow match © of G.

The idea of the definition is to let A>S enter immediately the alternating mode. This means that we make
3 play the very same strategy f in ©%5. From position (af,sI) in ©?5, the marking m suggested by f makes
A(a;,6¢(sp)) true, which is just the formula /\aeRan(af) A(a,oc(sr)). Therefore (Gr(sy),m) E AZS(a}png(sl)). It

is straightforward to check that from this round on the two matches have the same basic positions.
[m]

3.2 From WFMSO to Weak MSO-Automata

We are now ready to show the main result of this section: the class of tree languages recognized by weak MSO-
automata is closed under well-closed projection. The argument is analogous to the one showing that MSO-automata
are closed under projection, but we use the two-sorted construction instead of the refined powerset construction.
The p-variant induced by the projection automaton will be guaranteed to be well-closed because all nodes labeled
with p are visited when the automaton is in non-deterministic mode.

Definition 3.10. Let A = (A,<,a7,A,Q) be a weak MSO-automaton on alphabet #(Pu{p}). Let A?S denote its
two-sorted construction. We define the automaton Iy p.A = (A%, <>5 425 A, Q5) on alphabet C by putting
A(a,c) = A¥(ac)
A(R,c) = AB(R,c)VAB(R,cu{p)}).

The automaton Iy p.A is called the two-sorted projection construction of A over p.

Remark 3.11. Given A and 3y p.A as above, we observe that 3y p.A is a weak MSO-automaton which is non-
deterministic in A® according to definition 3.6. In order to see that, the key observation is that 3y p.A is defined
almost as A%S. Then the same argument provided in proposition 3.8 to show that A? is non-deterministic in AP
also holds for the case of Iy p.A. <
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Proposition 3.12. For each weak MSO-automaton A on alphabet RP(PU{p}), let Iwp.A be the two-sorted
projection construction of A over p, on alphabet C. The following holds.

L(3wp.A) = Iyp.L(A) 3.1)

Proof Let A = (A,<,a;,A, Q) be a weak MSO-automaton on alphabet £(Pu {p}) and Jyp.A = (A>5,<?S
.a> 7 S A,Q% ) the two-sorted projection construction of A over p. We want to prove that, for any tree T:

dwp.Aaccepts T iff there is a well-closed p-variant T? of T such that A accepts T”.

(=) Let T be a tree and f a winning strategy of 3 in G = A(3wp.A, T)@(af,s/). Our goal is to provide a
well-closed p-variant T? of the tree T and a winning strategy for 3 in G* = A(A?S, T?)@(a},s). Then the proof
is completed by applying proposition 3.9.

The intuitions underlying the construction of a p-variant T? are similar to the ones provided for the case of
MSO-automata - proposition 2.29. The essential difference is that we cannot assume the automaton 3y p.A to
be non-deterministic. However, we can assume Jy p.A to be non-deterministic in AK), and this is exactly what is
needed.

By definition of 3y p.A in terms of the two-sorted construction A2S there is a well-founded subtree W of T
where 3y p.A behaves as a non-deterministic automaton. Then we can use the information suggested by f to label
with p the nodes in W, just as in the proof of proposition 2.29. Since W is well-founded, we are guaranteed that the
resulting p-variant T? is well-closed. Since T” has been defined on the base of the information suggested by f, it is
not difficult to check that f serves also as a winning strategy for 3 in G%5.

In the sequel we give a proof of direction (=) following the intuitions described above. Let T 7 be the tree

representation of f and n'zf :Ty — T the associated projection function. By remark 3.11, the automaton 3y p.A is

non-deterministic in A¥, meaning that there is a prefix W of T 7 with the properties described as in definition 3.6.
Just as we observed in the proof of proposition 2.29, since n2 is 1-1 on Wj then for each node s € 7 [Wf] there is
a unique ¢ € A?S such that 1% (q,s) = s. By definition of W we know that ¢ = R for some R € AP Since such R is

unique for s, we use the notation R, to indicate R. We use the map n‘zf to define a subset X, of T as follows.
X, = {sem[W;]| (0r(s),/(Rs,s5)) = A¥(Rs,0c(s) u{p})} (3.2)

Observe that by definition X, is a subset of né [W7]. Since Wy is a well-founded subtree of T, then also ng [Wr]
is a well-founded subtree of T. It follows that X), is in WC(T).

We denote with T? the p-variant of T induced by X,,. By the fact that X, is in WC(T), the tree T? is in fact a
well-closed p-variant of T. In order to complete the proof of direction (=), we need to provide a winning strategy
for 3in G?5. In fact we claim that such strategy can be taken to be f itself.

CLAIM 6. The strategy f is winning for 3 in G>5.

PROOF OF CLAIM In order to prove the claim, we construct an f-conform match 7>5 of G5, while maintaining an
f-conform shadow match % of G. Inductively, we will make sure that 3 never gets stuck in 725 and she can keep the
same basic positions for each round z; that is played in & and ©>5. We refer to this as condition (). Since Fy p.A
and A% have the same set of states and the same parity map, it is immediate to check that maintaining condition
(%) along the whole play is enough to show that 3 wins the match ©*5

At the initial round the match ©t>5 consists only of the position (a}P,sl) We start the construction of an
f-conform shadow match 7t from the same position (a 7 551). Inductively, let (q,s) € A5 x T be the basic position
occurring both in  and 5 at round z;. By inductive hypothesis & is f-conform, meamng that f suggests a marking
m:A> - P(cg(s)) that makes A(q,6¢(s)) true in 6g(s). In order to keep m*5 conform to the strategy f, we
suggest the same marking to 3 in ©>5. Then we need to check the following two statements:

1. the marking m is a legitimate choice for 3 in ©>
2. condition (%) can be maintained in the next round z;1.

In order to show the first statement, we distinguish two cases.
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a) If g is of the form a € A, then the first property of W; provided by definition 3.6 excludes that s is in Wy.
Therefore s is also not in X, and the label of s in T? does not contain p. More formally, this means that

og(s) =oc(s), (3.3)
where 67.: T — P(Pu{p}) is the labeling function of T and 6¢ : T — C the labeling function of T.

By assumption m makes A%(a,G¢(s)) true in 6g(s). By (3.3) the marking m also makes A% (a, oZ(s)) true
in 6x(s) and then it is an admissible choice for 3 in 75

b) Otherwise, suppose that g is of the form R € AP, By the second property of W provided by definition 3.6 we

know that (R,s) is a node in Wj. Since n; is 1-1 on Wy we also know that R is the unique state such that
(R,s) € Wy. At this point, we distinguish two further cases.

a) If the label of s in T? does contain p, by definition s is in X,,. This means that

(or(s),m) E A (R,oc(s)u{p}). (3.4)

By definition of 6} the label 6¢(s) U{p} is equal to 6%(s). Therefore m makes A*S(R,o0(s)) true in
(or(s),m) and it is an admissible choice for 3 in ©*5

b) In the remaining case, the label of s in T? does not contain p. This means that

(or(s),m) # A (R,6¢c(s)u{p}). (3.5)

Since m is a winning position for 3 in #, it follows that m makes the other disjunct of A(R,c¢(s)) true,
ie.

(or(s),m) £ AP (R,6¢(s)). (3.6)

Since by assumption the label of s in T?” does not contain p, we are in the situation depicted in (3.3).
Therefore m makes A*S(R,67(s)) true in (0g(s),m) and it is an admissible choice for 3 in 7%5.

It should be clear that the cases considered above exhaust the possibilities for the position (g,s). Therefore m
is an admissible choice for 3 in 5. It remains to show the second statement, namely that condition (%) can be
maintained in the next round z;, . This is clear because the same marking is suggested to 3 in n>5 and %. |

The proof of the claim together with proposition 3.9 completes the proof of direction (=).

(<) Let T be a tree and T? a well-closed p-variant of T that is accepted by A. Let f be a winning strategy for
Jin G = A(A,TP)@(ay,s;). We want to provide a winning strategy f to 3in G = A(HWpA,’]I‘)@(a}P,sl).

As a preliminary remark, observe that the automaton 3y p.A is almost defined as A%S. Thus the argument we
are going to use to construct f is somehow similar to the one provided for showing that A% and A are equivalent,
in proposition 3.9.

As in direction (<«=) of proposition 3.9, we could be tempted to define f simply as f. Intuitively, this would
have the effect of making 3w p.A enter the alternating mode already at the first round of any f-conform match of G.
Then, if the moves suggested by f are always legitimate, any f-conform match of G would have the same basic
positions of an f-conform match of G.

The problem with this argument is indeed that the moves suggested by f are not generally legitimate. In order
to see that, suppose that s is a node whose label includes p in T”. If (a,s) € Win3(G) is a winning position for 3
in G, then f would provide a marking mg_s such that (Gg(s),mq) £ A(a,064(s)). However, since by assumption
ol(s)=oc(s)u{p}is different from oc(s), then generally (og(s),mqs) # A(a,0¢(s)). If the same position (a,s)
is visited in a match of G, player 3 should come up with a marking that makes A(a,6¢(s)) true. This means that
mg ¢ may not be a legitimate choice for her.

We are going to refine this argument such that it gives a correct proof of the statement. The underlying idea
of our construction is that f is going to be defined as f only from positions of the form (a,s) € A x T, where we
are guaranteed that the label of s in T? does not include p, so that we can avoid the situation described above.
In fact this condition holds for any match of G after finitely many rounds. The reason is that the p-variant T” is
well-closed, meaning that all nodes with label including p are confined into a well-founded subtree X, of T.

Therefore we are going to put f equal to f as soon as a match of G ‘crosses’ the frontier of X »- Intuitively, this
moment coincides with 3y p.A entering the alternating mode. For all the precedent rounds, we keep 3 p.A in the
non-deterministic mode. All positions visited in this initial part will be of the form (R, s) € AP xT. A legitimate
move for 3 from such position can make either A>(R, ¢ (s)) or AS(R,6¢(s)u{p}) true: intuitively, this means
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that we are able to deal both with the case p € 6”(s) and p ¢ 6” (). The marking for 3 from position (R,s) will be
suggested by f, passing through the equivalence between A and A¥ as we already observed in proposition 3.9.

On the base of these intuitions, we proceed with the formal details of the proof. In the sequel we say that a node
s €T is p-free if T.s does not contain any node ¢ such that p € cg(t). The strategy f will be defined for each stage
of the construction of a match & in G. While playing &, player 3 maintains a set M of f-conform shadow matches.
We indicate with M; the set M at round i. Inductively, we will make sure that 3 can keep the following condition
for each round z; in & and each match in M;.

Either case 1 or case 2 holds for the current round z;.

1. Case 1 The current basic position in 7t is of the form (R, s) e A¥ x T,
For each a € Ran(R) there is an f-conform shadow match 7, in
M, at the same round z;, such that the current basic position in 7,
is (a,s) € Ax T. Either the node s is not p-free or s has a sibling ¢ )
which is not p-free.

2. Case 2 The current basic position in 7 is of the form (a,s) e Ax T,
with s a p-free node. The set M; consists only of one f-conform
shadow match m, whose current basic position is (a,s).

Let us first show why 3 is guaranteed to win 7 if she never gets stuck in 7 and she can keep condition (i) for
each round that is played in & and the shadow matches in M. If V gets stuck in &, then 3 immediately wins the
match. Otherwise, f is infinite and we argue that in finitely many steps a basic position of the form (b,t) e AxT
occurs in . If this was not the case, consider the branch B of T along which the match 7 is played. By condition
(%), there would be infinitely many nodes r in T? such that 6g(r) intersects B and some node in 6g(r) is labeled
with p. This contradicts the assumption that T? is a well-closed p-variant.

Therefore the shadow match f arrives to a round z;, associated with basic position (b,t), where 7 is p-free.
By condition (}) at the same round z; there is a unique f-conform shadow match © which is at the same basic
position (b,t). By definition of A, for all successive rounds z;.1 ,Zi+2, - - - in which we maintain the match 7, only
positions of the form (d,r) € A x T can occur in . By condition (%) the same positions occur in T in the same
rounds. Observe that all nodes visited in rounds z;+1,zi+2,... are p-free since they are all elements of T, and ¢
is p-free. Since the strategy f is winning, then the unique parity m < ® occurring infinitely often along the play
associated with rounds z;,z;+1,Zi+2, .. 1S even. It follows that m is also the unique parity occurring infinitely often
along the match 7, meaning that it is won by 3.

Now the goal is to define the strategy f for 3 in &, in such a way that the marking suggested by £ is always
legitimate and she can maintain condition (%) for each round that is played in & and the shadow matches in M.

First we consider the trivial case in which the p-variant T? does not have any node whose label includes p.
Then T? is just defined as T and it is straightforward to check that by putting f equal to f player 3 is going to win
the match %t. The argument showing that follows the lines of the proof of direction (<=) in proposition 3.9.

Therefore in the sequel we can assume that T? contains at least one node whose label includes p, implying
that the node s; is not p-free. At the initial round, the match # consists only of the position (a}P,sl). We start the
construction of a shadow match w,, from position (ay,s7). By assumption (az,s;) € Win3(G), so m, is in fact (the
initial part of) an f-conform shadow match. We initialize M; = {7, }.

Since a; € Ran(a}P ) and sy is not p-free then case 1 of condition (i) holds for the first stage of the construction.
Inductively, suppose that we have constructed (the initial part of) the match 7, with rounds zo,...,z;. Also, we are
provided with a set M;, where each element of M; is (the initial part of) an f-conform shadow match, with rounds
20, --,2i, such that for each j <i condition () is respected by M and &. Let (g,s) € A% x T be the basic position
occurring in % at round z;. In order to define the value of f on (g,s), we distinguish two cases.

1. First, suppose that ¢ = a for some a € A. By case 2 of condition (i) position (g,s) occurs also in T at round z;,
where 7 is the only f-conform shadow match we are maintaining in M;. Let m, ; be the marking suggested
by f to 3 from position (a,s) in w. We let m, s be also the suggestion for 3 from position (a,s) in 7.

2. Otherwise, we have that g = R for some R € A®. By case 1 of condition (%) the set M, contains one f-
conform shadow match =, at position (a,s) in the same round z;, for each a € Ran(R). Let m, 4 be the
marking suggested by f to 3 from position (a,s) in w,. We distinguish two further cases.
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a) If every 7 € 6g(s) is p-free, then we define 1 : A - R(cg(s)) by putting

b U mau(b). 3.7
acRan(R)
‘We let 7z be the choice of 3 in 7.

b) Otherwise, some € Gg(s) is not p-free. In this case we define 7i: A¥ - £(cz(s)) as the marking
obtained by the set of markings {m, | @ € Ran(R)} according to proposition 2.21. We let /i be the
choice of 3 in 7.

By definition of A?S the two cases considered above are exhaustive for g € A>S,
In order to complete the proof, we need to show that the move suggested by f is legitimate and allows to
maintain condition (}) for one more round.

CLAIM 7. The move suggested by f from position (g, s) is legitimate.

