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Abstract

One of the main goals of computable analysis is that of formalizing the complexity of theorems from
real analysis. In this setting Weihrauch reductions play the role that Turing reductions do in standard
computability theory. Via coding, we can transfer computability and topological results from the Baire
space w* to any space of cardinality 28, so that e.g. functions over R can be coded as functions over the
Baire space and then studied by means of Weihrauch reductions. Since many theorems from analysis can be
thought to as functions between spaces of cardinality 2%°, computable analysis can then be used to study
their complexity and to order them in a hierarchy.

Recently, the study of the descriptive set theory of the generalized Baire spaces k" for cardinals k > w
has been catching the interest of set theorists. It is then natural to ask if these generalizations can be used
in the context of computable analysis.

In this thesis we start the study of generalized computable analysis, namely the generalization of com-
putable analysis to generalized Baire spaces. We will introduce R, a Cauchy-complete real closed field of
cardinality 2" with x uncountable. We will prove that R, shares many features with R which have a key
role in real analysis. In particular, we will prove that a restricted version of the intermediate value theorem
and of the extreme value theorem hold in R,,.

We shall show that R, is a good candidate for extending computable analysis to the generalized Baire
space k". In particular, we generalize many of the most important representations of R to R, and we show
that these representations are well-behaved with respect to the interval topology over R,.

In the last part of the thesis, we begin the study of the Weihrauch hierarchy in this generalized context.
We generalize some of the most important choice principles which in the classical case characterize the
Weihrauch hierarchy. Then we prove that some of the classical Weihrauch reductions can be extended to
these generalizations. Finally we will start the study of the restricted version of the intermediate value
theorem which holds for R, from a computable analysis prospective.



Chapter 1

Introduction

Computable Analysis

Computable analysis is the study of the computational properties of real analysis. We refer the reader to
[28] and [6] for an introduction to classical computable analysis.

In classical computability theory one studies the properties of functions over natural numbers and then
transfers these properties to arbitrary countable spaces via coding. The same approach is taken in computable
analysis.

One of the main tools of computable analysis is the Baire space w®, namely the space of sequence of
natural numbers of length w. Following the classical computability theory approach, computational and
topological properties of w* are studied and then transferred to spaces of cardinality 2%° via coding.

Coding
Ré——w¥

Of particular interest in computable analysis is the study of the computational and topological content of
theorems from classical analysis. The idea is that of formalizing the complexity of theorems by means similar
to those used in computability theory to classify functions over the natural numbers. In this context, the
Weihrauch theory of reducibility plays a predominant role. For an introduction to the theory of Weihrauch
reductions see [5]. Weirauch reductions can be used to classify functions over the Baire space w*. Intuitively,
a function f : w* — w" is said to be Weihrauch reducible to g : w¥ — w if there are two continuous functions
which translate f into g as shown in the following commuting diagram:

w(JJ
fl

w(JJ

Input Translation w

|

ww

Output Translation

Many theorems from classical analysis can be stated as formulas of the type:
Ve e XAy €Y. o(z,y),

with ¢ a quantifier-free formula. These formulas can be formalized by using multi-valued functions. A

multi-valued function 7" : X =2 Y is a function that given an element x of X returns a subset of Y. Let us

consider two classical examples, namely the Intermediate Value Theorem and the Baire Category Theorem.
The statement of the Intermediate Value Theorem is the following:

For every continuous function f : [a,b] — R such that f(a) - f(b) < 0 there is a real number ¢ € [a,b] such

that f(c) = 0. Therefore it can be stated as follows:

Vf € Clp3c € [a,b]. f(c) =0,



where Cp, 5 is the set of continuous functions f : [a,b] — R such that f(a)- f(b) < 0. We can formalize this
formula by the following multi valued function:

IVT : C[a,b] = [CL7 b},
where, given a function f € C, ), the set IVT(f) C [a,b] is such that
ce IVT(f) = f(c) =0.

The Baire Category Theorem can be stated as follows:
Given a countable sequence of closed nowhere dense subsets (A, )ne, of a complete separable metric space
X, the set X \ U, ., An is not empty.

Therefore it can be formalized by the following multi valued function:

BCT: A(X)Y = X,

where A(X)Y is the set of the countable sequences of closed nowhere dense subsets of X. Given a sequence
(Ap)new, we have that:
BCT((An)new) € X\ | An.
new

The previous two examples show that even though both the Intermediate Value Theorem and the Baire
Category Theorem have a similar logical form, the multi-valued functions that represent them are quite
different. It seems then really impractical to compare these two multi-valued functions directly. This
apparent difficulty can be overcome by using the Baire space.

A multi-valued function T : X = Y is usually coded within the Baire space as the set of functions
t : w — w such that for every p € w¥, we have that C(f(p)) € T(C(p)) where C is the function coding X
in w*. Given two multi-valued functions 77 : X1 = Y7 and T : Xo = Y5 one can therefore compare their
complexity by studying the Weihrauch reducibility of their codings. In particular, one can study what is
the relationship, with respect to Weihrauch reducibility, of the representations of 17 and T». For this reason
it is natural to use the Weihrauch theory of reducibility to compare theorems from analysis. The following
diagram illustrates the situation for IVT and BCT:

Codlng T’mgslitlo\n < Coding )N

C[GJ,] w* WY — A(X
Translatlon
IvT BCT
Tranblatlon
[a,b] +————w® P — v X
Coding - = = Coding

Translatlon

By using this technique it is possible to arrange many theorems from classical real analysis in a complexity
hierarchy called the Weihrauch hierarchy. A study of the Weihrauch degrees of the most important theorems
from real analysis can be found in [5] and [2].

Generalized Baire Spaces

Recently, generalizations of the Baire space to uncountable cardinals have been of great interest for descriptive
set theorists. We refer the reader to [13] for an introduction to generalized descriptive set theory. Even though
the theory of generalized Baire spaces k" with k uncountable is not a new concept in set theory, many aspects
of this theory are still unknown. In particular it is still unclear how these generalizations can be used in the
context of computable analysis.

In this thesis we will begin for the first time the study of generalized computable analysis, namely the
generalization of computable analysis to generalized Baire spaces. Given a space M of cardinality 2%, the
idea is that of substituting the Baire space w® with the generalized Baire space k" and then of developing
the machinery necessary in order to transfer topological properties form " to M. In particular we will be
interested in the study of the Weihrauch hierarchy in the context of generalized Baire spaces.

Since in classical computable analysis and classical Weihrauch theory the field of real numbers has a
central role, a question arises naturally:



What is the right generalization of R in the context of generalized computable analysis?

Coding
Ré——mF"w¥
I |
Generalization | | Generalization
f.; Coding ,‘:ﬁ

One of the main results of this thesis is the definition of R,, a generalization of the real line which provides a
well-behaved environment for generalizing real analysis and for developing generalized computable analysis.

Generalizations of the Real Line

The problem of generalizing the real line is not new in mathematics. Different approaches have been tried
for very different proposes. A good introduction to these numbers systems can be found in [12]. Among the
most influential contributions to this field particularly important are the works of Sikorski [26] and Klaua [18]
on the real ordinal numbers and that of Conway [9] on the surreal numbers. Sikorski’s idea was to repeat the
classical Dedekind construction of the real numbers starting from an ordinal equipped with the Hessenberg
operations (i.e., commutative operations over the ordinal numbers). Later Klaua extended Sikorski’s work
providing a complete study of this number system. Unfortunately the real ordinal numbers do not behave
well in terms of analysis. In particular one can prove that these fields do not have the density properties
that, as we will see, will have a central role in this context.

The surreal numbers were introduced by Conway in order to generalize both the Dedekind construction
of real numbers and the Cantor construction of ordinal numbers. In his introduction to surreal numbers,
Conway proved that they form a (class) real closed field (i.e., they have the same first order properties as the
real numbers). Later, Dries and Ehrlich [18] proved that every real closed field is isomorphic to a subfield of
the surreal numbers, showing therefore that they behave like a universal (class) model for real closed fields.
It is then natural for us to use this framework in the development of R,.

Our Results

As we will see, doing analysis over field extensions of R is not an easy task. In particular, this is due to the
fact that no proper ordered field extension of R is connected. Intuitively this means that no such extension
can be a linear continuum in the topological sense, namely it has many holes that can be detected by the
interval topology. This is of course a problem if we want to do real analysis because many basic theorems of
real analysis are in fact strongly related, sometimes even equivalent, to the fact that R is a connected space.
To overcome this problem, instead of using standard topological tools, we will use a different mathematical
framework which, under specific conditions over the density of R, will allow us to see our field extension of
R as a linear continuum. By using these tools, we will prove some basic facts from classical analysis over
R,. In particular, since the Intermediate Value Theorem and the Extreme Value Theorem are two of the
pillars of real analysis on which many others concepts rely, we will place particular attention on them.

The second part of this thesis will be devoted to the study of generalized computable analysis. In
particular we will generalize the standard machinery from computable analysis by using generalized Baire
spaces. Then we will start the study of R, from a computable analysis point of view, showing that, because
of its properties, R, fits perfectly the role of extension of R to the generalized Baire space k". In particular
we will show that many of the classical codings of R generalize naturally to R.

In the last part of this thesis, we will use all of the generalized tools we have developed to start the
study of the Weihrauch hierarchy over R,. We will show that some results from classical Weihrauch theory
can be carried over to R, and x". In particular we will generalize some of the choice principles introduced
by Brattka and Gherardi in [5] and we will show that, by generalizing the classical proofs, many classical
results hold over these generalizations. Finally we will use these generalized choice principles to start the
classification of the R, version the IVT.



Chapter 2

Basics

Before we start with the basic notions we will need to develop our theory of generalized computable analysis,
we want to stipulate the following convention:

In this thesis, x will refer to a fixed cardinal larger than w. Moreover, since we are extending R to
the generalized Baire space ", we will assume k<% = k. This is a standard requirement in generalized
descriptive set theory. Moreover, since one of the essential features of w that makes computable analysis
work is that w<® = w, it is natural for us to assume’:

ASSUMPTION: £<F = K.

2.1 Orders, Fields and Topology

Orders, ordered fields and topologies will be central concepts all over this thesis. In this section we will recall
some of the basic definitions and properties of ordered sets, ordered fields and topological spaces. We start
with the definition of partial order:

Definition 2.1.1 (Partial Order). Let P be a set and < be a binary relation over P such that:
e Vp e P. p<p (Reflexivity).
e Vp,ge P.p<qAq<p=p=q (Antisymmetry).
e Vp,q,z € P.p<qAqg<z=p<z (Transitity).
then (P, <) is called a partial order. Moreover if
Vp,qe P.p<qVq<pVp=gq,
then (P, <) is called a total (or linear) order. A totally ordered subset of a partial order is called a chain.

As usual if p,q € P are such that p < ¢ and p # ¢ then we will write p < ¢ (p is strictly smaller than
q). Given two subsets A and B of a partial order (P, <) we use the convention of writing A < B if every
element a € A is strictly smaller than every element of B.

Definition 2.1.2. Let (P, <) be a totally ordered set and A be a subset of P. Then we have:
e Pisdense iff Vp,qe P.p<q=3dre P.p<r<gq.
¢ ACPisdensein P iff Vp,qe P.p<q=Jac A. p<a<gq.
e AC P iscofinal in P iff Vp e P3a € A. p < a.
e A C P is coinitial in P iff Vp € P3a € A. a < p.

1From now on, whenever we use the symbol x we assume that it satisfies this assumption without further specification.



We will call cofinality of P the smallest cardinal k' such that there is a cofinal subset of P of cardinality x’.
We will denote the cofinality of P with Cof(P). Similarly, we will call coinitiality of P the smallest cardinal
k' such that there is a coinitial subset of P of cardinality k'. We denote the coinitiality of P with Coi(P).
Finally we will call weight of P, w(P) the smallest cardinal k' such that there is a dense subset of P of
cardinality x'.

Let us illustrate this notions by using a familiar example. Let R be the set of real numbers endowed with
the usual order. Then (R, <) is a total order and Q, the set of rational numbers, is dense in R. Moreover
N, the set of natural numbers, is cofinal in R but is not coinitial, while Z, the set of integer numbers, is
both cofinal and coinitial in R. As one can imagine cofinality, coinitiality and weight are three important
properties of an ordered set, and as we will see they will be central in most of our constructions.

Definition 2.1.3. Let (P, <) be a totally ordered set. Then a sequence over P is an injective function
S = (2i)ica whose domain is an ordinal o and codomain is P. « is the length of s and will be denoted as
|S]. A sequence is strictly increasing if for all v, 8 < «, such that v < B then x, < xg. Similarly, a sequence
is strictly decreasing if for all v, 8 < o, such that v < 8 we have x5 < x,.

Definition 2.1.4. Let (P, <) be a total order, o and § be two ordinals, s1 = (¥;)ica and sz = (y;)icp be
two sequences over P. Then we define:

o fory < a, si|y = (xi)iey, the restriction of s; to 7.

e Forp € P, s7p = (Zi)icat+1 where x, = p, the extension of s1 by p. More generally we define s7"s2 as
the concatenation of s1 and sa. We will sometimes omit the symbol —, writing s152 instead of s sa.

o 51 C sy iff there is v < B such that s1 = s2[7, in this case we say that s1 is a prefix of ss.
o 51 <8y iff there are v < 3 such that for all i <|s1|, ; = Yy+i, namely if s1 is a subsequence of s.
Let us illustrate the previous concepts with an example.

Example 2.1.5. Let a be an ordinal and {0,1}<% be the set of sequences with domain in k. We have
0011010 € {0,1}<* and the sequence 1z of 8 ones is in {0,1}<* if B < a. Then 0011010"15 € {0,1}<*
is the sequence 0011010 followed by 5 ones. We have that 00 C 0011010, 1 ¢ 0011010, 101 < 0011010 and
111 £ 0011010.

Now we will recall two fundamental properties of orders introduced by Hausdorff, which will become
extremely important later in this thesis.

Definition 2.1.6. Let (P, <) be a totally ordered set and k' be a cardinal. Then we have:
e P is an a,-set iff every subset of P has a cofinal and coinitial subset of cardinality less than «'.

e P is an ne-set iff given L, R C P, such that L < R and |L| + |R| < k' then there is © € P such that
L <{z} <R.

In particular n,/-sets for k¥’ uncountable are interesting. Intuitively a set X is an 7,/-set if it is very
dense, namely if in order to find an hole in the space unbounded sets of cardinality at least s’ are necessary.

Now that we have introduced all the basic definitions about orders we can start considering ordered
groups and fields. We refer the reader to [8] for a complete introduction to field theory. We will recall some
definitions that will be important in this thesis.

Definition 2.1.7 (Ordered Group). Let (G,+,0) be a group and < be an order relation over G. Then
(G,+,0,<) is an ordered group iff

Va,b,ce G.a<b=a+c<b+ec

We will denote the set of element of G which are strictly bigger than 0 with GT. Moreover if G is an ordered
group we will say that G has degree k' iff Coi(GT) = k’. We will denote the degree of G by Deg(G).



Let us illustrate these notions by two examples. The integers endowed with classical order and addition
form an ordered group. Note, that Z* has a minimum (i.e., 1), therefore Deg(Z) = 1. The rational numbers
with their standard order and addition also form a group of degree w. It is easy to see that the sequence
(%)n&, is coinitial in Q. Moreover, by the density of Q for every finite sequence of positive rational numbers
(qn)n<m there is ¢ € Q such that

0<qg<{gn|n<m}

therefore (¢, )n<m can not be coinitial in Q.
Given an ordered group we can define the absolute value of a € G as follows:

lal a ifa>0
a|l =
—a otherwise.

It is easy to see that
|la+b| < |af +[0]

for every a,b € G.

Definition 2.1.8 (Ordered Field). Let (K,+,0,1,-) be a field and < be an order relation over K. Then
(K,4+,-,<) is an ordered field iff:

o (K,+,<) is an ordered group.
e For every a,b € K bigger than 0, 0 < a - b.

Using this definitions is not hard to see that many of the inequalities used in algebra hold for ordered
fields. For example we have the following:

e 0<1.

For all a,b,c€ K, a <band ¢ >0 impliesa-c<b-c.

For all a € K, a < 0 implies —a > 0.

For all a,b,c € K, a < b implies b —a > 0.

For all a,b € K, a < b and a,b > 0 implies a=* > b1,

The most important examples of ordered fields are the set of rational numbers Q and the set of real numbers
R endowed with the standard ordering and operations. As we said in the introduction one of the main aim
of this thesis is that of finding a generalization of the field of real numbers which can be used in the context
of computable analysis over the generalized Baire space . It is natural then to focus on those fields which
have the same (first order) properties of R. Fields of this kind, form a special subclass of fields:

Definition 2.1.9 (Real Closed Field). A field K is real closed if every positive a € K is a square and if
every polynomial of odd degree with coefficients in K has a root.

Tt is a well known fact that the theory of real closed fields in the language (+, -, 0, 1, <) is model complete
(i.e. every embedding of real closed fields is elementary). In particular it is easy to see that since the theory
of real closed fields is model complete, every real closed field K is elementary equivalent to R. In fact, let
K be a real closed field. Since K has characteristic zero, Q is embedded in K. Therefore, the field of real
algebraic numbers is an elementary submodel of K (note that the real algebraic numbers are the smallest real
closed field containing Q see [19]). Now, since the field of real algebraic number is known to be elementary
equivalent to R (see [20]), all the first order properties of R transfer to K. In particular this implies that the
theory of real closed fields is complete. We refer a reader interested to the model theory of real closed fields
to [20].

We conclude this section by recalling some basic notions from topology which will be particularly impor-
tant for our constructions. We will use definitions and terminology from [22]. First recall that a topological
space (X,7) is Ty if for every x,y € X there is an open set U € 7 such that x € U and y ¢ U, is second
countable if it has a countable base and is separable if it has a countable dense subset.



The order on R and the topology induced by this order have a central role in this field. Let (X, <) be
an ordered set. The interval topology over X is defined as the topology generated by the base B defined as
follows:

e (a,b) € B for every a,b € X such that a < b.
o If by is the maximum in M, then (a,by] € B for every a € X.
e If a¢ is the minimum in M, then [ag,b) € B for every b € X.

The most important example of order topology is the topology on R generated by the open intervals of real
numbers.

Another topology which will have a relevant role in our constructions is the subspace topology. Given a
topology (X, 7) and a subset Y of X we define the subspace topology over Y as follows:

v ={UNY |U €}
Naturally we have that the base of Y is related to that of X.
Lemma 2.1.10. Let (X, 7) be a topology, B be a base of T and Y C X. Then
By ={B1NY | By € B},
is a base for the subspace topology.

Finally, let Y be a set, (X, 7) be a topological space and f : X — Y be a surjective function. Then the
final topology induced by f is defined as follows:

O € 7 iff §[0] is open in dom(f).

Note that since ¢ is surjective and continuous with respect to the final topology, then it is a quotient map. As
we will see final topologies will have a central role both in classical and in generalized computable analysis.

2.2 Groups and Fields Completion

In this section we will recall some basic facts about group and field completions. A complete treatment of
these subjects can be found in [8] and [10]. All the results in this section can be found in [10]. First we will
present a general construction of cut completion over a group G.

Definition 2.2.1. Let G be a totally ordered group and L, R C G be subsets of G such that
L <R.
We will call (L, R) a cut over G.

Definition 2.2.2. Let G be a totally ordered group and C' the set of all the cuts over G. Then we say that
G is C-complete iff for every (L, R) € C there is v € G such that L < {z} < R.

Now we will define a general procedure which given a totally ordered dense group G and its set of cuts
C, constructs a group G¢ which contains G' and is C-complete.
First we define an order relation over C' as follows:

(L1, Ry1) < (Lo, Ro) &Vl € L13ly € L. £y < L5,
We define an equivalence relation ~ over C' as follows:
(L1, R1) ~ (L2, Ra) < (L1, Ry) < (L2, R2) A (Lo, Ro) < (L1, Ry).
Now we define the underlying set of G¢ as the quotient of C' under ~, namely

GC=C/~.



First of all note that for all x € G we can define a cut (L,, R,) by taking
Ly ={ye G|y <z}

and
R,={yeG|y>uz}

Then the mapping = +— [(L,, R,)] is an embedding of G in G©.
It is easy to see that, if we define the order on G as follows:

(L1, R1)] < [(L2, R2)] & (L1, R1) < (L2, Ra),

then the embedding preserves the order.
We define the addition over G¢ in the following way:

(L1, B1)] + [(L2, Ro)] = [(L1, Ra) + (L2, R)l,
where (L1, R1) + (L2, Rp) is defined as follows:
(L1, R1) + (L2, Rg) = ({t1 + L2 | €1 € L1, by € Lo}, {r1 +r2 | 71 € R1,72 € Ra}).
It is not hard to see that the embedding « — [(L,, R.)] also preserves +. Indeed:
[(Loty, Roty)] = [(Le + Ly, Re + Ry)] = [(Lo, Ra)] + [(Ly, By)].

It is then clear that G is a totally ordered group. Finally we claim that G is complete. Let (L, R) be in
C. Then defining
L = U L.,

and

[(La,Ra)ER

we have that L < [(L/, R")] < R in G¢. Therefore G is complete.

Now, if G is an ordered field we can extend this completion in such a way that G€ is also an ordered
field. We only need to define the multiplication over G¢. Let x,y € G with 2,y > 0, x = [(L., R,)] and
y = [(Ly, Ry)]. Then we define:

z -y = [(La; Ra) - (Ly, Ry)],

where (Lg, R;) - (Ly, R,) is defined as follows:
(Ly,Ry) - (Ly,Ry) = ({ly by | by € Ly, by € Ly}, {1y -1y | 72 € Ryy7y € Ry }).

Moreover we define:

(—x) - (—y iff z,y <0,
- —((=2)-y) iffx <0y>0,

—(z - (—y)) iff x>0y <0,

0 iffe=0 Vv y=0.

Note that, if G is a real closed field, then G¢ endowed with - fulfils all the properties of a real closed field,
and that  — [(L,, R,)] is a field morphism between G and G (see [10]).

Definition 2.2.3. Let K be an ordered field and C the set of cuts over K. Then K’ is a C-completion of
K if it is C-complete and K is isomorphic to a dense subfield of K'.

By what we have just seen we have:

Theorem 2.2.4. Let K be an ordered field and C the set of cuts over K. Then K€ is a C-completion of
K.



Figure 2.1: A Cauchy cut.

Now note that the previous construction is a generalization of the classical Dedekind construction of the
real numbers. In particular by taking G = Q and restricting C to the set of Dedekind cuts over Q (i.e.,
imposing L # () and R # () for every (L, R) € C), we have that G = R. Now we want to show that the
classical Cauchy completion of a field is also just a particular case of the previous construction.

Definition 2.2.5 (Cauchy cuts). Let G be a totally ordered group and (L, R) be a cut over G. We will say
that (L, R) is a Cauchy cut iff it is a cut such that, L has no mazimum, R has no minimum and for each
€ € G there are £ € L and r € R such that r < { +¢. We will say that G is Cauchy-complete iff for each
Cauchy cut (L, R, there is x € G such that L < {z} < R.

Intuitively Cauchy cuts are cuts whose elements of the left and right sets get arbitrarily close to each
other (Fig.2.1).

Definition 2.2.6. Let K be an ordered field. We will say that K’ is a Cauchy cut completion of K iff K
is a dense subset of K' and K' is C-complete with C' set of Cauchy cuts over K'.

Theorem 2.2.7. Let K be a field and C be the set of Cauchy cuts over K. Then K€ is a Cauchy cut
completion of K.

Proof. The construction of K¢ we have just defined works perfectly also with C' restricted to the set of
Cauchy cuts over K. O

Classically a Cauchy completion of an ordered field is characterized in terms of sequences as follows:

Definition 2.2.8 (Cauchy sequences). Let G be a totally ordered group, and « an ordinal. Then a sequence
(zi)ica of elements of G is Cauchy iff:

Ve € GT3B < aVy,y > B. |zy — 1| < e
The sequence is convergent if there is x € G such that:
Ve € GTIB < aVy > B. |z, — 2| < e.

We will call x the limit of (z;)ica. Given a group G it is said to be Cauchy complete iff every Cauchy
sequence of length Deg(G) has a limit in G.

It turns out that being Cauchy cut complete and being Cauchy complete are is equivalent notions.

Proposition 2.2.9 (Dales & Woodin). Let (L,R) a Cauchy cut in an ordered group G. Then |L| =
Deg(G) = |R].

Proof. See [10, Proposition 3.3]. O
Then we have the following:
Theorem 2.2.10 (Dales & Woodin). The group G is Cauchy cut complete iff G is Cauchy complete.

Proof. Assume G Cauchy cut complete, and let (z;);co be a Cauchy sequence in G. For each € € GT there
is 0. > 0 such that for every 4, j > 0., we have |z; — z;| < €. Define

L=|H{(-00,2,. —¢] | e €G"}



and
R= U{([mge +e,4+00) | e € GTY).

Then for every ¢ € G take 0 < &’ < ¢, then take £ € L, 7 € R such that { = z,, — &' and r = z + €,
then ¢ + ¢ > r. Hence (L, R) is Cauchy and there is z € G such that L < {z} < R as desired. Now assume
that every Cauchy sequence of length Deg(G) has a limit. Let (L, R) be a Cauchy cut in G, then by the
previous proposition it |L| = Deg(G). Then there is a strictly increasing sequence cofinal in L of cardinality
Deg(G) and it is trivially Cauchy, hence it converges to an element of € G. Then we have L < {z} < R
as desired. O

Given the previous theorem, we will use the two definitions of Cauchy completion interchangeably.

2.3 Surreal Numbers

The surreal numbers were introduced by Conway [9] in order to generalize both the Dedekind construction of
real numbers and the Cantor construction of ordinal numbers. He realized that both Dedekind and Cantor
were using a common pattern to define numbers.

As we will see even though their definition is simple, the surreal numbers form a very powerful tool for
studying different number systems.

Conway’s idea was that of generalize these two definition in order to generate both ordinals and real
numbers on the same time.

2.3.1 Basic Definitions

The following definition of surreal numbers is due to Conway and it has been deeply studied by Gonshor in
[14].

Definition 2.3.1 (Surreal Numbers). A surreal number is a function from an ordinal o € On to {+,—},
i.e., a sequence of pluses and minuses of ordinal length. We will denote the class of surreal numbers by No.
The length of a surreal number x € No is the smallest ordinal |x| € On for which x is not defined.

We can define a total order over No as follows:

Definition 2.3.2. Let x,y € No be two surreal numbers. Then we define the following order:
x <y iff o(a) < y(a) where « is the smallest ordinal s.t. x(«a) # y(a),

here we are using the order — < 0 < + where z(a) = 0 if x is not defined at a.

Given the previous definition it easy to see that No has a natural binary tree structure (see Fig.2.2).
Note that each level of the tree corresponds to a set of surreal numbers with the same length. In particular
we can define:

Definition 2.3.3. Let No be the class of surreal numbers and o € On be an ordinal. We define the following
sets:

Noy = {+, —}% i.e. the set of sequences of length exactly «,

No<, = U Nog i.e. the set of sequences of length less or equal to a,
BLla

Noc, = U No<g i.e. the set of sequences of length less than a.
B<a

Note that from this definition it is not hard to see that No<, = No<q UNo, and No, = No<, \ Noc,.
Moreover these sets determine proper initial trees of the surreal number tree, as shown in Fig.2.3. Some
of these subtrees will be of particular importance for our constructions. In particular as we will see, the
following theorem will be central for the constructions of Chapter 3:
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Figure 2.2: The surreal tree.

Figure 2.3: The subtrees of No.

Theorem 2.3.4 (Alling). Let ' be a regular cardinal. Then No., is a real closed field.
Proof. See [1, Theorem 6.22]. O

An extended study of these trees can be found in [11] and [1].
The following theorem will have a central role in the definition of operations over surreal numbers.

Theorem 2.3.5 (Gonshor, Simplicity Theorem). Let L and R be two sets of surreal numbers such that
L < R. Then there is a unique surreal z, denoted by [L|R], of minimal length such that L < {z} < R. We
will call [L|R] a representation of z.

Proof. See [14, Theorem 2.1]. O
Given two finite family of sets of surreal numbers Sy...S, and S} ...S),, we will use the following
notation:
[Sos -+ Sul s, S = [ Sil | Sil-
i<n i<m
Moreover, given two finite sequence of surreal numbers xy, ..., z, and xy, ..., 2}, we define:

[To, ..y xnlxy, . 2] = {zo, -y xn H{Zhs - -, 20, H-

11



Each surreal number has many different representations, the following theorem gives us a canonical
representation.

Theorem 2.3.6 (Gonshor). Let € No be a surreal number, L and R be two subsets of No defined as
follows:

L={ylz<ynycCa},
R={y|lz>yAyCa}

Then [L|R] = x.
Proof. See [14, Theorem 2.8]. O

We will call the representation given by Theorem 2.3.6 the canonical representation of x. Note that the
canonical representation just says that the elements of L are the proper initial segments y of = such that
z(Jy|) = + and the elements of R are the proper initial segments y of x such that z(|y|) = —. For example
the canonical representation of + — + is [(), (+—)|(+)], which means that + — + is the shortest number
between +— and +. As we will see, representations have an important role in developing surreal numbers
theory. For this reason we will introduce some theorems which allow to manipulate and characterize these
representations.

Theorem 2.3.7 (Gonshor). Let L and R be two sets of surreal numbers such that L < R. Then |[L|R]| is
smaller or equal to the least ordinal o such that:

Ve e LUR. |z| < a.

Proof. Note that this follows trivially from the fact that [L|R] is defined to be de shortest surreal number
strictly between L and R, then if it is of length bigger than «. Hence [L|R][a would be shorter than [L|R)]
and still in between L and R. O

Theorem 2.3.8 (Gonshor). Let z,y € No be two surreal numbers and [Ly|R;], [Ly|Ry| be respectively a
representation of x and y. Then x <y iff {z} < R, and L, < {y}.

Proof. We have L, < {z} < R, and L, < {y} < R,. Assume z < y then trivially {z} < {y} < R, and
L, < {z} <{y}. Assume {z} < R, and L, < {y} and y < z. We have L, < {y} < {z} < R, hence z is an
initial segment of y. Moreover L, < {y} < {z} < R, then y is an initial segment of x. Hence x = y which
contradicts our assumption. O

Finally we present three theorems from [14] which are very useful to find out when two different repre-
sentation represent the same surreal number.

Definition 2.3.9 (Cofinality). [L|R] is cofinal in [L'|R'] iff:
V' eR3z e Rz <z ANV eL'Iyel y>vy.

Moreover, given two representations [L|R] and [L'|R'] they are mutually cofinal iff [L|R] is cofinal in [L'|R']
and [L'|R'] is cofinal in [L|R).

Note that this definition is totally consistent with the standard definition of cofinality (see Definition
2.1.2).

Theorem 2.3.10. Suppose x = [L|R], L' < x < R’ and [L'|R'] cofinal in [L|R] then z = [L'|R'].
Theorem 2.3.11. Suppose [L|R] and [L'|R’] are mutually cofinal then [L|R] = [L'|R'].

12



2.3.2 Operations Over No

In this section we will define addition and multiplication over surreal numbers. First of all let us introduce
some notation which will simplify the definition of the operations over surreal numbers. If S and S’ are a
sets of surreal numbers, x is a surreal number and Op a binary operation over the surreal numbers, then we
define

SOpz={sOpzxlse S}, xOpS ={zOps|se S}

and

SOpS' ={xOpylre SAye S}
We begin the study of the surreal operations by defining the addition and its inverse.

Definition 2.3.12 (Surreal Sum and Inverse). Let x and y be two surreal numbers and [L;|R;|, [Ly|Ry] be
their canonical representations. Then we define the sum x +¢y as follows:

THsyY = [Lz +s Y, T +5 Ly‘Rx +s Y, T +5 Ry]-

Moreover we define the inverse of x as the surreal number obtained by reverting all the signs. It is easy to
see that that [—R,| — L] where
—R$ = {—JJR | TR € RI}

and
—Ll. = {—xL | Ty € Lw},

is a canonical representation of —x.

The previous definition was given by induction over the maximal length of the addends. Note that we
defined +5 and —g only for canonical representations. The following theorem tells us that the choice of the
representations we used does not matters.

Theorem 2.3.13. Let [L,|R;] and [Ly|R,] be two representations respectively of x and y. Then
Tty = [Lz +s Y, T +5 Ly‘Rx +s Y, T +5 Ry]
Proof. See [14, Theorem 3.2]. O

The intuition behind the definition of +4 is that  +5 y can be thought to be the smallest number such
that the following inequalities hold:

Le+y<z+y<R:+y,

r+Ly<z+y<z+ R,y
Then the definition of x +5 y is exactly reflecting this intuition, in fact x 45 y is defined to be the shortest
surreal number for which the previous inequalities hold. Let us consider some examples of sum.

2

Example 2.3.14. Consider the sequence + and its inverse —. Let () be the empty sequence*. Then we have

(+) = [010] and (=) = [0]O)],

where () is the empty sequence. Then (+) 4+ (=) = [0|0] = (). Therefore it is natural to define 0 = (). Now
denote (+) as 1. Finally we have

1+1=(+)+s (+) ={1+50,0+51]}.

We will denote this number by 2. It is not hard to convince yourself that we could interpret all the natural
numbers in this way.

2Note that for the theory of surreal numbers () = [ | ] # 0.

13



Definition 2.3.15 (Surreal Product). Let x and y be two surreal numbers and [Ly|R;), [Ly|R,| be their
canonical representations. Then we define the product x -y as follows:

x'sy:[Lx'sy+sm'sLy_Lz'sLyaRx'sy+sx'sRy_R;c'sRy
|La: sY+sT s Ry_Lw'sRyaRw sYtsTos Ly — Ry s Ly]'

Also in this case the definition is by induction over the maximal length of the factors, and as before
the definition is uniform (the interested reader is referred to [14] Theorem 3.5). Let us illustrate how this
definition works with an example.

Example 2.3.16. We have already defined 0 = (), 1 = + and 2 = ++. Let us consider the multiplication
2 -5 1. First note that trivially:

and

Moreover we have
151=[051451-50—0-0|0].

Therefore
152=1[052451-51—0-51]0].

In conclusion 152 = [1]0] = 2.

The last operation we introduce is the inverse of the product. While the previous definitions are quite
intuitive the definition for the inverse of - is more complicated. First of all one should convince himself that

the naive definition, namely
1 1 1

;- [0, I, Ry}

does not work. In particular this definition is such that % sy # 1 for some y € No. To see this it is enough
to compute some left element of % s 3 and check that it is bigger than 1. In particular we would have
£+ =10,1,3]0] and 3 = [0,1,2|0]. But then 3 +5 3 — 1 would be a left element of % - 3, and by using the
definition of +¢ and —¢ we would have 3 + % —s1>1.

The main idea behind the definition of inverse of -4 is that of setting the values in % in such a way that
the left elements of % -s y are smaller than 1. We define the inverse of -3 by induction over the length of y as
follows:

Definition 2.3.17 (Product Inverse). Let y € No be a positive surreal number and let {L,|R,} be a rep-
resentation of y such that L,, R, > {0}3. By induction over the length of y assume that the inverse has
already been defined for L, and R,. We define the following sequences:

(=0,
(Yo, - --Yn) = x for every yo,...,yn € Ly U R, \ {0},

where x is the solution of the equation (Y —s Yn) s (Yo, - - Yn—1) + Yn s © = 1. Note that a solution for this
equation exists by inductive hypothesis. Now we define:

1
— = [L1|R1],
L= LRy

where:
L ={(yo,.--,yn) | n € N the number of 0 < i <n such that y; € L, is even}
Yy

and
Ri ={{yo,...,yn) | n € N the number of 0 < i <n such thaty; € L, is odd}.

3Note that by cofinality argument such a representation always exist

14



As for the previous definitions also the definition of product inverse is uniform.

A class field is a proper class C whose members satisfy the axioms of the theory of real closed fields*
(i.e., every axiom of the theory of real closed fields instantiated with members of C' can be proved). Given
this definition, we can now mention an important result:

Theorem 2.3.18. The surreal numbers No endowed with +5 and -5 form a class field.
Proof. See [14, Theorem 3.7]. O

Since in this thesis we will mostly be dealing with surreal operations, when no confusion arise we will
drop the s from -3 and +.

2.3.3 Real Numbers and Ordinals

In this section we will show how to interpret real numbers and ordinal numbers within the class field of
surreal numbers.

Before we show how real numbers are represented we consider the easier case of integers. We have already
given some basic example showing how to represent 0, 1 and 2. Our intuition lead us to think that natural
numbers are just finite sequences of pluses. Formally we have the following theorem:

Theorem 2.3.19 (Gonshor). For alln € N, (+)" is the positive integer n and (=)™ is its inverse.

The dyadic rational numbers are those rational numbers of the form 5 with n € Z and m € N. The

surreal numbers of finite length can be identified with the ring of dyadic rational numbers as shown by the
following theorem:

Theorem 2.3.20 (Gonshor). Surreal numbers of finite length corresponds to dyadic numbers. Let d € No
be a surreal number of finite length such that n is the smallest such that Vi, j < n. d(i) = d(j) Ad(n) # d(0).
Define a sequence of dyadic numbers s as follows:

s(i) =+1iffi <nAi=-+,
s(i)=—-1lifi<nAi=—

-1 .
Then d = Y450 s(6).
Proof. See [14, Theorem 4.2]. O

Intuitively the previous theorem says that a surreal number d of finite length can be interpret as follows:
take the longest prefix p of d in which there is no change in sign. Then d = s( )|pl Zldl Ys(|p| + i)5. For
example consider the sequence d = + + — — +, then we have that d=1+1—- 5 — —|— 8 = §1.

Now we are ready to characterize the real numbers.

Definition 2.3.21 (Real Numbers). A surreal number r is a real number iff either r has a finite length or
|r| = w and for all i < w exists j < w such that i < j and r(i) # r(j).

The previous definition says that a surreal number is a real number only if it is a dyadic or if it is of
length w and not eventually constant.

Theorem 2.3.22 (Conway). The real numbers form a Dedekind complete ordered subfield of No.
Proof. See [14, Theorem 4.3]. O

4Note that the theorem as it is can be formalized in axiomatizations of set theory which allow the use of classes (e.g., Von
Neumann-Beranys-Godel set theory)
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Figure 2.4: The surreal tree.

Finally will identify every ordinal « with the constant sequence of pluses of length a. We will denote
such a sequence by (+)*.

Note that this fits completely with the definition of positive integers we have just given. Moreover the
order is trivially preserved, namely a < B implies (+)* < (+)%. Note that a + 1 = [{|8 < a}|0] and if «
is limit then a = [{8]8 < «}|0]. Then from the order theoretic point of view we can identify ordinals and
sequences of pluses.

Now if we look at the operations, the situation seems different. First of all we know that surreal operations
are commutative while ordinal operations are not, for example w +31 =1 4+, w while w+1 # w =1+ w.
In his introduction to surreal numbers Gonshor proved that the surreal operations over ordinal numbers
correspond to the Hessenberg (natural) operations.

2.3.4 Normal Form

In this section we will introduce a normal form for surreal numbers which is a generalization of Cantor’s
normal form for ordinal numbers.

Definition 2.3.23 (Archimedean Equivalence Relation). Given two positive surreal numbers x and y we
define the following equivalence relation:

T~y iff ine€eZ.onsy>x A nga >y,
The equivalence classes induced by this relation are called orders of magnitude.
One interesting fact of the orders of magnitudes is that they have canonical representatives.

Theorem 2.3.24 (Gonshor). Let x be a positive surreal number. Then there is a unique y of minimal length
such that x ~g y.

These canonical elements can be parametrized using surreal numbers and the w-map. Intuitively, the
w-map is defined by letting w® be the shortest canonical element, namely 1, w' and w™! be respectively w
and % and so on. Formally we have:
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Definition 2.3.25 (w-map). Let x be a surreal number. We define:

Ww® = (0,7 s whe|s - wht],

where s and r are positive real numbers,
L, _ rr
w” = {w* |z € Ly}

and
whe = {W" | zp € R, }.

The fact that the w-map is represented as an exponentiation is because it behaves as one would expect
from the exponentiation operator.

Theorem 2.3.26 (Gonshor). Let z,y be two surreal numbers. We have:
o WT - wY = wTTsY,
e If x is an ordinal then w® is the same as the usual ordinal w®.
o W' sw =1

In order to define the normal form of surreal numbers we need transfinite sums. Let a be an ordinal,
(y)pea be a strictly decreasing sequence of a surreal numbers and (73)3ecq be a sequence of o non-zero real
numbers. Then we define the sum » 5 w®™ -5 rg as follows:

Z w® ~sr5:wa‘3 sTgFsw gy if a=v4+1,

B<y+1 Bey
Z R [L|R] if & limit,
B<a

where L and R are defined as follows:

L={ " w™ sy :[B<alA[¥y <B. sy =rA
v<B

[sg = 7, — t with ¢ any positive real number |},

R= {Zw‘r” s 85y 1 [B<a] A[Vy < B. sy =14]A
7B

[sg = 7 + t with ¢ any positive real number |}.

Theorem 2.3.27 (Conway, Normal Form Theorem). Every surreal number can be expressed uniquely in the
form 35, w575,
Proof. See [14, Theorem 5.6]. O

Note that the Cantor normal form is a special case of surreal numbers normal form.

2.4 Baire Space and Generalized Baire Space

In this section we will briefly recall some notion from basic descriptive set theory and generalized descriptive
set theory. All the results in the first part of this section can be found in the first chapter of any introductory
book of descriptive set theory such as [17].

Definition 2.4.1 (Baire Space). Let w“ be the set of sequences of natural numbers of length w. For every
finite sequence of natural numbers w € w<* we define the following set:

[w] ={p €w*[wCp},
namely [w] is the set of infinite sequences that start with w. The set
B ={[w] | we w<“}

is a base. We will call the set w” equipped with the topology induced by B Baire space.
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Note that w® is by definition second countable.
Lemma 2.4.2 (Folklore). Baire space is Hausdorff.
Proof. Let p,p’ € w® such that p # p’ and n be the smallest natural numbers such that p(n) # p’(n). Now
[pIn] and [p’[n] are open sets. By the fact that p(n) # p’(n) we have that [p[n] N [p/[n] = 0. Moreover,
p € [pIn] and p’ € [p'In] as desired. O
Baire space is easily proved to be totally disconnected.
Lemma 2.4.3 (Folklore). Baire space is totally disconnected.
Proof. We need to prove that for every w € w<%, the set [w] is closed. Let W be defined as follows:
W ={w €w<¥|Incw whn)#uw(n)}
Then w* \ [w] = |JW. Hence w® \ [w] is open and [w] is closed as desired. O

Baire space is completely metrizable with the following metric®:

4 —
d(p.p') = 0 . lfp._ P ,
) if n is the least such that p(n) # p'(n).

One important property of Baire space is that it is homeomorphic to the product topology [] w where
w is endowed with the discrete topology.

Now we will recall some basic definitions and properties of generalized Baire spaces. In particular we will
generalize the notions we have just seen to the cardinal k we have fixed at the beginning of this chapter. All

the notions that we will present in the rest of this section can be found in [13].

acw

Definition 2.4.4 (Generalized Baire Space). Let k" be the set of sequences of ordinals in k of length k. For
every sequence w € K< of elements of k of length less than k, we define the following set:

[w] ={p € K" [w Cp}.

Then the set
B = {[w] | w e r<"}

is a base. We will call the set k" equipped with the topology induced by B generalized Baire space.

Note that the assumption k<* = k, is necessary in order for generalized Baire space to have a base of
cardinality x and then a dense subset of cardinality k. As we will see this will be crucial for generalize
computable analysis. By using the same proofs of the classical case it is not hard to see that generalized
Baire space k" is Hausdorff and totally disconnected.

We want to end this section by mentioning to important differences between the Baire space w* and its
uncountable generalizations.

Theorem 2.4.5. Generalized Baire space is not metrizable.

Proof. First of all recall from topology that if a space X is metrizable, then for every z € X, there is a
countable set N, of open sets such that for every open set U containing x there is V€ N such that V C U.
Assume that <" is metrizable. Let p be an element of x*. For every element of U € N, take a basic open
set [wy] which contains  and such that [wy] C O. Since there are only countably many of these open sets
and « is a regular cardinal bigger than w, there is w € " such that for every U € N, we have wy C w. But
then = € [w] and for every U € N, we have U ¢ [w]. This contradicts our hypothesis, therefore " is not
measurable. O

Hence there is no notion of a metric which induces k. In particular this means that all the notions that
depend on the metrizability of k" (e.g. the Borel hierarchy) have to be either reformulated in a non-metric
way or cannot be generalized to k.

Finally, generalized Baire space is not homeomorphic to the product topology [ |
with the discrete topology (see [13]).

wer 1, where £ is endowed

5Note that, even though this is not the standard definition of the metric over w®, it is completely equivalent to the classical
one from the topological point of view. As we will see in Chapter 3 this definition will generalize in a straightforward way to
k" by using R.

18



2.5 Computable Analysis

In this section we will present some basic notion from classical computable analysis and we will set up some
conventions that we will use all over this thesis. A complete introduction to computable analysis can be
found in [28] and a topological introduction to the more general theory of represented spaces can be found
in [23]. Where it is possible, we will use the same notation as in [28].

2.5.1 Effective Topologies and Representations

The intuition behind computable analysis is that of generalizing computability theory to uncountable sets.
In order to do this, the idea is that of study computational and topological properties of the Baire space w*
(or the Cantor space 2¥) and then, transfer these results to any uncountable set by means of coding. These
codings have a central role in computable analysis, therefore we recall their definition.

Definition 2.5.1 (Representation). Let M be a countable set. Then a notation over M is a surjective
partial function from the set of finite sequences of natural numbers w<® to M. If M has cardinality 2%° then
a surjective partial function with domain the Baire space w® and codomain M is called a representation of
M. If ¢ is a representation over M, we will call (M,0) a represented space.

Definition 2.5.2 (Reductions). Letd :C w* — M and §' :C w* — M be two representations of M. Then we
will say that § continuously reduces to ¢, in symbols 6 <; &' iff there is a continuous function h :C w* — w®
such that for every x € dom(f), 6(x) = 0'(h(x)).

If § <¢ &' and &' <y & we will say that § and &' are continuously equivalent and we will write § = §'.

Continuous reductions are a very useful tool, and as we will see they can be used to see how representations
behave with respect to the topological properties of the space they represent.

Note that usually in computable analysis to any continuous notion correspond a computable notion, for
example we could consider computable reductions instead of continuous reductions. The reason why we will
only present the topological aspects of computable analysis is that it is still not clear how to define a notion
of computability over x".

Effective topological spaces form a particularly well-behaved subclass of spaces. They induce naturally
a standard representation which turns out to be a quotient map with respect to the topology of the space
they represent.

Definition 2.5.3 (Effective Topological Space and Standard Representation). Let M be a set, o be a
countable family of subsets of M such that

r=yiff {Aco|lzeA}={Aco|yec A}

and v :C w<¥ — o be a naming on o. Then S = (M,o,v) is an effective topological space. We will call 5
the topology generated by taking o as a subbase and dg :C w* — M the standard representation of .S defined
as follows:

ds(p) =z iff {Aco|xe A} ={v(w) € (w)<p} Vp € w®.

Intuitively, given an effective topological space, we can think at ¢ as a list of properties that can distinguish
elements of M and at v as the way we can access them. From this point of view, p € w® is a code for x € M
according to the standard representation if and only if p codes the list of all the properties which characterize
T.

As we have already said, effective topological spaces are a particularly well-behaved subclass of represented
spaces. This is due to the fact that in this specific case the topological space 7¢ and the final topology
induced by dg are the same. This implies that some important properties of 7¢ transfer to Baire space and
vice versa. The following lemma shows how strong is the connection between an effective topological space
and its induced topology.

Lemma 2.5.4. Let S = (M, 0,v) be an effective topological space, ds its standard representation and Tg the
induced topology. We have:

e Tg is the final topology induced by dg.
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e Jg is continuous and open w.r.t Tg.
Proof. See [28, Lemma 3.2.5]. O

This lemma is important to establish a connection between Baire space and the topology 75. Let us
illustrate how effective topological spaces work with an example.

Example 2.5.5. Let us consider the set of real number R. We already know that, in order to do analysis
over R we will want to use the interval topology Tr over R. Then it is natural look for a representation
which induces this topology. We can use the well known fact that the set of open intervals with endpoints
in Q is a base for T and the fact that Q is countable to define an effective topological space whose induced
topology is Tr. Let vy :C w<* — Q be any notation over Q (it is not hard to explicitly define one). Moreover
let ™) 7 s wSY X WY = WY be any pairing function. Then we can define a notation for the set of open
intervals with rational endpoints Cb as follows:

I(7,77) = B(va(i), 10(4));

where B(q,q') is the open ball with center q¢ and radius ¢'. Define S = (R,Cb,I). Now, since Cb is a base
for the interval topology over R, then Tg is the interval topology over R. Moreover, for what we have just
shown, dg is continuous and open with respect to this topology.

Lemma 2.5.6. Let M be a set, §g :C w* — M and §; :C w” = M be two representations. Moreover, let
To and 71 be respectively the final topology induced by dg and 61. Then 0y <; 01 implies 71 C 79. Moreover,
given 6} :C w¥ — M and &} :C w* — M be other two representations of M, such that 6) <¢ dy and 0} < d1.
Then every (0g, 61)-continuous function is (dg, 01)-continuous.

Proof. Let f :C w¥ — w® be a continuous reduction of dy to 63 and O € 7. By definition 51_1(0) is
open in dom(8;). Moreover, since f is continuous, f~16;1(O) is open in dom(f) N f~*(dom(s;)). Then
f1671(0) is open in dom(f) N f~1(dom (1)) N dom(dy). Now, since f is a reduction of dy to d;, we have
dom(f) N f=(dom(81)) Ndom(dy) = dom(8p) and &5 ' (O). Hence O € 79 as desired.

Now let f be a (dj,0})-continuous function. Consider a continuous reduction hy of dy to d; and a
continuous reduction h; of §; to ¢]. Let F be a continuous realizer of f. Then hy o F o hy is a (dg, d1)-
continuous realizer of f. O

Since continuous reductions preserve many topological properties we are interested in, it is natural to use
them to characterize a well-behaved class of representations.

Definition 2.5.7 (Admissible Representation). Let (M,7) be a topological space. Then a representation
0 :C w¥ = M is k-admissible w.r.t. 7 iff § is continuous and every continuous function ¢ :C w* — M is
continuously reducible to §.

Note that, as shown in [24], a representation ¢ of a topological space (M, 7) is admissible iff it is contin-
uously equivalent to a standard representation of an effective topological space S = (M, o,v) with 7¢ = 7.

In classical computability theory representations are used to transfer computability form the natural
numbers to any countable space. The same approach is taken in computable analysis, where representations
allow to transfer notions of continuity and computability from Baire space to any space of cardinality at
most 2%0. Realizers have a central role in this construction.

Definition 2.5.8. Let F :C M; — My be a function over two represented spaces (My,61) and (My,dp).
Then [ :C w® — w* is a realization of F' iff for every x € dom(dy), F(01(x)) = do(f(x)). If f is continuous
we will say that F has a continuous realizer w.r.t. 61 and §y or for short that F is (01, 6p)-continuous.

Obviously it is important to define representations that induce notions of continuity and computability
which are suitable for our purpose. For example, since we want to do computable analysis it makes little
sense to have a representation that does not even make addition and product continuously representable.
Therefore the following theorem is of main interest for computable analysis.

20



Theorem 2.5.9 (Main Theorem of Computable analysis). For i = 0,...,n let §; :C w* — M; be an
admissible representation w.r.t. the topology 1;. Then for any function f :C My x ... x M, — My we have:

f is continuous < f is (01,...,0n,00)-continuous.

Proof. See [28, Lemma 3.2.11]. O

In particular the main theorem of computable analysis tells us that admissible representations respect
continuous functions over the topological spaces they induce.

Example 2.5.10. Let us continue our example on R. Let S = (R,Cb,I) be the effective topological space
defined in the Example 2.5.5. We know that g is the interval topology over R. now, since is a well-known
fact that + and x are continuous over the interval topology, the main theorem of computable analysis tells
us that + and X are continuously represented over Baire space.

The main theorem of computable analysis is important in computable analysis and in all those cases in
which we already have a standard topology over the space we want to work with. In these cases, indeed,
effective topological spaces and admissible representations give us a strict correspondence between continuous
functions between represented spaces endowed with their intended topologies and the continuous functions
over Baire space. This fact will turn out to be also important for representing the set of continuous functions
between representable spaces.

Note that, in some cases a completely different approach is possible. In particular if we do not have a
preferred candidate for the topology we want to use over the represented space we are working with, then we
can just fix any representation and work with the final topology induced by this representation. In this case
we would still have the main theorem of computable analysis w.r.t. the final topology and then a natural
way to represent the space of continuous functions on our space.

2.5.2 Subspaces, Products and Continuous Functions

In this section we will briefly recall some constructions over representations.

First of all we consider subspaces of represented spaces. Note that, since restriction of surjective functions
are still surjective, for every represented spaces (M, dys) and subset My of M the restriction dps [My of 5as to
My is still a representation of My. Moreover, it turns out that the restriction of admissible representations
is still admissible.

The second construction that we take into consideration is product. Before we can give the definition
of product of representations we need to define some tupling functions. Fix a bijection ", 7 : w X w — w.
Then we define:

Definition 2.5.11 (Tupling Functions). Let aj,as...,a; with i < w be a sequence of element of w. We
define a wrapping function ¢ as follows:

t(ai,ag,...,a;) = 110a10a20...0a;011.

Moreover given x1,Ta,... in w<¥ and pi1,pa..., in w¥, we define:
b b b b b

Tr1,p1 = "p1, o1 = u(z1)p1 € WY,
ey, .oz =) .. o(x) with i < w,
Czy, 2. .. = o(z1)t(x2) .. .,
1,0 ' =p1(0) ... p;(0)p1(1) ... pi(1) ... withi<w,
p1,p2... 74,5 =pi(j) for alli,j € w.
See [28] for further properties of these tupling functions.
Given these encodings, we can define products as follows:
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Definition 2.5.12. For every i € w, let (M;,0;) be a representation. Then we define the product @), d;
as follows:

(&) 6:)pi - Ticw = (6:(pi))icw-

1EwW

For every n € w, we define the product @), ., d; as follows:

(&) D0, pn17 = (80(p0),- -, 6n1(Pn-1))-

S

Also in this case we have that the product of effective topological spaces is an effective topological
space whose standard representation is the product representation and the induced topology is the product
topology.

We will now consider the space of continuous functions between represented spaces. As we said the main
theorem of computable analysis will turn out to be important in this context. Given two representable spaces
(Mo, do) and (M, 1) we want to represent the space of functions between M; and My with a continuous
realizer (note that this is the same as the space of continuous functions w.r.t the final topologies induced by
91 and d3). We will denote the set of continuous functions from My to My with C(My, Mp), sometimes the
codomain is clear from the context in those cases we will write C(My).

Definition 2.5.13. Let (Mo, dg) and (M, 61) be two represented spaces and C(d1,do) be the space of (61, d)-
continuous functions. Then we define a representation [01 — dg] of C(d1,00) as follows:

[01 = do]({n,p)) = f iff [ is the function computed by the n-th Turing Machine with oracle p,

for every (n,p) € w®.

Definition 2.5.13 strongly depends on Turing machines and on the notion of computability over w. As
we will see, since we lack these notions for the generalized Baire space k", we will have to give a definition
based on the topological properties rather than on computational notions.