PROOF OF CLAIM If f is defined according to case 1, then g = a for some a € A and by assumption s is p-free.
This means that 6¢(s) = 6%(s). Since f is winning we know that

(or(s),mas) E A(aﬁé(s)).
Then we also have that

(0r(s5),mas) E A(a,0¢(s)),
meaning that m,  is a legitimate move for 3.

Otherwise, suppose that f is defined according to case 2.a. Then ¢ = R for some R € A¥. As a preliminary step,
we observe that for each a € Ran(R) the sentence A(a,6¢(s)) € SLatt(BF*(A)) is a disjunction of sentences in
basic form. Therefore it enjoys the monotonicity property given in remark 1.24. By definition for each a € Ran(R)
the marking 77 as in (3.7) extends m, ;. Since by assumption

(0r(5),mas) E A(a,64(s)),
then we also have that
(or(s),m) = Aa,0¢(s)).

Therefore

(or(s),m)e N\ Aa,60(s)). (3.8)

acRan(R)
By assumption we cannot guarantee that the node s is p-free. Thus we distinguish two cases.

a) If p e 67(s), then by definition of p-variant 67.(s) = 6¢(s) u{p}. This means that A(a,c(s)) = A(a,0¢(s)U
{p}), for each a € Ran(R).

b) If p ¢ 67.(s), then by definition of p-variant 67.(s) = 6¢(s). This means that A(a,6%(s)) = A(a,6¢(s)), for
each a € Ran(R).

If we are in the first case, then

(or(s),m) = N\ Ala,6c(s)u{p}).

a<Ran(R)

Otherwise we are in the second case and

(or(s),m)= A A(a,0¢(s)).

acRan(R)

By definition of A(R,6¢(s)) this is sufficient to show that 77t is a legitimate choice for 3.
The last case we need to consider is when f is defined according to case 2.b. Also in this case g = R for some
R AP By the fact that f is winning we know that for each a € Ran(R) the marking m, ; makes A(a,0l(s)) true in
Gr(s). Therefore proposition 2.21 guarantees that
(Or(s),m) = A" (R, 67 (s)). (3.9)

Just as in case 2.a, by definition of A(R,G¢(s)) this suffices to show that 77 is a legitimate choice for 3.
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CLAIM 8. By playing according to f, either player 3 makes V get stuck at round z or she can maintain condition
() in round z;41.

PROOF OF CLAIM If f was defined according to case 1, then the set 6g(s) is marked according to marking m
both in 7 and R, therefore any next basic position (b,¢) chosen by V in 7 is also available in the shadow match 7.
By letting V choose (b,t) in T we have the same basic positions in the two matches at round z;,. By definition, by
the fact that s is p-free it follows that also ¢ € 6g(s) is p-free. Therefore case 2 of condition (i) is respected.

Otherwise, suppose that f was defined according to case 2.a. By definition of 7z for any next basic position
(b,t) chosen by V in ft the same position is available for V in the shadow match 7, for some a € Ran(R). We select
one such 1, and we dismiss all others shadow matches in M, so that M, := {m,}. We let V choose (b,?) in Tt,.
Then f and 7, have the same basic position (b,f) occurring at round z;, ;. By assumption of case 2.a the node ¢ is
p-free. Therefore case 2 of condition (%) is respected.

In the remaining case, f was defined according to case 2.b. Let (Q,7) € AP x T be the choice of V in 7 as next
basic position. Proposition 2.21 guarantees that for each b € Ran(Q) there is some a € Ran(R) such that 7 € m,(b).
Therefore for each b € Ran(Q) we can select a match 7, € M; such that ¢ € m,(b). We define 7, as the match
extended with the movement given by V choosing (b,f) as next basic position. We define M, to be the collection
of matches 7, 5, for all b € Ran(Q).

Since we are in case 2. of the definition of f, there is some node r € Gg(s) such that r is not p-free. Therefore
either ¢ is not p-free or it has a sibling which is not p-free. Then it is immediate to check that (Q,r) and M4,
respect case 1 of condition (). ]

The proof of the two claims complete the proof of direction (<=). m|
As a corollary we obtain a characterization of the expressive power of WFMSO in terms of weak MSO-automata.
Theorem 3.13. For every ¢ € WFEMSO, there is an effectively constructible weak MSO-automaton Ay such that
forany tree T, TE @ iff AgacceptsT.

Proof The proof is by induction on ¢. Atomic and boolean cases are easily handled with the same argument
supplied for MSO and MSO-automata, reflecting the fact that the semantics of MSO and WFMSO coincides on
these cases. For the case of existential quantifier, we use instead proposition 3.12.

* For the atomic case, we have to consider formulae R(p,q) and p © g. The corresponding automata are Ar(p.g)
and A ,c,, defined respectively as in example 2.5 and 2.6. It is easy to see that these two automata are in fact
weak MSO-automata, where the quasi-order is trivially the cartesian product of states A x A.

* If @ is of the form -, by inductive hypothesis we have a weak MSO-automaton Ay, that is equivalent to
y. Let A_y, be the MSO-automaton obtained by applying proposition 2.31 to Ay. By imposing the same
quasi-order of Ay also on A_y,, we obtain a weak MSO-automaton accepting the same language of A_,, that
is the complement of the language of Ay, by proposition 2.31.

o If o=y vy, let Ay, and Ay, be weak MSO-automata which are equivalent respectively to y; and y,. Let
A be the MSO-automaton obtained by applying proposition 2.30 to Ay, and Ay,. It should be clear that A,
can be turned into a weak MSO-automaton: in order to see that, recall that by proposition 2.30 the carrier of
Ay is AjUuAyU{ar}, where A; is the carrier of Ay, for i e {1,2}. Let <; denote the quasi-order of A,,. We
define the quasi-order < on A, by putting

< = $1U52U({a1}><(A1UA2)).

It is immediate to check that the addition of the quasi-order < yields a well-defined weak MSO-automaton
accepting the same language of Ay, which is, by proposition 2.30, the union of languages of Ay, and Ay, .

e If =3p.y, let Ay be the weak MSO-automaton that is equivalent to . Let Jw p.A be the weak MSO-
automaton obtained from Ay, by proposition 3.12. The following derivation shows that 3y p.Ay, is equivalent

to dp.y.
Iwp.Ay accepts T < there is X, e WC(T) such that Ay, accepts T[p— X,,] (proposition 3.12)
< thereis X, e WC(T) such that T[p+— X, ] =y (inductive hypothesis)
< TE3py (semantics of WFMSO)
O
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Historical Notes

The version of weak MSO-automata working on binary trees are often called weak alternating tree automata
in the literature. They have been first introduced in [24] as the automata characterizing the expressive power of
WMSO on binary trees. The idea of an automaton with an ‘alternating mode’ and a ‘non-deterministic mode’,
which underlies the two-sorted construction, also comes from [24], proof of Lemma 1.

Our definition of weak MSO-automata is equivalent to the one provided in [14], definition 4.1. We refer to [25]
for an overview on the different characterizations of the weakness constraint for automata working on trees.
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Chapter 4

Logical Characterization of Weak MSO-Automata

In this chapter we show the converse direction of theorem 3.13, namely that, for every weak MSO-automaton A,
there is a formula @, € WFMSO which is equivalent to A.

Let T be a tree. The idea is to construct @4 in such a way that it expresses the existence of a winning strategy
f for 3in A(A,T)@ (ay,sr). This encoding goes smoothly if we can assume that f marks each node of T with
exactly one state of A.

For this purpose, by theorem 2.14 we can construct a non-deterministic MSO-automaton which is equivalent
to A. However, as noticed in remark 3.5, the automaton A”¥ is not generally a weak MSO-automaton. This means
that different parities can occur infinitely often in the same match of A(A” ¥ ,T). As we will see in the sequel,
we cannot give an account of the winning conditions of this acceptance game by referring only to well-founded
subtrees of T. The quantification of WFMSO is too restrictive and we need instead the full generality of MSO
quantifiers.

In the sequel we overcome this difficulty by showing that, because it is weak, A can be turned into an equivalent
non-deterministic MSO-automaton B where the parity map Qp : B — ® can be assumed to range only over {0,1}.
The acceptance game associated with B turns out to be essentially simpler than the one for arbitrary MSO-automata.
The states of B can be divided into accepting states - the ones with parity O - and rejecting states - the ones with
parity 1. It should be clear that 3 wins a match if and only if at least one accepting state occurs infinitely often
along the play. This resembles a Biichi acceptance condition, and in fact there is an equivalent description of B as
an automaton where the acceptance condition is given by a set F' of accepting states, instead of a parity map Q. It
turns out that Biichi acceptance conditions can be described in terms of well-founded trees, so that we can express
them by means of WFMSO-formulae without requiring the full expressiveness of MSO quantifiers. This is the key
observation leading to the logical characterization of non-deterministic Biichi automata and weak MSO-automata.

APK“'

4.1 From Weak MSO-Automata to Non-Deterministic Biichi Automata

Definition 4.1. A non-deterministic Biichi automaton (abbreviated NDB) is a non-deterministic MSO-automaton
B = (B,b;,A,Q) where Ran(Q) is a subset of {0,1}. <q

Remark 4.2. The name ‘Biichi’ for MSO-automata as in definition 4.1 is motivated by the fact that we can
reformulate their acceptance condition as a standard Biichi condition. More precisely, suppose that B = (B, by, A, F)
is a non-deterministic automaton where F is a subset of B. For a tree T, we define the winning conditions of
A(B,T) as follows:

» player 3 wins an infinite match in A(B, T) if and only if there is a state b € F occurring infinitely often along
the play.

Now let Qp : B— {0, 1} be the characteristic function of F, given by putting Qr(b) :=0if be F and Qp(b) := 1
otherwise, for each b € B. It should be clear that B’ = (B, by, A, Qp) is a NDB automaton which is equivalent to B.
In the sequel, it will be convenient to adopt the presentation of NDB automata with an accepting set F', keeping
in mind that these are just MSO-automata of a particular kind. «

Remark 4.3. We observe that the normal form theorem for non-deterministic MSO-automata (proposition 2.37)
applies to NDB automata as well. Indeed, it is immediate to check that the completion of an NDB automaton is also
an NBD automaton. By this fact, we can always assume to work with NDB automata where the transition function
A ranges over disjunctions of sentences in special basic form. <
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Definition 4.4 (Biichi powerset construction). Let A = (A,a;,A, Q) be a weak MSO-automaton. By remark 3.3 we
can assume that Ran(Q) is a subset of {0,1}. Let A¥ = (AF ,af’ ,A® NBTq) be the refined powerset construction
over A according to definition 2.20. We define an NDB automaton A? = (AKJ ,a}P,AKJ ,Fo) by putting

Fo = {ReA¥|Q(a)=0forallacRan(R)}.
We say that A is the Biichi powerset construction over A. <

Proposition 4.5. Let A = (A,a;,A,Q) be a weak MSO-automaton and A8 = (Ap,a}P,Ap,FQ) the Biichi powerset
construction over A. We have that
A= A%

Proof The main observation of the proof is that A? is almost defined as AP the equivalence between AF and AP
is easier to prove and in fact it suffices to show the claim, because A¥ is equivalent to A by proposition 2.23. In
order to show the two directions of AF = AB ,we fix atree T.

(=) Let f¥ be a winning strategy for 3 in G¥ = A(A® T)@(a¥’,57). We claim that ¥ is also winning for 3 in
GB = A(AB,T) @(af,s;). In order to show that, we first observe the following.

CLAIM 9. Every fp-conform match of G® has the same basic positions of an fsa-conform match of gp.

PROOF OF CLAIM This is clear by the fact that AP and A® are based on the same set of states, the same initial
state and the same transition function. ]

The proof that f s winning for 3 in G8 is completed by showing the following claim.

CLAIM 10. Let 8 be an fso—conform infinite match of GZ and p the infinite sequence a}p,Rl, ..., Ry,... of states of
AP visited along the play. There is some R € A® occurring infinitely often in p such that R is in Fq.

PROOF OF CLAIM By claim 9 we have an fso-conform infinite match i of G¥ with the same sequence of states
p=Ro,Ry,...,R,,... visited along the play. Since f' s winning for 3in G ¥ all traces through p are good according
to definition 2.17. This means that every trace through p corresponds to a match of G = A(A, T) @ (ay,sy) that is
won by 3. Let  be one such match associated with a trace through p. Since the automaton A is weak, exactly one
parity n € Ran(Q) occurs infinitely often along 7, as explained in remark 3.3. By the fact that 3 is the winner and
Ran(Q) is a subset of {0, 1}, this unique parity n must be 0.

Since T corresponds to an arbitrary trace through p, we have that after finitely many steps only positions with
parity O occur on each trace through p. This means that, for some k < @, there is a state Ry € AP occurring in p after
which all the states occurring in p belong to the set

F ={ReA¥| Q(a) =0 for all a ¢ Ran(R)}.
Since Fg, is a finite set, there is at least one state Q € F occurring infinitely often along p. |

The proof of the claim completes the proof of direction (=).

(<) The argument showing this direction is completely analogous to the one showing direction (=), so we just
sketch the main steps. Given a winning strategy f2 for 3 in G2, the same strategy f2 can be shown to be winning
for 3in G¥. The key observation is that, since £ is winning for 3 in G5, for each infinite fZ-conform match ¥ of
G¥, there is some R € Fq occurring infinitely often along the play. Let p be the sequence of states Ry, R, ...,Ry,...
visited along the play in . Every trace o through p encounters some a € Ran(R) infinitely often. By definition of
Fo, this means that basic positions with parity 0 occur infinitely often in the match wy, of G associated with o. It
follow% that Ty, is won by 3. Since o was an arbitrary trace through p, then every trace through p is good and 3 also
wins T O

4.2 The Bounded Information Property

In this section we formalize two essential intuitions about non-deterministic Biichi automata:

1. checking whether a non-deterministic Biichi automaton B accepts a tree T reduces to check a condition on
prefixes of T (proposition 4.7);

46



2. checking whether the intersection of the languages of two non-deterministic Biichi automata is not empty
reduces to the construction of a finite sequence of well-founded trees with certain properties (proposition
4.9).

The idea is that a run of a non-deterministic Biichi automaton on a tree T can be split into several tasks
concerning well-founded subtrees (and prefixes, which are just a particular kind of well-founded subtrees) of T, and
there is never the need to consider T as a whole. We informally refer to this as the Bounded Information Property
of non-deterministic Biichi automata. Intuitively, this is the key property allowing to describe winning strategies for
non-deterministic Biichi automata by means of WFMSO-formulae - under certain conditions that we will see in the
sequel.

Definition 4.6. Let B = (B,b;,A, F) be a non-deterministic Biichi automaton and T a tree. Let f be a surviving
strategy for 3 in A(B,T)@(by,s;). Let Y< ® be an ordinal. A Y-accepting sequence for f over B and T is a
sequence (E;)i<y such that, for all i <y:

1. E;is aprefix of T;
2. Ft(E;) <Ft(Eis1);
3. for all s in the frontier of E;, there is a unique a € A such that (a,s) € Dom(f); in addition, a is in F.
q

Intuitively, for k < m, a k-accepting sequence for a surviving strategy f witnesses the fact that f ‘behaves as’ a
winning strategy for 3 in the prefix E; of T. For each prefix E; in the sequence, the condition that each s € Fr(E;) is
associated with a unique accepting state is motivated by the fact that f can be assumed to be full and functional, B
being non-deterministic.

Proposition 4.7. Let B = (B,b;,A,F) be a non-deterministic Biichi automaton and T a tree. The following are
equivalent.

* Player 3 has a winning strategy in A(B,T)@ (by,sy).

o Player 3 has a surviving strategy f in A(B,T)@(by,s;) and there is an @-accepting sequence for f over B
and T.

Proof (=) Let f be a winning strategy for 3 in A(B,T) @ (b;,s;). By proposition 2.36 and remark 4.3, we can
assume f to be full and functional. Let T the tree representation of f.

The idea of the proof is that the sequence (E;);< is easily definable on T': since a branch of Ty corresponds to
the sequence of basic positions visited along an f-conform match &, there are infinitely many positions occurring in
7 of the form (b,t) with b € F. We intersect T with each frontier in one of these positions. Then it is sufficient to
project this construction on the tree T to obtain an analogous construction as in the statement.

We provide the formal details following these intuitions. Given a branch S of T, since f is full there
is an f-conform match 7 that is played along S. Since f is winning, there are infinitely many positions
(ao,%0),(a1,s1),(az,s2),... occurring along T such that each g; is in F. We can order these positions in a sequence
(ai,s;)i<e according to the round of T in which they occur, such that (a;,s;) is visited in 7 before (a;41,5i+1). An
infinite sequence (s;)i<, of nodes is induced, such that s;R"s;,; and all nodes in the sequence are in the branch S.
For each i < , we let E; be the prefix of T induced by defining its frontier Fz(E;) as follows:

* for each branch S of T, let (s;)i<e be the associated sequence of nodes of S, given as above. We put
Ft(E;))nS = {s;}.

By construction of (s;);< it is straightforward to check that (E;);«<e, is an @-accepting sequence for f over B and T.

(<) Let f be a surviving strategy for 3 in G = A(B,T) @ (b;,s;) and (E;);<e an ®-accepting sequence for f
over B and T. We claim that f is in fact a winning strategy for 3 in A(B,T) @ (by,s;).

For this purpose, let T be an infinite f-conform match of Gg. Let S be the branch of T on which & is played.
The branch S intersects the frontier F#(E;) of each well-founded subtree E; from the sequence (E;);<q, in a node
s; € SNFt(E;). This induces a sequence (s;)i<e of nodes in S. By the fact that Ft(E;) < Ft(E;;1) for each i < o, all
nodes in (s;);<e are distinct, and furthermore for each i < @ there is a unique b € B such that (b, s;) € Dom(f) and
b e F. This means that the match 7 played on S visits infinitely many basic positions associated with accepting
states of B. Therefore 3 wins . This suffices to show that f is a winning strategy for 3 in Gp. O
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For non-deterministic Biichi automata B; and B, and a tree T € L(B;) nL(B,), let (G})km and (Glz) <o bE
w-accepting sequences respectively for By and B, on T. We introduce the notion of k-trap for B; and B,. The idea
is that a k-trap is a finite sequence (E;);<; witnessing the interleaving of sequences (G!)i< and (G?)<e up to k.

Definition 4.8. Let B = (B ,b} ,A1,F1) and B, = (Bz,b%,ALFz) be NDB automata and let T be a tree. Given some
fixed k < o, let (E;) ;< be a sequence of prefixes of T such that Ey = {s;} and E; ¢ E;;; for all i <k.
We say that T and (E; )< constitute a k-trap for By and B, if there exist

1. astrategy f; for 3 in A(B;,T)@(b},s;) which is surviving in Ej,
2. astrategy f; for 3 in A(B,, T) @ (b?,s;) which is surviving in Ej,
3. ak-accepting sequence (G! )< for fi over B! and T,
4. a k-accepting sequence (G?)« for f> over B? and T,
such that, for all i < k, the following conditions hold:
* F1(E;) <Fi(G}) < Ft(Ei1);
o Ft(E;) <Ft(G?) < Ft(Eis1).

We say that the strategies f1 and f, witness the k-trap for B; and B,.

Ft{ Eq)

Ft{G]
Fi(Gh)
FilEy)
Ft{G])

FH{GY)

Figure 4.1: initial part of a k-trap

Proposition 4.9 ([28]). Let By and B, be NDB automata and let m be the product of the cardinalities of their
carriers. If there exists an m-trap for By and B, then L(B;)nL(B,) + @.

Proof sketch A detailed proof of this result can be found in [28], proof of theorem 27. In the sequel we confine
ourselves to a sketch giving the idea of the argument.

Let B; = (B; ,b},Al ,F1) and By = (Bz,b%,AQ,Fz) be NDB automata. Our initial assumption is that an m-trap for
B; and B; exists. Let T be the tree associated with the m-trap as in definition 4.8. The idea is that, for each pair of
states (b1,b;) in By x By, the m-trap gives to 3:

* asubtree T}, p, of T with root s; and a prefix Ep, 4, of Tj, p,;

* the information on how to play G' = A(By, T}, ,) @ (b1,s7) and G* = A(Ba, T}, 5,) @ (b2,s1), in such a way
that along each match of G" which is played in Ej, ;, she never gets stuck and a basic position with an
accepting state b € F" occurs, for each n e {1,2}.

Putting together infinitely many copies of those subtrees we can construct a tree T, whose membership in
L(B;)nL(B,) is witnessed by patching together the strategies suggested by the m-trap.

For this purpose, we define a sequence of relations (H;);<e, Where each H; is a subset of By x B;. For the base
case, we set Hy = By x By. For the inductive step, we put (by,b,) € H;1 if and only if the following conditions hold.

1. (b],bz) GHi.
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2. There is a tree Ty, ,, with root sy, prefixes Ey, p,, Gy, and Gy, of Ty, 4, strategies fj,, and f,, for 3
respectively in A(B1, Ty, ,) @ (by,s7) and A(B3, Ty, 5,) @ (b2,s7), such that the following holds.

a) The strategy fp, is surviving for 3 in Ej, 5.

b) The strategy fj, is surviving for 3 in Ej, 5,.

) Ft(Gy,) <Ft(Ep, p,)-

d) Fi(Gp,) < Ft(Ep, p,)-

e) For all s € Ft(Gy, ), there is a unique position (b},s) € By x Tj, 5, such that (b],s) is a node of the tree
representation T fi, of fp,; in addition, b{ is in Fj.

f) For all s € Ft(Gy, ), there is a unique position (b5,s) € By x Tj,, 5, such that (b5, s) is a node of the tree
representation T Ty of f,; in addition bé isin F>.

g) For all s € Ft(Ey, ;,), there is a unique pair (b],b5) such that (b],s) and (b5, s) are nodes respectively
of be, and ’H‘sz; in addition, (b/,b%) is in H;.

Provided this construction, the proof of the main statement is reduced to the proof of the following two facts.

1. If there exists an m-trap for By and B, then (b},b?) is in H,,.
2. If (b} ,b?) is in H,, then L(B1) nL(B,) + @.

We refer to [28] for a proof of the first fact, showing how the components witnessing (b},b%) e H, are
already provided by our m-trap. Instead we focus on the second fact, which is proved by constructing a tree
Te € L(B1) nL(B,), from the assumption that (b}, b?) € H,,. The key observation is that by definition the sequence
(Hy)n<o stabilizes at m. This means that H,, = H,,,; for all k < ®, as can be shown by a simple combinatorial
argument, using the fact that m is the cardinality of B; x B,. Roughly, the argument goes as follows: given
(b1,by) € Hy, there is a sequence (b}, b)) of pairs, with (b},b5) € H; for each i < m, which is determined by the
property of point 2.g of the definition of (H;)i<e. Since (b},b)i<m has m+1 elements, there is at least one pair
which is repeated, that is, (b}, b}) = (b],b}), for some , j with [ < j < m+ 1. This means that we can suitably ‘plug’
(b}, b5)n<;j in place of (bY,b5),<;, to expand the sequence (b],b, )< to length m+ 1+ (j—1). This witnesses that
(b1,by) was in fact a member of H,, . (j-1). and then we can repeat the argument.

Now we proceed with the construction of the tree T, € L(B;) nL(B;). The idea is to provide Ty, as the limit of
a sequence (T;);<e of well-founded trees, with 7; a prefix of ;. for each i < . Given n € {1,2}, we also construct
the graph of a strategy fg for 3 in A(B,,Ty) as the limit of a sequence (f!")i<w, With the graph of f7' strictly
contained in the graph of f7 |, for each i < ®. In the sequel we sketch the inductive construction of (T;);<, and

N i+1°
(f, )l<0)~
* For the first element Ty in the sequence, we use the assumption that (b},b%) is in H,, = H,4 to get a
T ith fixes E f T i for 3 ively i

tree b b2 with root s;, prefixes bl b2 Gb} and Gb; of Tyt 12, strategies fbll and fb; or 3 respectively in
A(IBBl,"JI‘h} »? )@ (b},s;) and A(IB%Z,Th} ‘h%)@ (b7,s1) with the properties given by definition of H,,,. Then
we put T := Eb} B2
For n e {1,2}, the strategy f} is defined to be the restriction of fb? to basic positions from B, x (Eb} PR
Fi(Ep 42))-

* The tree T;,; will be given as a well-founded extension of T;. By inductive hypothesis each ¢ € Ft(T;) is

associated with a pair (b,] ,b,z) € H,,. This also means that (btl ,btz) is in H,,+1, and we can repeat the same
argument that we used for the base case to get a tree T, ,» with root ¢, prefixes E;; 2, G,1 and G» of
t7t t7t t t

Ty1 42, strategies f,1 and f> for 3 respectively in A(B1, T, ,2)@ (b} 1) and A(]Bz,'ﬂ‘blﬁbz)@(b,z,t) with the
properties given by definition of H,,;;. We define T;;; by putting

T = (LNFu(T)u U Epi 0.
reF(Ty)

By construction 7, yields a tree structure T;,{, which is induced by T; and T ,».
17t

For each n e {1,2}, and t € F1(T;), let f}; denote the restriction of Ju to basic positions from By, x Ey1 ;2. the
t 17t
strategy f7., is defined by putting

E
fiao = flv U Tops

teFt(T;)
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Figure 4.2: construction of T}y .

where U is the union of graphs of functions. In order to check that f;,; is indeed a function, observe that by
inductive hypothesis f]' is a function with domain B, x (T; \ Ft(T;)) and each be;, has domain B, x E b b2 All
these strategies have disjoint domains by construction. It follows that also f; is uniquely defined on each
basic position in its domain, which is just B, x T;4 by definition of 7}, .

Let r be a node in Ft(7;;1). By construction we have that r is in Ft(E, ,») for some 7 € F£(T;). Since ¢
17t

is associated with the pair (b,1 ,b,z) € H, 1, then by definition of H,, the node r is associated with a pair
(b!,b?) € H,,. This suffices to maintain the inductive hypothesis in the next stage i + 2.

The proof is concluded by checking that for each n € {1,2} the strategy f{ is winning for 3 in G :=
A(B,,Ty)@ (b}, e). For this purpose, the key observation is that an fi-conform match 74, of G, can be seen as an
infinite sequence 71,7, ..., , of partial matches of G, where each m; is an f]’-conform match played along the
well-founded subtree T; of T. By definition of f', along m; a basic position of the form (b,s) € B, x T; is visited
with b € F;,. This means that some b € F,, is visited infinitely often in Ty, which is then won by 3. We refer to [28]
for further details. |

4.3 WFMSO-Formulae for Biichi Acceptance Conditions

In this section we introduce some auxiliary definitions of WFMSO-formulae, as a preparation for the logical
characterization of weak MSO-automata and NDB automata. For the sake of readability, we use the two-sorted
presentation of the monadic second-order language, as in remark 1.11. Recall that we indicate with x, y and z
variables for nodes, and with p and g variables for sets of nodes.

Definition 4.10 (y-parametrization). Let y be a first-order variable, B a set of unary predicates and @ € SBF*(B) a
sentence in special basic form. We recall that by definition 2.33 the sentence @ is of shape

@ = 3Ix;.. 3 (dif ()~ N ail(x) AVz (diff (%,2) >\ bi(2)))

1<i<k 1<I<j

where each g; and b; is in B. We can assume without loss of generality that y does not occur in ¢. The formula ¢, z
is given as follows.

o = I 3n (A YR AF(ER) A Nai(xi) AVz (WReadiff (£,2) =\ bi(2)))

1<i<k i<k 1<I<j

<

The intuitive idea behind definition 4.10 is to bound the quantifiers of ¢ to the variable y. The formula @, p
depends on the free variable y and unary predicates from B. We can see each unary predicate occurring in @y as a
set variable. Therefore @y, p is a well-formed formula of WFMSO according to definition 1.9.

Definition 4.11. Let B = (B,b;,A,F) be a NDB automaton and y a first-order variable. Fix some b € B and c € C.
By definition A(b,c) € SLart(SBF* (B)) is a disjunction of sentences in special basic form. We let A g(b,c) be the
WFMSO-formula defined by putting

Ayg(b,c) = \/{@,p€ WFMSO | ¢ is a disjunct of A(b,c)},

where, for each @, the sentence @, p is given as its y-parametrization. N
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Notation 4.12. Let p be a propositional letter and T a tree. We indicate with | p|| the set of nodes of T on which p
is true, according to the labeling function 6¢: T — C of T. For the sake of readability, we omit the subscript when
the tree T is clear from the context.

Definition 4.13. Let B = {by,...,b;} and P={py,...,p;} be two finite collection of set variables, representing
respectively the states of an NDB automaton and the propositional letters forming the labels of a C-labeled tree.

Let A: BxC — SLatt(SBF* (B)) be a function. Intuitively, given (a,c) € BxC, the formula A(a,c) € SLatt(SBF* (B))
represents the value of the transition function of an NDB automaton on the state a and a node with label c.

We define a series of formulae of WFMSO, providing an informal explanation of their meaning. All valuations
are referred to a fixed tree T.

pcq = Vx(xep->xeq)
Unique(p,q) = 3x(xepAxeqnaVy(yepAyeq—ynx))

The formula p C ¢ simply states that the set of nodes |p| is included in the set of nodes |¢||. The formula
Unique(p,q) is true if the intersection of | p|| and |g/| is a singleton.

InCl(p) = VxVy((xRyAyep)—>xep)
FoCl(p) = ¥x(xep—(Iy (RyAy€p))

Intuitively, the formula /nCI(p) holds for a set of nodes | p| if it is backwards closed. Analogously, FoCI(P) holds
if | p| is frontwards closed.

Vp ((InCI(p) Ay € p) > x€p)
Root(x) := Vy (xR*y)

XR*y

The relation R* has the semantics of the reflexive and transitive closure of the successor relation between nodes.
Indeed, xR*y holds if every backwards closed set | p|| that includes |y| also includes |x|.