2.5.3 The Weihrauch Hierarchy

As we said in the introduction,our main aim is that of study the complexity of theorems from classical
analysis in the context of the generalized Baire space . In the classical case, Weihrauch reductions are the
main tools to compare and classify theorems. For an introduction to the theory of Weihrauch reductions see
[5].

First, since we will be using multi-valued functions to represent theorems form analysis, we need to extend
the definition of realizer:

Definition 2.5.14 (Multi-Valued Functions Realizers). Let F :C My = My be a multi-valued function
between the represented spaces (My,dnr,) and (Mo, dp,). Then, f:C w* — w* is a realizer of F iff for every
x € dom(dom(F o s, ) we have

a1, (f () € F(Oar, (x))-
If F has a continuous realizer we will say that it is (dpr,, Opr, )-continuous.
Weihrauch degrees can be used for classifying the complexity of functions over Baire space. This, to-

gether with the theory of representable spaces, makes them a natural tool for classifying functions between
represented spaces.

Definition 2.5.15 (Weihrauch Reductions). Let F' :C My = My and G :C N1 = Ny be two multi-valued
functions between represented spaces. We will say that F is Weihrauch reducible to G, in symbols F' <, G
iff there are two continuous functions H :C w* — w* and K :C w* — w¥ such that for every realizer
g :CwY = w¥ of G there is a realizer f :C w* — w* of F' such that

f=Ho[ID,goK],
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where ID : w® — w® is the identity function. Moreover, if H and G are such that for every realizer
g :CwY = w¥ of G there is a realizer f :C w* — w* of F' such that

f=HogoK,
then we will say that F' is strongly Weihrauch reducible to G, in symbols F' <, G.

By using Weihrauch reductions one can study the complexity of functions between represented spaces.
A vparticularly significant case of the use of Weihrauch reductions is that of computable analysis. Many
theorems from analysis are in fact of the form:

where P is quantifier free. In this case a theorem can be seen as a multi-valued function between X and Y
which given an element of X returns an element of Y such that P(z,y) holds. This fact makes Weihrauch
reductions a natural tool for comparing theorem from real analysis. Let us illustrate this fact with an
example:

Example 2.5.16. Let us consider the Intermediate Value Theorem (IVT). It can be stated as follows:

Let f:[0,1] — R be a continuous function such that f(0)- f(1) < 0. Then there is r € [0,1] such that
f(r)=0. Let C'[0,1] be the set of continuous functions from [0,1] to R. Since we have already seen that R
is representable and [0,1] C R, the restriction of or is an admissible representation of C'[0,1]. By the Main
Theorem of Computable Analysis we have that C'[0,1] has a representation induced by the representation of
continuous functions over Baire space. Then the set C[0,1] of continuous functions such that f(0)- f(1) <0
is also represented. Then it is not hard to see that the IVT can formalized as follows:

IVT : C[0,1] = [0,1], IVT(f) =r < f(r) = 0.

This function has been extensively studied, then the interested reader is referred to [28], [5] and [7].

23



Chapter 3

Generalizing R

Our aim in this chapter is that of defining an extension of R that we will call R,. Instead of presenting
directly the definition of R, we will have a quasi-axiomatic approach. In particular, we will first determine
the properties we need on R, in order to prove some basic facts from classical analysis. Then we will show
how it is possible to define R, as a subfield of the surreal numbers.

All over this chapter, we will put particular emphasis on the properties that have to hold over R, in
order to prove the Intermediate Value Theorem (IVT) and the Extreme Value Theorem (EVT). We will end
this chapter by showing how it is possible to use R, in order to extend classical results from descriptive set
theory to x". In particular we will show that by using R, one can define a generalized version of the Borel
hierarchy over " and we will show this hierarchy does not collapse.

3.1 Completeness and Connectedness of R,

Let us consider some of the basic properties that we expect from R,. First of all we want R, to be a
generalization of R to the uncountable cardinal x, therefore we require that R, is a proper ordered field
extension of R. As we said, we want to use R, to do analysis. For this reason, we expect R, to behave as
much as possible like R. Formally we will require that R, is a real closed field, in this way R, will have all
the first order properties of R.!

REQUIREMENT R1: R, has to be a real closed field extending R.

Now, since we want to use R, to do computable analysis over sets of cardinality 2, we require that
IR, | = 2%.

REQUIREMENT R2: R, has to have cardinality 2~.

Finally, since Q has a central role in the representation theory of R (the interested reader is referred to
[28]), we want R, to have a dense subset which can play the same role as Q. In particular we require that
w(R,) = k.

REQUIREMENT R3: R, has a dense subset of cardinality .

In general we define:

Definition 3.1.1 (k-real extension of R). Let K be a field satisfying R1, R2, R3. Then we will call K a
k-real extension of R.

From now on we will assume that R, is a s-real extension of R.

1In this chapter we will use grey boxes to highlight the requirements over R,. These requirements will be assumed to be
true over R,. They will be discharged as assumptions while defining R,..
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Now we will focus on proving theorems from classical analysis over R,. Many of these classical results
depend on the order over R and on its interval topology. So we will start considering interval topologies over
k-real extensions of R and their properties.

Definition 3.1.2 (Interval Topology). Let K be a k-real extension of R. Then the interval topology over
K is the topology generated by the base B of open intervals of K U {400, —c0}, where 400 and —oco are two
new elements such that for all T € K, —0o <1 < 400.

First we recall few facts from field theory. The following property of the real numbers is crucial in
analysis.

Definition 3.1.3 (Dedekind Completeness). An ordered set X is Dedekind complete if every bounded subset
of X has a least upper bound in X .

The following two theorems show that there is no Dedekind complete proper field extension of R:

Theorem 3.1.4 (Folklore). Let K be an ordered field. If K is Dedekind complete then it is Archimedean.

n times

—
Proof. Let r € K. We want to find n € N such that |r| < n (note that n = 1+...+1). Assume by
contradiction that for every n € N, n < |r|. Then r is an upper bound of N and by completeness supN € K.
Now, we have that n + 1 < supN for all n € N(note that supN cannot be a natural number). Hence,
n < supN—1 for all n and therefore supN —1 is an upper bound of N smaller than supN. This is a
contradiction therefore the field is Archimedean. O

Theorem 3.1.5 (Folklore). There are no Archimedean proper field extensions of R.

Proof. Let K be an Archimedean proper extension of R. Assume x € K. Since K is Archimedean, there is
n € N such that || < n. Consider the following set:

A={reR|r<uz}.

Now r = sup A € R by Dedekind completeness of R. Note that there is no rational number ¢ such that
0 < ¢ < |z — r|. Indeed, assume such a ¢ exists, we have

r>q+r

and
r<r—gq.

We want to show that none of the previous inequalities has a solution. If there is a rational such that
x>q+r>r,sincer =supAand ¢ +r € A we would have a contradiction. Moreover, if there is a rational
such that > ¢+ b > b, since r = sup A and = > r — ¢ therefore r — ¢ would be an upper bound of A and
r —q < r contradicting the fact that » = sup A. Now, since there is no rational between 0 and |z — r| we
have that n < Im—irl for every n € N which contradicts the fact that K is Archimedean. O

By Theorem 3.1.4 and Theorem 3.1.5, since R, is a real closed extension of R, it will not be Archimedean
and therefore not Dedekind complete. More generally we have:

Corollary 3.1.6. Let K be a k-real extension of R. Then K is not Dedekind complete.

Another property which is central in mathematical analysis is connectedness. It turns out that connect-
edness and Dedekind completeness are equivalent properties. We have the following:

Theorem 3.1.7 (Folklore). Let K be an ordered field and T be the interval topology over K. Then T is
connected iff the order over K is Dedekind complete.
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Proof. On the one hand, assume that K is not complete. Then there is a set U bounded in K such that
supU ¢ K. Let B be the set of upper bounds of U in K. Take V' = |J,c;;(—00,7) and V' = |J,.c g(r, +00).
Buy the definition, V and U partition K therefore 7 is not connected.

On the other hand assume K Dedekind complete. Let V' and V’ two open sets in 7 such that VNV’ = ()
and VUV’ = K. Therefore V = | J,;c;(as,b;) and V = (¢, (], b)) for some open intervals in K. Without
loss of generality we can assume b; < a, for all i € I and ¢" € I’. Indeed, if this does not happen, take (a;, b;)
and (a},b’;) such that b; < a; (note that they exist since V. NV’ = () then define:

U=|Jab) cVIb<a}uiab) la<brb<b)

and
U= J{(a,b) cV' [a>b}U{(a,b)|a<bAra>a}.

Note that U and U’ are still a partition of K with the desired properties.
Let B = {b; | i € I}. Then sup B ¢ V since otherwise there would be a i € I such that sup B € (a;, b;).
Moreover sup B ¢ V' since otherwise there would be an i’ € I’ such that supB € (al, b)), therefore

i

ai, < sup B and by construction a}, is an upper bound of B and this is a contradiction. O

By Corollary 3.1.6 and Theorem 3.1.4, it is easy to see that we will not be able to define R, in such a
way that its interval topology is connected. Indeed we have:

Corollary 3.1.8. Let K be a k-real extension of R. Then interval topology over K is not connected.

As we said, our main purpose is that of proving basic facts from analysis over R,. In particular we want
to be able to prove the Intermediate Value Theorem (IVT) and the Extreme Value Theorem (EVT). It turns
out that if the IVT holds on an ordered field K then K is connected.

Theorem 3.1.9 (Folklore). Let K be an ordered field. If IVT holds on the interval topology over K, then
the interval topology over K is connected.

Proof. Let U,V be two open sets such that K = VUU and VNU = (. Moreover, let f : K — K be a
function such that f[V] = —1 and f[U] = 1. The function f is trivially continuous but there is no r € K
such that f(r) = 0. Therefore f violates the IVT. O

In particular, Theorem 3.1.9 tells us that we cannot aim to prove the IVT over k-real extensions of R in
all its strength.

3.2 «k-Topologies

Given what we have proved in the previous section, it is quite hard to do analysis over k-real extensions of
R by using standard topological tools. To overcome this problem we will use a tool introduced by Alling
called k-topologies.

Definition 3.2.1 (k-topology). A s-topology T over a set X is a collection of subsets of X such that:
e ) X er.
o Va < k. if {Ai}ica is a collection of sets in T, then | J, ., Ai € T.
e VA BeT. ANBeET .

The elements of T are called k-open sets.

Intuitively, the reason why we use x-topologies is that, as we have seen in the previous section, interval
topologies over x-real extensions of R are too fine. As we will see x-topologies will be coarser than topologies
and will allow us to prove a weaker version of the Intermediate Value Theorem and of the Extreme Value
Theorem over particularly well-behaved r-real extensions of R.

Theorem 3.2.2 (Alling). Let X be a set B be a topological base. Then the set 7. defined as follows:
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o ), X €7y,
e union of less than k elements of B is in Ty,

is a K-topology. We will call 7., the k-topology generated by B. Moreover we will call B a base for the
K-topology.

Proof. We have to prove that the three properties of k-topologies hold for 7,:
Note that, §, X € 7., by definition.
Now we have to show that every (J,c5U
union of less than k elements of B. We have

Ul erla’ <}l <D Ho' erla < B

a<f a<lp

wep Ba With 8 <k and Va < 8, B, < r and B, € B is a

and by regularity of x
Y Ha' e nla < B} < max{|B], sup{|Bal}} < &
a<B a<f
Then U, s Unrep Bar is a union of less than r intervals as desired.

Finally, let A, B € 7,;. Then, there are o, f < s and two sequences (Ay),ecq and (By),ep of elements of
B such that A =, _, 4y and B = |J,_5 B,. Then we have AN B = J, ., Ay N, B, and therefore
ANB =, ecaxp(AyNBy). Since for all (v,7") € a x § the set A, N B, is either § or in B and o, f <

(cardinals are closed under ordinal multiplication), AN B € 7, as desired.
O

Obviously many topological definitions can be relativized to k-topologies. In particular we have the
following:

Definition 3.2.3 (k-continuity). Let X and Y be two sets and 7, 7' be two k-topologies respectively on X
and on'Y. Then f: X —'Y is a k-continuous function iff VU € 7. f~1[U] € 7.

Note that being a k-continuous function is stronger than being continuous in the topology generated by
the same base.

Lemma 3.2.4. Let f : X — Y be k-continuous over the k-topologies induced by the bases Bx and By .
Then f is continuous over the topologies induced by Bx and By .

Proof. Note that every x-open is trivially open. Moreover by definition basic xk-open and basic open sets are
the same. Therefore every basic open is sent by f~' to an open set as desired. O

Lemma 3.2.5. Let X, Y be two ordered set and f : X — Y be a strictly monotonic surjective function.
Then f is k-continuous.

Proof. Let (a,b) be an open interval in Y. Since
(e, b)) ={z € X | f(2) € (a,0)},

for all z € f~1[(a,b)], we have a < f(z) < b. Now, since f is strictly monotonic and surjective it is a
bijection. Hence f~1(a) < f~1(f(x)) < f~1(b) for all = € f~%[(a,b)] and f~[(a,b)] = (f~*(a), f~1(b)). But
O

then, since f maps open intervals in open intervals, it is x-continuous.

Definition 3.2.6 (k-connectedness). Let X be a set and T be a k-topology over X. Then X is k-connected
WYU,Ver. X=UUVAUNV=0=U=0VV =0

Definition 3.2.7 (k-compactness). Let X be a set and 7 be a k-topology over X. Then X is k-compact iff
every k-open cover of X by less than k sets has a finite subcover.
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All these definitions behave quite well. Indeed, one can prove many relativized version of basic results
from topology (see [1]). However, there are theorems from classical topology that do not transfer to -
topologies. Typically in k-topologies local properties do no transfer to global properties (e.g. in k-topologies
openness is not implied by local openness).

Now we will introduce a x-topological analogous of the interval topology over an ordered set.

Definition 3.2.8 (Interval x-Topology). Let X be an ordered set and B be the set of open intervals with
end points in X U {400, —co}. We will call interval k-topology over X the k-topology generated by B.

From now on we will consider the interval k-topology as the standard s-topology over k-real extensions
of R.

As we have seen, in order to be able to prove some basic theorems from analysis we need to work within
a connected space. However, as we have already pointed out, we can not aim for connectedness of x-real
extensions of R. The next result is due to Alling [1] and it makes precise the connection between the density
of an ordered set and the connectedness of its interval k-topology.

Theorem 3.2.9 (Alling). Let X be an n,-set endowed with the interval k-topology and X' a subset of X.
Then X' is k-connected iff X' is an interval in X.

In view of Theorem 3.2.9, it is natural to require:
REQUIREMENT R4: R, has to be an 7,-set.

Definition 3.2.10. Let K be a k-real extension of R. Then K is super dense iff K is an n,-set.
For super dense k-real extensions of R we have:

Corollary 3.2.11. Let K be a super dense k-real extension of R. Then the interval k-topology over K is
K-connected.

Theorem 3.2.12 (Alling). Let X be an n,-set and X’ an interval in X. Then, if one of the following holds:
e Cof(X') =1 or Cof(X') > k.
e Coi(X’) =1 or Coi(X') > .

The interval k-topology over X' is k-compact.
Then we have:

Corollary 3.2.13. Let K be a super dense k-real extension of R and [r,r'] be a closed interval of K. Then
[r,r'] is k-compact.

As in classical topology we have that k-continuous functions preserve k-connectedness and k-compactness.
Theorem 3.2.14. Let f : X — Y be a k-continuous function. If X is k-connected then f(X) is k-connected.

Proof. Assume f(X) not k-connected. Therefore there are U,V k-open subsets of Y which partition f(X).
By the k-continuity of f we have that f~1(U) and f~(V) are x-open subsets of X. Moreover, since
f(X)=UUV we have that f~1(U) and f~1(V) separates X, but this contradicts our hypothesis therefore
f(X) is k-connected. O

Theorem 3.2.15. Let f : X — Y be a k-continuous function. If X is k-compact then f(X) is k-compact.

Proof. Take {Ap}g<a With @ < K be a r-open cover of f(X). By s-continuity {f~'(Ag)}s<a is a K-open
cover of X. Now since X is k-compact there is a finite subcover A’ of A, but then A’ is the finite subcover
of f(X) we where looking for. O

Given a s-topological space (X, 7) and a subset Y of X, the k-topology 7 induces a k-topology over Y
then, by analogy with classical topology we will call subspace k-topology.
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Lemma 3.2.16. Let X be a set, T be a k-topology over X andY be a subset of X. Then the set 15 defined
as follows:
7, ={UNY | U € 7},

is a k-topology. We will call T4 the subspace k-topology of Y.

Proof. We will prove that the properties of k-topologies holds on 7y:

Trivially () € 7,. Moreover, since X € 7, we have that Y € 7.

Let {Ag}pecq with @ < k be a family of elements of 7,. Then for all § € « there is an k-open set Ug in 7
such that Ag = U NY. Now, since Uge, A = Upea(Us NY) = (Upea Us) NY and (Uge,, Up) is k-open
in 7, we have that (Jsc,, Ag is k-open in 75.

Let {A;}i<n with n € N be a finite family of k-open sets in 75. For every i < n we have 4, = U; NY
with U; € 7. Therefore we have (,_,, A;i = (., UiNY) = (N, Us) NY. Now, since (,_,, U; is x-open in
7, we have that ([,_,, A;) is xk-open in 7, as desired. O

It turns out that it is not true that the subspace k-topology of an ordered set coincide with the x-interval
topology in general. But if we consider convex subsets, then interval k-topologies and subspace k-topologies
coincide.

Lemma 3.2.17. Let X be an ordered set and'Y C X such that for all y1,y2 € Y if there is y1 <z < ya in
X then x € Y. Then the interval k-topology over Y coincides with the subspace k-topology over Y .

Proof. Let (a,b) be an open interval with end points in ¥ U {400, —co}. Since Y is convex, we have that
(a,b) is an open interval in the order k-topology over X. Therefore (a,b) NY = (a,b) is k-open in the
subspace topology over Y. On the other hand let U = (a,b) N'Y with (a,b) a k-open interval in X. We
claim that U = {y € Y | a < y < b} is either the empty set or an interval in Y. Indeed, since Y is convex, if
y € Y then y is either a lower or an upper bound of Y. If {y € Y | a < y < b} = ) then it is x-open in the
k-subspace topology over Y. If {y € Y | a < y < b} # () then we have the following cases:

e a,be{yeY |a<y<b}: then U is an open interval in Y.

ceac{yeY|a<y<blandb¢g {yeY |a<y<b}: then (a,+00) =Y N(a,b) and (a,+0o0) is k-open
inY.

ead{yeY|a<y<blandbe{yeY |a<y<b}: then (—o0,b) =Y N(a,b) and (a, +o0) is k-open
inY.

e a,bZ{ycY |a<y<b}: then (—oo,+00) =Y N (a,b) and (a,+00) is k-open in Y.

Then (a,b) NY is k-open in the k-subspace topology over Y. O

3.3 Analysis Over Super Dense k-real Extensions of R

By the results from the previous section we can modify the standard topological proof of the IVT to show
that its restriction to x-continuous functions holds over super dense x-real extensions of R.

Theorem 3.3.1 (IVT,). Let K be a super dense k-real extension of R, the set [a,b] C K be a closed
subinterval of K and f : [a,b] — K be a k-continuous function. Then for every r € K such that r is in
between f(a) and f(b), there is ¢ € [a,b] such that f(c) =r.

Proof. We can assume f(a) # r # f(b). Assume that there is no ¢ € [a,b] such that f(c) = r. We define
two sets:
A = f([a,0]) N (=00, 7) and B = f([a,b]) N (r,+00).

They are non empty and disjoint (f(a) € A and f(b) € B). By definition they are also k-open sets in
f([a,b]). Moreover, since there is no ¢ such that f(¢) = r, we have that f([a,b]) = AU B. Hence A
and B separates f([a,b]). Now by Theorem 3.2.9, [a,b] is k-connected and by Theorem 3.2.14, f([a,b]) is
k-connected. Therefore we have a contradiction since we have shown that A and B separate f([a,b]) and
f([a,b]) is k-connected. O
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The next theorem we want to prove is the extreme value theorem over super dense k-real extensions of
R. One of the main features of R on which the classical topological proof of the EVT depends on is the fact
that if the image of a closed interval [a,b] of R under a continuous function f has no maximum then

{(=00,d) | a € f([a,b])},

is a covering of f([a,b]). This fact is not true in general for k-continuous functions and k-open covers of size
less than k. In particular, if the cofinality of f([a,b]) is bigger than or equal to &, then

{(=00,d) | a € f([a,0])},

would not be a k-cover of f([a,b]). For this reason we restrict ourself to a subclass of functions which preserve
these k-open covers.

Definition 3.3.2 (k-super continuity). Let f : X — Y be a k-continuous function. Then f is a right
k-super continuous function iff for every close interval [a,b] in X, we have that Cof(f([a,b])) < k. Moreover
1 is a left k-super continuous function iff for every close interval [a,b] in X, we have that Coi(f([a,b])) < k.
We will say that f is k-super continuous if it is both left and right k-super continuous.

Now we have all the notions we need to prove the EVT over super dense x-real extensions of R.

Theorem 3.3.3 (EVT,). Let K be a super dense r-real extension of R, the set [a,b] be a closed interval of
K and f : [a,b] = K be a right (left) k-super continuous function. Then there is a point ¢ € [a,b] such that
f(e) is mazimum (minimum) in f(la,b]).

Proof. Let A = f([a,b]). Assume that A has no maximum. Consider the following set:

{(=00,a) | a € A}.

By right k-super continuity of f we have Cof(A) < k, therefore there are a < k and a sequence {a;}i<q
in A which is cofinal in A. Hence, the set

{(—00,a;) | i < a}

is a k-open cover of A with less than k intervals. Since [a,b] is a closed interval it is k-compact and since f
is k-continuous A is k-compact. Therefore there is a finite x-open subcover A’ of A. Take M = max A’, we
have that M € f([a,b]) and M would be the maximum in f([a, b]). But this contradicts our assumption. [

We end this section with some interesting properties of k-continuous functions over super dense x-real
extensions of R.

It is a well-known fact that in every real closed field the IVT holds for polynomials in one variable (see
[20, Theorem 3.3.9]), therefore it is natural to ask if polynomials over super dense x-real extensions of R are
k-continuous. We have the following result:

Theorem 3.3.4. Let K be a super dense rk-real extension of R and p be a polynomial in one variable with
coefficients in K. Then p is k-continuous.

Proof. Let p be a polynomial in K and (a,b) be an interval with endpoints in K U {+00, —co}. Note that
since constant functions are k-continuous we can assume that p is not the zero polynomial. Since K is a real
closed field, the polynomials p(z) — a and p(xz) — b have finitely many (possibly 0) roots in K. Let (7;)ien
be the strictly increasing listing of these roots. Define the set I as follows:

o ifn=0:
I {(=00,+00)} If there is x € K s.t. p(z) € (a,b),
{0 otherwise. )

o If n > 0: define I as follows:

— (riyrig1) € T iff p(B5—"4) € (a,b).
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— (—o0,19) € I'iff p(rog — 1) € (a,b).
— (rp—1,+00) € Iiff p(ro + 1) € (a,b).

Now we claim that p~![(a,b)] = |JI. We will first prove that p~[(a,b)] C JI.

Let z € p~![(a,b)]. If n =0 then trivially # € (—o0,4+00) = [JI. Assume n > 0. We have the following
cases:

Assume that there is ¢ < n such that r; < 2 < riy1, we want to prove p(“*5—*) € (a,b). Assume not.
Since, K is a real closed field, by [20, Theorem 3.3.9] , the IVT holds for polynomials. In particular, since
p(%5") € (a,b) and p(x) € (a,b) either p(x) — a or p(x) — b has a root in between r; and r;;. But
this is in contradiction whit the fact that (r;);e, was strictly increasing. Therefore p(“*5—*) € (a,b) and
(riyriv1) CUL

Assume that for every i < n, we have z < r;. We want to prove p(ro — 1) € (a,b). Assume not. As
before the IVT holds for polynomials in K. In particular, since p(rg — 1) € (a,b) and p(x) € (a,b) either
p(z) —a or p(x) — b has a root in between —oo and ro. But this is in contradiction whit the fact that (r;)icn
was the strictly increasing listing of all the roots of p(z) — a and p(x) — b. Therefore p(ro — 1) € (a,b) and
(700, TO) - U I

Finally if for every ¢ < n we have x > r;, then the proof is similar to the previous case.

Note that the case in which & = r; for some r; is impossible since p(x) € (a,b).

Now we will prove that p~[(a,b)] 2 |JI. Let z € UI. If n = 0, then there is y € K such that
p(y) € (a,b). Now, since the IVT hold for polynomials, if p(x) ¢ (a,b) we would have that either p(z) — a
or p(x) — b has a root. This contradicts the assumptions. Assume n > 0. We will only consider the case
in which x € (r;,741) for some ¢ < n and p(“*5—) € (a,b). The other cases can be proved similarly. We
want to prove that p(x) € (a,b). Assume not. Since the IVT hold for polynomials, we would have that either
p(z) — a or p(x) — b has a root in between (r;,7;+1). But we assumed (r;);c, strictly increasing. Therefore
p(z) € (a,b) as desired. Therefore p~![(a,b)] = JI.

Now since I is a finite list of intervals with end points in K U {—00,+0c0} we have that | J I is k-open.
Hence p~![(a,b)] is k-open and p is k-continuous as desired. O

So far, one could get the impression that everything straightforwardly generalizes from the standard
topological case to the case of k-topologies. The following negative result can serve as a warning that one
cannot just assume that everything works nicely.

Definition 3.3.5 (k-continuity at a point). Let f : X — Y be a function and © € X. Then we say that f is
k-continuous at x iff for every r-open set V' containing f(x) there is a k-open set U containing x such that
fu)cv.

Theorem 3.3.6. Let f: X =Y be a k-continuous function. Then it is k-continuous at every point x € X.

Proof. Let f be a x-continuous function, z be an element of X and V be a k-open set containing f(z).
By the k-continuity of f, we have that f~(V) is k-open. Therefore there are a < x and open intervals
{Us} gea in X such that f=1(V) = Upea Up- Since z € f7Y(V) there is B € a such that z € Ug and, since

F7HV) = Ugpeq Up therefore f(Ug) C V as desired. O

Before we prove that there are functions which are k-continuous at every point but not x-continuous, we
want to consider an example of a non k-continuous function:

Let K be a super dense x-real extension of R. First of all we note that + : K x K — K is not k-continuous
(therefore not k-super continuous). Let (a,b) be an open interval of K (without loss of generality we can
assume a # —oo and b # 400). Hence we have

+7(a,0)] = {(z,9) |z +y € (a,b)},
therefore

+eol=U U @y

zeK ye(a—z,b—z)
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We claim that +~![(a, b)] is not xk-open. By contradiction assume that +~*[(a, b)] is k-open. Let IT; and IT,
be the projections over K x K. Since (a,b) is k-open, ITo(+~[(a,b)]) is k-open. Hence Ily(+~[(a,b)]) =
Up<alcs: dg) for some a < k. Note that

VB < . dg # +00

and
VB < a. cg # —o0,

otherwise a = —o0 or b = +00. Since {cg}p<qo and {dg}g<, have cardinality less than r, they are bounded
in K (this follows by the fact that K is an 7),-set). Hence there is d such that

VB € a.d> ds.

Take y = d and z = 2¥-2¢ We have that (z,y) € + ![(a,b)] (le, z +y = %2 = a + 552) and
Y ¢ Up<n(cp,dg). Hence +: K x K — K is not x-continuous.

Note that if we restrict the addition to a subset of K of cardinality strictly less than x, we obtain a
k-continuous function. Let X be a subset of K of cardinality less than . Define the restricted addition as
follows:

+x =+[X.