The formula Root(x) holds for any |x| which is an ancestor of any other node. For any tree T, the formula
Root(x) is true if and only if we take ||x|| to be the root s;.

Path(p) = VxVy((xepayep—> (xR*yAVz (xR*zAzZR*y > z€p))Vv(YR* xAVz (YR*ZAZR* x> z€ p))

Intuitively, Path(p) holds if ||p| is a path. The condition we impose is that, for every two nodes | x| and |y| in
| p|, either ||x|| is an ancestor of ||y|| or ||y| is an ancestor of || x|, and all nodes in between are also in | p|.

Branch(p) := Path(p) AInCI(p) A FoCl(p)
Front(p) := Vq (Branch(q)— Unique(p,q))

The formula Branch(p) holds if and only if the set of nodes | p| is a branch. Similarly, Front(p) expresses the
fact that | p| is a frontier.

Pfix,(p) = 3q (Front(q) AVx (xep <> (zR"xA3y (yegAXR"Y))))

The formula Pfix_(p) depends on a variable z. It expresses the fact that | p|| is a prefix of T.|z| induced by |¢
where | g| is a frontier of T.

’

Stateap(x) = xean )\ -(xeb)
beB~{a}
Partg(p) = Vx(xep—\/ State,p(x))
aeB

The formula State, g(x) holds if a is the only set-variable among the ones in the collection B such that |x|| € |a|.
The formula Partg(p) holds if the set | p| is partitioned according to the set-variables in B.
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Label.c(x) = NAxepin \ ~(xepi)
pi€c pifc

The formula Label. ¢(x) depends on a subset ¢ of P and a first-order variable x. Intuitively, it expresses the fact
that, for every propositional letter p; € ¢, the node |x| is in | p;|, i.e. ¢ is the label of |x|.

ITransgc(x) = \/ \/ ((State,p(x) ALabel.c(x)) - Ay p(a,c))
aeBceC

The formula /Transg c(x) depends on B, C and a first-order variable x. We provide an automata-theoretic
reading of its meaning. Given a set variable a € B and a finite collection c € C of set variables from P, suppose that
the node ||x|| has label ¢ and is marked with |al|. Then the formula expresses that player 3 would not get stuck at the
basic position (a, |x||), because the successors of | x| are marked with states in B in such a way that A(a,c), seen as
a WFMSO-formula, is true in og(|x|). The ‘relativization’ of A(a,c) to 6g(J|x||) is performed by transforming
A(a,c) € SLatt(SBF* (B)) into A, g(a,c) € WFMSO as described in definition 4.11.

Transgc(p) = Vx(xep— (ITranspc(x)))

The formula /Transg ¢(x) described a ‘good situation’ for 3 in the specific case of a node |x|. The formula
Transg c(p) just expresses the fact that this holds for all nodes in | p/|.

Survgc(p) = Partg(p)ATransgc(p)

Intuitively, for a suitable | p|, if Survg p(p) holds then 3 is guaranteed to have a legitimate move available from
every node in | p||. Moreover, Partg(p) expresses that the surviving strategy for 3 in | p|| assigns a unique state
b € B to each node of | p|. N

4.4 From Non-Deterministic Biichi Automata to WFMSO

We are now ready to prove the main result of this chapter.
Theorem 4.14. For any weak MSO-automaton A, there is a formula ¢ e WFMSO such that
foranytree T, TE@ iff A acceptsT.

Before going into details, we gather some intuitions on the argument showing proposition 4.14. Let A be a
weak MSO-automaton and B an NDB automaton which is equivalent to A as in proposition 4.4. Since weak MSO-
automata are closed under complementation, we are also provided with a weak MSO-automaton A recognizing the
complement of L(A), and consequently an NDB automaton B which is equivalent to A.

The idea is to define a formula @ 7 € WFMSO that is true in a tree T if and only if B accepts T. Since B is
equivalent to A\, this suffices to show that also the formula Qg 7 1s equivalent to A.

Let m be the product of the cardinalities of B and B. The formula Py € WFMSO will express the existence of
a strategy f for 3 and an m-accepting sequence (E; )<, such that f is full, functional and surviving in E,,. The key
observation is that the encoding of an m-accepting sequence (E;);<» and the associated surviving strategy into a
formula only needs variables for well-closed sets of nodes. This means that the expressive power of WFMSO will
suffice.

Proposition 4.7 will help showing one direction of the equivalence, namely that, given a tree T and a winning
strategy f for 3 in A(B,T), the formula ¢ 5 is true in T.

For the converse direction, we use the automaton B accepting the complement of the language of B. The idea is
to suppose by way of contradiction that B accepts a tree T where P53 is true. Then by proposition 4.7 there is an
w-accepting sequence (E?);«(, witnessing the fact that T is in L(B). The w-accepting sequence (E?);< contains
an m-accepting sequence (Ei5 )i<m- By the fact that 5 is true, we also have an m-accepting sequence (E;) ;<.
Then we can show that the two sequences witness a trap for B and B as in definition 4.8. But by proposition 4.9 this

means that the intersection of L(B) and L(B) is non-empty, contradicting the fact that B accepts the complement
of L(B).

In the sequel we formalize the intuitions given above. The first step is to define the formula @y 7.
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Definition 4.15. Let B and B be NDB-automata, with B = {b1,...,b} and F < B respectively the set of states and
of accepting states of B. For each b € B, we define by induction a sequence of formulae K”(x). Put K5 (x) := T. The

formula K7, | (x) is given as follows.

Ko (x) = Vp3p 3by... 3 (Pﬁxx(p) - (pgp'/\Pﬁxx(p') ASurvgc(p') A

Statey, (x) A (Vy (y € Front(p") — (\/ (Statey p(y) /\Kih’ (y)))))))

b'eF

Let m be the product of the cardinalities of the carriers of B and B. The formula Oy € WFMSO is defined by
putting '
0z5 = 3y (Root(y) AKJ ().

<

Observe that, for any k < ®, we have that K,? (x) e WFMSO. Given a tree T, we supply an intuitive reading of
the semantics of K2, | (x):

« for each prefix |p| of T.|x|, there is a prefix |p’| of T.|x| including |p|, and a function m, : B— £(| p|),
such that 3 has a full and functional strategy f in A(B,T.|x|)@(|x|,a), which is surviving in ||p’|| and has
the following properties:

— from each basic position (by,s) € Ty, the strategy f suggests to 3 the restriction of m,, to a marking
mps:B—£(0r(s));

— for each node |y on the frontier of | p’|, the unique b € B such that (&', |y|) € T is an accepting state
in F, and the formula Kl.b, (y)istrueinT.

The next is the key lemma in the proof of theorem 4.14.

Proposition 4.16. Let B = (B,b;,A,F) and B = (B,b;,A,F) be NDB automata such that L(B) = L(B). Let ¢y 5 €
WFMSO be constructed from B and B as in definition 4.15. For any C-labeled tree T, we have that

Baccepts T iff TE=o@yg-

Proof We fix B, B and T as in the statement. (=) Let f be a winning strategy for 3 in G = A(B, T) @ (by,s;). By
proposition 2.36 and remark 4.3, we can assume f to be full and functional. Let T s and n‘zf : Ty — T be respectively
the tree representation of f and the associated projection function. Since f is winning then we are provided with an
w-accepting sequence (E;);<e for f over B and T, according to proposition 4.7. Our goal is to show that T = Oy 5
In fact, it suffices to show the following statement.

CLAIM 11. For each i < o, for each (b,s) € Bx T, if (b,s) is a winning position for 3 in G, then T = K?(x), with
[l = s.

PROOF OF CLAIM We proceed by induction on i. Since K{(x) = T, the base case is trivial. Inductively, let (b,s)
be a winning position for 3 in G. We put |x| = s and we claim that T = K7, (x). Following the syntactic shape of
K% | (x), we let || p| be an arbitrary prefix E of T.s. By definition of the sequence (E;);<e, for each i < ® we have
that Ft(E;) < Ft(E;+1 ), implying that there is some prefix E, in the sequence such that E ¢ E,,. We pick E,,nT.s as
the witness for the set-variable p’ in K2, | (x).

We still need to provide witnesses for set-variables by, ..., b; occurring in Kﬁrl (x). The idea is to let them be
suggested by the strategy f. Since f is full and functional, then the projection function n§ : Ty — T associated with
its tree representation T is 1-1 and onto. For each b; in {by,...,b;}, we define its valuation by putting

6] = {se(E.nT.s)|bj=b}, 4.1)

where, for each s € E,,, the state by is the first member of the pair (by,s) = (ng )~!(s). Since E, N T.s is well-founded
then |b;]| is well-closed, so that it is a legitimate witness for b; according to the semantics of WFMSO.

The subformula Survg c(p") of K2, (x) holds because the strategy f is assumed to be full and winning for 3, so
in particular it is full and surviving for 3 in E, N T.s = | p'||. Concerning the subformula State;, g(x), by assumption
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(b,s) is a winning position for 3. This means that b is the unique set-variable marking s = || x| according to (4.1), so
that Statey, g(x) holds. It remains to show the statement

¥y (y € Front(p') - (h\/ Statey 5(y) AK] (3)))- 4.2)
cF

For this purpose, let |y be some node on the frontier of £, = | p|. By (4.1) and the fact that f is full and functional,
there is a unique set-variable |b| marking |ly|, such that (b, |y|) is a node of T. Therefore (b, |y|) is a winning
position for 3 in G, and Kib () holds by inductive hypothesis. The fact that b is in F follows from properties of the
frontier of E,, as in definition 4.6. [ ]

By applying claim 11 to the winning position (by,s;) we have that T = K (x) for each n < ®, with x witnessed
by s;. Then in particular T = 3x (Root(x) NKD! (x)). This completes the proof of direction (=).

(<) By assumption @y, 7 is true in T. We need to show that T is accepted by B.

The idea of the proof is as follows. Suppose by way of contradiction that B does not accept T. Then the tree T is
accepted by B. Let f be the winning strategy of 3 in .A(B, T). By proposition 2.36 and remark 4.3, we can assume
f to be full and functional. Suppose that we can prove from the previous assumptions the existence of an m-trap for
B and B. Then by proposition 4.9 we have that L(B) nL(B) # @, contradicting the fact that L(B) = L(B).

In order to complete the proof of direction (<=), it remains to verify the following claim.

CLAIM 12. There exists an m-trap for B and B.

PROOF OF CLAIM By definition 4.8, we have to to provide the following components:
1. astrictly increasing sequence (E; )< of prefixes of T, with Ey = {s7};
2. astrategy f° for 3in G = A(B,T)@(b;,s;) which is surviving for 3 in E,,;
3. astrategy fE for 3in G = A(B, T) @ (by,s;) which is surviving for 3 in E,,;
4. an m-accepting sequence (Gf; )i<m for f® over B and T;

5. an m-accepting sequence (GiE)iSm for fE over B and T.

Moreover, (E;)i<m; (G? )i<m and (GiE)iSm have to present the interleaving behavior described in definition 4.8.

We put the strategy f as witness for fﬁ. By assumption f is a winning strategy for 3 in G. Then, by proposition
4.7, we are also given with an m-accepting sequence (Elf )i<e for f over B and T.

It remains to define the other components of the m-trap, which is what we do next. The idea is to define
the surviving strategy f2, the sequences (E;);<, and (G®)i<m by using the assumption that T = @ - The last

component, namely the sequence (GiE)iSm, will be defined from (Elf )i<w-

The construction of the strategy f and the sequences (E;)i<p, (G? )i<m and (G,E),gm proceeds in stages, by
induction on i < m. In particular, f® will be defined as the last element f,i]f in a sequence of strategies ( f,']E)igm-

Given i < m, the inductive hypothesis that we want to maintain along the construction can be expressed as
follows.
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1. If i <m then Ft(E;) < Ft(GB) < Ft(Ei11).
Otherwise i = m and Ft(E;) < Ft(G?).

2. If i < m then Fi(E;) < Ft(G®) < Fi(Eiy ).
Otherwise i = m and Ft(E;) < Ft(G?).

3. The sets Ej, G? GiE are prefixes of T.

4. The function fiIB is a strategy 3 in G which is full, functional and
surviving in Gf} Ifi> 1, then fiIB extends fEl.

)

5. For each node s € Ft(GiE), there is a unique by € B such that the
position (by,s) is a node of the tree representation ']I‘? of f; in

addition, by is in F.
6. For each node s € Ft(G?), there is a unique b, € B such that the

formula K’Zs'_i(x) holds for s = |x|. The position (by,s) is a node
of the tree representation T /B of flE; in addition, by is in F.

Let us first show why the different components form an m-trap if condition (}) can be maintained. By (f.4) the
strategy f= = f2 for 3 in G would be full, functional and surviving in G5. By (+.1) we have that Ft(E,,) < Ft(G2),
meaning that £ is also surviving in E,,, as requested by point 1 of the definition of m-trap (definition 4.8). For

fE = f we know by assumption that ? is full, functional and winning for 3 in G. Since E,, is a subset of T, then fE
is also surviving in E,,, as requested by point 2 of definition 4.8.

For points 3 and 4 of definition 4.8, we have to check that (G?),,, and (Gig)jgm are m-accepting sequences
respectively for /2 and f2. For this purpose, there are three conditions to check according to the definition of
accepting sequence (definition 4.6). The first condition is that (G?);s,, and (G?);c, are sequences of prefixes,

which is given by (4.3). The second condition, on the relation between frontiers of each GZB s Gf; and E;, is given by

(+.1) and (%.2). Concerning the third condition of definition 4.6, for each i < m, the requirements on Fi t(Gf? ) and

Ft(G?) are fulfilled by (£.5) and (3.6).
The last two points of definition 4.8, concerning the interleaving of the frontiers of (E;)i<m, (G?)i<m and

(GiE),’Sm, just correspond to (f.1) and (%.2). Therefore what we obtain is indeed an m-trap, provided that we are
able to maintain condition ().

Now we proceed with the inductive construction. For the base case, let E := {s7}. We define the first element
Gg in the sequence (G?) i<m as the smallest prefix in the sequence (Elf )i<w such that Ep € GE, that is simply Eg
because (E;f )i<e 18 monotone.

In order to define G, we observe that the unique witness for x in 3x (Roor(x) A K2/ (x)) must be s;. Then, by
putting Ey as the witness of the variable p in K,Z’ (x), we are provided with a prefix Gg witnessing the variable p’ in
K2 (x). We let such GB be the first element in the sequence (G?) ;<.

In order to define the first surviving strategy f in the sequence (f)icm, We fix valuations |p| = Ey and
|p’|| = G§ in the formula K? (x) and we consider the witnesses for set-variables by ..., by in K2/ (x). By definition

of K2 (x), for each node s in Gg there is a unique by € {by,...,b;} such that s € | b|. This yields a strategy féB for 3
in G, which we define as follows:

1. féB is defined at the basic position (by,sy);

2. given a basic position (by,s) € Bx G5 with s ¢ F1(G5), we let f2 suggest to 3 a marking assigning b, to t, for
each t € 6g(s);

3. we leave f(I)B undefined on all other basic positions from B x T'.
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To make the definition of féB more clear, observe that by construction the tree representation of f(I)B is in bijective
correspondence with Gg . In other words, f(]? is a strategy for partial match of G which are played along nodes of
G§.

Given prefixes G§ and G5 as above, we define E| to be the smallest prefix of T such that F1(G5) < Ft(E) and
Ft(GE) < Ft(Ey).

It remains to check that conditions 1 -5 in (%) hold for the base case. Condition (%.1), (£.2) and (%.3) are
clear by construction of Ey, G§, G5 and E;. For condition ($.4), by assumption we have that State,, 5(y) and

Survg p(p") hold, being subformulae of K2 (x), with | p/| = GB and |y| = s;. By construction of the strategy f;,
this means that f(])E is full, functional and surviving for 3 in Gg . Analogously, (%.5) holds because the subformula of

K (x) given as in (4.2) is true, meaning that every node on the frontier of Gg is associated with a unique accepting
state of B according to f2. In order to fulfill condition (#.6), we observe that, by definition of K? (x), every node
s € F1(GE) is associated with a basic position (b, s) € Bx T, such that b, € F and KZS_I (x) holds for s = |x|.

Inductively, we consider the stage j <m of the construction. By inductive hypothesis, we are given with
sequences (E;)i<j+1, (GB),<,, (G?)i<j and a surviving strategy f* for 3 in G, as in (¥).

For the definition of GZ
contains E;, . For the definition of G? 1 and f - 1> the key observation is that, by inductive hypothesis, for each

7+1» as in the base case we let it be the smallest prefix in the sequence (E )l<m which

node s € Ft(G? ) we can make the following assumptions:

1. the formula K " j(x) holds, with s =

2. the position (by,s) is a node of the tree representation of f}B.

We let T.sn E;, be the witness for the set-variable p occurring in K " j(x). Then by definition of K ~(x) we

are provided with a prefix G 1 of T.s witnessing the variable p’, such that T.snE,; € G |- Also we are prov1ded
w1th well-closed sets of nodes witnessing variables by, ...,b;. Analogously to the base case this yields a strategy
f] 1 for 3in G, which is defined as follows:

L. ]BH is defined at the basic position (by,s);

2. for each basic position (b;,t) € B x G5 o1 with ¢ Ft(Gl;.gjf1 ), we let fﬁrl suggest to 3 a marking assigning b, to
r, for each r € Gg(1).

3. we leave f -1 undefined on all other basic positions from Bx T.

To make the definition of f " more clear, observe that f | is a strategy for 3 in partial matches of A(A,T) @ (b;,s),

which is full, functional, surviving in Gj e and marks each node 7 € F1(G ; +1) with a unique state from F'.

We define G? .1 by putting

Ghi=Glu U G
seFt(GB)

Since G is a prefix of T and for each s € F1(G%) the set ijl is a prefix of T.s, we have that G¥,  is a prefix of T.
Next, we define ff+1 by putting
B,
f]+1 - f U U fj+§3
sEFI(GB)

where the union of strategies just means the union of their graphs. In order to check that fﬁ] is indeed a function,
observe that by inductive hypothesis the domain of fB is B x (GB \Fi t(GB )). By construction, for each s € F t(G? ),
(GB UFt(G/Jrl ))). Since (by,s) € Ft(GB)

then the domains of f 15 and each f i ' are all disjoints. Therefore f 7.1 1s uniquely defined on each basic position in
its domain. '

Given Gfﬂ and GB+l as above, if j+1 <m then we define E;,, to be the smallest prefix of T such that

Fz‘(G]+1 ) <Ft(Ej;») and Ft(G]Jrl ) < Ft(Ej+2). The check that all conditions in (%) hold for G%
is completely analogous to the base case.

the domain of the strategy f +1 is the union of (by,s) and B x (GJJrl

Jj+l» j+1 and E
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T.s - FHc J"‘l )

Figure 4.3: construction of G? -

We have just defined a strategy 1B, sequences (E;)i<m, (G? )i<m and (G?)ism, such that for each i < m condition
(%) is respected. It follows that f and f® witness a trap for B and B according to definition 4.8. This concludes the
proof of the claim. [ ]

The proof of claim 12 completes the proof of direction (<=).

We are now ready to supply a proof for the main statement.

Proof of theorem 4.14 Given a weak MSO-automaton A, let A be the weak MSO-automaton recognizing the
complement of A according to proposition 2.31. Let B and B be NDB-automata equivalent respectively to A and A,
as in definition 4.4. Consider the formula @ 7z € WFMSO defined for B and B as in definition 4.15. By proposition
4.16 the formula P is equivalent to BB, melaning that it is also equivalent to A. O

As a corollary we obtain the following characterization of WFMSO.

Corollary 4.17. A tree language L is WFMSO-definable if and only if there are non-deterministic Biichi automata
B and B such that L = L(B) and L = L(B).

Proof Let ¢ ¢ WFMSO be a formula. By proposition 3.13 we can construct weak MSO-automata A and A
equivalent respectively to ¢ and to —¢. By proposition 4.17 we can also construct non-deterministic Biichi automata
B and B that are equivalent respectively to @ and to —¢.

Conversely, suppose that we have a tree language £ and non-deterministic Biichi automata BB and B recognizing
respectively £ and its complement. By theorem 4.14 we can construct a formula ¢ €¢ WFMSO that is equivalent to
B. O

Remark 4.18. Contrary to the case of weak MSO-automata, corollary 4.17 does not provide a full logical
characterization of NDB automata in terms of WFMSO. The reason is that the tree languages recognized by NDB
automata are not closed under complementation [28]. From this result it also follows that weak MSO-automata are
strictly weaker than NDB automata. <

Historical Notes

Non-deterministic Biichi automata are a generalization on arbitrarily branching trees of the ‘special automata’,
working on binary trees, which have been introduced by Rabin [28]. The whole construction leading to a logical
characterization of NDB-automata, including the notion of k-trap (definition 4.8) and the inductive definition of
K?(x) (proposition 4.14), is essentially a (game-theoretic) generalization of Rabin’s argument showing how special
automata relate to WMSO-definable languages on binary trees [28].
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Chapter 5

Expressivity Results

The previous part of this thesis was devoted to the characterization of MSO and WFMSO by means of automata.
Since the work of Rabin [27], the expressive power of these automata has been studied and compared on different
kinds of structures. In this chapter we use some of these results to investigate expressivity questions on the side of
logic. In particular, we are interested in comparing the expressive power of MSO, WFMSO and WMSO on different
classes of trees. The automata-theoretic perspective plays an essential role in revealing the precise nature of their
expressiveness, and how the landscape of logical definability changes by considering trees with different branching
degree.

A key result, underlying most of the theory developed in this chapter, is Rabin’s observation that there is a tree
language which is not accepted by any non-deterministic Biichi automaton [28].

Proposition 5.1 ([28]). Let Tgi, be the class of binary trees. Let L, be the tree language defined by putting
TeLlr, iff everypathof T contains only finitely many nodes labeled with p. 5D
For any NDB automaton B, we have that

EFp N 7};,‘” * L(B) N 7};,‘,1.
Proof reference We refer to [28], section 3 and [11], theorem 8.6 for a proof of this result. m|

In order to show the significance of this result, recall from the previous chapter that an essential feature of NDB
automata is the so-called bounded information property. Intuitively, if Lr, was accepted by some NDB automaton,
that would mean that checking whether T € Lr, amounts to check some property on well-founded subtrees of T.
Suppose by way of contradiction that this is the case for some NDB automaton B. It is possible to construct a tree
T, where the letter p occurs finitely many times on each path, but we can ‘reassemble’ well-founded subtrees of T
to obtain a tree T’ with a path where p occurs infinitely often. Since T is in L, then 3 has a winning strategy
fin A(B,T)@(by,s;). However, by the fact that B is a NDB automaton, what f does is essentially to check the
presence of accepting states for infinitely many well-founded subtrees of T visited along the play. This means that
we can decompose f into a bundle of strategies for matches on well-founded subtrees of T. Since T’ has been
obtained by patching together well-founded subtrees of T, we can construct a strategy f* for 3 in A(B, T') @ (by, s;)
out of the bundle, such that f’ is winning because each strategy in the bundle allows 3 to encounter an accepting
state of B. Then we have that T” is in L(IB). However, by construction it also holds that T’ ¢ L, contradicting the
assumption that L(B) = Lg,,.

The informal argument that we just sketched shows that the tree property associated with L, cannot be tested
on finite segments of paths (as an NDB automaton would do), but we need to store information on each path of T
taken as a whole. This is a key example showing why NDB automata are not suitable to capture properties on the
vertical dimension of trees, such as the one expressed by L.

Since every weak MSO-automaton can be turned into an equivalent NDB automaton (proposition 4.5), L, is
also not accepted by any weak MSO-automaton. However, it is quite easy to define an MSO-automaton for Lg,,.
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Remark 5.2. Let Ap, = (A,a;,A,Q) be the MSO-automaton defined by putting

A = {ap,a}
ar = Qg
A(ag,¢) = Vx(ap(x)vai(x))
o) = | OO G
Qap) = 1
Q(al) = 2.

It is not hard to see that L, = L(Af,). In order to check this, let T be a tree. We look at which strategies the
two players should follow in G = A(Afg,, T) @ (ay,s;). Given any position (a,s) € Ax T, player 3 should mark with
ap each node t € Gg(s) which is labeled with p, and with a; all the others. If there is a path S containing infinitely
many nodes labeled with p, player V is allowed to keep any match of G on S. Then the minimum parity occurring
infinitely often along the play is 1 and 3 looses. If T does not contain any such path S, then the only parity occurring
infinitely often is 2 and 3 wins. By this argument it is clear that indeed Lg, = L(Afy).

As a side observation, note that the automaton A, has a parity map ranging over {1,2}. This can be seen as a
‘co-Biichi’ acceptance condition, because V wins an infinite match if and only if some state with parity 1 occurs
infinitely often along the play. The essential difference with a Biichi condition is that, in case both an accepting and
a rejecting state occur infinitely often, the rejecting one prevails. <

On the base of these observations on the language Lr,, we can relate the expressive power of weak MSO-
automata and MSO-automata.

Proposition 5.3 ([28]). The class of tree languages recognized by weak MSO-automata is strictly included in the
class of tree languages recognized by MSO-automata. The same result holds if we restrict to finitely branching
trees.

Proof The inclusion is immediate by the fact that every weak MSO-automaton is also an MSO-automaton, as
observed in remark 3.2. In order to check that the inclusion is strict, let L, be a tree language defined as in (5.1).
By proposition 5.1 it follows that L, is not definable by any weak MSO-automaton. However, by remark 5.2, the
language LF, is recognized by some MSO-automaton. The same result holds on finitely branching trees because
proposition 5.1 holds already on binary trees. O

5.1 The Finitely Branching Case

The result of proposition 5.3 suggests that the class of finitely branching trees is already a reliable benchmark to
study the expressive power of MSO and WFMSO. In fact, the branching degree is not relevant as far as properties
of the vertical dimension of trees are concerned.

The essential difference between the general setting and the setting of finitely branching trees concerns the
horizontal dimension of trees, which turns out to be essentially simpler to describe in the finitely branching case.
From the point of view of expressiveness, this amounts to a coarser distinction between tree properties. The key
example is given by notion of well-founded tree, which collapses by Kénig’s Lemma to the one of finite tree in
the finitely branching case. By this observation, WMSO and WFMSO become indistinguishable logics on finitely
branching trees.

Remark 5.4. Recall the semantics of WMSO as in definition 1.10. We observe that WMSO and WFMSO are the
same logic on finitely branching trees. In order to see that, let ¢ be a formula written in the monadic second-order
language as in definition 1.9. We can easily verify by induction that ¢ defines the same tree language, either if we
interpret ¢ according to the semantics of WMSO or WFMSO. For the non-trivial case, let ¢ = 3p.y. If we interpret
¢ according to the semantics of WMSO, then we have that

Te3Ip.v iff TP &=y for some finite p-variant T? of T. (5.2)
Otherwise, if we interpret @ according to the semantics of WFMSO, then we have that
Tedpvy iff T’ &=y for some well-closed p-variant TV of T. (5.3)

Now observe that, if T is a finitely branching tree, then by Kénig’s Lemma a well-closed subset of T is just a finite
subset of T. This means that (5.2) and (5.3) express equivalent conditions on finitely branching trees. <
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Since WMSO and WFMSO are the same logic from the finitely branching point of view, we can exploit the
automata-theoretic perspective we introduced for WFMSO to derive expressivity results also for WMSO.

Proposition 5.5. On finitely branching trees, the class of WMSO-definable tree languages is strictly included in
the class of MSO-definable tree languages.

Proof By proposition 5.3 and remark 2.32 it suffices to show that, on finitely branching trees, the class of
WMSO-definable tree languages is included in the class of tree languages recognized by weak MSO-automata.
For this purpose, let ¢ € WMSO be a formula. By remark 5.4 there is a formula ¢’ € WFMSO which is equivalent
to @ on finitely branching trees. By theorem 4.14, there is a weak MSO-automaton A which is equivalent to ¢’.
Then clearly A is also equivalent to ¢’ on finitely branching trees. m|

5.2 The Arbitrarily Branching Case

As we observed, the restriction to finitely branching trees essentially affects the horizontal dimension of trees,
making it sufficiently coarse to identify WMSO-expressivity and WFMSO-expressivity. Both these logics turn out
to be essentially weaker than MSO in expressing properties of the vertical dimension on trees, such as the language
Ly, presented in proposition 5.1. Since this is the only ‘relevant’ dimension of the finitely branching case, WFMSO
and WMSO are strictly weaker than MSO on finitely branching trees, as shown in proposition 5.5.

In this section we observe how this landscape of connections between WMSO, WFMSO and MSO is affected
by considering the more general setting of trees with arbitrary branching degree.

The first observation is that the relation between WFMSO and MSO remains unaltered.

Proposition 5.6. The class of WFMSO-definable tree languages is strictly included in the class of MSO-definable
tree languages.

Proof This is an immediate consequence of proposition 5.3, theorem 4.14 and remark 2.32. O

The weakness of WFMSO on the vertical dimension is somehow reflected by the semantics of WFMSO
quantifiers: a well-closed set of nodes is limited on the vertical dimension, being included in a well-founded tree.
However, it has no limitations of cardinality on the horizontal dimension, meaning that MSO-quantification and
WFMSO-quantification do not differ much in this respect.

The deeper reason underlying this observation is that MSO itself is a rather coarse logic, once it comes to
specify properties on the horizontal dimension of trees. In fact, MSO cannot even distinguish between trees with
finite or infinite branching degree. We indicate this phenomenon as the Finite Branching Property of MSO. Its
significance is best explained through the automata-theoretic perspective, as shown by the next proposition.