We claim that +x is s-continuous. Let (a,b) be an interval of K. Since

+x' @b = |J (@ V)x(a—a b=V,

(a’',b)CX

therefore +%'[(a,b)] is k-open as desired.
Now we are ready to prove that there are functions that are x-continuous at every point but not x-
continuous.

Theorem 3.3.7. Let K be a super dense k-real extension of R. Then there exists a function f : K — K
which is k-continuous at every point but not k-continuous.

Proof. We have just shown that + is not k-continuous. We will prove that + is k-continuous at every point.
Let z,y € K. We will prove the claim only for z,y > 0 the other cases follows similarly. Without loss of
generality we can assume x < y. Let V' be a k-open set containing x +y. We have that V' = Uﬁea (ag,bg) for
a < k many open intervals in K with end points in K U {co, —oo}. Let (ag,bg) such that x +y € (ag, bg).
Without loss of generality we can assume that ag # —oo and bg # oo. Take ¢, = ag — (z + y) and
ey = b — (z +y). Now we have that

€a

A:(x_?ax—i_%)x(y_iay'i_i)

is k-open and trivially (z,y) € A. Moreover for all (2/,y') € A we have

S £
Aty <z Ayt = =bg

2 2
and . -
/ ’ a a
r+y >x B +y 5 = ag,
therefore ' + ¢y’ € V as desired. O

3.4 The Real Closed Field R,

We are now ready to define R,. Before we present our construction, let us list all the requirements we have
introduced in the previous sections.
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R1: R, has to be a real closed field extension of R. Since every real closed field is elementary equivalent
to R, this requirement will guarantee that R, behaves similarly to R with respect to the order and to
the operations.

R2: |R,| = 2%. This is due to the fact that our generalized theory of computable analysis would have to
be a starting point for the study of the theory of represented spaces of cardinality bigger than 2%0.

R3: w(R,) = k. This is needed since when we will generalize the classical representations of R to R,, we
will need a set that can play the role that the rationals played in the classical case.

R4: R, is an n,-set. As we saw in the previous sections, this is needed in order for IVT, and EVT,
theorems to hold in R,..

A naive attempt to define such extension would be that of starting from s endowed with the surreal operations
(i.e., the Hessenberg operations) and try to repeat the standard construction of Z"™ and Q". Then, we could
define R” as the Cauchy completion of Q" obtaining a Cauchy closed field R” as we showed in Section 2.2.
Unfortunately this approach does not work. This is due to the following theorem:

Theorem 3.4.1 (Sikorski). The field Q° is Cauchy closed. In particular,
R" = Q".

Recall that Q" is a set of equivalence classes of pairs of elements in Z", hence it has cardinality at most
k. Therefore R” violates R2 and is not a good candidate for our purposes. This construction appeared for
the first time in a paper from Sikorski in 1948 [26] (see also [18] for a complete study of this approach).
During the work of this thesis, the Sikorski’s construction has been re-discovered independently by Aspero
and Tsapronis and by myself.

Recall from Section 2.3 that we have the following property of surreal numbers:

Theorem 3.4.2 (Alling). Let &’ be a regular cardinal. Then No., is a real closed field.

In particular we have that No., is a real closed field. Moreover since k > w, we have that R C No..
This means that R1 holds for No.,. It is not hard to prove that No., also satisfies R4. Indeed we have a
more general result:

Proposition 3.4.3 (Folklore). Let ' be a cardinal such that Cof(k’) = a. Then Noc,s is a 1q-set.

Proof. Assume L, R € No., such that |L| + |R| < k’. Then for every z € L and y € R we have |z|, |y| < .
But since Cof(k’") = «, we have that £(L) = sup{|z| | z € L} and ¢(R) = sup{|z| | z € R} are both smaller
than «’. But then Theorem 2.3.7 we have |[L|R]| < max{l(L),l(R)} < &’ which imply [L|R] € Noc,’ as
desired. O

Then we have:
Proposition 3.4.4. The field No., has the following properties:
1) |No<,| = k.
2) Cof(No.y) = Coi(Noy) = w(Nocy) = k.
3) Coi(NoZ,) = k.

Proof. 1) Since we assumed k = k<", the statement follows from the fact that No., is the set of sequences
of pluses and minuses of length less than k.

2) Note that k C No.,, is a cofinal subset of No., and —x is a coinitial subset of No.,. By regularity of
k, Cof(No<,) = Coi(No.,) = k. Moreover, note that every dense subset of No.,; has to be cofinal in No.,
therefore w(No.,) > & and since |No,| = k, we have w(No.,;) = k.

3) We know that No., is a real closed field. Consider the following sequence S = {é}aeﬁ. The sequence
S is coinitial in NoZ, . Indeed, take x € NoL,. We can assume = < 1, therefore z = i with y € NoZ, . Take

a < K such that a > y (note that « exists since % is cofinal in No.,), then z > é > 0 and S is coinitial
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in Not,. Now, since |S| = , therefore Coi(NoZL,) < k. Moreover, note that any subsequence S’ of NoZl,
of cardinality less than s cannot be coinitial in NOIH. Indeed, let S’ be such a sequence. Since No., is an
ni-set, if we take L = {0} and R = §’, there is x € No,, such that L < {z} < R. Trivially € NoZ, and
{z} < S’". Hence S’ is not coinitial in No®, as desired. In conclusion Coi(NoZ,) = k. O

Proposition 3.4.4 tells us that No.,, has almost all the properties that we want from R, but is still too
small.

A possible approach to this problem would be that of repeating the construction of R over the surreal
numbers starting from No.,; instead that on No,,. In particular one can define R}, as follows:

R} = No, UD,
where D is the following set:

D = {p € No, |Va < k3 > > a. p(B) # p(a)}.

The problem with this construction is that, in the classical proof, in order to prove that the surreal
operations behave correctly with respect to non eventually constant sequences of pluses and minuses, the
Dedekind completeness of R is fundamental (see [14, Chapter 4 Section C]). Since we know that R, can not
be Dedekind complete, a generalization of this proof can not work. Moreover, an alternative proof would
require a characterization of the operations over the surreal numbers in terms of sequences of pluses and
minuses?. Such a characterization is still missing in the theory of surreal numbers. This is partially due to
the fact that the semantics of pluses and minuses in the the surreal numbers is not purely positional (see
Section 2.3).

We can then define R, as the Cauchy completion of No.. In Section 2.2 we showed a standard way
of completing a real closed field. In this section we will take a different prospective. Since we are working
within No, we will not need to build any new number.

Recall from Section 2.2 that a cut over a group is a pair (L, R) of subsets of the group such that L < R.
In view of the Simplicity theorem (Theorem 2.3.5), we know that every such cut identifies a unique surreal
number. Moreover, we have seen in Section 2.2 that the Cauchy completion of a field can be defined in terms
of closure under Cauchy cuts. For these reasons, we can define the Cauchy completion of No., within the
surreal numbers in a very natural way as follows:

Definition 3.4.5 (1%@4,). We define ﬁ(/)<,£ as follows:
No. = No., U{z | # = [L|R] where (L, R) is a Cauchy cut in No,}.

Now we will show that 1§Tvo<,.i is a super dense k-real extension of R. First of all we will prove that No
is a dense subfield of No., and that No., is Cauchy complete (i.e., it is a Cauchy completion of No).

Lemma 3.4.6. The field No.,, is dense in 1%<K.

Proof. Let z,y € 1%@./” be such that x < y. We can assume that at least one between = and y is not in No.,
otherwise the statement follows trivially by the density of No.,. Without loss of generality assume y is not
in No<,. Let [L;|R;] be the standard representation of = and [Ly|R,] be a representation of y such that
(Ly, Ry) is Cauchy. Since z < y, by [14, Theorem 2.5] we have {z} < R, and {y} > L,. Moreover, since
x # y, by [14, Theorem 2.6] we have that either there exists g € R, such that y > zg or exists yy € L,
such that yr > z.

Assume that there is xg € R, such that y > xr. Since y;, ¢ No<, and y # zg, we have y > zp > x
as desired. On the other hand if there exists y; € L, such that y;, > x, then by the fact that L, has no
maximum we can take y >y} > yr > x. Therefore y} is the desired element of No,. O

Lemma 3.4.7. The set NN0<,/v 1s Cauchy closed.

2Note that all the operations over surreal numbers are defined in terms of their representations. It is not clear how and if
these operations can be defined directly over surreal numbers.
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Proof. Let (L, R) be Cauchy. We claim that there are two sequences ({,),co and (74),ep of elements of
No., with a, 8 < k, which are respectively mutually cofinal in L and mutually coinitial in R. Moreover,
since L has no minimum and R has no maximum, we can choose ({,),co and (ry)yeg such that £, < r.
forall vy € a and v € 5. Let £ € L and r € R be two elements respectively of L and R. Since L has no
maximum and R has no minimum there exist ' € L and 1’ € R such that ¢ < ¢’ and 7’ < r. By the density
of No., in No., there are £y, 79 € No., such that £ < £y < ' <71’ <rg <r. Now let 0 < v < k and assume
we have already defined ¢,/, for every 7/ < . We will define £, the same argument works for r,. We have
two cases:

e if there exists £ € L such that ¢,, < ¢ for all 7/ < ~, then take ¢’ € L such that £ < ¢' and ¢, € No
such that £ < £, < 0'.

e If for all ¢ € L there is 7' < 7 such that £,, < ¢, then stop.

Now let a be the smallest ordinal on which the previous definition stops. Note that trivially a < |L] < k.
It is an easy induction to prove that for every v < « there are £,¢' € L such that £ < £, < ¢ and that for
every ¢ € L there is v € a such that ¢ < ¢,. Therefore (£,/), < is mutually cofinal with L as desired.

Now by [14, Theorem 2.3] we have [, ¢, {¢+} | U, cs{r}] = [L|R]. Moreover, since (L, R) is Cauchy, also

<Uw€g{£€7}’ U, es{r+}) is Cauchy in No,. Finally, since [L|R] € No. ., we have that U, ealls} | Uyep{r}]
is in No., as desired. O

Now we want to prove that our completion of No., is an ordered field. Before we can do that we need
the following lemma:

Lemma 3.4.8. Lety € I%IR and [L|R] be a representation of y such that (L, R) is a Cauchy cut. We have:

—~+ ~+
Jep € No_, . 3c € L\ {0}Ve € No_,..
(e <ep) = Jyr € LIyg € R. (yr +€ > yr NyL > c).

Proof. By contradiction assume:

— — 4
Veog € No_, Ve € L\{0}3e € No_,..
(5<50/\VyL € LVYygr € R. yL+E>yR) —yr <c.

Choose g9 > 0 such that the set X = {z € L |z < y—¢eq} # 0. Note that ¢y exists since L has no maximum.
Let ¢ € X. Since No is a real closed field we have ¢ + g < y. Now by density of No., we can choose
0 < & < gg. Since (L, R) is a Cauchy cut, there are y;, € L and yr € R such that y;, +& > yg. Hence y;, < ¢
and € < g imply yr, + € < ¢+ ¢ < y < yr which is a contradiction. O

Theorem 3.4.9. The set 1<Tvo<,€ is a field.

Proof. Note that by density of No. in N:)Qi every time we need to prove a statement of the form

—~+
VeeNo_ . yeY. y<e,

we can prove
VeeNot, JyeY. y<e

instead.

We only need to show the closure properties since we already know from the theory of surreal numbers
that the operations respect the ordered field axioms.

+: let 2,y € No<,. Note that since No. is a real closed field we can assume that at least one of the
two elements is not in No.,. Without loss of generality we assume y ¢ No., (the proof for z & No., is
analogous). We want to prove that  + y is represented by a Cauchy cut. Let us recall the definition of +
over surreal numbers:

x+y=[Ly+y,x+ Ly|R, +y,z+ R,].
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Recall that by uniformity of plus, we can use any representation for y, in particular we can assume that
we used a representation of y induced by a Cauchy cut. Let € € Noin. Since y is represented by a Cauchy
cut [L,|R,], there exist y;, € L, and yr € R, such that y;, + ¢ > yr. Hence, since plus over surreal respects
the axioms of real closed field theory, we have x + y;, +¢ > x + yr. Now x + y, is on the left side of x + y
and x + yr is on the right side, therefore x + y is represented by a Cauchy cut as desired.

: As before we will assume z,y € No.,, and y ¢ No.,. First we recall the definition of x - y:

z-y=[Ly-y+a-Ly—Ly-Ly,Ry-y+x-R,— Ry R,
|Ly-y+x-Ry—Ly-Ry,Ry-y+x-L,— Ry - L.

As before by uniformity of -, we can assume that we used a representation of y induced by a Cauchy cut.
Given € € NOZH, we will prove that there exist x,yr and ygr such that

xpy+x-yp—xL-yr+e>wp-y+a-yr —xL - YR

Note that it is enough to prove x -y, —xr -yr +€ >z -yr — 21 - yr- Let xp, be any element on the left in
the representation of . Since x > 2’ we have x — z, > 0, we can take ¢’ = —* - Moreover € > 0 implies
¢’ > 0. Now y was represented by a Cauchy gap therefore there exist y;, and ygr, respectively left and right
elements of a representation, such that yp + &' > yg. We have

(x—aL)-(yr+€) > (& —2L)-yr

and
T YL —TL YL +E€>T-Yr —TL YR
as desired. .

—: let y € Noc, and y ¢ Noc,. Recall that if [L|R] is a representation of y, therefore [-R| — L] is a
representation for —y. As before we can take a Cauchy representation of y. Let ¢ € Noiﬁ. Hence, there
exist yr, and yg such that yr, + ¢ > yg. Therefore y;, > yr — € and —yg +¢€ > —yr, as desired.

%: let y € No,, and y ¢ No.,. By the definition of % it is not hard to see that y%? and y% are respectively

left and right members of the representation of % Now by Lemma 3.4.8 there exist ¢y € NOZC and ¢ > 0

such that for every ¢ € N0J<r,’€ such that € < g there are y; and ygr such that yp +¢ > yr and yr > c.
Therefore we have the following:

YL Yr YL - Yr
Now, by the fact that y has a Cauchy representation we can choose yr — yr arbitrary small. Moreover,

since Z/R ny < YEZYL it is enough to take ¢’ =& - ¢* and yi +&’ > yg to get

1 1
— - —<c

Yr YL
as desired. O

Now we want to prove that N0<,.c is a real closed field. Before we can do that we need to prove that
polynomial over No<ﬂ are continuous with respect to the interval topology over No<,.i Note that the following
lemma is true in general for ordered fields:

Lemma 3.4.10. Let [ N\BQ‘? - Nv0<f€ and g : NT)Q; — N\(/)Qi be two continuous functions. Then f+ g and
f g are continuous.

Proof. Note that since f X g is continuous, f+g=+o(f xg)and f-g="-0o(f x g), we only need to prove
that sum and product over No., are continuous. Let (a,b) be an open interval in No,. We have that

+7'(a,b)] = {(2,y) € No<y x No|z +y € (a,b)},

therefore a < z 4+ y < b. Moreover, since ﬁ)<K is an ordered field, a — y < x < b —y. Now we have

“(a,b)] = U (' V) x(a—d',b—1b")

(a’,b/)CI%<n

36



therefore + is continuous in ﬁ)<,{. A similar reasoning works for -. Let (a,b) be an open interval in 1<T\(/)<,i,
we have that . .
(a,b)] = {{z,y) € Noc, x Nocy | z-y € (a,b)},

therefore a < = -y < b. We will only prove that case x,y > 0, the other cases follows similarly. Since N~o<ﬁ
is an ordered field, % <z< % and

—1 a b
: [(av b)] = U (a‘/v b/) X (;7 y)v
(a/7b/)§1<IV0<~
b'#0
therefore - is continuous as desired. O
Now it is easy to see that every polynomial over 1,\%<,.; is continuous.

Theorem 3.4.11. Let p(x) be a polynomial with coefficients in 1%<K. Then p is continuous.

Proof. By induction over the degree of p(z). Note that every constant function is trivially continuous.
Moreover if p(x) is of degree n + 1 then

i=n i=n
p(x) = Z a;r’ = x(z a;z"" 1) + ap.
i=0 i=1

Let p'(x) = szf a;z*~1), it is continuous by inductive hypothesis. Moreover p = (id - p’) + ¢,, Where cq, is
the constant function with value ag. Hence by the previous lemma we have that p is continuous. O

Finally we are ready to prove that 1%<K is a real closed field.

Theorem 3.4.12. The field Nvo<,.i is real closed.

Proof. Tt is enough to show that No. is an elementary substructure of NB<H with respect to the language of
real closed field theory, (+,-,0,1, <). We will prove that the Tarski-Vaught test holds. Let ¢(z) be a formula
in one variable with parameters in No.,. Note that, since No. is a real closed field, for any formula of this
type there are (p;)ien and (¢;)iem with m,n € N and p;,q; polynomials in No., such that

d(x) = N\ piz) =0A N qlz) > 0.

ien iEm

Now let b € I%Qi be such that ¢(b) holds. If there is ¢ < n such that p; is not the trivial zero polynomial,
then p;(b) = 0 and b is algebraic over No.,. But since No., is a real closed field, it has no proper ordered
algebraic extensions, therefore b € No.,. If for all ¢ the polynomial pi is the zero polynomial, then b is a
solution of the system A,.,. ¢i(x) > 0. Now every g; is continuous in No., hence there are a; < b < ¢; such
that ¢;(x) > 0 for all « € (a;,¢;). By the density of No,, in 1<Tv0<m there are a; < a < b < ¢} < ¢; such that
gi(z) > 0 for all z € (a},c;). Take ¢ = min{c} | i € m} and a = max{a] | i € m}. Hence, for every = € (a,c)

we have A, qi(z) > 0 as desired. Then by the Tarski-Vaught test we have that No., is an elementary

substructure of No.,. In conclusion, since No., is real closed, we have that No., is a real closed. O

In particular the fact that ﬁ(/)<,{ is a real closed field makes the field satisfy all the first order properties
valid over R. .

Now that we have shown that No., is a real closed ﬁ/cid extending R we want to check that also all the
other properties of super dense extensions of R hold for No_.

Lemma 3.4.13. Let No<, be the set of surreal numbers of length at most k. Then liTvo<,.i C No<y.-
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Proof. We will prove that No<, contains the Dedekind closure of No.,. This implies by definition that

No<, also contains the Cauchy closure of No.,;, namely NVO<R. Let (L, R) be a cut in No.,, we claim that
[L|R] € No<,. Note that for every x € LU R, since L U R C No.,,, |z| < . Hence, by Theorem 2.3.7 we

have |[L|R]| < k. Then [L|R] € No<, as desired. Since No.,, = No., UC where C is the set of Cauchy cuts

therefore No,, C No<,, as desired. O

Theorem 3.4.14. The real closed field NT)Qi has the following properties:
1) Deg(Noy) = &
2) No,, is an n,,-set.
3) |Noc,| = 2%, Cof(No<,) = Coi(No~,) = w(Noc,) = k.
Proof. 1) We will prove that Deg(Noc,) = Deg(ﬁ?kﬁ). Since No., is dense inwl%@ then we have that

Deg(ﬁk,{) > Deg(No«,). Now, assume that every sequence of length k in No., is such that there is

z € No <, smaller than every element of the sequence. Then, by the density of No,, there is 2’ € No,
such that 0 < 2’ < x, but this is absurd because Deg(No.) = k.
2) Take L, R C No.,, such that |L| + |R| < k and L < R. We have the following possibilities:

e [ has no maximum and R has no minimum: by the density of No., in 1%<m as in the proof of
Lemma 3.4.7, there are two sequences ({y)ycq and (r4),ep With a, 3 < & of elements of No.,, which
are respectively cofinal in L and and coinitial in R and such that

Vo' € OzVﬂ/ €L Ay < rg.

Hence, since No. is an 7,-set, we have that there is x € 1<IE)<N such that L < {} < R as desired.

e [ has maximum M and R has minimum m: it is enough to take x = m%M

e L has maximum M and R has no minimum: consider the sequence (r — M),cg. Note that
Vre R.r— M >0,

therefore, since Deg(No<,) = r and |R| < & there is 2 € No.,, such that Vr € R. 0 < 2 <r — M but
then M <z + M and Vr € R.x + M < r as desired.

e [ has no maximum M and R has minimum m: a proof similar to the previous case applies.

3) Note that by the construction of Nvo<m since No., is a dense subfield of ﬁa“, we have
Cof(Noc,) = Coi(Noc,) = w(Noc,) = k.

Now, we want to prove 27 < |1<TV0<,.@| < 2%. On the one hand, by Lemma 3.4.13 we have that 1<IE)<N C No<,.
Indeed, No<,, contains the Dedekind completion of No.,, hence also its Cauchy completion ﬁ(/)@{. Then,
since |No<,| = 2", we have that INow,| < 2.

On the other hand let {0,1}<% be the full binary tree of height , we define a tree T' which is in bijection
with {0,1}<* and whose nodes are in No., X No.,. We define the tree by recursion as follows:

let zg, yo € Noc, such that zg < yo < 1 set (zg, o) as the root of the tree.

Assume that the tree is already defined for all 8 < « < k&, for every w € {0,1}* define x,, and y,, as
follows:

1
A) Yy — T < —.
(A)y Ty <~

(B) T < Ty < Yoo < Yoo for all w’ C w.
(C) (v, Yuo) N (T s Yoo ) = O for all w’ € {0,1}, w' # w.
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Note that the tree is well defined since No., is an 7,-set and every path from an element to the root has
strictly less than k elements. Now by property (B) and by the fact that No., is a real closed field, we have
the following:

Vp € {0,1}"Va < kY8 > . zp13 € (Tpra, Ypta)-

Moreover by construction for every p € {0,1}", the sequence (zpja)a<x is Cauchy. Indeed, let ¢ € Q. Take
o such that L <e. By (A) we have

1
—Tpta < — <€
yp[a pla o=

and
VB > a. Tp1p € (Tpras Ypla)-

Then, since No is a real closed field,
VB, B > a. |xprs — 2pipr| < Tpra — Ypra <€

as desired.
Finally we have that if p,p’ € {0,1}" and p # p’ then (pja)ack and (Tpja)ack converge to different
points. Let a be the least such that p(«) # p(a). Then by construction x,ja+1 and xp a+1 are such that

(xp[oz-‘rh yp[oz-‘rl) n (xp’ la+15 Yp? [a-i-l) = Q)

Now, since

VB> . xp1p € (Tplat1; Ypla+1)
and

VB > a. 2p8 € (Tprat1, Yp/lat1)
we have

ggi Tpig € (Tpla+1; Ypla+1)
and
lm zpr15 € (Zpriat1, Yot fact1)-

Hence limge, 2pip # limgew 2p 18 as desired. Then we have 2% < INo<,| as desired. O

Therefore all the properties listed at the beginning of this section are fulfilled by ﬁ)@{. We are now
ready to define our generalization of R.

Definition 3.4.15 (R, and Q,,). We define R, as follows:
Rl’i = 1%<,€.

We will use +00 and —oo to denote respectively the least ordinal not in R, and its inverse namely +00 = k
and —oo = —k. Moreover we define:

Qm = No -

From now on, we will call k-reals the elements of R, and k-rationals the elements of Q,..

Note that the construction of R, we have just presented seems to be really different form the construction
of R within the theory of surreal numbers. The following theorems show some connection between the
definition of R and R,.

Definition 3.4.16. Let x € No be an eventually constant surreal number. We will call stabilization point
of x the smallest ordinal o such that V8 > a.x(a) = ().

Theorem 3.4.17 (Alling). A surreal number x € No is in the Dedekind closure NOEH of No<y iff one of
the following holds:
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e € Noy.
e = € No, and is not eventually constant.
e z € No, and its stabilization point is a limit ordinal.
Since R, C NOEK, we have the following corollary:
Corollary 3.4.18. Let x € R,;. Then one of the followings holds:
1) = has length smaller than k.
2) x has length k but is not eventually constant.
3) x has length k and its stabilization point is a limit ordinal.

Note that the converse is not true (i.e., there are elements that satisfies 2) or 3) which are not in R,;). It
is still unclear if there is a characterization of R, similar to that of R (i.e., in terms of surreal numbers). In
particular, we don’t know if the fact of being a limit of a Cauchy sequence can be characterized in terms of
sequences of pluses and minuses. We leave the following open question:

Open Question 3.4.19. Is there any characterization of R, in terms of sequences of pluses and minuses?

We conclude this chapter with some result on the interval topology and the interval x-topology over R.
The first two results are a generalized version of a classical result over R.

Lemma 3.4.20. FEvery open interval of R, has cardinality 2%.

Proof. Let (r,7") C R,. On the one hand, since |R,| = 2", we have that |(r,7’)| < 2%. On the other hand, by
the same construction of the third point of Theorem 3.4.14, we can build a tree with root (r,r’) of Cauchy
sequences converging to different limits. Note that, since all the points of these Cauchy sequences are in
(r,7"), their limits are also in (r,7’). Then we have 2% < |(r,7’)| as desired. O

Theorem 3.4.21. Let 7 be the interval topology over R,,. Then the set of open intervals of R, with end
points in Q, U{4+00, —o0} is a base for T.

Proof. Tt is enough to show that every open interval with end points in R, U{+00, —o0} is a union open
intervals with s-rational end points. Let (a,b) an interval with end points in R, U{+00, —o0}. If a = —oc0
and b = +oo then trivially (a,b) has end points in Q, U{+00,—oc}. If a € Ry, and b = +oo then by
density of Q, in R,, we have that (a,b) = qu{Qﬂ‘pa}(q, b) (a similar argument proves the case a = —o0,
b € R,). Finally if a,b € R, then by density of Q, there are ¢,¢' € Q,. such that a < ¢ < ¢’ < b. Then

(CM b) = U{q”EQ,{|q”>a}(qH’ q/) U U{q”EQKIq”<b} (q7 q,/) as desired. O

Note that the previous proof can not be used to prove that intervals with k-rational end points are a
base for the interval k-topology over R,. In fact, since R, is an 7,-set, in general we can not write intervals
(a,b) with end points in R,; U{+00, —co} as a union of less than x open intervals with s-rational end points.
This is a consequence of the more general fact that k-topologies depends on the cardinality of their bases.
In general for k-topology we have:

Lemma 3.4.22. Let B and B’ two bases for the topology T over a set X. If B and B’ generate the same
k-topology then (|B|)<" = (|B’|)<".

Proof. Let B, B’ two bases for 7. Assume that they generate the same k-topology 7.. By definition, we
have (|B|)<" = |7.| = (|B’|)<" as desired. O

Note that the other direction does not hold. Indeed, consider the topology generated by the set B of
open intervals with end points in R,, and the topology generated by the base B’ = BU{(1,+0o0)}. It is not
hard to see that the two bases both generates the interval topology over R, and that they have the same
cardinality. But while (1, +00) is k-open in the x-topology generated by B’ it is not x-open in the x-topology
generated by B (recall that Cof(R,) = ). The fact that R, is an n,-set gives us more information about
the interval k-topology over R.

40



Theorem 3.4.23. Let B be a base for the interval k-topology T over R,. Then |B| = 2%.

Proof. First note that every base B of 7 is of the form B = B’ U B” where
B’ C{(a,b) CR, | a,b € R, U{+00,—00} Aa < b}

and
B" c {O C R, | O k — open in the interval k-topology}.

Assume |B| < 2". Now, define
A={a]| (a,b) € B’}

and
A'={a;|O€B"NO = U(ag,bB)Aa< K}.
B<a

Since |B| < 2%, there exists r ¢ AU A’. Consider the interval (r,r 4+ 1). Since (r,r + 1) is an open interval
in R, and B is a base for the interval k-topology, we have

(r,r+1) = U Og U U (ag,bg)

B<a B<la!

for some «, o/ < k and Og € B” such that for all 5 € « and (ag,bg) € B’ for all § € /. Now, take the sets
{r} and (AN (r,r+1))U (A N(r,r+1)). We have

(AN (r,r+ 1)U (A N (r,r+1))| < max{|a|, ||} < &

and
{r}<An(rr+1))UuA Nn(rr+1)).

But since R,; is an 7,-set, there exists € R, such that
{r}<{z}<(ANn(r,r+1)U(A' Nn(r,r+1)),
therefore we have x € (r,r +1) and = ¢ Us_, O UUg, (as,bg) which is a contradiction. O

The last theorem we prove in this section can be seen as an amalgamation theorem for k-continuous
functions. It will be a very useful tool to build k-continuous functions.

Theorem 3.4.24. Let (x;);cn be a strictly increasing sequence in Q,, such that, defining (X;)icn by:

(=00, g 1=0,
Xi= 4[5, 2i4] 0<i<n-—1,
[xn,1,+00) i:n_la
we have R, = Uien X;. Then every function f : R, — Ry such that f]X; is k-continuous for every 0 < i <n

18 K-continuous.

Proof. Let (a,b) be an open interval with end points in R, U{+0c0, —co}. Define U = f~1(a,b). We want
to prove that U is k-open. For every 0 < i < n set U; = U N X;. By k-continuity of f[X;, every U; is
#-open in X;. Then, for every i < n, there is O; = [J,¢p,(ah,b,) such that U; = O; N X;. Moreover note
that U = (J,c,, Ui. We want to show that U is x-open. To do that we will extract from (U;)ien a sequence
(U!)ien such that U] is a union of less than k k-open intervals with end points in R, U{+0c0, —0o} such that

U = U;en Ui For every i < n we define U; as follows:
o if Ul = @ then UZ' = U{
e If for all o < 3; (a’,,b%) C X; then U; = U].

(e
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If none of the previous applies we define:
I'={(al,b,) | < Bi A (al,b}) C X}
Moreover we define a set I’ as follows:

e for every (a’,b!) such that (a?,b%) N X; = (a’,z;+1]. Then a < f(x;11) < b. We have two cases:

[e R de [eR e

— If for all i < j <n and for every x € X; we have f(z) € (a,b). We have
U 2 (aéﬁ"'_oo) :_) (aia7xi+1]'

In this case (a’,,+o00) € I'.

— If exists i < j < n and there exists x € X; such that f(z) & (a,b). Then take m least of these j.
Hence, there is by, € X,, such that f(b,,) € (a,b). Therefore

U2 (agvbm> 2 (afwxﬂrl]'

Note that we can pick b,, # x;+1 because (a,b) is an open interval, therefore f(z;11) # b and
f1X,, is k-continuous. In this case (al,,by,) € I'.

e for every (a’,bl) such that (a,b%) N X; = [z;,b%). Then a < f(x;)) < b. We have can use the same

(o Rl (o' d6’]

construction of the previous case.

e for every (a’,bi) such that (ai,b’) N X; = [x;, 2,41]. By using the previous two cases with [z, 2;11)

[e%inde% [e2 o)

and (z;, z;+1], we can find (a’,d") such that
U2 (a, V) D[z zis1]
and take (a’,b’) € I'.

Then we define U] = I U I’. Note that every U/ is a k-open set in R,..
Now, note that, by the definition of {U};<, we have U; C U/ and U; C U for every 0 < i < n. Hence
U = ;e Ui and therefore U is x-open as desired. O

3.5 Generalized Descriptive Set Theory

Metrizability is one of the main ingredients of descriptive set theory. As we noticed in Section 2.4, since
generalized Baire space is not metrizable, all those notions from descriptive set theory that depend on
metrizability cannot be easily generalized to uncountable cardinals. In this section we will use R, to fill this
gap between classical and generalized descriptive set theory. In particular we will define a generalization of
metrizability to x which can be used to study generalized Baire space from a metric point of view. Then we
will show that, as in the classical case, x-Borel sets form a hierarchy.

Note that in this section we will focus our attention on topologies rather than k-topologies. This is due
to the following facts:

We want to use R,; to generalize results from classical descriptive set theory to generalized Baire space.
In descriptive set theory the topology over x* plays a central role, the use of x-topologies would then make
our work harder and sometimes impossible.

The results at the end of this section will be very important in Chapter 4 where we will be forced to
consider the standard topology over x".

Definition 3.5.1 (k-metric Space). A x-metric space is a pair (X,d) where X is a set and d : X — R,; is
a function such that:

e d(z,y) > 0.

e d(z,y) =0z =y.
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e d(z,y) = d(y, ).
o d(z,y) + d(y, z) > d(x, 2).
We will call d a k-metric. Moreover a k-metric d is called a k-ultrametric if the following hold:
d(z, z) < max{d(z,y),d(y,2)}.
Given a k-metric space (X,d), x € X and r € R,;, we define
B(z,r) ={y [ d(z,y) <r}

and
Blz,r] ={y | d(z,y) <r}.

We will call B(x,r) the open ball of centre x and radius v, and B[z, r] the closed ball of centre x and radius
T

Note that the absolute value is definable in the language of real closed fields as follows:
lzl =y (x>0—2y=2)A(z<0—y=—x).

Now, since R, is a real closed field and the absolute value over R is a metric, the absolute value over R, is
a k-metric (note that all the properties required by metrics are sentences in (+,-,0, 1, <)).

Definition 3.5.2 (k-metrizability). Let 7 be a topology over X. Then T is said to be k-metrizable if there
is a k-metric d : X — R,, such that

B={B(z,r) |z € X andr € R}

is a base for 7. Moreover, we say that T is completely k-metrizable if every Cauchy sequence in X induced
by d has a limit in X.

As we have just seen, the classical metric over R extends naturally to a x-metric for R,;. It is not hard
to see that the absolute value induces the interval topology over R,.

Theorem 3.5.3. The interval topology over R, is k-metrizable.

Proof. We want to show that || : R, — R, induces the interval topology over R,. We will show that the
set of open balls B is equal to the set of open intervals with end points in R,;. Since R is a real closed field,
the proof is the same as in the classical case.

On the one hand let (r1,72) be an open interval in R,. Then

ro+T1 T2 — T
2 2

B( ):(7’1,7’2).

Indeed, we have:
T2+ T2—T1)®T2+T1_T2—7’1<x<T2+T1 T2 —T1
2 72 2 2 2 2
Sr<r<r
<:>$€(7”’1,7’2).

x € B(

On the other hand, let B(x,r) be an open ball, then trivially B(z,r) = (x — r,x + r).
In conclusion B is the set of open sets with end points in R, hence B generates the interval topology
over R, O

Proposition 3.5.4. Let (X,7) be k-metrizable and C be a closed subset of X. Then C is the intersection
of k many open sets.
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Proof. Let d be a k-metric which induces 7 and C a closed set. Define:
1
Co={z|3eceC. d(z,c) < =}
@

Note that for every a € x we have that Co, = |J.c B(c, ) is open. We claim C' = (,,. Ca-

On the one hand, assume = € C. Then d(z,r) = 0 and = € C, for every a € . Therefore x € . Ca.
On the other hand if x € (., Co then for all a € & there exists ¢ € C, such that d(x,c) < é For each
« choose ¢, € C, N C. Since limae,{é = 0, we have limye, d(x,c,) = 0 and since C is closed, z € C as
desired. O

Analogously to the classical case, where w* was completely metrizable, generalized Baire space can be
proved to be completely xk-metrizable.

Theorem 3.5.5. The generalized Baire space k™ is completely k-metrizable.

Proof. First we define the following k-metric:

dz.y) 0 iff x =y,
x, = .
Y o%ﬂ a minimal s.t. z(a) # y(a),

for z,y € K".
We claim that d is a xk-metric:
Trivially d(z,y) > 0, moreover d(z,y) = 0 if and only if z = y and d(z,y) = d(y,x). We want to prove
the following:
VaVyVz.d(z,y) + d(y, z) > d(z, 2).

If d(z,y) = 0 or d(y,z) = 0 the statement follows trivially. Assume d(z,y) = %ﬂ, d(y,z) = ﬁ and
d(z,z) # 0, in particular d(zx, z) = ﬁ First assume « < . Since y[f = z [ § and a < 3, we have that
d(z,z) = d(z,y) < d(z,y) + d(y, z) as desired. Now assume 8 < «. Since zfa =y | « and 8 < «, we have

that d(z, z) = d(y, z) < d(z,y) + d(y, z) as desired. Note that we actually proved that d is a k-ultrametric.
Now we want to show that the set of open balls induced by d is a base for generalized Baire space.
On the one hand let w € k<%. We claim that

1
[w] = B(p, W) where w C p.

By definition we have

/

pefwewcy dpp)<

1 ) 1
—— & p eBp,———

w1 TP Bl )

as desired. On the other hand let B(p, r) with » € R,; be an open ball. Note that by definition of d, we have
B(p,r) = B(p, ﬁ) with «,. greatest ordinal such that ﬁ < r. Now let w = pla, as before. We have

1
p elw e wcp &dpp) < < p' € B(p,

\w|+1:ar—|—1 a, +1

) =DB(p,7)

as desired.
Finally we want to prove that " is complete w.r.t. d. Let (pa)acks a Cauchy sequence in k. Note that

Ve € RY 3y < kVa, @' > 7. d(pa; par) < €.

Now, define the following sequence

1
pela = pyla v smallest s.t. Vo, &’ > 7. d(pa,par) < —-
@
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Since the starting sequence was Cauchy, p, always exists. We claim that (ps[a)aecx is monotone. Let oo < 3.
If polae = pe B then trivially pela C pe| 8. Hence assume ppla # () # pe 8. Let v and 4/ be such that

pela=pyla  pelB=py|lB.

Without loss of generality assume +' > v a similar proof works for v/ < . By the definition we have

1

d / _—
(Pyspy) < a1

)

and therefore
pela=pyla Cpy B =pelB

as desired. Then the sequence py = |J,,. pela is well defined.
Now we want to prove that limyec, po = pe, that is

Ve € R 3y < kVB > 7. d(pg, pe) < €.
Fix e € R:. Let o such that a%rl < e. We have that

pela = pyla,
with v smallest ordinal such that
1
V8,8 > . dlps,ps) < ——
B.B 2. dlpspy) < -2
In particular, we have that
1
VB > . d(pgs, < —.
B 2. dps,py) < o7
Then, since p;[a = p, [, we have that
VB >y d( ) < ! <
. —— <e¢,
e P, DPe atl
therefore limycx po = pe as desired. O]

Definition 3.5.6 (k-separability). Let T be a topological space over X. Then 7 is k-separable iff it has a
dense subset of cardinality k.

Since in the previous section we have proved that the set of intervals with end points in Q,, is a base for
the interval topology over R, we have the following:

Proposition 3.5.7. The interval topology over R, is k-separable.

Recall that we assumed x<" = k, therefore the standard base of k" is of cardinality x. In particular we
have:

Proposition 3.5.8. The generalized Baire space k" is k-separable.

Polish spaces have a central role in descriptive set theory, it is natural then to generalize them to
uncountable cardinals.

Definition 3.5.9 (k-Polish Space). Let 7 be a topological space over X. Then, T is k-Polish iff it is
k-separable and completely k-metrizable.

By what we have proved before, we have:
Corollary 3.5.10. The generalized Baire space k" is k-Polish.

Now we are ready to define the generalization to  of the Borel hierarchy over k-metrizable sets. First of
all we extend the notion of a Borel set to our generalized setting. The following definition can be found in
[13], [21] and [15]:
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Definition 3.5.11 (k-Borel Sets). The collection B(X) of k-Borel sets over a topological space (X, T) is
the smallest containing the topology and closed under unions of size k and complementation.

Since we have generalized metrizability to Ry, we can now show that the x-Borels form a hierarchy as in
the classical case.

Definition 3.5.12 (x-Borel hierarchy). Let (X, ) be a k-metrizable space. Then for 1 < a < kT we define:
2%”’0)(X) = open sets,
HY"’O)(X) = closed sets,
2EOX) ={J 4p | V8 < k3y < . Ag € IO (X))},

BEK
(X)) = {[) 4p | VB < sy < a. Ay € BO(X)}.
BEK

As usual ALY (X)= =0 (X)n HENE’O)(X)-

Proposition 3.5.13. If (X, 7) is k-metrizable, then for every o € On we have Eff"o)(X) C E(:ﬁ) (X) and
(Y (X) € IS (X).

Proof. We will proceed by induction over «:

Assume o = 1. Let A € Hgo’”)(X). Then A is closed in X. By Proposition 3.5.4 we have that
A=\, Ap with Ag open for every 3 € r. But then A € ch’o)(X). A similar proof works for Egn,o) (X).

Assume a > 1. Let A € TI{") (X). By definition A =, Ag with Ag € [, ZSYF”’O)(X) for all 5 < k.
By inductive hypothesis, for all § < k, Ag € Zt(f’o)(X) and by definition A = n,@’e;s Ag € Hgﬁ? (X). A
similar proof works for I (X). O

Then we trivially have:
Corollary 3.5.14. If (X, 1) is k-metrizable, then for every a € On we have
B0 (0 VI (X) € A ().

Proof. Tt is enough to prove 28{’0)(X) - Hgﬁ’_ol) (X) and H&K’O)(X) - 28101) (X). IfAe E((XH"O)(X), then A

is trivially the intersection of x copies of itself therefore A € Hgﬁﬁ) (X). A similar proof shows H&K’O)(X ) C
B0 (X). O

As in the classical case if X is k-metrizable, one can show that the hierarchy over X contains all and
only k-Borel sets.

Theorem 3.5.15. Let (X, 7) be a k-metrizable space. Then we have
Bx)= |J nir¥x) = |J =0 = (J a9
a<kt a<kt a<kt

Proof. Note that

Um0 = J =000 = U Al

a<kt a<kt a<kt

follows trivially from what we have just proved. Now we will prove

Bx)= [J =)

a<kt
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First note that (J,,.+ (0 (X) is closed under unions of size k and complementation. Let {A}aes be

a family of elements in (J,_,.+ 28{’0)(X). By regularity of k% there is 8 < ™ such that for all a < x we

have Aq € S5°7(X). But then U,., Ao € 57 (X) € BU9(X). Then Uye, Aa € Uaepr S50 (X).
IfAecUpenr (0 (X), then there is 8 such that A € Eéﬁ’o) (X). Therefore, the complement of A is in

K,0 K,0 K,0 K,0
115 (X) € 255V (X) € Upepr E8V(X). Then B(X) € U,yo i 07 (X).

Now we want to show that (J,.,.+ ng"o)(X) C B(X). We will prove that E((f"o)(X) C B(X) and
H&”’O)(X) C B(X) for every a € k. We will proceed by induction over a.

Assume a = 1. Then by definition %{"? (X) C B(X) and 3 P (X) Cc B(X).

Assume o > 1. Let A € E,(f’o)(X). Then A = U, Ap, where for all 3 € k we have Ag €
U, ca Hff”’o)(X). Then by inductive hypothesis Ag € B(X) for every 8 € k. Now since B(X) is closed
under union of size k, A € B(X) as desired. O

We will now follow Kechris [17] to prove that the hierarchy over k" does not collapse.
Definition 3.5.16 (Universal Sets). Let (X, 7) be a k-metrizable space. Moreover let
P(X) € (Z00(X), AV (X) | a € 57}
andY be a set. We will call U a Y-universal set for I'(X) if U € T'(Y x X) and
X)) ={Uy [yeY}
where
Uy ={z|{y,x) € U}
Theorem 3.5.17. Let (X,7) be a k-metrizable and r-separable space. Then for every o € On, the sets

E&mo)(X) and I_L(f’o)(X) have k" -universal sets.

Proof. We will only prove the theorem for E&H’O)(X ). We will proceed by induction over a.
Assume o = 1. Since (X, 7) is k-separable, it has a base B of cardinality at most k. Let (Bg)gex be a
listing of B. Define

(yo) eUl e ycrAee XAz € U B,.
y(a)=1

Therefore U! is trivially open in &% x X. Moreover, let A € 2(1”’0) (X). Since A is open, A = U,BEI Bg for
some I C k. Now define

yB)=1=pel.

We have
velU, & (yr)eU wxe | ByercA
pel

Therefore U is x"-universal for E(ln’o)(X). A similar proof works for Hg”’o) (X).

Assume o > 1. Let 1 : K — a be a monotone function such that

sup{n(8)+ 1| B € v} = a

(note that every ordinal x < o < k™ has cardinality k). For every y € k* and 3 € x define

()s(v) = y([B,71)

Note that the function y — (y)s is continuous. Now, let w € k<%. We have

(=)' [w] = {p € & | Vy < |wl. p([B,w(7)]) = w()}.
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Take m = sup{[8, w(7)] | v < |w|}. We claim

(—)p ' Twl = [J [pim]

where P = {p € k" | ¥y < |wl|. p([B,w(¥)]) = w(B)}.
On the one hand assume p € (f)gl[w] then p([5,w(v)]) = w(y) for every 5 < |w|. Hence p € P and

pe Up’EP[pI [m]
On the other hand, if p € Up/ep[P' [m], then there is p’ € P such that p[m = p’[m, hence
Yy < Jw]. p([B,w()]) = w(v),

therefore p’ € (f)gl[w] as desired.

By inductive hypothesis for every 8 < a we have that HE;’O) (X) has a k"-universal set U%. Now define
(y,x) € U & 3B((y)s,x) € U"P)

Since every (—)g is continuous, and every U"(#) is x"-universal for 2;’2230)) (X), then U® is in =70 (X).
Moreover, let A € (" (X). Then A is a union of at most & elements in Us<a Hg”’o) (X), call them

{As}pecr. Now for every Ag let 5 be the smallest such that Az € H;’Z’ﬁj) (X) and define

ya([8,71) = ys(7) where Uy = Ag.
Then U;’, = A. Now we have
x e UAB'{:}HBGKV..IEAﬁ
BER

srely)
< VY. yallB,71) = ys(7)
< ((ya)s,x) €U
= (y,x) € U~

Moreover, we have

(y, ) €U < 3B. ((ya)s, ) €U

VB
S e U(yA)B
=T c Aﬁ
sre A
BEK
Hence U? is x*-universal for £4"" (X) as desired. O

We can finally prove that, as in the classical case the hierarchy does not collapse.
Theorem 3.5.18. For every a < k*, we have:
SO () 2 TEO () T () £ B0 (55).

Proof. We will only prove that
E((IK,O)(KK) g 1—15:4,,0)(%:4)7

the fact that
IO (%) € B0 (5°),
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can be proved analogously.

Assume 2&“70)(m“) C H,(f’o)(/c“). Let U be x"-universal for E,(f’o)(/c“). Define

yeAs (y,y) ¢U,

therefore A € H&“’O)(m) = 22{“0)(;&), and there exists y € x" such that U, = A. But this is a contradiction
since we have (y,y) € U and y € A. O

Note that, now that we have a generalized version of Polish spaces we can ask if, as in the classical case,
the Theorem 3.5.18 also holds for x-Polish spaces of cardinality at least 2. In the classical case this is proved
by using the Cantor space.

Definition 3.5.19 (Generalized Cantor space). We will call generalized Cantor space the set 2% of binary
sequences of length k endowed with the topology generated by the base

B = {[w] | w € 2"},
where 2<% denotes as usual the set of binary sequences of length less than k.

First note that the proof of Theorem 3.5.17 also works for generalized Cantor space. Then, by using the
same argument of Theorem 3.5.18 we have:

Theorem 3.5.20. For every a < k+, we have:
200 gm0 er) O (2r) ¢ 250028
From Theorem 3.5.20 we have the following;:

Theorem 3.5.21. Let (X, 7) be a r-Polish spaces. If 2% is a subspace of X then, for every a < k™ we have
SEO(X) ¢ OEO(X) and T (X) € B0 (X).

Proof. We will only prove that
B00(X) ¢ IO (X),

the fact that
ni2(X) ¢ =00(X),

can be proved analogously.

Assume ng’o)(X) - H&H’O)(X). Then we have:

2ED@ ={y N2® | Y e SED(X)} C{y N2t | Y e IE9 (X))} = m1(m0(27).
But this contradicts Theorem 3.5.20. O

Note that it is still unclear if 2 can be embedded in every k-Polish space of cardinality at least 2%. The
classical analogous of this fact is usually proved by using a Cantor scheme (see [17, Corollary 6.5]). In
particular, in the classical proof given a Polish space X one constructs a binary tree T" of height w with the
following properties:

(1) Every node of T is a nonempty open subset of X.

(2) Every node U of T and its closure U are a subset of the predecessors of U in T.

(3) Every branch (U;);c,, of T starting at the root of the tree is such that (.., U; is a singleton.

€W
In the generalized case we would have to extend this tree to 2* (i.e., the generalized tree should have height
k). While the definitions for base and successor stages of T' can essentially be the same as in the classical
proof, it is unclear how to define the tree on limit ordinals. In particular, on limit stages nothing guarantees
that the intersection of less than k nested open sets is nonempty. This property is needed to satisfy (2).
Therefore it is natural to ask the following question:
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Open Question 3.5.22. Does Theorem 3.5.18 generalize to k-Polish spaces of cardinality at least 2%

Our generalizations of metrizable and Polish spaces give rise to many open questions. It would be
interesting to study if the standard relationship between Polish spaces and the Baire space holds in the
generalized case. In particular:

Open Question 3.5.23. Is every k-Polish space the continuous image of the generalized Baire space k" ?

We conclude this section proving that, by using s-metrics, one can prove a generalized version of the
Baire Category Theorem.

Theorem 3.5.24 (k-Baire Category Theorem). Let (X, T) be a complete k-metric space such that for every
family of nested non empty open balls { By }aecp with 8 < k we have:

ﬂBﬁéw.

a€ep

Then for every family {Aq}ack of closed subsets of X with empty interior, we have that | ., A has empty

interior.

acEr

Proof. Given a nonempty open subset Uy of X, we want to find an element x € Uy such that for every
a € k we have ¢ ¢ A,. We will build a sequence of nested open balls (By)acx such their intersection
contains the element we are looking for. We proceed by recursion. For o = 0, by hypothesis Uy \ Ay # 0.
Choose z € Uy \ Ag. Since Uy is open and the complement A§ of Ag is open, Uy N Af is open. Hence
Uo N A§ = Upep O with B a set of open balls in X. Let B(y,r) € B be such that = € B(y,r). Note that,
we can choose an open ball B(z,7’) with r < 3 such that:

e the closure B(z,7’) of B(z,r’) has empty intersection with Ap.
e B(z,r") C B(z, ).
therefore we set By = B(xz,r’). In general for o = 8 + 1 take the open ball Bz and define B, such that:

B,NA, =0.

oEQBg.

e The radius r of B, is smaller than a%_l

Now for the limit case a = A, let U = ﬂﬁea B,. We claim U open. By the assumptions over X we know
that U is non empty. For every x € U define:

R, ={r|B(z,r) CU}.

Note that since Ry, is an 7,-set and a < k, therefore R, is not empty (i.e., every lower bound of (rg)geca
where rg is the radius of Bs is in R;). Then we have:

U= U U B(z, 7).

z€U reR,

On the one hand if y € U, since R, is not empty, y € U, UreRm B(z,r). On the other hand, if y €
U.ev Urer, B(@,7) then there are » € U and r € R, such that y € B(z,r). But by definition B(z,r) C U,
then y € U as desired.

Then, by following the same construction we used for the case o = 0, we can start from U and define an
open ball B, such that:

B, NA, =0.
e B, CU.

e The radius r of B, is smaller than %
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Now note that (E)aen is a sequence of closed balls. Moreover since limaené = 0 and for every B, its
radius r, < é, therefore limyey 7 = 0. Hence the sequence (cq)ack, such that ¢, is the centre of B, is a
Cauchy sequence. By completeness of X, ¢ = lim,ex ¢ € X. Moreover note that by definition, ¢ € Uy, and
for every a € k we have that ¢ ¢ A, as desired. O

Finally it is not hard to see that the previous theorem holds for the generalized Baire space k" and for
R,.

Corollary 3.5.25. For every family {Aq}acwk of closed subsets of k™ with empty interior, we have that
Uaer Aa has empty interior.

Proof. Since we have already proved that " is k-Polish, it is enough to show that for every for every family
of nested non empty open balls {B(zq, 7o) }acp With 8 < k we have:

U= ﬂ B(xa,Ta) # 0.

acepf

Without loss of generality we can assume that every r,, is of the type 7% Define the following sequence:

Ya = Tq f’Ym

Note that the sequence (ya)aeps is monotone. Then y = J,_ 5 Ya € £=%. We claim that [y] CU. If x € [y],

then for every o < 8 we have z(«) = y(«). Hence for every o < 8, d(z,z4) < 7% therefore x € B(xq,7q) as
desired. O

Corollary 3.5.26. For every family {As}ack of closed subsets of R, with empty interior, we have that
Uaex Aa has empty interior.

Proof. Since we have already proved that R, is k-Polish, it is enough to show that for every for every family
of nested non empty open balls {B(zq,7a)}}acs With 8 < k we have

U= ﬂ B(zqa,rq) # 0.

acepf

Define the following sets:

L={xq—14|a<p}
and

R={zq+7ra|a<p}

Then |R|+|L| < k. Moreover by the fact that {B(za, 7o) taes is a family of nested open balls we have L < R.
But then, by the fact that R, is an 7,-set, we have that there is ¢ € R, such that L < {z} < R. Now, since
L <{x} < R it is easy to see that for every a € 3 we have that z € B(zq,7a), therefore x € (5 B(za,7a)
as desired. 0
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Chapter 4

Generalized Computable Analysis

This chapter is devoted to the study of notions from classical computable analysis in the context of the
generalized Baire space x*. Our goal is to study the Weihrauch hierarchy over R, and x”. In order to do
that, we will first generalize the standard tools of computable analysis. In particular, in Section 4.1 we will
prove that, as in the classical case, Wadge strategies characterize continuous functions over . As we will
see the fact that we can prove a generalized version of the Main Theorem of Computable Analysis will have
a central role in defining the representation of continuous functions over R,. For this reason, in Section 4.2
we will characterize a subclass of topological spaces for which the Main Theorem of Computable Analysis
generalizes. In Section 4.3, we will generalize the constructions we presented in Section 2.5.2 and we show
how to use Wadge strategies to represent continuous functions over x*. After having introduced these general
results, in Section 4.4 we will focus on R,; and its representation theory, generalizing classical representations
of R and showing that many result from the classical theory hold over these generalizations. Finally we will
dedicate the last three sections to the study of the Weihrauch hierarchy. In particular, in Section 4.5 and
4.6 we will study how some of the classical choice principles generalize to R, and to £". Finally in Section
4.7 we will start the study of the Weihrauch degree of IVT.

4.1 Wadge Strategies

In classical computable analysis, Turing machines are used as an intuitive tool for proving computability of
functions over Baire space. Moreover, they have a central role in the coding of continuous functions over
representable spaces (See Section 2.5.2).

As we have said before, we do not have a notion of computability over x, therefore focus on the topological
properties of k" and R,. In this context, Wadge strategies will provide a good substitute Turing machines.
They will, indeed, both serve as a tool to prove the continuity of functions over £ and as the main ingredient
we will use to code the spaces of continuous functions between represented spaces.

Wadge strategies were introduced by Wadge in his PhD thesis [27] and have become one of the funda-
mental tools of classical computable analysis. On the one hand they are used to classify sets in terms of
Wadge degrees, on the other hand they offer an intuitive way of characterizing continuous functions over the
Baire space. We will now extend Wadge strategies to generalized Baire space, then we will show that they
can be used to characterize continuous functions over x".

Definition 4.1.1 (Generalized Wadge strategy). A generalized Wadge strategy is a monotone function
0 :C K<F — K<,

As we said we want to use Wadge strategies as an intuitive tool in order to check if functions over
generalized Baire space are continuous.

Theorem 4.1.2. The function f :C k" — k" is continuous over genmeralized Baire space iff there is 6 :C
K<F — k<% monotone such that for all p € K"

fo) = 0wla).

ack
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Proof. First we prove that every continuous function over £ has a Wadge strategy. Let f :C k" — k" be a
continuous function. Given w € k<%, we define the following set:

Wy ={w' € x| fw] € f7H([w])}-
Note that for every w € k<%, the set W, is totally ordered. Now we define 6 :C k<% — xk<* as follows:
f(w) = w" where w’ is the longest element of W,, s.t. |w'| < |w].