Proposition 5.7 (Finite Branching Property). Ler A be an MSO-automaton. If L(A) is non-empty then there is
a finitely branching tree T in L(A).

Proof Let A = (A,a;,A,Q) be an MSO-automaton and T a tree that is accepted by A. By proposition 2.14 we
can assume A to be non-deterministic. Let f be a winning strategy for 3 in G = A(A,T) @(ay,s7), which we can
assume to be full and functional by proposition 2.36 and 2.36. Let T s and n-é : Ty — T be respectively the tree

representation of f and its projection function. As observed in remark 2.35, since f is full and functional then n‘zf is

1-1 and onto.

The main idea of the proof is that we can prune Ty until we get a finitely branching subtree ’]T} of T'r. We can
do it in such a way that T is the tree representation of a winning strategy for 3 in G’ = A(A,T") @ (ay,s7), with T’
a finitely branching subtree of T induced by T} itself. This implies that T' is in L(A).

We proceed with the formal part of the proof. We define a tree ’]T} by induction as follows:
1. The root of T’ is the root of Ty, i.e. the position (az,sr).

2. Suppose that (a,s) is a node of ’JI‘} of height i. By inductive hypothesis the position (a,s) is also a node of
T of height i, and the label of (a,s) in T’ is the label of (a,s) in Ty.

Let my: A - f0g(s) be the marking provided by f from position (a,s) and ¢ € SBF*(A) be a disjunct of
A(a,0¢(s)) € SLatt(SBF* (A)), such that (g(s),m) & @. Let Sp = {r1,...,#} be the set of nodes in Gz (s)
witnessing the existential part of . If Sy, is empty, that is, k = 0, then at least we know that there is a node
tv € Og(s) witnessing the universal part of . In this case, we let {(by,tv )} be the set of successors of (a,s)
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in ’}1‘}, where by is such that 7 is in m(by ). Otherwise, Sy, is non-empty and we define the successors of (a,s)
in TI"f to be the elements of the following set.

{(b,r) [tem(b)nSe} 54

Observe that this is a finite subset of {(b,) |t €m(b)}. It follows that each successor of (a,s) in T’ is also a
successor of (a,s) in Ty and we can maintain our inductive hypothesis at height i + 1.

It should be clear by construction that T} is a finitely branching subtree of Ty. Let T’ be the subtree of T
obtained by projecting T’ on T, that is, its carrier 7" is given as ng.[T; ] . Since T’ is finitely branching then also
T is finitely branching. The proof of the main statement is completed by showing the following claim.

CLAIM 13. The tree T’ is accepted by A.

PROOF OF CLAIM The key observation of the proof is that ’H‘} is the tree representation of a winning strategy f” for
J3in G'. The strategy f” is defined from each basic position (a,s) € Ax T" occurring in T’ as a node. The marking
suggested by 3 from position (a,s) is uniquely defined by (5.4). The proof of claim is completed by showing that:

1. f’is afull and surviving strategy for 3 in G';
2. f’is a winning strategy for 3in G’.

In order to prove the first fact, recall that by assumption f is full and surviving strategy for 3 in G. By
construction f’ suggests the same markings of f on all basic positions in G’, meaning that it is full in G’. Given a
position (a,s) € Tys, let 6 () be the set of successors of s in T and m’ the marking suggested by f” from position
(a,s). By definition of f” in terms of T', there is a disjunct ¢ € SBF* (A) of A(a,6¢(s)) such that:

a) if @ only consists of an universal part, the A-structure (Gx(s),m’) has a unique element, witnessing the
universal part of @;

b) otherwise, ¢ has a non-empty existential part; in this case, by definition (0%(s),m") contains exactly the
witnesses for the existential part of ¢, meaning that it also verifies (vacuously) the universal part of @.

In any of the two cases, m’ makes @ true in 6%(s), implying that it is a legitimate move for 3. It follows that f’ is a
surviving strategy for 3 in G’.
In order to prove the second fact, let 7T be an infinite f’-conform match of G’, with basic positions

Br:=(ay,s;1),(a1,s1),---,(an,sn),-- .-

By definition of f’, the sequence By is just a branch of T}. By construction, ']T} is a finitely branching subtree of
Ty with the same root. Therefore By, is also a branch of Ty, meaning that there is an f-conform match of G with
the same basic positions. By assumption the strategy f is winning for 3 in G. It follows that the minimum parity
occurring along 7 is even. Therefore 3 wins the match 7. [ ]

The proof of the claim 5.2 completes the proof of the main statement.
O

The Finite Branching Property qualifies MSO as a logic which is not very expressive on the horizontal dimension
of trees. This aspect is not revealed if we restrict to finitely branching trees. In the same way, the precise nature of
WMSO expressiveness is disclosed only if we take trees with arbitrary branching degree into account. As we will
show in the sequel, it turns out that WMSO does not have the Finite Branching Property, being able to distinguish
between trees with finite and infinite branching degree. It follows that WMSO is essentially stronger than MSO in
expressing properties of the horizontal dimension of trees.

Proposition 5.8. The class of WMSO-definable tree languages and the class of MSO-definable tree languages are
incomparable.

Proof By proposition 5.5 there is a tree language which is MSO-definable but not WMSO-definable. For the
converse direction, consider the language Lyy, defined by putting

TeLnp iff thetree T is not finitely branching. (5.5)
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Let xnp be a WMSO-formula defined by putting
Xnp = 3x-=3pVy (xRy—>yep). (5.6)

Intuitively, Xnp says that there is a node |x|| such that no finite set | p| can contain all the successors of |x]||. It is
easy to see that the tree language Lyy, is defined by Yy,

Suppose by way of contradiction that Lyg, is MSO-definable. By proposition 2.26 there is an MSO-automaton
A such that L(A) = Lyp,. Since we are considering trees with arbitrary branching degree, the language L(A) is not
empty. Then, by proposition 5.7, there is a finitely branching tree T’ in L(A). This also means that T' is in Ly,
contradicting the definition of Lyg, as in (5.5). Therefore the language Lyy, is not MSO-definable. m|

Proposition 5.8 does not only state the incomparability of MSO and WMSO, but also reveals the nature of their
relation. The two logics are in some sense orthogonal: MSO is weaker than WMSO on the horizontal dimension,
while WMSO is weaker than MSO on the vertical dimension on trees.

In the sequel we bring further our investigation by comparing the expressive power of WMSO and WFMSO. As
a preliminary observation, it is immediate that WFMSO is weaker than WMSO on the horizontal dimension, being
a fragment of MSO. The orthogonal question, namely how WFMSO and WMSO relate on the vertical dimension,
requires a finer analysis. What we have seen so far is that both WMSO and WFMSO are weaker than MSO on
this respect. What we are going to show is that WFMSO is still stronger than WMSO on the vertical dimension,
implying that the two logics have incomparable expressive power.

5.3 A Janin-Walukiewicz Theorem for WFMSO

Janin and Walukiewicz [16] have shown that the bisimulation-invariant fragment of MSO is as expressive as
the modal u-calculus (uMC) on trees. In this section we consider the same question for the bisimulation-invariant
fragment of WFMSO. It turns out that WFMSO is still weaker than MSO on this respect, being as expressive as
the alternation-free fragment of the modal u-calculus (AFMC). This outcome is coherent with the perspective on
WFMSO and weak MSO-automata that we have suggested throughout this thesis. Indeed, there is a tight connection
between fixpoint operators of the u-calculus and parities occurring infinitely often in parity games [34]. The absence
of alternation in formulae from AFMC intuitively corresponds to at most one parity occurring infinitely often along
infinite matches of a parity game, which is exactly the property of weak MSO-automata described in remark 3.3.

Theorem 5.9. Let L a tree language that is closed under bisimulation. The following are equivalent.
1. The language L is AFMC-definable.

2. The language L is WFMSO-definable.

For proving this result, once again we use an automata-theoretic argument. Roughly, the idea is that automata
for AFMC are the weak counterpart of automata for uMC, just as automata for WFMSO are the weak version of
MSO-automata. Then, the same argument, used by Janin and Walukiewicz [16] to show that automata for uMC and
MSO have the same expressive power modulo bisimulation, can be restricted to show an analogous result for the
weak counterparts.

For this purpose, the main observation is that automata for yMC and for MSO are the same class of automata,
modulo a certain transformation on the first-order sentences associated with the transition function. Since every
formula of uMC is bisimulation invariant, the first-order language associated with the transition of the corresponding
automata should reflect this invariance at the level of the successors of a given node. This language cannot be
FO* (A), because the equality symbol = allows for sentences which count the number of elements, such as

Orvo = Ix1 Iy (x1 #x20AVZz ((z£x1AZEX2) > 1)).

We can define an MSO-automaton corresponding to the property that each node in a tree has exactly two successors,
by using @7y, in the transition function. This is an example of a tree language which is MSO-definable but not
bisimulation-invariant, meaning that it is not uMC-definable.

In the sequel we introduce a translation, which we call V-translation, transforming sentences in special basic
form into sentences of FO* (A) without equality. The set of sentences which are V-translations of some sentence in
special basic form will provide the first-order language associated with the automata for uMC.
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Definition 5.10 (V-translation). Given a set A of unary predicates, let ¢ € SBF*(A) be a sentence in special basic
form of shape

¢ = .3 (dif (DA N ailx) aVz (diff (5,2) >\ bi(2))).

1<i<k I<I<j
We define ¢V by putting

oV = Ix.3Ag (A @) avz o bi(2)).

1<isk 1<i<j

We denote with SBFV (A) the set {@V | @ € SBF*(A)}. 4

The modal p-calculus is characterized by a class of automata which are defined as non-deterministic MSO-
automata but for the transition function, which ranges over sentences from SLatt(SBFY (A)) instead of SLatt(SBF*(A))
[15]. If we restrict to the alternation-free fragment, then a weaker version of these automata suffices [20]. We use
the name modal non-deterministic Biichi automata to emphasize their connection with non-deterministic Biichi
automata as we introduced with definition 4.1.

Definition 5.11 ([20]). A modal non-deterministic Biichi automaton on alphabet C is an MSO-automaton B =
(B, b1, A, Q) with A of type Bx C — SLatt(SBFY (B)) and Q of type B — {0,1}. N

In [20] an automata characterization for AFMC in terms of modal non-deterministic Biichi automata is provided.
Proposition 5.12 ([20]). Let L be a tree language. The following are equivalent.
o There exists @ € AFMC such that L = ||@]|.

o There are modal non-deterministic Biichi automata BY and Bg such that L =L(BY) and L = E(Bg).

Proof Reference We refer to [20] for a proof of the statement. Direction (1 = 2) follows from theorem 6, 4 and 5
in [20]. Direction (2 = 1) follows from theorem 2 and 3 in [20]. O

We introduce a translation between NDB automata and modal NDB automata. Let B be a NDB automaton. In
analogy with Janin and Walukiewicz’s argument, we are going to show that, if L(B) is closed under bisimulation,
then the modal NDB automaton BV that we obtain from B through the translation is such that B = BY. This is the
content of proposition 5.14.

Definition 5.13. Let B = (B,b;,A,Q) be an NDB automaton. We define an automaton BY = (B,b;,AV,Q) by
putting

AV(a,c) = {9V |@isadisjunct of A(a,c)}.

By definition 5.10 the transition function AV has type B x C — Slatt(SBF" (B)), meaning that BV is a modal NDB
automaton. N

Proposition 5.14. Let B be an NDB automaton and BY the modal NDB automaton constructed from B as in
definition 5.11. If L(B) is closed under bisimulation, then B =BV,

Proof The argument is the same used in [15], proof of Lemma 12. Let B = (B, b;,A, Q) and BY = (B,b;,AV,Q) be
given as in the statement and suppose that L(B) is closed under bisimulation. Given a tree T, we want to show that

Baccepts T iff BY accepts T. 5.7

Let T, be the w-expansion of T, given as in definition 1.6. By remark 1.7, we know that T and T, are bisimilar.
This means that, in order to show (5.7), it suffices to show that

B accepts T, iff BY accepts T. (5.8)

(=) Suppose that B accepts T, and let f be a winning strategy for 3in G = A(B,T(,) @(ay, (s7,0)). We want to
define a strategy fV that is winning for 3in GV = A(B, T) @ (az,s;). As usual, fV is provided for each stage of the
construction of a match TV of GV, while playing in parallel an f-conform shadow match 7t of G. For each round z
that is played in 7t and V', we want to maintain the following relation between the two matches.
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For some a €A, seT and i < @, the current basic positions in vV and
are respectively (a,s) and (a, (s,i)).

(€3]

Condition (£) holds at the initial round, where we initialize T and TV respectively at position (ay, (s7,0)) and
(ar,sr). Inductively, suppose that we are given at round z; with basic positions respectively (a, (s,i)) and (a,s)
in 7 and ©V, for some i < ®. By assumption we are provided with a marking m: A — £(c%(s,i)) that makes
A(a,02(s,i)) true in 6% (s,i). We define a marking m" : A - (cg(s)) by putting

temV(a) iff (t,i)em(a)

foreachteT,i<wand aeA. Welet m" be the choice of 3 from position (a,s) in V. If mV is a legitimate move
for 3, then it is clear that condition (%) can be maintained at round z;: any next basic position (b,z) € Ax T picked
by V in ©V corresponds to an admissible move (b, (,i)) € A x (T x ®) for V in &, for any i < ®.

Thus it remains to show that mV is a legitimate choice for 3, that is,

(or(s),mV) & AV(a,0¢(s)). (5.9)

For this purpose, suppose that ¢ € SBF*(B) is a disjunct of A(a,62(s,i)), depending on sequences of states
ai...ag,by...bjof B, such that (6% (s,i),m) = . By definition of AV, the sentence ¢V is a disjunct of AV (a,62(s,i)).
By definition 6¢(s) = 62(s,i), that is, the label of (s,i) in Ty is just the label of s in T. It follows that ¢V is a
disjunct of AV (a,6¢(s)). In order to show (5.9), it suffices to show that

(or(s).m¥) = oV

By the syntactic shape of ¢, we have k nodes (#1,n1),..., (fx,n;) in 6g(s,i) witnessing the variables xi,...,x; in
the existential part of @. This means that m assigns a; to (t;,n;), for each i with 1 <i < k. By definition m" assigns
a;j to t;, for each i with 1 <i<k. This means that #|,...,f;, are witnesses for variables xy,...,x; occurring in the

existential part of @V It remains to consider the condition given by the universal part of ¢V, that is, to each node
t € og(s) is assigned some state b € {by,...,b;} according to m" . For this purpose, take 7 € 6g(s) and any natural
number n different from ny,...,n;. By the syntactic shape of @, the node (¢,n) is a witness for the variable z in the
universal part of ¢. Therefore m assigns to (¢,n) some state b € {by,...,b;}, implying that ¢ is in mV (b). Since
was an arbitrary node of 6z (s), this shows that indeed (6r(s),m) & Vz \V;<;b;(z) and completes the proof of (5.9).