First we will prove that 6 is monotone. Let w,w’ € £<* such that w C w’. Then [w] C f~1[#(w)]. Moreover,
since w C w’, we have [w'] C [w] and [w'] C f~1[f(w)]. Therefore (w) € W,, and §(w) C O(w’) as desired.
Now we will prove the following:

fo) = | 0vla).

a<k

First we prove f(p) 2 U,<, 0(pla). By the definition of § we have

[ple] € f=1([0(pla)).

Hence, since p € [p[a], we have that f(p) € [0(p[a]. Therefore 0(p[a) C f(p) for every a and |J,,. 0(pla) C
f(p) as desired.
Now we want to prove that f(p) € U, 0(pla). Let a < . By the continuity of f we have

18] € f7H([f(p)Ial),

for some 3 < k. We can assume 8 > «, otherwise we could take 5’ > 8 and we would have

18] € [pIB] € £ [f(p)1e]

and therefore f(p)la € Wp;3. Now, since §(p[3) is the element of maximum length at most § in W,z and
B > «, we have that

f(p)la C 0(p1B)

as desired.
Now we will prove that every Wadge strategy give rise to a continuous function. Let 6 :C k<% — k<" be
a monotone function and f :C k" — k" be defined as follows:

flp) = U O(pla) for every p € K™.
aER
We want to show that f is continuous. Let w € x*. We will prove:
Fll= U W
w' COH~1(w)
[w']. Let p € f~1[w]. Then we have

fv) = 0(pla),

ack

First we will prove f~1[w] C Uwwr co-1(w)

hence f(p)lw| = (Uye, O(pla))l|w| = w. Therefore there exists a € & such that plov € 6~ (w). Hence we
have p € U, cp-1(u)[w'] as desired.

It remains to prove that f~'[w] D Uwrco-1(w)[w']- Let p € Uyycg-1(u[w']. Then there exists w' such
that p € [w] and w’ € 6~ (w). Moreover, since f(p) =, 0(pla), by setting a = |w’| we have

aER
O(pla) = O(w') = w.
Hence, by the monotonicity of 6, we have w C f(p) and p € f~'[w] as desired. O

The intuition behind the previous theorem is that continuous functions on generalized Baire space are
those whose behaviour over a small (shorter than k) initial segment of the output is determined only by
a small initial segment of the input. Given this, from now on we will feel free to use this result without
mentioning it, in particular sentences such as “f is continuous because we are using only a small portion of
the input to determine a small portion of the output” will be used to refer to this theorem.
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4.2 Computable Analysis Over k"

The main goal of this section is that of proving a generalized version of the Main Theorem of Computable
Analysis. First we will generalize many basic notions from classical computable analysis. After having
introduced these tools, we will show how to characterize a class of topological spaces for which a generalized
version of the the Main Theorem of Computable Analysis holds.

At this point the reader could be surprised to see that instead of using k-topologies in generalizing
computable analysis we will use standard topological tools. To see why recall that any base of the k-interval
topology over R, has cardinality 2% (see Theorem 3.4.23) and that the k-topology on k" generated by the
classical base has cardinality x (this is true for any base of cardinality k). This means that, there will be
no representation of R, whose induced topology is the k-interval topology over R, (see Section 2.5). As
we have seen in Section 2.5, the fact that the topology induced by the representation we are using is the
one we want to work with is essential for computable analysis. As we will see, using topologies we will be
able to define representations whose induced topology is the interval topology over R,. Note that, since
the k-interval topology over R, is contained in the interval topology, every set of objects we introduced in
Section 3.3 (e.g., k-continuous functions) will be representable.

Before we start our generalization let us fix some useful coding functions and some notations. Let (ws)acx
be a sequence of elements of k<". We will use the following notation:

[Wa]aers = wg wi ...

Now we fix a bijection [-,-] : kK X K = K and we generalize the tupling functions we have defined in Section
2.5.

Definition 4.2.1 (Tupling). Let a : & — & be a sequence in k* with a < k. We will write ag for a(8) to
reduce the number of parentheses. We define a wrapping function ¢ as follows:

L(a) = 11[[0@[30]]/@6(111.

K

Moreover given wi,wa, ... in k<% and p1,ps2 ..., in &%, we define:

[wi,p1] = [p1,w1] = t(w1)p1 € K"

[wi, ... W] = t(wy) ... t(w,) with a € Kk
D1, sDa] =01(0) ... pa(0)p1(1)...pi(1)... witha € k

Moreover, let (Da)ack be a sequence of elements in k" and (wq)aeck be a sequence of elements in k<". We

define
[(Wa)aer| = [t(wa)]aex

and

[(Pa)ack | [, B] = pa(B) for all o, B € k.

Note that the wrapping function ¢ can now deal with limit lengths. In particular if a : @« — & is a sequence
in k™ with o limit ordinal, then ¢(a) will have length o + 2 and will be the sequence 110a¢0as . ..0ag0. .. 11.

In classical computable analysis, a notation of a set M is a surjective function from w<* to M, and a
representation of M is a surjective function from w* to M. We can easily generalize these notions to x”.

Definition 4.2.2 (Notations). Let M be a set and v :C k<% — M be a surjective function. We will call v
a notation of M.

Definition 4.2.3 (Representation). Let M be a set and dpy :C k" — M be a surjective function. We will
call § a representation of M.

Since, as we said, we want to generalize the the Main Theorem of Computable Analysis it is natural to
start generalizing the concept of effective topological space and their standard representation.
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Definition 4.2.4 (Effective Topological Space). An effective topological space is a triple S = (M,o,v)
where M is a set, 0 CP(M) is a family of subsets of M of cardinality at most k such that

r=ys{Aco|lzecA}={Aco|ye A}
and v :C k<" — o 15 a notation on o. We will call 75 the topology generated by taking o as a subbase.

Definition 4.2.5 (Standard Representation). Let S = (M, o,v) be an effective topological space. We define
the standard representation dg :C k" — M of M as follows:

Is(p) =z = {Aco|reA}={v(w)|w)<p},

where p € dom(dg) and t(w) < p implies that w € dom(v). We will denote the final topology induced by dg
with TFg-

As we have seen in Section 2.5, for effective topological spaces we have that 7¢ = 7w,. This fact turns
out to be crucial in proving the Main Theorem of Computable Analysis. Unfortunately as we will see, this
property does not hold in general for effective topological spaces over k".

First let us prove that g is continuous and open with respect to the final topology over S.

Lemma 4.2.6. Let S = (M, 0,v) be an effective topological space. Then we have:
(1) 0s is continuous in Tpg.
(2) 05 is open in Tr,.

Proof. Continuity follows directly by the definition. Now let v € k<*. Note that we can assume 7 ends with
11, otherwise it is enough to define 4/ = 772211 and we would have dg[y] = ds[y']. Moreover if dg[y] = 0
then it is trivially open, hence we can assume dg[y] not empty. We claim that

= ({v(w) | t(w) <~}
First we will prove ds([]) € ({v(w) | t(w) <~}. Take x € dg([7]). Then there is p € [y] such that
{Aeo|ze A} ={v(w)]|(w)<p}.

Since v C p we have z € ({v(w) | ¢(w) <~}
Now we want to prove that ds([v]) 2 ({r(w) | t(w) <~}. Let z € N{r(w) | t(w) <~}. Define p ="+
with v = [e(w;)]iex such that

Vi<k.zevw)and VA€o ¢ € A= Fi < k. v(w;) = A.

Therefore, we have p € [y] and dg(p) = = as desired.
Now we need to show that ({v(w) | «(w) <~} is open in 7r4. Let us define the following set:

G ={v € k<" | Vi(w) <y3(w') a7 v(w) = v(w')}.

We claim that

S Nww) | w) <) = | BN dom(Ss).

v'eG

First we will prove the following:

sHHvw) | dw) <y}) € [ (Y] N dom(Ss).

v'eG

Let p € 65 (N{v(w) | t(w) <~}). Then, by definition there exists = in ({v(w) | t(w) <} such that
ds(p) = x and
{Aco|ze A} ={v(w)|(w)p}.
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Since ds(p) € N{v(w) | ¢(w) < v}, we have

{v(w) [ (w) gt C{Aco|ze A} = {v(w)|u(w) <p},

which implies
Vi(w) <yF(w’) <ap. v(w) = v(w').

But then p € U, cg[7'] N dom(ds).
Finally it remains to prove that

sHvw) | ew) <v3) 2 [ (¥ N dom(Ss).

v'eG
Let p € U, cg[7'] Ndom(ds). Then p € dom(ds) and there is € M such that ds(p) = , namely
{Aco|ze A} ={v(w)]|(w)<p}.

Now, since p € |J.,cq[7'] we have

Vi(w) ayFe(w’) <p. v(w) = v(w').

Hence we have that
{v(w) | ((w) 97} C{r(w) [ (w)apt ={A€o|ze A}

Therefore x € ({v(w) | t«(w) <~} as desired.
Now note that, since (J,,c[7'] is open in £", we have that 55 (N{v(w) | t(w) <v}) is open in dom(dg)
as desired. 0

As we said, in generalized computable analysis the fact that 7¢ = 7w, is not true in general for effective
topological spaces. To see this let us give a better characterization of 7w,.

Lemma 4.2.7. Let S = (M, o,v) be an effective topological space. Then tpy contains Ts and is closed under
intersections of less than k elements of o.

Proof. First we want to show that 7p, C 7g. Note that it is enough to show that dg is continuous w.r.t. 7s.
For every X € 75 we have

551 (X) = {p € dom(ds) | t(w) < p for some w with v(w) C X}.

Therefore, (551(X) is trivially open in dom(dg) and dg is continuous w.r.t. 7g.
Now we want to prove that 7p is closed under intersection of less than  elements of 0. Let A C o such
that |A| < k. Let v € k<" be defined as follows

Y= [[L(wa)ﬂaGA'

where for all a € A, v(w,) = a. Then, as we proved in the previous lemma, we have:

=({v(w) | uw) <~}

and by the fact that §¢ is open with respect to 7r,, we have that

({v(w) | uw) <~}
is open in 7r, as desired. O

It is not hard to see that there are many effective topological spaces for which 75 does not have the
necessary closure property to be the final topology induced by their standard representations. Let us illustrate
this fact by simple example:

Consider the standard order topology over the ordinal . Since k > w, the interval topology 7g over k is
not the discrete topology. By contradiction, assume 7s to be the discrete topology. Then for every ordinal
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a < kK, the set {a} is open. Hence, there exists a subset B of intervals with end points in & such that
{a} = U(B,B’)EB(B’B/) and there exists an interval (8, 8") € B such that (8,5’) = {a}.

Consider the case in which « is a limit ordinal. By the fact that « € (3, 8’) we have 8 < o < ’. Since
a is a limit ordinal, 8 < f+1<a<Pfand B+1€ (5,0).

Now let o be the set of open intervals in x, note that o has cardinality x. Then there is a notation
v :C k<" — o over 0. Consider the effective topological space S = (k,0,v). We want to show that 7pg is
the discrete topology. By the previous theorem we have that the intersections of less than k open intervals
in k is open in the final topology. Moreover for every a < k we have that

{a} = (B,a+1).

BEa

Hence for every element « of x we have {a} € 7w, as desired. In conclusion since we proved that 7g is not
the discrete topology, we have 7g # 4.
We will now characterize a subclass of topological spaces for which this 79 = .

Definition 4.2.8 (k-effective Space). Let (M, 7) be a topological space. Then it is k-effective w.r.t. o iff o
is a subbase of T of cardinality at most k and T is closed under intersections of strictly less than k elements
of o.

We will say that (M, 1) is k-effective if there is o such that (M, T) is k-effective w.r.t. o.

If (M, 1) is k-effective w.r.t. o and v is a notation of o, we will call S = (M,o0,v) a k-effective space.
Note that in this case T = Tg.

Now, recall form Section 2.5, that reductions can be used to characterize those representation who are
particularly well-behaved. We will now follow this intuition to characterize a class of represented spaces on
which we can prove a generalized version of the Main Theorem of Computable Analysis.

We will start generalizing the definition of continuous reduction to x":

Definition 4.2.9 (Reductions). Letd :C k" — M and §' :C k" — M be two representations of M. Then we
will say that § continuously reduces to &', in symbols § <¢ &' iff there is a continuous function h :C k" — K"
such that for every x € dom(f), 6(x) = ¢'(h(x)).

If § <¢ &' and &' <y & we will say that § and &' are continuously equivalent and we will write 6 =; 4.

Now, following the classical proof we have:

Lemma 4.2.10. Let M be a set, 6y :C k" — M and 61 :C k" — M be two representations;oreover, let T
and T be respectively the final topology induced by g and 61. Then 69 <; d1 implies 71 C 19. Moreover,
given 8} :C k* — M and &} :C k" — M be other two representations of M, such that §) < 69 and 07 <; d;.
Then every (g, d1)-continuous function is (5o, d1)-continuous.

Proof. See the proof of Lemma 2.5.6. O
For k-effective topologies the standard theory applies. In particular we have that 79 = 7.
Lemma 4.2.11. Let S = (M, o0,v) be an effective topological space. Then we have:
(1) if (M, 7s) is k-effective w.r.t. o, then Ts = Tp,.
(2) € < ds for all Tpg-continuous functions § :C k" — M.

(3) for every topological space (M’,7") and function H :C M — M’ such that H o dg is T'-continuous we
have that H is (tp4, T')-continuous.

Proof. (1) By Lemma 4.2.6 and Lemma 4.2.7, we have 7s C 7, and dg continuous w.r.t. 7p,. Hence, it is
enough to show that dg is open in 7g. Let v € k<", as before we can assume v ends with 11. Therefore we

have that
3s([) = [ {v(w) | v(w) <43,

and since Tg is k-effective w.r.t. o, it is closed under intersections of less than x elements of . Therefore
(M{v(w) | «(w) <~} is open in 7¢ and dg is open in 7g.
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(2) Let £ :C k" — M be continuous in 7y,. Then for every p € k<% and X € o there is @ < & such that
E([pla)) € X iff €(p) € X. Now let (w;)icx be an enumeration of o. For w € k<", we define the following
Wadge strategy:

2 otherwise.

0(w)(0) = {L(U)a) if £([w]) € v(ws),

Define f(p)()(8) = (Upex h(pla))(7)(B) where v is the smallest such that:

|(sup h(pla))(v)| > B.

ack

Since # is monotone then f is well defined and continuous (note that the function g : 8 — -~y is trivially
continuous). The fact that f translates £ to dg follows by the definition, indeed, f(p) is the list of w; € o
such that £(p) € v(w;). Finally, since every small portion of the output of the function only depends on a
small portion of the input, f is continuous as desired.

(3) Let T € 7'. Then (H 065)~1(T) is open in dom(H o dg). Therefore §g'(H~(T)) =V Ndom(H o g)
for some open set V' C x*. Hence H1(T) = §5(VNdom(H odg)) = 65[VNdg "' (dom(H))] = §s(V)Ndom(H).
Now since dg is an open map therefore dg(V) is open in 7r, and H~!(T) is open in dom(H). Hence H is
continuous. O

Hence every x-effective topological space S has the property that 79 = 7.

Since continuously equivalent representations share the same final topology, every representation which
is continuously equivalent to a standard representation of a k-effective topological space S = (M, o,v) has
Tg as final topology. Given this, it is natural to consider the following class of representations:

Definition 4.2.12 (k-admissible Representation). Let (M,7) be a topological space. Then a representation
0 :C K" — M is k-admissible w.r.t. 7 iff § is continuous and every continuous function ¢ :C k" — M is
continuously reducible to §.

Note that as in the classical case if a representation § of a topological space (M, 7) is continuously
equivalent to a standard representation of a s-effective topological space S = (M, o,v) with 7¢ = 7, then §
is k-admissible.

Finally we are ready to prove a generalized version of the Main Theorem of Computable Analysis.

Theorem 4.2.13 (Generalized Main Theorem of Computable Analysis). For i € {0,1}, let (M;,7;) be an
effective topological space and §; :C k" — M; be a set of k-admissible representation of M; w.r.t. ;. Then
for any function f :C M; — My we have:

f is continuous < f has a continuous realizer.

Proof. Since 0; = dg, for some s-effective topological space with final topology 7;, we can prove the theorem
on dg, instead of d;. Let f be continuous. Then by Lemma 4.2.6 (1) f o dg, is continuous and by Lemma
4.2.11 (2) f o001 <t dg,- Namely, there is a continuous function fy such that for every p € dom(f o), we
have f(81(p)) = ds,(fo(p)). Then g is a continuous realizer of f.

On the other hand, let f be a function with a continuous realizer fy. By definition, for every p € dom(dg, ),
f(ds,(p)) = ds,(fo(p)) therefore fody is continuous. Now by Lemma 4.2.11 (3) we have that f is continuous
as desired. O

4.3 Restrictions, Products and Continuous Functions Represen-
tations
As we said in the beginning of this chapter our main goal is that of generalize the Weihrauch hierarchy to

R, and k". To do that, it is very important to be able to represent different type of spaces. For this reason,
in this section will generalize the constructions we introduced in Section 2.5.2.
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We start with restrictions. Consider a representation §p; :C k" — M of some space M, and N C M.
Then we define the restriction of d;; to IV as follows:

(OmIN)(p) = dm(p) iff p € dom(dpr) A dnr(p) € N.

Note that dpr1N is just the restriction of dps to those elements whose image is in N. Now we want to prove
that restrictions preserve k-admissibility.

Lemma 4.3.1. Let §p; :C k" — M be a k-admissible representation of M, and N C M. Then dp|N :C
k" = N s k-admissible.

Proof. Since dps is k-admissible w.r.t. 7, there is a k-effective topological space S = (M, o,v) such that
dum =t 05 and 7 = 79. Now, o is a subbase for 7g, therefore Tév ={ANN | A€ o} is a subbase for the
subspace topology over N. Define vy as follows:

vy(w) =v(w)NN.

Therefore, we have that Sy = (IV,on, vn) is an effective topological space and 7g,, is the subspace topology
over N. It remains to be proved that éy =¢ dp/1N and Sy is k-effective. The fact that oy = 031N follows
directly by unravelling the definitions. In fact, for all p € dom(dg]N) we have

(6sIN)(p) =z = {Aco|ze A} ={v(w) | (w)ap}
and since x € N

{Aeo|zeA}={v(w) | (w)ap} = {ANN |z e A N Aco}={v(w)]|(w)NN ap}
s {Acoy]|xze A} ={vy(w) | t(lw)N N <p}
& gy (p) = .

The same proof works for p € dom(dg,, ), therefore ds|N = ég, . Finally, since dp; =¢ dg, we have 0y 1N =
0sIN = dg,-
Now we want to prove that Sy is x-effective. We have to prove that given a family {A,}aecp of elements

of oy with 8 < k, we have that ﬂaeﬁ A, is open in 7. We have

{Aataes = m (A; NN),

aEef

for some family {A/, }nep of elements in 0. But then:

(N(ALNN)=([]4)NN
a€Ep aef
AI

and since T = 75 was s-effective, o

acp is open in 75. Hence we have that

(M AN

a€cp
is open in 7g, as desired. 0

This proof shows that the topology induced by the restriction of a representation to a subset N of M is
the subspace topology over N. Therefore, we can represent subspaces of k-effective topological spaces just
by restricting the standard representation.

Products of spaces will appear very often in the study of generalized computable analysis over R,. It
is natural then to ask if the product of k-admissible representations is still k-admissible. First of all let us
define what a product of representations is.
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Definition 4.3.2 (Product Representation). Let (8;)ica, with o < k be a sequence of representations for
the spaces (M;)ico. Then we define the product of (6;)ica as follows:

(®(5z)) [P0, p1,- -1 = (0i(pi))ica
for every (pi)ica-

Note that, since every d; is surjective, &), (d;) is trivially a representation of [, M;.

While admissibility in standard computable analysis was preserved by arbitrary products, x-admissibility
may not be.

Lemma 4.3.3. Let (0;)icn be finitely many rk-admissible representations. Then @), (0:) is rk-admissible.

Proof. Since every (0;);cn is kK-admissible w.r.t some 7;, there are
S’i = (Mlu Ti, Vi)

k-effective topological spaces such that 7g, = 7; and dg, = d;.
Now, define S = ([[,., Mi,o,v) as follows:

1€
o= {H A; | (4)ien € H o; s.t. there is only one i € n s.t. A; # M; },
SO iEn

v(0“1w) = H vj(w;) where w; =
JjEN

’UJ, With l/j(w/) = Mj lf] 7é i,
w if j =1.

Trivially o is a subbase of the product topology [],., 7:- On the one hand, every set of the type [],.,, A

in the standard base of the product topology is such that every A; is a basic open in 7;. Then [[,., A;

1en “7
is trivially the finite intersection of elements of o. On the other hand if A = |J A; with A; € o then
A =Uiem e, Ai ; where every A ; € 0;. Now, we have that

A= U4 -T1U A

1EM jeEn JEN IEM

1EM

Moreover, for every j < n, we have that (J;,, Ag’ ; is open in 7;. Then A is open in the product topology.

In conclusion 75 is the product topology [],c,, 7i-
Now we want to prove )., (d;) =¢ ds. Note that the two representations are listing the same properties.
First will see that dg <; &),c,(d:). Let v € x<*. Without loss of generality we can assume that v is
already coding a tuple (7o, ..., 7m) with m <n and ; € k<" for all i < m. We define W, as follows:

W) ={w | t(w)<v;}.
Now, define the following Wadge strategy:
0(7) = [e(0% 1w))] ey

Wil

i€Em

where <wj)i€|U,vem wo| is a listing of U, W, in the same order they appear in 7', and every i; is such that
wj € WZZ Note that since 6 is monotonic, the following function is continuous:

h(p) = | 0(pla).

aEkR

Moreover for every p € dom(@),.,(d;)) we have

i€EQ

INamely w appears before w’ in ~ iff the position ¢(w)(|e(w)| — 1) is smaller than the position of +(w’)(|e(w’)] — 1) (note
that, since ¢(w) and ¢(w’) are wrapped, they have successor length).
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Indeed, let p = [po,...,pn| € dom(ds). Then we have
ds(h(p)) =z < {Aco|ze A} ={v(w)|(w)<h(p)}
s{Aco|re Al = {w01w) | (w)<p;}
sVien {Ac€o; | m(x) e A ={v;(w) | (w) <p;}
& Vien. ds,(p;) = m(x) & ®5Sj (p) = x.
JEN
Hence h reduces ),,,(d;) to ds.
On the other hand §),.,,(d;) <; ds. Indeed, let v € £<*. We define
W) = {w | (0"1w) <~}

and w; = [[t(w;)]i<m to be the concatenation of the elements of ;" in the same order they appear in 7. We
define the following Wadge strategy:

9(’7) = [[wﬂ]i@n/v
where m’ = |U;¢ ), W) |. Then the following function is continuous?:

h(p) = [U O(pla)] for every p € K"™.

aER
Moreover for every p € dom(ds) we claim that:
ds(p) = ®(5i)(h(p))
€N

Indeed, the function h transforms the tabular coding given by using prefixes of the type 0°1 to a tabular
coding given by [-,...,]. Formally we have:
65(p) =2 {A€a|ze A} = {u(w) | o(w) <p}
s{Aco|re Al = {v(01w) | (0"1w) <p}
sVien {m(A) eo|ze A} ={v;(w) | (w) <am;(h(p))}
& Vi en. bs,(mi(h(p) = mi(z) & X) s, (h(p) = .
JEN

Finally we want to prove that (], ., M, 7s) is s-effective w.r.t. o. Let (Ag)gea With o < k be a sequence
in 0. Every Ag is a product [[,,, A ; with (A} ;)jen € [, 05 Now, we have that

(VA5 = (V11455 = 11 1 45,

BeEa BEa jeEN j<n BEa

JEN

But then, by r-effectiveness of the S; we have that (5, A ; is open in og. Therefore (5., Ap is open in
the product topology. O

Note that for the last part of the previous proof the finiteness of was essential. Indeed, in the case of
infinite products we would not necessarily have that [[5., Ag with Ag € 75 is open in [[ 5., 75

The set of continuous functions is central in classical analysis. For this reason, it important for us to be
able to represent it. As we have seen for k-effective topological spaces we have that continuous functions are
realized by continuous functions over generalized Baire space. For this reason, the problem of representing
continuous functions over k-effective topological spaces reduces to that of representing continuous functions
over K" itself.

2Note that the tupling functions are trivially continuous.
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f(w)

Figure 4.1: The encoding of a Wadge strategy.

First of all note that the set of partial continuous function from x" to x* is of cardinality 2(*"). In fact it
is enough to consider all the constant functions and their restrictions. Therefore we can not aim to represent
all the continuous functions over generalized Baire space.

For this reason we will restrict to the set of total continuous functions over x*. Note that since generalized
Baire space is Hausdorff and has a dense subset of cardinality k, there are at most 2 total continuous
functions over k. Hence a representation for these functions exists.

We will use the fact that every total continuous function over k" can be characterized by using a Wadge
strategy. In order to define a representation of the set Ws of Wadge strategies, we fix a bijection b : <% — &.
Note that b exists due to our assumptions over k. Then we define dws :C k* — Ws as follows:

Sws(p) = 0 < Yw € dom(d). 0(w) = b(p(b~*(w))).

The function vy is trivially surjective. Intuitively a code for a function over x<* is obtained by coding the
function f by using b (i.e., the output for f applied to w is in given by decoding via b~=! the sequence in
position b(w)).

We can extend this representation to a encode the set C(k", k") of (total) continuous functions over x*.
We define the following representation 6, vy :C K% — C(K", K"):

Scqur ey (p) = f & VD €65 F(0) = | Sws(0) (@)

ack

Intuitively, dc(xx cry(p) = f if p is a code of a Wadge strategy for f. Now, following the definition from
classical computable analysis, we can use these representations to define a standard representation for the
set of continuous functions between two represented spaces.

Definition 4.3.4 (Functions Representations). Let M and My be two sets and dpp, :C k" — My, dpp, :C
K" — Ms be two representations respectively for My and My. Then the set of (0ar, , Or, ) -continuous functions
from My to My with domain A C My, C(A, My) can be represented as follows:

[5M1 — 5M2]A(p) = f ~ f(5M1 (p/)) = 5M2 (6C(K*‘,R")(p)(pl))vpl € A.

Note that while in the classical case the coding for the Wadge strategies was very important to connect
computability and continuity, in our case this relationship is completely absent. Moreover, since the existence
of a representation of Ws depends on the cardinality of k<%, we can not aim for a constructive definition of
dws. In particular we can not hope to have a complete constructive definition in ZFC of a representation of
Ws. Indeed, since |Ws| = £<%, if we could define a surjective function from x to Ws then we would have
proved £<% = k which is independent from ZFC. In particular this means that any representation of the
functions over k" based on the fact that kK = k<" will always have a non constructive part. Note that, as we
have just seen, the fact that k<* is fundamental in order for the set of continuous functions over " to be
representable.
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4.4 Representations for R,

In this section we will present the generalization to R, of some of the most common representations of R.
We will focus in particular to those representations which are needed to formalize the IVT,, and those choice
principles which we will consider in the rest of this thesis.

We will start by showing that, by the fact that Q,. is a dense subset of R, follows that R, can still be
represented by using k-rational open balls (i.e., open balls in R, with radius and center in Q,,).

We have already showed that Q,, has cardinality x, hence |Q,, x Q.| = k. This means that there is a
bijection from £<* to Q, x Q,. In this section we will fix one of such bijections dg, x @, : €<% = Q, x Q,.

Let B be the set of k-rational open balls of R,,. We define the following notation I : k<% — B:

I(w) = B(q1, 92) iff 65" g, (01,42) = w.