We have shown that condition (%) can be maintained for each round that is played in the two matches. In order
to show that 3 wins TV, first suppose that TV is a finite match. Since the suggestion of fV is always legitimate, this
means that V gets stuck and 3 wins. Otherwise, T and TV are infinite and by condition (%) the same states from B
are visited along the play. Since B and BV have the same parity map, the minimum parity occurring infinitely often
in  and 7V is the same. By the fact that f is a winning strategy for 3 in G and 7 is f-conform, this suffices to show
that 3 wins 7tV

(<) Let £V be a winning strategy for 3in GV = A(B, T)@(az,s;). We define a strategy f for each stage of
the construction of some match 7 of G, while playing in parallel an f-conform shadow match ©V of GV. For
each round z that is played in 7t and ©V, we want to maintain the same condition () that we used in showing the
converse direction.

At the initial round, position (ay,(s7,0)) occurs in T and we initialize T at position (az,s7). Inductively,
suppose that we are given at round z; with basic positions respectively (a, (s,i)) and (a,s) in T and TV, for some
i < . By assumption we are provided with a marking mV : A — £(6%(s)) that makes AV (a,6¢(s)) true in og(s).
We define a marking m: A — £(6g(s,i)) by putting

(t,i)em(a) iff temV(a).

We let m be the choice of 3 in 7. In order to see that m is a legitimate move, let y be a disjunct of AY (a,6¢(s)) that
is true in (og(s),m"). By definition of AV we know that y is equal to @V, for some disjunct @ of A(a,c¢(s)) =
A(a,02(s,i)). In order to show that m is legitimate, it suffices to show that @ is true in (6¥(s,i),m). For this
purpose, let 71,..., be (not necessarily distinct) elements of Gg(s) witnessing variables xi,...,x; of (pv, that is,
for each i with 1 <i <k, we have that t; € m(a;). By definition of m", nodes (t1,1),..., (t,k) are k distinct elements
of 6R(s,i) such that, for each i with 1 <1 <k, we have that (;,i) € m(a;). It follows that they witness the existential
part of @. For the universal part of @, consider any node (z,n) € 6% (s,i) which is different from (71,1),..., (t%,k).
By definition of @V the node ¢ € 6g(s) witnesses the universal part of @V, that is, for some / with 1 <1< j, we
have that t € m¥ (b;). Then, by definition of m, the node (¢,n) is in m(b;) and witnesses the universal part of @.
Therefore @ is true in (o% (s,i),m) and m is a legitimate move for 3 in 7.
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Using the same argument of the converse direction, we can show that condition (%) is maintained at round z;1
and 3 wins 7.
O

Proposition 5.14 provides the key result to prove that AFMC is at least as expressive as the bisimulation-invariant
fragment of WFMSO. This is one direction of theorem 5.9. For the converse direction, we need to show that the
bisimulation-invariant fragment of WFMSO is not weaker than AFMC. This is in fact the easy direction of theorem
5.9, being a corollary of the automata-theoretic characterization of AFMC provided in [20].

Proposition 5.15 ([20]). Let ¢ € AFMC be a sentence. There is a weak MSO-automaton Ay such that ¢ is
equivalent to A.

Proof reference In [20], theorem 3, it is shown that a class of automata called symmetric weak alternating
automata characterizes AFMC. It is easy to check that symmetric weak alternating automata are just a particular
case of weak MSO-automata, where the transition function A ranges over sentences from FO*(A) without the
equality symbol =. m|

We are now ready to prove the main result of this section.

Proof of theorem 5.9 Let £ be a tree language that is closed under bisimulation. The direction (1 = 2) follows
by proposition 5.15 and theorem 4.14. The proof of direction (2 = 1) is given by the following derivation.

there is @1 € WFMSO such that |@; | = £ <> (closure of WFMSO under negation)
there are @1, @, € WFMSO such that |@;] = £ and ||@;| = £ < (theorem 4.14)

there are NDB automata B, B, such that L(B;) = £ and L(B,) = £ = (proposition 5.14)

there are modal NDB automata BY ,BY such that L(BY) =L and L(B) )=L <> (proposition 5.12)

there is @) € AFMC such that ||@| = £

O

As a corollary of theorem 5.9, we obtain an incomparability result for WFMSO and WMSO. We can see this as
a strengthening of proposition 5.8, WFMSO being weaker than MSO.

Corollary 5.16. The class of WMSO-definable tree languages and the class of WFMSO-definable tree languages
are incomparable.

Proof By the same argument used for proposition 5.8, the language Lyy, defined as in (5.5) is WMSO-definable
but not WFMSO-definable. For the converse direction, consider the sentence Y wy € AFMC defined by putting

Xwr = ug.(Og v p).

Intuitively, Xwr holds in a tree T if and only if on each branch of T there is a node labeled with p. By proposition
5.9 the tree language ||xwy| is WFMSO-definable. In order to see that || is not WMSO-definable, recall the
prefix topology on trees, defined as in section 1.6. By proposition 1.20 the tree language ||| is not a Borel set of
this topology. However, by proposition 1.19, only the Borel tree languages are WMSO-definable. This means that
|%wr| is not WMSO-definable. ]

Historical Notes

To the best of our knowledge, the result that weak MSO-automata characterize WMSO on finitely branching
trees is folklore, just as the incomparability result of proposition 5.8. The former statement is mentioned in [14],
section 4.3, whereas the latter statement is mentioned in [9], remark 1.8.

Modal correspondence theory is the comparative study of expressiveness of modal languages and classical
languages (such as first-order logic) on transition systems. Perhaps the most important contribution in this area is
van Benthem’s Bisimulation Theorem stating that modal logic is the bisimulation-invariant fragment of first-order
logic [30]. Another landmark result is Janin and Walukiewicz’s theorem stating that the modal y-calculus is the
bisimulation-invariant fragment of MSO [16].

We refer to Kupferman and Vardi [18], [20] for the automata-theoretic characterization of AFMC on trees of
arbitrary branching degree. For the case of binary trees, an algebraic approach has been proposed [1] [2] to relate
the expressive power of AFMC, WMSO and weak automata. For an overview on automata for modal fixpoint logics
we refer to [34] and [31].
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Conclusions

We recapitulate what we consider the main contributions of this thesis. In the second and third chapter we
rephrase the existing results on MSO-automata and weak MSO-automata in a unified framework. We emphasize the
role of the simulation theorem and the two-sorted construction in providing a guidance to compare the expressive
power of MSO-automata, weak MSO-automata and the corresponding logics. For this purpose, we introduce and
reformulate many concepts that were implicit or differently expressed in the theory of tree automata, such as the
tree representation of a strategy, the notions of minimal, full and functional strategy, the completion construction
for MSO-automata, the two-sorted construction and the Biichi powerset construction for weak MSO-automata.
An analogous contribution is also provided in the fourth chapter, where we reformulate Rabin’s constructions
for non-deterministic Biichi automata in a game-theoretic fashion, generalizing the associated results from the
binary case to the arbitrarily branching case. In Appendix A we also present a game-theoretic perspective on the
complement construction for MSO-automata. Our proof of the complementation lemma is based on the observation
that acceptance games for MSO-automata are essentially asymmetric, assigning a prominent role to player 3. We
show that acceptance games can be equivalently defined in a completely symmetric way, and also asymmetric on
the side of player V. We believe that this perspective on acceptance games brings useful insights on the concept of
alternation, which is central in the theory of tree automata [24] [11].

On the connection between automata and logic, our main contribution is the logical characterization of weak
MSO-automata on trees of arbitrary branching degree. For this purpose we introduce a new variant of MSO which
we call well-founded monadic second-order logic (WFMSO). In the third chapter we prove that, for each formula
¢ € WFMSO, there is a weak MSO-automaton which is equivalent on trees of arbitrary branching degree. In the
fourth chapter we show the converse direction, namely that each tree language which is recognized by some
weak MSO-automaton is also defined by some WFMSO-formula. The proof passes through non-deterministic
Biichi automata, that generalize Rabin’s ‘special automata’ [28] working on binary trees. We give a second
characterization for WFMSO in connection with this class of automata: a tree language £ is WFMSO-definable if
and only if both £ and its complement are recognized by non-deterministic Biichi automata. This can be seen as a
generalization of an analogous result of Rabin for WMSO on binary trees [28].

We believe that the fifth chapter provides a quite broad overview of the expressivity results connecting MSO,
WMSO and WFMSO which are disseminated in the literature. Some (apparently) folklore results, such as the
Finite Branching Property and the incomparability between MSO and WMSO, are disclosed and their consequences
investigated. In particular, we emphasize the difference between properties on the horizontal and vertical dimension
of trees. We believe that this perspective provides a guidance in understanding and comparing the expressing power
of different monadic second-order logics.

Another main contribution is the modal characterization of the bisimulation-invariant fragment of WFMSO,
which is proven to be as expressive as the alternation-free fragment of the modal y-calculus. This result somehow
completes the net of correspondences between WFMSO and MSO, the bisimulation-invariant fragment of MSO
being as expressive as the modal uy-calculus [16]. As a corollary, we obtain the result that WFMSO and WMSO
have incomparable expressive power on trees. This can be seen as a strengthening of the incomparability result for
MSO and WMSO, WFMSO being a fragment of MSO.

Logic Corresponding automata | Bisimulation-invariant fragment
MSO MSO-automata uMcC

WFMSO | weak MSO-automata AFMC

WMSO ? ?

Table 5.1: overview of the characterization results on arbitrarily branching trees.
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Future Work

The main theme of our work has been the understanding of the expressive power of weak MSO-automata
on trees of arbitrary branching degree. This was motivated by the observation that weak MSO-automata do not
characterize WMSO on this class of structures. Thus a natural continuation would be to provide a different class
of automata, which characterizes WMSO on trees of arbitrary branching degree. The crux of the matter is to
understand how to define these automata, in such a way that their expressive power is incomparable with respect to
MSO-automata. They should be able to express those specifications concerning the horizontal dimension of trees,
which are WMSO-definable but not MSO-definable. This also means to avoid the finite branching property: then a
problem arises, for all the projection constructions that we considered so far are tightly connected to such property.
Therefore, in order to give a projection construction corresponding to WMSO-quantification, essentially different
methods should be proposed.

A second line of research concerns the bisimulation-invariant fragment of WMSO. This investigation is
motivated by the fact that all WMSO-definable tree languages are Borel [9]. If the bisimulation-invariant fragment
of WMSO is strictly weaker than the modal u-calculus, then it would correspond to a sort of ‘Borelian’ fragment,
providing a better understanding of the topological complexity of modal fixpoint logics. In fact there are reasons to
believe that this is the case. To the best of our knowledge, all examples of tree languages that are WMSO-definable
but not MSO-definable are not bisimulation closed. As an example, consider the language of finitely branching
trees: each finitely branching tree is bisimilar to its ®-expansion, which is not finitely branching. This motivates the
conjecture that the bisimulation-fragment of WMSO ‘collapses inside’ the bisimulation-invariant fragment of MSO,
that is the modal y-calculus. In fact, we hypothesize that it is even included in the alternation-free fragment of the
modal p-calculus, for the intuitive reason that WMSO is not stronger than WFMSO in expressing properties on the
vertical dimension of trees. Analogously to other characterization results, we believe that this question should be
tackled from an automata-theoretic perspective. The aforementioned automata characterization of WMSO would
probably be a decisive step towards the proof of the conjecture.

Bisimulation-invariant formulae

Figure 5.1: overview of the relations between classes of definable tree languages (the position of WMSO n MSO-
definable tree languages is conjectural).

As a conclusive remark, we observe that all results that we obtained concern leafless trees. We believe that it is
not too harmful to extend the same results taking also trees with leaves into account. The idea is that a C-labeled
tree T with leaves can be represented as a leafless 2(Pu {r})-labeled tree T, where all the nodes of the original tree
are labeled in T’ with a propositional letter r ¢ P. Then each formula ¢ of the monadic second-order language on P
can be translated into a formula ¢’ on Pu {r}, such that |@[p and |¢’[ (.} are the same tree language modulo the
translation of trees with leaves into leafless trees.
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Appendix A

Symmetric and V-Asymmetric Acceptance Games

In this appendix we want to show a complementation lemma for MSO-automata.
Proposition A.1. Given an MSO-automaton A, there is an effectively constructible MSO-automaton A such that
L(A) = L(A).

_ The idea is to use a game-theoretical argument. Given an MSO-automaton A, we want to define an automaton
A, with the same carrier A of A, such that for each tree T, basic position (a,s) € A x T, the following holds:

(a,s) is a winning position for 3in A(A,T) iff (a,s) isa winning position for ¥ in A(A,T). (A.1)

The main problem with this argument is to prove that a basic position is winning for V. We should define a
strategy for V which can face any legitimate marking that 3 could pick at each round. This is trickier than dealing
with strategies for 3, because 3’s choice of a marking always comes first in a round, and her move is a more
‘complicated’ object to handle than V’s move. In fact the acceptance game has an asymmetric definition, assigning
a prominent role to player 3.

The key idea is to make our task easier by creating another asymmetric version of the acceptance game, which
privileges V. At each round we want V to pick first a marking, and 3 answer by picking a basic position. If we can
prove that such version of the acceptance game is in fact equivalent to the standard one, then it becomes relatively
easy to define an automaton A accepting the complement language of A. Indeed a winning strategy f for 3in G
becomes a legal strategy for V in the V-asymmetric version of the acceptance game. If we can enforce condition
(A.1), then f is also winning for V and makes A reject T.

A.1 Equivalence between Acceptance Games

In this section we introduce V-asymmetric acceptance games and prove that they are equivalent to the standard
acceptance games (table 2.1). As an intermediate step, we introduce a third version of the acceptance game, which
we call symmetric because similar roles are assigned to the two players.

Definition A.2. Let A be an MSO-automaton and T a tree. We let ny denote the natural number Max(Q[A]).

 The V-asymmetric acceptance game of A on T - notation Ay (A, T) - is defined according to the rules of

table A.1.
Position Player | Admissible moves Parity
(a,s)€eAxS v {m:A - P(or(s))|(cr(s),m) ¥ Ala,0,(s))} | Q(a)
m:A—~>P(or(s) | 3 | {(b1)|1e(or(s) \m(b))} nA

Table A.1: V-asymmetric acceptance game for MSO automata

* For each node 7 of T, let ¢; be a constant which is interpreted on ¢ in T. We denote with FO7.(A) the language
of sentences from FO" (A) where constants from {c; | # € T} can occur in place of individual variables. Given
a formula @, we denote with @[ ¢, /x] the formula obtained by substituting each free occurrence of x in @ with
¢;. The symmetric acceptance game of A on T - notation Ay, (A, T) - is defined according to the rules of
table A.2.
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Position Player | Admissible moves Parity

(a,s)eAxS - {(A(a,0¢(s)),s)} Q(a)
(WIVW%S) 3 {(W17S)a(\|l2’s)} na
(Y1 Ay2,s) Voo | {(w1,9), (w2,5)} na
(3x.0.5) 3| {(ole/sls) | reor(s)} | na
(Vx.9,s) Vo | {(@ler/x],s) [teor(s)} | na
(cyy mepy,s)and ity #12 3 %) na
(cty mcry,s) and 1y =ty \ %) ny
(cyy #cryps)andty =12 E| %) n
(cyy #cryps) andty #12 v %) n
(L,s) 3 ) na
(T,S) v %] na

(a(er);s) {(a,1)} &

Table A.2: Symmetric acceptance game for MSO automata

The basic positions of Ay(A,T) and Ay, (A, T) are the same of A(A,T). We call a position (@,s) €
(FO7(A)) x T atomic if @ is of the form ¢, ~ ¢y, ¢, # ¢1, or a(c;) for some a € A and ¢ € 6g(s). Winning conditions
for V¥ and 3in Ay (A, T) and Ay, (A, T) are standardly defined in terms of the parities occurring along the play. <

The idea of V-asymmetric acceptance games is that at each round V assigns states b € A to nodes 7 € Gg(s) in
such a way that continuing the match from a position (b,7) leads to a rejecting run of A on T. For this reason, 3
will pick the next basic position among the ones that are not induced by V’s marking. Dually with respect to the
case of standard acceptance games, V will try to assign as many states as possible to each node, so that less basic
positions are available choices for 3.