Then Sk, = (R, B,I) is an effective topological space. By following the definition of standard representation
we have:

Or,(p) =z iff {AeB|ze A} = {I(w) | t(w) <p}.

Intuitively every element of R, is represented by all the k-rational open balls in which it is contained. Note
that in view of the fact that we have proved that intervals and open balls are the same in R, we have that
p can also be thought to be the list of all the open intervals with k-rational end points containing x.

Lemma 4.4.1. Let g, be the standard topology induced by Sr,.. Then T, is the interval topology over R,,.
Proof. Follows trivially by Theorem 3.5.3. O

Now we will prove that the interval topology over R, is k-effective w.r.t. the base of k-rational open
balls. Before we can prove this we need some preliminary work. First of all, since R, is 7,-set, we have that
intersections of less than x many s-rational open balls are either empty or of the same cardinality as R,,.

Lemma 4.4.2. Let a < Kk be an ordinal and {B(qs,q3)}seca be a family of open balls of R, with radius and
center in Q.. Then (¢, B(as, qs) is either empty or of cardinality 2~ .

Proof. Assume ﬂﬁ@ B(gs, qj) is not the empty set. Then there is x € R, such that

VBeaa g —qs <z <qs+qs

Let us define the following sets:

Q={as—qs|Bea}
and

Q ={es+aqs|Beal
Therefore we can define the following surreal numbers:

r=[QuU{z}| Q]

and
r'=[Q| Q" U{x}].

Note that since R, is an 7,-set, ’ and r are in R,;. Moreover r <1’ and (r,7") C (\5¢, B(gs,q3). Now, by
Lemma 3.4.20, open intervals in R, have cardinality 2* therefore 2% < \ﬂﬁea B(gs, q6)| < 2% as desired. [

In particular the previous lemma shows that intersections of less than x open balls cannot be a singleton.

Lemma 4.4.3. Let X be a subset of R, with cardinality less than k be such that X has no maximum
(minimum,) then sup X ¢ R, (inf X ¢ R, ).

Proof. Assume sup X = r € R,;. By the fact that X has no maximum, we have r ¢ X. Then, since R, is an
N,-set we have ' = [X | r] € R,. Moreover by the definition 7’ is an upper bound of X and ' < r. O

63



We are now ready to prove that the interval topology over R, is the same as the final topology induced
by 6Rm .

Theorem 4.4.4. The real closed field R, endowed with the interval topology is k-effective w.r.t. the base of
k-rational open balls.

Proof. Tt is enough to show that the interval topology is closed under intersection of less than x open balls
with r-rational radius and center. Let a < x be an ordinal and {B(gs,qjs)}sea be a family of x-rational
open balls of Ry. If (5., B(gg, g3) is empty then it is open. Assume (., B(gs,qj5) not empty. Define

Q={aqs—qs|Bea}
and
Q' ={gs+q5|8¢€a}.
Note that since (5c, B(gs, q53) # 0, we have @ < Q'. By Lemma 4.4.2, (5, B(gs, ¢j) is not a singleton.

Without loss of generality we can assume @ has no minimum and @’ has no maximum, a similar argument
works for the other cases. Moreover, sup @, inf Q" ¢ R, by Lemma 4.4.3. Let us define the following set:

R={(r,7) CR, | {r}>QA{r'} <Q Ar<r}.

ﬂ B(Qﬁ7q2‘3> = UR'

BEa

We claim:

The right to left inclusion is trivial.
Let = € (e, B(gs,q5)- Then Q < {z} < Q'. Define

r=[Qu{s} Q]
and

r=[QQ U {x}].
Since R, is an 7,-set, v’ and r are in R,. Moreover r < ¢’ hence (r,7') € R and x € (r,r') which implies
x € [JR as desired. 0

Even if the interval representation is really intuitive, many times we need a representation which is more
practical. As is done in the classical case we will prove that the representation of R, given by Cauchy
sequences is continuously equivalent to the open balls representation that we have just defined.

Definition 4.4.5 (Fast Convergent Cauchy Sequences). Let (74)ack be a Cauchy sequence such that:

1
Vo € kVS € k. (SRS — < —.
aERVBEK a€E B |r, 7’5|_a+1
Then we will call (r4)ack @ fast convergent Cauchy sequence.
Let us define the following representation:
P = [t(wa)]aex Where wi,wy, ... € dom(vg, ),

dc(p) =7 & q (Mg, (Wa))aex fast convergent Cauchy sequence with
limg—s . v, (Wa) = .

First of all we want to show that dc is surjective. By definition every x € R, is a limit of a Cauchy
sequence of length x. We only need to show that given a Cauchy sequence we can extract a sequence which
converges with the desired rate. Let (74)acr be a Cauchy sequence with limit . Without loss of generality
we can assume (rq)aex Strictly monotonic (otherwise we can take either L = {ro | ro < limge,rg} or
R ={ry|rq >limge,73}). Let us define the following sequence:

1
rl, = rg with § is the least such that |rz — z| < ——.
a+1
Note that by the fact that lim, . r, = x the sequence is well defined. Since the starting sequence was
strictly monotonic we have that (r],)ae, has the desired property.
As in in classical computable analysis we have that g, = dc.
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Theorem 4.4.6. The open balls representation ég, :C k" — R, and the Cauchy representation ¢ :C k" —
R, are continuously equivalent.

Proof. We will first show that éc <; dg,. We want to find a continuous map f :C k" — k" such that:

Vp € dom(dc). I, (f(p)) = dc(p).
Let p € " be such that p = [t(wa)]aecr and (Vg (wa))aex is a fast convergent Cauchy sequence converging
at x. Take (w),)aex be a listing of k<*. We define a function h : k — k<% as follows:
wy) I wy, € dom(I) A [ug, (wp) — 5. v, (ws) + 5] C I(wy,),

() otherwise.

WP (e, 51) ={

Then we define the function f :C k" — k" reducing dc to g, as follows:

f(p) = [P (w)laen-

Note that since every portion of length less than « of the output of f uses only a portion of length less than
k of the input, f is continuous.
Now since lim,_, vg, (wa) = , for every w € dom(I) we have

r€l(w) & Ja < k. vy, (wa) — é,VQK(U)a) + a] C I(w).

Assume x € I(w) and
1
Va > k. [vg, (wa) — o Qs (wa) + E] Z I(w).
Then we have 1
Va > k. |vg, (we) — x| > e

But then (vg, (Wa))acr does not converges at . This is a contradiction.
On the other hand assume
1 1
Ja < k. [vg, (wa) — pRL R (wq) + E] C I(w).

Let ay, be such an element. Since (vg, (Wa))acr is fast convergent we have

1 1
Vo> an. v, (wa) € Vg, (Wa,,) = —— 10, (Way,) +

o ok

Moreover, since x is the limit of (v, (wa))aex, We have:

1 1
o € I(w),
— v, (wa,) + == € I(w)

z € v, (way,) =

as desired.
Now, since for every w € dom(I) we have

1] C I(w).

1
r€l(w) & Ja < k. g, (wa) — E,VQN(U)Q) + o

Then, by the definition of f, we have dg, (f(p)) = dc(p) for every p € dom(d¢) as desired.
Now we will prove dg, <; dc. Let p € dom(dg, ). We define a function h? : k — k<" by recursion. For

the base case we define
hp(o) = Wi,

where w; is such that ¢(wyg) is the first appearing substring of p with the following properties:
L(wo) = B(vg, (w1), vg, (w2)),

1
v, (w1) — vg, (w2)] < 3
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Now, for a > 0 we define hP as follows:
hP () = wy

where wy is such that ¢(wyg) is the first appearing substring of p with the following properties:

I(wo) = B(vg, (w1), vg, (w2)),

1
lvg, (w1) — vo, (w2)| < poEY
vg, (w1) > {rg, (W7(B)) | B < a}.

Note that h? is well defined since p is the listing of all the s-rational open balls containing g, (p). In
particular h? contains open balls arbitrary small around dg, (p). Now we define the function h : kK* — K" as
follows:

h(p) = [P"(a)]aex-
Note that, since every time we are using only a small portion of the input to define a small portion of the
output, h is continuous. Moreover it is not hard to see that for every p € dom(dg, ), we have that h(p) is the
coding of a strictly monotone Cauchy sequence converging to dg, (p). Since every h(p) is monotone, for all

a <k and > a, we have |(vg, hP(a)) — v, (hP(B))| < 7i5. Then h reduces &g, to dc. In conclusion we

have g, = dc as desired. O

We end this section by presenting two other sk-admissible representations of R,. These representations,
will have a crucial role in studying the Weihrauch hierarchy over R,. As in classical computable analysis,
we can define the following effective topological spaces:

Sc =Ry, 0¢,v<) and S5 = (Ry, 05, v5)
where
o< ={(g,+00) [ ¢ € Qu}, v<(w) = (vg, (W), +00),
05> ={(=00,9) [ ¢ € Q}, v> (w) = (—00, 119, (w)).
First note that:
Theorem 4.4.7. Let QE be the Dedekind completion of Q,.. Then we have

TS« = {(m7 +00) ‘ m e QE}

and
Ts. = {(—oc0,m) | m € Q.}.
Proof. We will prove only the statement for S, the other proof is completely analogous.
First we prove 75_ 2 {(m,+00) | m € QP}. Let m € Q. Define Q = {¢ € Q,, | ¢ > m}. By definition
m is a lower bound of Q. Let m’ € QE be a lower bound of @ such that m < m/. Since Q,, is dense in @E,

there exists ¢ € Q,; such that m < ¢ < m’ but then ¢ € Q. This is absurd since m’ was a lower bound of Q.
Then we have

(m, +00) = (inf Q,4+00) = U (g, +00).
9€Q

Now we want to prove 7g_ C {(m,+00) | m € QF}. By the definition every element A of 7g_ is of the
form |J,c (g, +00) with Q@ C Q,. But then we have

A= U (g, +00) = (inf Q, +0),
qeQ

and since QE is the Dedekind completion of Q,,, we have that sup @ € QE as desired. O
Note that these topologies are very different from those obtained in the classical case (see [28, Lemma

4.1.4]). As we have done for Sk, ,we will prove that Sc and Ss are x-effective.
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Lemma 4.4.8. The representations S« and S~ are k-effective.

Proof. We will prove the theorem only for S, the other proof is analogous. We want to prove that 7g_ is
closed under conjunction of less than k elements of o.. Let @ be a subset of Q,, of cardinality less than .
We have that

() (g, +00) = (sup @, +00),

q€Q
therefore, by Theorem 4.4.7, (. (q, +00) € 7s_ as desired. O

We will denote the standard representations of S and S respectively with ds_ and with dg_. Note
that by the definition:
(55< (p) =T
if and only if p is the code for all the s-rationals smaller than z (similarly for dg. ).
As for the representation Jg,, we introduce now two Cauchy representations which are continuously
equivalent respectively to dg_ and to dg. . Let us focus on dg_, analogous considerations can be applied to
ds. . We define the following representation:

b= [[L(wa)ﬂaen,
dr<(p) =z & (1o, (wa))aex strictly increasing,
limyer Vo, (Wa) = .
for every p € k™ and z € R,;. As we said dg< is continuously equivalent to dg_.
Theorem 4.4.9. 0g< = ds_ .

Proof. First note that the identity proves that dg< < ds_. By definition, p € dom(dg<) if and only if p is the
listing of codes of a sequence of strictly increasing r-rational numbers whose limit is dg< (p). Moreover claim
that ds_(p) = = iff x = sup{rg,_(w) | t(w) <p}. Indeed, assume d5_(p) = = and x # sup{rg, (w) | t(w) < p}.
By definition we have

ds.(p) =z = {(¢g; +20) | ¢ € Qu Az < ¢} = {vg, (w) | e(w) ap},

therefore = is an upper bound of {vg _(w) | t(w) ap}. Assume y € R, upper bound of {vg,(w) | t(w) < p}
smaller than x. Then there is ¢ € Q,, such that y < ¢ < 2 but then there is «(w) < p such that vg_(w) = ¢.
This is a contradiction, therefore

ds_(p) = x = = = sup{rg, (w) | t(w) <ap}.

For the other direction assume x = sup{rg_(w) | t(w) <p}. Then for every «(w) < p, we have that = €
(v, (w), +00). Moreover, since z is the limit of the sequence represented by p, for every g € R,; with z > ¢
there is «(w) < p such that vg_(w) > q. Then

{(g;+00) | ¢ € Q. Az < q} = {vg, (w) | t(w) < p},

which means that ds_(p) = = as desired.
Hence ID reduces dg< to ds_.
Now to prove that ds_ <t dr<. Let w € k<* and

Q = {rg, (') | v(w’) qw}.

Moreover let (¢a)aep be the listing of the elements of @ in the same order they appear in w. We define the
following two sequences:

ws = y@:(qo), Qo = {0},

o _{ w® if gas1 < Q, , _{ QU if Gatr < Qb
Wat1 = wg“y@: (ga+1) otherwise, ot Q., U{qas1} otherwise,
w/\Q = Uper wg, Q\ = Uqen Q. if A is a limit ordinal.
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Now define a Wadge strategy 6 :C k<¥ — k<* as follows

O(w) = w‘%‘.

Note that 8 is monotone, hence the function

W (p) = 0(pla)

ack

is continuous with domain dom(ds_). Now let p € dom(ds_ ). By definition p contains the codes for a
sequence of rationals (g )acr Whose least upper bound is dg_(p). Moreover h'(p) is a listing of codes for a
streactly increasing cofinal subsequence of (¢qa)ack. Hence b’ reduces dg_ to o< as desired. O

We end this section by showing how, thanks to the Generalized Main Theorem of Computable Analysis,
we can represent the set of continuous functions over R,,. We start showing a negative result. If we consider
the k-topology over k" generated by the standard base, then there is no k-continuous representation.

Lemma 4.4.10. Let k* be equipped with the k-topology induced by the standard base of generalized Baire
space. Then is no k-continuous representation of R, w.r.t. the base k-rational open balls.

Proof. Let § be a k-continuous representation of R,,. Then as we have seen the interval k-topology over
R,. has 2% open sets. But since k<" = k, the s-topology over " has cardinality x. Then there cannot be
k-continuous map between k" and R. O

In particular this implies that we cannot use the generalized main theorem of computable analysis in
order to represent k-continuous functions over R, with x-continuous functions over x”.

Even if our representation may not preserve k-continuity, note that by Lemma 3.2.4, k-continuous func-
tions are continuous, then they are still realized by continuous functions. In particular since we know that
we can represent continuous functions over R,, we can also represent k-continuous functions.

Following the classical, case for every A C R, we can now define a standard representation for the set
C(A,R,) of continuous functions from A to R,. By Lemma 4.3.1 and by the generalized main theorem of
computable analysis , we have that continuous functions are realized by continuous functions over x”. In
the previous chapter we have seen that, in this case, we can represent continuous functions as follows:

[6c = dcla(p) = f & f(oc(p') = dc(Oc(us =) (p)(P'))VD € A.

We will call [0c — d¢c]a the standard representation of C(A).

4.5 Generalized Choice Principles

Finally we are ready to begin the study of the generalization of the Weihrauch hierarchy to x* and R,. In
this section we will focus on choice principles.

Choice principles have a central role in classical Weihrauch reducibility theory. In particular, as shown
in [5], one can use them to characterize different Weihrauch degrees which are of main interest from the
computable analysis point of view. In this section we will generalize some of these choice principles and we
will start their classification within the Weihrauch hierarchy. For a complete introduction to classical choice
principles we refer the reader to [5] and [4]. Before we begin the study of generalized choice principles, let
us generalize the definition of Weihrauch reducibility and fix some conventions.

Definition 4.5.1 (Realizers). Let F' :C M7 = My be a multi-valued function over the represented spaces
(My,0nr,) and (Mo, 6pr,). Then f :C k" — k™ is a realizer of F iff for every x € dom(F o dpy, ) we have

a1, (f(2)) € F(Oar, (x))-

If F has a continuous realizer we will say that it is (0pr, , Ia, )-continuous.
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Definition 4.5.2 (Generalized Weihrauch Reducibility). Let F' :C M; = My and G :C N1 =2 Ny be two
multi-valued functions between represented spaces. Then we will say that F is Weihrauch reducible to G, in
symbols F <, G, iff there are two (partial) continuous functions H :C k* — k" and K :C k" — k" such
that for every realizer g :C k" — k* of G there is a realizer f :C k" — k" of F' such that

f=Ho[ID,go K],

where ID : kK" — K" is the identity function. Moreover, if F and G are such that for every realizer g :C
K" — k" of G there is a realizer f :C k" — k" of F' such that

f=HogoK,

then we will say that F is strongly Weihrauch reducible to G, in symbols F' <,y G.
As usual if F is (strongly) Weihrauch reducible to G and G is (strongly) Weihrauch reducible to F' then
we will say that F is (strongly) Weihrauch equivalent to G and we will write F =, G (F =5 G).

From now on we will consider R,;, RS and R; as represented by Jg,_, dr< and 0g>, respectively. Moreover,
x will be represented by

6+ (p) = p(0).
Let P~ (k) be the power set of x minus & itself. We will represent the hyperspace P~ (k) by
op-(r)(p) = {a | VB. p(B) # a}.

Finally, the set Cljg 1) of closed subsets of [0, 1] will be represented by the following function:

Soy(p) = A e A=R\ | JI'(w) | u(w) ap},
where I’ : K< — K is defined as follows:
U(w) = (q1,42) iff vy g (W) = [@1, 2]

Namely p is a code for A iff it is a list of open intervals in R,; with x-rational end points whose union is the
complement of A.

Definition 4.5.3 (Choice Principles). We will consider the Weihrauch degrees of the following choice prin-
ciples:

o Cr interval choice: given a non empty closed interval in [0, 1], the function C§ chooses an element in
the interval. Formally Cy is defined as the following multi-valued function:

Cr : Clp,;) = Ry dom(Cy) = {[a,b] |0 <a<b< 1}

o C, discrete choice: given a mon empty subset of k, the function C, chooses an element of the set.
Formally C,; is defined as the following multi-valued function:

Cp:P (k) =k dom(C,) ={A C k| A#0D}.
o For every U C k" we consider the following multi-valued function Cy : k* =3 K" given by:

1 (p)a €U,
0 otherwise,

Cu(p)(@) = {

where (p)a(B) = p([a, B]).

In this section we will begin the study of the diagram in Figure 4.23.
First of all we will show that C, and Cf are not continuous:

3In the figure an arrow A — B represents the fact that A can be Weihrauch reduced to B, while an arrow A - B represents
the fact that A €., B.
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CU@+1

Cpa
Cpre
IVT, Cn \

Cy =y By / C. =« B«
'X\‘ l/y'
ID
Figure 4.2: A part of the Weihrauch hierarchy.

Proposition 4.5.4. The following hold:
ID < C, and ID <, CT.

Proof. Note that the identity ID can be trivially reduced to any function, so it is enough to show that C,
and Cf do not reduce to ID.
We will prove C,; £y ID. By contradiction assume C, <, ID. Then there are two continuous functions
H and K such that H o [ID,ID o K7 is a realizer of C,,. Note that, since ID, H and K are continuous we
have that
Ho [ID,IDo K|

is continuous. Therefore, there is a Wadge strategy 6 :C k<" — k<" such that for every p € k"

Ho[ID,ID o K(p) = ] 6(pla).

ack

Now, let a € k be such that
5x([0(pla)]) € X

where X C k. Define p”’ = (p]a)”p’ where p’ is any map in " such that X C {8 € k| Ja < k. p(a) = B}.
By the monotonicity of 6, we have
5. 0" 1) € X.
QaER

But by the definition of p” we have X C dp—(,(p”), therefore H o [ID,ID o K| would not be a realizer of
C.

Now we want to prove that Cf &£sw ID. Assume Cf <y ID. Then there are H and K continuous
functions such that H o [ID,ID o K| is a realizer of Cf. As before H o [ID,ID o K| is continuous, therefore
there is a Wadge strategy 6 :C k<% — k<" such that

Ho[ID,IDo K|(p) = | ] 6(pla).

ack
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Now define the following sequence
b= HL(wa)AL(w;)HaENa
where w,, and w!, are such that
1

1 1
AT (W)= (= +—,1— ).
) and T(wh) = (5 4+~ 1= )

DO =

I'(wa) = (

)

Q| =

1
o

Note that dp,1](p) = [%, %] U {0,1}. Then we have:

5. (H o [ID, 1D 0 K(p)) € [%, ;1 U{0,1}.

Without loss of generality we can assume

b, (H o [ID, D0 K1(p)) € [5, 5]

the other cases can be proved similarly. Let a be such that

Or. ([0(pla)])

N

1 2
[§’§L
Now, define

p/ = [[L(wa)ﬂoc&sa

where w, are such that I(ws) = (%,1] (note that they are open intervals in [0,1]). Let p” = (pla)"p'.
Then trivially dj9 )(p”) = {0}. But by monotonicity of # and by the fact that pfa = p”[a, it follows that
or, ([0(p")]) € [%, %] and then
12
Ho[ID.IDo K](p") €[5, 5.
But this means that H o [ID,ID o K] is not a realizer of C{. O

One important tool for studying the Weihrauch degrees of choice principles are the boundedness principles.
In particular, reductions with boundedness principles usually result to be easier to construct and will then
simplify our proofs.

Definition 4.5.5 (Boundedness Principles). We define the following boundedness principles:

e Br: given two Cauchy sequences, (qo)ack and (q))acx in Q, such that

sup go < inf g,
aEk aER

there is x € R,, such that
supqo <z <infg),.

Formally we define B as follows:

Bf :CRS xRY =Ry, (v,9) = [2,y]  dom(Br) = {(z,y) |z <y}

e B.: given a Cauchy sequence (qa)acw 0f K-rationals such that

SUp go, < 1 for some r € Ry,.
aEr

Intuitively, B, chooses a k-real which is greater than or equal to sup,c,, ¢o- Formally:

B, : RS = R,, x> [x,400).
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Now we will focus on proving that as in the classical case we have
By = C,, and Cf = By

The formal proofs of these facts can be slightly convoluted. For this reason, before we prove these results
we will give an informal intuition of the reason why they work.

First we will prove that B, =, C,.. While it is not complicated to prove that B, <, C,, the proof for
the other direction is less intuitive.

We are given an enumeration of a set A C k and we want to find an element in x \ A by using a realizer
of B.. To find this element, we read the enumeration of A and we build two sequences of rational numbers
h, and f,. The sequence h,, will keep track of the smallest ordinal number not in the portion of A we have
read so far. The sequence f,, instead, will be a strictly Cauchy sequence whose limit is the position in which
hy, becomes constant. Intuitively h), is defined as follows:

Start by setting h,(0). Then look at ag, namely the first element of the enumeration of A. If ag > 0 then
hp(1) = ap otherwise h,(1) = h,(0). In general for a, we have hy(a) = aq if aa > hyp(B) for every 5 < a,
and hy(a) = Uge, hp(B) otherwise.

By using this sequence we can define f,. Intuitively f, will guess the smallest position on which h,
stabilizes.

We start defining f,(0) = —1, guessing that the h,, is the constant 0. Now we check h,(1), if it is 0, then
our guess is sill valid and we set f,(1) = —%. Otherwise we guess that h, stabilizes at position 1 and set
fp(l) = % In general, we check hp(«), if this does not contradict our guess g we keep defining a sequence
converging at g by setting f,(a) = g— a%rl, otherwise we change our guess to o and we set f,(a) = a— a%rl

Note that since x \ A is nonempty, then f, is Cauchy. Now we can feed a realizer of B,, with h, and it
will find an upper bound r of f,. The x-real r will be given to us as a fast converging Cauchy sequence.
Therefore we can easily find an ordinal o, which is bigger than . Now we can go through the enumeration
of A again and find the least upper bound of the first a,, elements of A. This number will be by definition
in k\ A as desired.

Proposition 4.5.6. B, =, C,.

Proof. First we will prove C, <y, Bs. Let p be an enumeration of the set A. We want to find an element
not in A. We define the following sequence:

B (0) = 0,
hp(0) = mink \ {p(8) | B < a}.

Intuitively h,(«) is the minimum ordinal which is not in A according to the information in p[(a + 1). Now
by using h, we can define the following sequence:

sp(0) = 0,

s (a + 1) _ Sp(a) It hp(a) = hp(a + 1)a
P a+1 otherwise,

sp(A) = U sp(a).

aEA

The intuition is that s, keeps track of the changes in h,,. Since A is non empty, s,, is increasing and eventually
constant, hence Cauchy. In particular s, is a Cauchy sequence whose limit ¢ is an index of p such that h,(¢)
is the smallest ordinal not in A. We want to extract form s, a strictly increasing subsequence. We define:
1
a+1’

fo(a) = sp(a)
The Cauchy sequence f, is trivially increasing and has limit £. Therefore we can define K as follows:

K(p) = [ulvg (fp(a)))aek-
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Note that, for every o, we use only a small portion of p in order to define f,(«), therefore K is continuous.

Note that B, (K (p)) is a x-real number greater than every element in A. It is not hard to see that, since
B (K(p)) is fast convergent, by considering an initial portion of B, (K (p)) of length less than x we can find
an ordinal oy, which is not in A (note that is enough to pick ay, such that oy, > B, (K (p))). Then we can
define the function H as follows:

H([p,Bx(K(p))]) = mink\ {p(a) | a < am}™0,

where 0 is the constant 0 sequence in *. Now, note that H is continuous and 6, (H([p, Bx(K(p))])) € k\ 4
as desired.

Now we want to show that B, <;, C.. Let p be the code of a strictly increasing Cauchy sequence
(ga)aer of K-rationals. We want to find a s-real which is greater than or equal to the least upper bound of
the sequence. Define K as follows:

B If pla codes the sequence (g,) ey,
K(p)([a,B]) = and there exists v < 4/ such that 8 < ¢,,
Yo  otherwise,

where 7y is the smallest ordinal such that 79 < gg. Since for defining an initial segment of K (p) we only
need a small portion of p, we have that K is continuous. Now define H(a) = a—0. We claim that K(p)
is a code for the set of all the ordinal numbers smaller than or equal to ¢ = limyey go- Indeed, if g < /
there is g, such that § < g,. Take v be such that p[y codes the sequence (¢’,),/e,~ with a < +". Therefore
K(p)([v,8]) = 8. On the other hand, if K(p)([a, 5]) = , either v = 79 < go or there is an element g,/ of
the sequence coded by p such that v < ¢,.

Now by using C, we obtain an ordinal which is greater than or equal to £. Then we can define a continuous
function H(p) = p’, where p’ is any code for p(0) in R,.. Therefore we have dg, (H o C, 0 K(p)) € [¢,+0c0) as
desired.

We will now prove that Cf =g By. Let us illustrate the idea behind the proof of Cf <. Bf'. We are
given a closed subinterval [r,7’] of [0,1] as the listing of all the open intervals with x-rational end points
which have empty intersection with it. We have to define two sequences (gn)acx and (g, )acx Of K-rationals,
respectively strictly increasing and strictly decreasing such that every element x in between sup,c, ¢ and
infaep ¢, 18 in [r,7’]. Let us consider the construction of (g4 )aex, a similar reasoning works for (¢.,)aex. The
idea is that of building a Cauchy sequence for r. We can start by setting go = 0. Now we start reading the
description of [r,7’] until we find enough open intervals to cover [0,¢| with ¢ any k-rational. Then we are
sure that ¢ < r and we can set ¢; = ¢. In general to define g, we read an initial portion of the code of [r,r']
long enough to cover [0, g] with g strictly bigger than all the g for 8 < o and we set ¢, = ¢. It is not hard
to see that this is a strictly increasing Cauchy sequence converging to r as we wanted.

Proposition 4.5.7. Cf = Bf.