The idea of symmetric acceptance games is that at each round 3 and V play a little sub-game, following the
syntactic shape of the sentence A(a,0¢(s)) € FO" (A) associated with the transition function. In fact this sub-game
closely resembles the evaluation game providing the standard game semantics to first-order logic [12]. Observe
that the cases for atomic positions in table A.2 are exhaustive, because A(a,0¢(s)) is a sentence. This means that
all first-order variables appearing in A(a,G¢(s)) are bound and the two players replace all of them with individual
constants before the match arrives to an atomic position.

Proposition A.3. Let A be an MSO-automaton and T a tree. The following are equivalent.
1. Player 3 has a winning strategy in G = A(A, T)@(ay,sp).
2. Player 3 has a winning strategy in Geym = Agym (A, T) @ (ay, sr).

3. Player 3 has a winning strategy in Gy = Ay (A, T)@ (ay,s;).

Proof (1= 2) Suppose that 3 has a winning strategy f in G. We define a strategy f” for 3 in Gjy,,, by induction
on the construction of a match ©t’ of Gsym» While maintaining an f-conform shadow match 7 of G. For each round
that is played in " and T, we want that either V gets stuck in T’ or the same basic position in ©’ and & can be
maintained for the next round. This is the case for the initial round, where we initialize both matches at position
(ay,sr). Inductively, suppose that we are at round z; with the same basic position (a,s) € A x T occurring both in 7t/
and 7. Since T is f-conform, the strategy f suggests a marking m: A — £(ogr(s)) that makes A(a,c¢(s)) true. We
want to define how 3 should play in " at round z;, in such a way that she can maintain the following condition for
each position (@,s) € FO7.(A) encountered in round z;.

‘ The marking m makes ¢ true in Gg(s). ‘ @)

Condition (t) is true for position (A(a,c¢(s)),s) because m is suggested by the winning strategy f. Intuitively,
this was the initial position of the sub-game of round z;. For each non-atomic position (¢,s) € FO7(A) x T that is
encountered while playing the sub-game, we distinguish the following cases.

o If @ = Y1 Ay, then position (Wi AW, s) belongs to V. Let i€ {1,2} be such that (y;,s) is the next position
picked by V. By inductive hypothesis W A\, is a sentence in FO7.(A) such that m makes | A, true in
or(s). It follows that m makes y; true in Gg(s).
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o If @ = y; vy, then position (Y1 v y,s) belongs to 3. By inductive hypothesis W v, is a sentence in
FO7.(A) such that m makes W v, true in og(s). It follows that, for some i € {1,2}, the marking m makes
y; true in Gg(s). We let 3 pick (w;,s) as next position in round z.

e If ¢ = 3x.\y, then position (3x.y,s) belongs to 3. By inductive hypothesis 3x.\ is a sentence in FO7(A) such
that m makes 3x.y true in 6g(s). It follows that, for some node ¢ € Gg(s), the marking m makes y[c, /x] true
in og(s). We let 3 pick (y[c;/x],s) as next position in round z.

o If @ = Vx.\, then position (Vx.y,s) belongs to V. Let 7 € 6g(s) be a node such that (y[c;/x],s) is the next
position picked by V. By inductive hypothesis Vx.\ is a sentence in FO7(A) such that m makes Vx.\ true in
or(s). It follows that the marking m makes y[c,/x] true in Gg(s).

It is immediate to check that the above strategy allows 3 to maintain condition () through round z; in 7’. This
means that we arrive at some atomic position of the sub-game of round z;, which is associated with an atomic
subformula of (A(a,0¢(s)),s). If it is of the form (c;, ~ ¢4, ,5) or (¢, # ¢1,,5), then by condition () player V gets
stuck. Otherwise, the sub-game arrives to a position of the form (b(c;),s). By definition of Gy, (b,1) €eAxT
is the next basic position in ', associated with round z;,1. By condition (), the marking m makes b(c;) true in
Or(s), meaning that ¢ is in m(b). Therefore (b,7) is an admissible choice for V in 7T and we let it be the next basic
position associated with round z;,1 in 7.

In order to see that 3 wins T/, observe that the move suggested by f’ is always legitime. Then either V gets
stuck at some round, or T’ and T are both infinite matches, with the same parities occurring along the play. Since T
is f-conform and f is winning for 3 in G, this suffices to show that the minimum parity occurring infinitely often in
7t is even and then 3 wins 7'

(2=1) Suppose that 3 has a winning strategy f’ in Gjy,,. We define a strategy f for 3 in G, by induction on the
construction of a match 7 of G, while maintaining an f’-conform shadow match 1’ of G,,,. We want f to be such
that, for each round that is played in 7 and 7', either player V gets stuck in T, or it is always possible to maintain
the same basic position in 7 and 7t for the next round.

For the base case, we initialize both T and @’ at position (ay,s;). Inductively, suppose that we are at round z;
with the same basic position (a,s) € A x T occurring in T’ and . We want to suggest a marking m : A — £(cg(s))
to 3 in 7, on the base of how she plays in the sub-game associated with round z;;1 in . The key observation is
that this sub-game resembles an evaluation game on the sentence A(a,6¢(s)), for which we consider the possible
outcomes. By playing according to f’, player 3 is guaranteed to not get stuck in the sub-game. Depending on how
V plays, an atomic position of the form (¢, ~ ¢y,,s), (¢;, # ¢1,,8) or (b(c;),s) is reached. In any of the former two
cases, by definition of Gy, one of the two players gets stuck. Since this player cannot be 3, then it is V, meaning
that the relation between #; and 1, is the one depicted respectively by ¢;, ~ c;, and ¢;, # ¢, Intuitively, the truth
of ¢;, ~ ¢, and ¢y # ¢, does not depend from which unary predicates mark #; and f,. This means that, for the
purpose of giving our marking m, we just need to focus on the remaining case, namely the (f'-conform) plays of
the sub-game in which an atomic position of the form (b(c;),s) is reached. This motivates the following definition
of m.

*« For each 1 € 6 (s), let A, ;7 € A be defined by putting

beA,y iff (b,t)occurs in some f’-conform match m; extending 7', (A2)

» For each b € A, we define m: A - £(cg(s)) by putting

m(b) = {tEGR(S) | bEA,_f/}.

Following the intuition given above, it can be easily verified that m makes A(a,0¢(s)) true in og(s), meaning
that it is a a legitimate move for 3 in . If m(b) = @ for all b € A, then V gets stuck and 3 wins the match 7.
Otherwise, suppose that V picks (b,7) € A x T as next basic position in 7. Since ¢ is in m(b), then by definition of m
there is an f-conform match m; extending &’ where the position (b,7) occurs. We let 3 and V play in the sub-game
of round z; according to the prescription of 7. In this way, we make the shadow match 1’ coincide with @t/ for the
first i + 1 rounds. By assumption, @/ is f’-conform and position (b,1) occurs at round z;41.

It follows that, for each round that is played in T, either V gets stuck or we can maintain the same basic positions
in  and 7' in the next round. This suffices to show that 3 wins 7.

(2 = 3) By contraposition, we want to show that if there is no winning strategy for 3 in Gy, then there is no
winning strategy for 3 also in Gjy,,. Since parity games are determined (theorem 1.29), it suffices to show that if V¥
has a winning strategy f in Gy, then he has a winning strategy f” in Gy,,. The argument showing this statement
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works dually with respect to the one given for direction (1 = 2) and we confine ourselves to a sketch. We define the
strategy f” for V by induction on the construction of a match nt’ of Giy,,, while maintaining an f-conform shadow
match T of Gy. For each round that is played in T and &/, we want that either 3 gets stuck in T’ or the same basic
position can be maintained in T and 7’ for the next round. This suffices to show that V wins ©t’.

For this purpose, we standardly initialize T and 7 at the same initial position (ay,s;). Inductively, let z be
a round where the same basic position (a,s) € A x T occurs both in 7T and 7’. Since 7 is f-conform, a marking
m is suggested to player V which makes A(a,0¢(s)) false in 6g(s). Analogously to direction (1 = 2), we can
tell V how to play in " the sub-game associated with A(a,oc¢(s)), in such a way that the following condition is
maintained for each position (¢,s) € FO7(A) occurring at round z.

The marking m makes @ false in 6g(s). ‘ ()

If the sub-game of round z; in ©’ reaches an atomic position (¢;, » ¢;,,s) or (¢, # ¢1,,5), by condition (T) we
have respectively that #; # 1, and t; = t;, implying that player 3 gets stuck in t’. In the remaining case, the sub-game
of round z in @’ reaches a position of the form (b(c;),s). By condition (), the sentence b(c,) is false in (og(s),m),
meaning that ¢ is not in m(b). It follows that (b,¢) is an admissible choice for player 3 in T and we can maintain
the same basic position in 7 and 7t for the next round.

(3 =2) As we observed in the proof of direction (2 = 3), by contraposition and determinacy of parity games,
it suffices to show that, if V has a winning strategy f” in Gy, then he has a winning strategy f in Gy. The argument
works dually with respect to the one provided for direction (2 = 1) and we confine ourselves to a sketch. The
strategy f is defined by induction on the construction of a match & of Gy, while maintaining an f’-conform shadow
match 7’ of Gy,,. We want the strategy f be such that either the same basic positions can be maintained in the two
matches or 3 gets stuck at some round in 7.

For this purpose, we standardly initialize T’ and T at the same initial position (ay,s;). Inductively, let z be a
round where the same basic position (a,s) € A x T occurs both in 7t and T’. We suggest a marking m: A — £(cg(s))
to V in T as follows.

* For each 1 € 6r(s), let A; ;7 € A be defined as in (A.2). For each b € A, we define m : A — £(6r(s)) by putting
m(b) = {tecr(s)|b¢A p}.

Dually with respect to direction (2 = 1), in order to show that m makes A(a,0¢(s)) false in 6g(s), the key
observation is that the sub-game at round z in T’ resembles an evaluation game on A(a,G¢(s)), where we know by
assumption that player V does not get stuck.

If m(b) = og(s) for all b € A, then 3 gets stuck in 7 at round z; and ¥V immediately wins. Otherwise, suppose
that player 3 chooses a next basic position (b,¢) in 7. Then ¢ is not in m(b) by definition of Gy and b is in A, ;/ by
definition of m. As for direction (2 = 1), this suffices to show that we can make 3 and V play the sub-game of
round z; in 7', in such a way that 3’s movements follow the suggestions of f” and the basic position (b,t) occurs in
7’ at round zj,1. O

A.2 A Complementation Lemma for MSO-Automata

In this section we use the equivalence between standard and V-symmetric acceptance games to show that the
tree languages recognized by MSO-automata are closed under complementation.

Definition A.4. Let ¢ € For* (A) be a formula. The dual ¢® € FO*(A) of @ is defined by induction as follows.

(a(x))° = a(x)

(1) = 1

(1)° = T

(xwy)° = xgy
(x#y)° = xRy
(ory)° = (©)°v ()°
(ovy)° = (@)% A (y)°
Vx.y = Hx.(lp)8
Jxy = Vx.(\p)6



Let X be a set and m: A — £(X) a marking. The dual m®: A - £(X) of m is defined by putting
md(a) = X-m(a)
for each a € A. <
The following property of the dual transformation is immediate by definition A.4.
Proposition A.5. Let ¢ € FO* (A) be a sentence, X a set and m: A — §(X) a marking. The following are equivalent.
1. (X,m)Eo.
2. (X,m®) ¢ ¢d.

We have now all the ingredients to prove the complementation lemma for MSO-automata.

Proof of proposition A.1 Let A =(A,a;,A, Q) be an MSO-automaton. Define an MSO-automaton A = (A, a;, A®, QS)
by putting Q3(a) := Q(a) +1 and A%(a,c¢) := (A(a,c))® for each a € A and ¢ € C. Let T be a tree. We want to show
that

Aaccepts T iff A does not accept T.

By proposition A.3 and determinacy of parity games, it suffices to prove that 3 has a winning strategy in G =
A(A,T) if and only if V has a winning strategy in Gy = Ay (A, T).

(=) Suppose that 3 has a winning strategy f3 in G3. We define a strategy fv for ¥V in Gy, by induction on the
construction of a match 1y of Gy, while maintaining an f3-conform shadow match 3 of G3. For each round z that
is played in Ty and 73, we want maintain the same basic position in the two matches.

At the initial round we initialize the two matches from position (ay,s;). Inductively, suppose that we are at
round z; and the same basic position (a,s) € Ax T occurs in Ty and 3. Let m3: A - P(0r(s)) be the suggestion of
£ from position (a,s) in 3. We let my := (m3 )5 be the suggestion of f¥ from position (a,s) in Ty. By proposition
A.5, the marking my makes (A(a,6¢(s)))® = A%(a,6¢(s)) false in 6z(s), meaning that it is a legitimate move for
V in my. At this point we distinguish two cases.

1. If m3 made V get stuck in T3, it means that m3(b) = @ for all b € A. Then, by definition, my (b) = og(s)
for all b € A. By definition of Gy, no move is available for 3 and she gets stuck in the match 7y, which is
immediately won by V.

2. Otherwise, let (b,t) be the next position picked by 3 in y. By definition of Gy the node ¢ is not in my (b).
By definition of my, this means that 7 is in m3(b). Therefore (b,t) is a legitimate move for V in T3 and we
let (b,1) be the next basic position in 3. In this way the same basic positions are maintained in the two
matches at round z;, 1.

By construction, either the two matches my and 73 end in the same round, respectively with player 3 and player
V getting stuck, or they are both infinite. In the latter case, by the fact that 3 is f3-conform and f5 is winning for 3,
the minimum parity n occurring infinitely often in 73 in even. By definition of Q3% the minimum parity occurring
infinitely often in 7y is n+ 1, which is odd. Therefore V wins my.

(<) The same argument provided for direction (=) works dually for the converse direction. O
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