Proof. First we prove Cf <g,, Bf. Let p code the closed interval [r,7’] C [0,1]. In particular assume
that p is the listing of open intervals (Jo)aer such that J,c, Jo = Re\[r,7']. We want to define two
Cauchy sequences (¢o)ack and (g, )acr in R, respectively strlctly increasing and strictly decreasing, such
that sup,e, ¢o < infaew ¢, Let (¢1)ack be a listing of Q,.. We define

do = 0) Q(/) = 1a

o = qpwhere m = min{f | [0, g3] C U Jy Nas > H{ay | v < a}},
YEaum

4o, = qpwhere m = min{f | [¢3, 1] U JyNgg <A{d, | v < al},
yEal,

where oy, and o, are the smallest ordinals such that

Bl10.g51C |J FvAdi>{ay [v<al}#0

YEQAm
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and

Bllag11C | FyAads<{d |y <a}}#0.

yeal,

Note that oy, and o), exist by definition of (J,)acx and by the fact that the x-rationals are dense in
R,.. Hence the sequences are well defined. Moreover, by definition, (g4 )aex and (¢),)acx are Cauchy and
respectively strictly increasing and decreasing. We claim sup,¢, ¢ = 7 and infaex ¢, = 7. Since every gq
is in some J., it follows that r is an upper bound of (¢a)a<k. Moreover let 7/ < r be such that 7’/ is an
upper bound of (g )a<x- Then there is a rational 7" < g7, < r, and ¢, € J, for some v < . Then for
a > 7 there is ¢o = ¢/, with v > +". But since ¢, > " < (¢a)aers and [0,¢7] C Uz, /s, it follows
that g, = ¢/, implies 4" < +" which contradicts our assumption. A similar proof shows infaex g, = 7.
Then the function K : p — [p’,p"] where p’ and p” are respectively [[L(V@: ()] er and [[L(V@j (@ )N)]aer 18
continuous. Moreover, taking bf" any realizer of Bf we have or, (b K (p)) € [r, '] as desired.
Now we want to prove By <, Cf. First of all note that the function f: (0,1) — R, defined as

20 —1
T — x?

fz) =

is a homeomorphism between (0, 1) and R,. Indeed, since f is definable in the language of real closed fields
and it is a strictly increasing bijection over R it is a strictly increasing bijection over R,. Moreover, since
(r,7") € Ry, we have f((r,r')) = (23, 2~ ), it follows that f is open in R,.

Now let p be the code of the two Cauchy sequences (¢a)acx and (¢}, )acx, respectively strictly increasing
and strictly decreasing. Define the following sequence:

= [0, f(ga))laen, [ ((£(g4), 1)]acx]-

Since to define a small prefix of p’ only a small prefix of p is needed, the function K : p — p’ is continuous.
Now by the fact that f~' is continuous in R, it has a continuous realizer F~'. Define H = F~!. Then,
given cf a realizer of Cf, we have that ¢ K (p) is the code for a real number in [f(sup,c, ¢a), f(infacx ¢,)]
and then or, (Hcf K (p)) € [SUPyey Ga, infack ¢,] as desired. O

Now we define the following set:

= |J{p e r"|pla) #0}.
a<k
We end this section by showing that Cy: is strictly more complex than C,.

Proposition 4.5.8. C,, <, Cp.

Proof. Define K as follows:

1 if 3y <. p(y) =6,
0 otherwise,

K(p)(fa,m){

therefore K is continuous. Moreover let H be defined as follows:
H(p) = 70 iff 8 < k is the least such that p(8) =0,

where 0 is the constant 0 function in x*. Note that H is trivially continuous in its domain. Then for every
realizer ¢y of Cyn and p € dom(Cpri) such that p codes the complement of A C k", we have:

(HocyioK)(p) =B & cpnK(p)(B) =
& Va <k, K(p)([ a, B]) =
SVy <k ply) #8
& B ¢A,

therefore C,, <sw Cy1 as desired. O
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Now we want to prove that Cj and C,; characterize two different Weihrauch degrees. By following Brattka
and Gherardi we can prove that Cf does not reduce to Cy, (the interested reader is referred to [5, Proposition
4.9]). The only difference between our proof and the classical proof is in the use of the x-Baire Category
Theorem. While in the standard proof the BCT could be used without any problem, in this case we need
to show that all the requirements of the BCT, we presented in Section 3.5 are fulfilled by the space we are
working with.

Proposition 4.5.9. Cf £, C,.

Proof. By Propositions 4.5.7 and 4.5.6, it is enough to prove Bf' £y, B,. We define § = dg< ® dg>. By
contradiction assume B <y, B,. Then there are two continuous functions H and K such that for every
realizer b,, of B, we have that

H o [ID,b, o K| is a realizer of By.

Consider the following closed set

C ={Ip,ql € " | or<(p) < Ir>(g)}-

Without loss of generality we can assume dom(K) = C. Then define the following sequence:
Po={p € v" | bpz (K(p)) <},

for a € k. Note that, since K is continuous, we have that for every « € x the set P, is closed in dom(K).
Moreover, since C' is closed and k" is k-Polish, C' is completely x-metrizable. We claim that C satisfies the
requirement of the x-Baire Category theorem (see Theorem 3.5.25). As we have just seen, C' = |J,c,. Pa-
Moreover by the definition for every a < 5 < &, we have P, C Pg. Now let {I,}aecy with v < k be a family
of nested open balls such that for every o <y, we have CN I, # (. We want to prove that CN(,c., Lo # 0.
Then we have

Voo < y3ne < k. Py, NIy #0

and by regularity of k, we have
In < KVa. N < 1.

Moreover, by monotonicity of (P, )aecx
Va<v. P, C P,

therefore
Voo <. I,N P, # 0,
which by Corollary 3.5.25 implies
() 1o P, # 0.
aey
In conclusion (¢, Ia NC = C N[, o # 0 as desired.

By the x-Baire Category Theorem (i.e., Theorem 3.5.24), we have that there are o € xk and w € k<"
such that 0 # [w] N C C P,. Now we fix a realizer b,, of B, defined as follows

9s by (p)) = max{a, min{3 | B > g (p)}}-

Then we have
P, = {p € K" | 5n(bn(K(p))) = Ot}.

Without loss of generality we can assume that w is long enough to code the interval [a, b] (i.e., 6([w]) C [a, ]).
Now take p € k" such that w C p and I = Bfd(p) = [¢/,b] with a < @’ < ¥’ < b. Then by definition
x = 0r, (H([p,BxK(p)])) € I. This means that either x € [a’,V) or x € (a/,']. Assume that z € (d/,V], a
similar proof works for the other case. Take an open interval J such that @’ < J. By continuity of dg_ o H,
there is v € k< such that w C v C p and dg, (H|[[v], BxH(p)]) C J. As before assume v long enough to
represent an interval [a”, "] such that

a<ad <d <V <V <b.
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Then there is p’ € k* such that Bfd(p’) C (a”, a']. Hence

Sr,, (H([p', b K(p')])) ¢ J.

But since p’ € [w] we have dg, (H([p',b.K(p)])) € J and b, K (p) = b K(p'). This contradicts the hypothesis.
Therefore H and K do not reduce Bf to B,. O

In Figure 4.2 many arrows are still missing. In particular we have:
Open Question 4.5.10. Are the following true:
Ql: C; & Cy.
Q2: Cf <, Cy1.

Note that that a positive answer to Q1 would imply Cy: £, Cx and a positive answer to Q2 would
imply Cy1 £w Cf. Moreover, note that in the literature there are no direct proofs for the classical version
for Q1 and Q2. Indeed, Q1 is usually proved by using omniscience principles and parallelization, while Q2 is
proved by showing that C; <y, Ckx < Ca, where Cy, Ck and Cp are closed intervals, closed sets and dense
sets choice, respectively. A generalization of these notions is needed to start the study of Q1 and Q2 (for an
overview on the classical approaches see [5]).

4.6 Baire Choice Functions

In this section we will start the study of the choice functions Cy for a particular class of sets U which
characterize the Borel measurable functions over the generalized Borel hierarchy. These choice functions are
the generalization of those introduced by Brattka in [3].

Let us fix for every A < ™ limit a surjective function fy : K — \. Define the following sets:

U' = J{p e r"|pla) #0},

aER
Ut ={per” |38 <r. (p)s £U"},
UN={per®|3a<k. (p)adUNI}
First of all let us generalize the definition of Wadge reducibility from classical descriptive set theory.

Definition 4.6.1 (Wadge Reducibility). Let U and V' be two subsets of k. Then U is said to be Wadge
reducible to V', in symbols U <, V iff there is a continuous function f :C k" — k" such that

zeU& f(x) e V.

As usual, if U <wa V and V <ya U we will say that U is Wadge equivalent to V', in symbols V =y, U.
Moreover, let A C P~ (k"). If U € A and for every V € A we have that V <y, U, then U is said to be
Wadge complete with respect to A.

Now we want to prove that for every a < x™, the set U“ is Wadge complete w.r.t. the x-Borel class
{0 (k"). First note that the k-Borel classes are closed under Wadge reducibility:

Proposition 4.6.2. For every o < x™, the sets » (0 (k") and 0 (k") are closed under Wadge reduction.

Proof. We will proceed by induction over «.

Let « = 1. Assume U € Egn’o)(/@“) and let V' C k" be such that V' <y, U. Then there is a continuous
f such that f~'[U] = V. Now since by definition U is open in % and f is continuous, V is open in x".

Therefore V € Egn’o)(n“) as desired. A similar proof works for Hgf’o)(m").

Now let a > 1. Assume U € 2,(;”’0)(/1“), then there are (Ug)gex and (ng)ges such that U = {J,_, Ug and
(K7O)

for every f < k we have ng < oo and Ug € I,/ (k"). Moreover assume V' C k" and f continuous such that
V <wa U. By inductive hypothesis we have f~1[Ug] € HE,'Z’O)(/@“) for every 3 € k. Then V = g, 97" [Up]
and V € B0 (k%) as desired. O
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Note that by the previous proposition and by the fact that the x-Borel hierarchy over k" does not collapse,
we have the following:

Corollary 4.6.3. If U is Wadge complete for E((f’o)(fi”), V is Wadge complete for E(;’O)(m“) and a < B,
then V Lya U.

Proof. Assume V' <, U. Then ESf’O)(n“) = Egi’o)(ﬁ"). By Theorem 3.5.18 this is a contradiction. O

Now we will prove that for every «, the set U® is Wadge complete for E,(f’o)(/a").

Theorem 4.6.4. Let a < k™. Then U® is Wadge complete for 28{’0)(#;”).

Proof. We proceed by induction over a.
For a = 1, we have:

U' = | J{p e r"|p() #0}.

YER

Note that U is trivially open. Therefore U; € Eg'@’o)(n’{). Moreover, let V' € 2(1&0)(%'{6). Since V is open
there is a sequence (wy)yex in £<% such that V' =J, ., [w,]. Define the following function:

o(p)(a) = {1 If 3y < k. wy = pla,

0 otherwise.

Then g is continuous. Moreover we have

g U = J{p € " | 9(p)(B) # 0}

BEK

= U{pE/ﬁ“|37</¢.p[ﬁ=w7}
BEK

= J Ulper®lpiB=w}

BEKYEK

= U[wﬂ,]:V

YER

as desired.
For a = 8+ 1, we have
UMt ={per™ |3y <k (p), ¢U"}.

By inductive hypothesis U? € Zgi’o)(n"). Moreover by definition

U= J{per"|(p, ¢ U},
YER
therefore U* € 23“70)(mﬁ). Now let V' € ZJ((f’O)(n"‘). Then there are (V),ex such that V., € H(;’O)(n“) for

every v € k and V = V.. Moreover, since U # is Wadge complete for 2;;’0)(/{”), there are continuous

YER
functions (f,)yex such that f1[(k"\ UP)] = V, for every v € k. Now define a continuous function f as
follows:

(f(p)y = fy(p)  Vper"Vy €.
We have that
peEV & Iy<kpeV,

& Iy <k (f(p)y = fy(p) ¢ UP
< f(p) e U”
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as desired.
Finally if a = A limit. By definition we have

U ={per®|Iy <k (p),gUPD}

First note that
U= J{per® | (p)y ¢ UPD}

YER

Moreover, by inductive hypothesis we have

K 1,0 K
{p €| (p)y ¢ UPO} ey (57)

and therefore U* € EE\H’O)(H”). Now let V' € Eg\ﬁ’o)(ﬂ“). By definition there are (V) e, with V, € H%’:’O)(n")

and 7, < A for every v < A, such that V ={J,, V5. Define the sequence (V;)aex as follows:

0 otherwise.

v {Vg it 75 < f2(5),

Then V' = |, ¢,V and for all v < k we have V] € H;’i’&))(n“). Hence by inductive hypothesis there are

f(’fﬁ)’ye’% continuous such that f![(x*\ U] = V! for every v € k. Define a continuous function f as
ollows:

(f(p))“/ = fa,(p).
Hence we have
peVeIy<rpeV)

& Iy <k(f(p)y = fy(p) ¢ UHo)
& f(p) e U

as desired. O

Now we want to use the fact that for all o, the set U* is Wadge complete for 2&”’0)(/4‘) in order to

prove that every Cyo characterize set of Egﬁ()l)(/s”)—measurable functions w.r.t. Weihrauch reductions. First
we extend the definitions we need from descriptive set theory and from computable analysis to generalized
Baire space.

Definition 4.6.5 (Weihrauch Completeness). A function f :C k" — k" is Weihrauch complete with respect
to the set A C (k") iff f € A and for every g € A, g <y, f.

Definition 4.6.6. A function f :C k* — k" is ng’o)(/@")-measurable iff f7YO0] € ng’o)(/@”) for every
open set O in k. We will denote the set of Egﬁ’o)(m“)—measumble functions with M,,.

Note that the sequence of (M, ),<x+ 18 increasing.
Theorem 4.6.7. The function Cya is Weihrauch complete for My41.
Proof. First of all to prove that Cya is in My1, let w € k<%. We have:
Cyalw] = {p € " | Cya(p) € [w]}
={per™|VB<|uw| (p)peU* = wB) =0}
= ) pert®@actU N () {per™| () &U"}

B<[wl B<|wl|
w(8)=0 w(B)=1

78



Since in k" intersections of less than x open set are open, we have Cp,4[w] € E(()Z’_Ol)(n“) as desired.
Now we want to show that Cya is Weihrauch complete for My41. Let f :C k" — " be a function in

M 1. Fix abijection b : k — £<". Since f is in M1, there is a sequence (V)¢ of elements of Eg’i’o)(n“),

such that
Fm) = (" \ V),
Bel,

for some sequence (I,)yec. with I, C & for every v < k. Since we know that U* is Wadge complete for
2&5’0)(/1”), for each v < k, there is g, :C k" — " continuous such that

FH = U s\ gzt o).
Bel,

Now define the continuous function K :C k* — k" as follows:

(K(p))'y = g’)’(p)v

for every v € x and p € k. Then we have
flp) € b(M] & p € ()]
< 3pel,. pe(k” \ggl[Uo‘])
s 3B el gp(p) ¢ U
&3 el, (Kp)s ¢ U”
&3 el Cua(KP)(B) =1.

Now define H :C " — k" as follow:
H(p) = J{o(7) |38 € I,. p(B) = 1}.
Therefore H and K are continuous in their domains. Moreover we have
H(Cya(K(p)) = J{b(v) | 38 € L. Cua (K (p)) = 1}

=) | £(p) € ()]}

= f(z).
Hence H and K reduce f to Cya« as desired. O

From the previous theorem we have:

Corollary 4.6.8. For every 1 < a,3 < k™, if a < 3, then Cya <y Cys.

Note that, since we are not guaranteed that the sequence (My),e+ does not collapse, we do not know
if the sequence (Cyo)qecn+ collapses. In particular we leave the following open question:

Open Question 4.6.9. Is it true that for every 1 < a, 8 < k* such that a < k, we have Cys %y Cya ?

4.7 Representation of the IVT

In this last section we will start the study of the IVT, by means of Weihrauch degrees.
First of all note that the IVT, can be stated as follows:

Vf € Clap3c € [a,b]. fc) =0,
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where Ci, ) is the set of continuous functions with domain [a, b] over R, such that f(a)- f(b) is smaller than
0. Then it can be represented by the following multi-valued function:

IVT, : C[a,b] = [aab]v IVTH(f) = {C € [CL, b] | f(C) = 0}7

where Cj, p) is endowed with the standard representation [dc — dc] restricted to Ci, ) and [a, b] is represented
by dcla,b]

We will prove that Bf <g. IVT,. We will follow the same strategy used in classical computable analysis
(see [5]). Since the proof of the following theorem is particularly complicated due to the representation of
k~-continuous functions over R, we will first give an intuition of why it works. First of all, we are given two
Cauchy sequences @ = (¢ )acr and Q" = (¢.,)aer such that @ is strictly increasing, Q' is strictly decreasing
and sup @ < inf @Q’. We want to produce the code of a k-continuous function f which has the following
property:

f(r)=0=supQ <r <inf@ and Vr € R, .

To do so we will define f as the point-wise limit of a sequence of polygons in R,. In particular we will start
taking qo € @ and ¢ € Q' and we define the following polygon fo:

Now we take ¢; € Q and ¢} € Q" (note that ¢o < ¢1 < ¢} < ¢;) and define the following polygon fi:

We can iterate this process building a sequence of k polygons (note that there is no difficulty in defining
these polygons also at limit stages). Our function f would be the limit of the polygons (fs)acx. Note that
at every stage a € k, the value of the function f for real numbers r < g, and 7’ > ¢/, is already determined

80



by its value on f,. We can then use this fact to build a continuous function that given a code for @) and
Q' returns a code for f. In particular if we start reading @ and @’ at some point we read the first o < &
elements of both the sequences. Then we will have enough information to determine the values of f for all
those k-reals which are either smaller than g, or greater than ¢/,. Following the intuition given by Wadge
strategies, the process we have just described defines a continuous reduction of Bf to IVT,.

Theorem 4.7.1. B <, IVT,.

Proof. Let (¢a)acx and (¢, )acx be two sequences of rational numbers such that sup,c,. go < infaey ¢, Note
that by the definition of Bf, the sequence (gq)aex is strictly increasing and the sequence (¢, )iex is strictly
decreasing. We want to define a k-continuous function f such that for every x € Ry, if f(x) = 0, then
T € [SUPyey G, infacy ¢,]. We define a sequence of functions (fa)aex such that limye, fo = f as follows:

2
fo(z) = (x —qo) — 1,
a9 — 90
fa(x) iff 2 < o V>,
Fas1(@) m(aj_%)_é iff go <= < qa+1,
z) = )
" e @ ) Ty g <w<d,
m@ —Got1) — o571 otherwise
fa(x) iff 38 < X qs <z < qpp1,
falz) =< fa(x) iff I8 < X 4y <2 < g,
W(x —a) — % otherwise.

Note that for every x if © € (¢a,qa+1) Or © € (qhy1,q,) for some o < k then for all 3 > o we have
fa(z) = fo(x). Hence (fa)aer is well defined. By an easy induction one can prove the following properties:

1 1
If = € (g3, qp+1] for some 8 < o then — 3 < falz) < A
1 1
If 2 € [gpy4,qp] for some 3 < a then 511 < falz) < 5

1 1
If € (qu,q,) then — = < fo(z) < —.
a a

Now let « € k. We claim that for every x € R, and 3, > 2« the following holds:

fal@) = (@) < -

Without loss of generality assume 8 < . We have the following cases:
If 2 € [gpr, qpr 1] or @ € [q}, 44, qj/] for some 5" < 3, then

fa(x) — fy(x)] =0 < é

If x € (¢y,¢,), then we have

1 1 1 1
—— < fyr)< —and — =< z) < —.
Now, since 2a < 8 < v we have

[fs(z) = fH(@)] <

1
< =
(0%

=N

as desired.
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If ¢ € [gy,qy41] for B <~ <7, then we have that

1 1

—— < falz) < =

3 () 5

and 1 )
_7 < f,y((L‘) < _W’
therefore 5 )
— < — < —
|fa(x) — fy(@)] < S a

as desired.

Hence for every , (fo(2))aes is a Cauchy sequence and f(z) = limaey fo(2) is well defined over Ry.

Moreover we claim that f[[go,Sup,e, ¢a) and f[[infac, ¢l,, o) are strictly increasing. First we prove that
for every a < k, the polygon f, is strictly increasing. By induction over «:

Assume « = 0. Note that fj is trivially strictly increasing.

Assume o = o + 1. Take z,y € [qo, ¢)] with © < y. We only prove some cases (the others are proved
similarly):

o ifz,y <qu orz,y>q.,, orz<qy and y > qo, then the statement follows by inductive hypothesis.
o if 2,y € (g, ), we have

1

<
(@' +a)(qar+1 — ar)

Q\‘»—l

(T = qor) —

1
)(y_qa’)_a

—~| =

(O/ cal + O[) do'+1 — 4o’

iff x <y.
o if 2 € (qo,¢a) and y € (¢, ¢.,) the statement follows form the fact that

1 1
_a < foe(l‘) < _a
and ) L

— < foc(y) <-—.
o (6]

For o = A limit, the proof is analogous to that for the successor case.

Now we have that f[[qo,SUpPacx 9o) and f[[infoex gl,qo] are strictly increasing. Indeed, let z,y €
[90,SUP ¢, ¢ (a similar argument works for « and y in [infaex ¢l,, go]). Then we have the following cases:

If y = sup,c, ¢a then, since limqex é =0 and for every g < «

1
fﬁ (qa) - *aa
hence we have that
f (Stép da) = 0.

Moreover, since & < sup,¢, Ga, there is a < k such that ¢, < < go41 therefore for every 8 > o we have

fﬁ(qa) < fﬁ(x) < f,@(QOrH) <0

and for every 8 > « we have

fﬁ(%) = fa(Qa)vfﬂ(x) = fa(x)v fﬁ(qa+1) = fa(Qa+1)~

Hence



Let o, B € & such that ¢, < = < gq41 and gg <y < gg41. For the same reasons used in the previous case
we have:

.fnL(x) S fm(qu-‘rl) S fm(Qﬂ) S fm(y)a

where m = max{a, §}. Now, since f,, is strictly monotonic, one of the inequalities is strict. Moreover, since
o' > m we have

far(@) = fin(®), for(y) = fin(y),
fa'(Qa+1) = fm(Qa+1)7 fa’(Q,B) = fm(QB)-

Therefore, f(z) < f(y) as desired.

Now note that f[[go,supye, ¢a) and fl[infac, ¢l,, o) are also surjective respectively over [—1, 0] and [0, 1].
Hence by Lemma 3.2.5 they are r-continuous. Moreover f[[sup,ec, Ga,infacs @] is the constant function 0
hence it is k-continuous. But then, by Theorem 3.4.24 f is k-continuous as desired.

Finally we will prove that the function reducing By to IVT, is continuous.

Let us fix a listing of codes for Cauchy sequences (p,).cr, such that éc(p,) = r. Let w € K< be such
that it is an initial segment for a code of the sequences (¢a)acr and (q),)acx in Q, such that sup,¢, ¢ <
infaer ¢,. Without loss of generality we can assume that w is long enough to contain the code for two
initial subsequences (¢o)acy and (g,)acy respectively of (ga)ack and (¢),)ack. Note that (ga)ae~ is strictly
increasing and (q},)ae~ is strictly decreasing. We define a Wadge strategy 6 :C k<" — k<" as follows:

O(w) = w',

where w’ is defined as follows:
Let b : k<" — Kk be the bijection used to define dwy (see Section 4.3). First we want to determine the
length of w’. Let B be the following set:

B={pf"|Va < @ <v.dc[b" ()] C [gars gar 1))V
(3" <" .8cb™ ()] C [ghrs1sdor])}

Intuitively B is the set of ordinals 3’ such that every a < 3’ is the code of a prefix of a real number which
has already been determined not to be in between sup, ¢, ¢, and inf, ¢, ¢,,. The situation is illustrated by
the following figure:

Value of the functions
that are already determined ﬁ
not to be zeros l
[ 1

P \

Now, by using B, we can determine the length of w’. Let the length of w’ be the following ordinal:

0 max B If B is bounded,
| wl otherwise.

Then for every a < £, the sequence w’(«) is defined as follows:
If 6c([b~1(a)]) = 0: then w'(«) is the prefix of length |w| of py (the Cauchy sequence for 0). Note that
these entries are meaningless for [6c — d¢].
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If 6c([b~1(a)]) # 0: in this case we know that f(dc([b~1()])) is already partially determined. In fact by
definition of £, we know that dc([b~!(«)]) is going to be in between two of the s-rationals of the sequences
we have processed so far. Hence, we have that

dc([b~ (a)]) € [gar: dar41] or dc (07 (@)]) € [gar 41, o],

for some o’ < ~y. Let ay, be the minimal such o’. Then w’(«) is defined as the longest common prefix of the
sequences in the following set:

{pr |7 € fo, (G (b7 (@)]))}-

Note that, by the definition of ¢ and since the x-rational sequences are monotone, then 6 is monotone.
Let A/ : k" — k" be the continuous function:

ack

where dom(h) is the set of codes of sequences of k-rationals (¢q)aer and (¢}, )acx. Then for every p € dom(h’)
and p’ € k", we have

F6c®)) = dc(|J ¥ )@ 1))

and therefore [dc — dc](h'(p)) = f as desired.
O

In the classical case the converse also holds, namely we have IVT < B;. In the classical proof, given a
continuous function f, the sequences (¢o)acx and (g, )acx such that sup,c,. go < infoek g, are defined by
using the division algorithm. One can start from two rationals go and ¢, such that go < ¢ and f(qo)- f(qp) <
0. Then ¢; and ¢} can be choose by looking at the sign of f at %. In general, to define the rationals

qn+1 and ¢, given the fact that ¢, and ¢, have already been defined, it is enough to look at the sign of
f (w) and set /
4, +4q
dn+1 = dn and Q;H-l = nTn
i f(®5%) - f(gn) <0, and /
G+ an

Gns1 = and q,, 1, = q;,

otherwise. Note that, since R, is not Dedekind complete we cannot use the same approach. In particular,
for R, given two sequences of x-rationals (gq)aecx and (¢, )acx with A limit smaller than &, such that

VaeX g <qy N f(ga)- f(g,) <0 and
Va,B €N a<f=qa<qs A dy>ds

we are not guaranteed that there is a zero z € R,; of f such that

Va <\ qo < z<d,.
Indeed it could happen that sup,cy ¢a,infacx ¢, ¢ R, and for every z,y € (sup,ey o, infaex ¢,,), we have
f(z)- fly) <0.

For this reason, we think that a deeper study of k-continuous functions is needed in order to determine
if IVT,; <y, Bf. Therefore we leave the following open question:

Open Question 4.7.2. Is the IVT,, Weihrauch equivalent to C{?
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Chapter 5

Conclusions and Open Questions

5.1 Summary

In this thesis we have started the study of generalized computable analysis, namely the generalization of
computable analysis to generalized Baire spaces. In particular we have defined R, a field extension of the
real numbers which has the following properties:

R1: R, is a real closed field.

R2: R, has cardinality 2~.

R3: R, has a dense subset of cardinality .
R4: R, is an 7,-set.

Moreover, we have proved that §(R,) = x and that R, is Cauchy complete. Then we have showed that it
is possible to prove basic results from analysis over R,. In particular, we proved that the IVT holds for
k-continuous functions over R,; and the EVT holds for x-super continuous functions over R.

We extended the basic machinery of computable analysis by using the generalized Baire space " and
we started the study of R, from a computable analysis prospective. We showed that the most important
classical representations of R can be naturally generalized to R, and that a generalized version of the Main
Theorem of Computable Analysis holds for these representations. Finally we have begun the study of the

Weihrauch hierarchy over R,.. In particular we proved the reductions showed in the following diagram®:

1In the diagram an arrow A — B means that A <, B, an arrow A - B means that A £y, B and a dashed arrow from A
to B means that it is still unknown if A <y, B. Note that many other arrows could be added to de diagram.
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5.2 Future Work

Many questions are left open. In particular we highlight the following possible directions for future research
in this area:

e Computability: in this thesis we have mainly focused on the topological aspects of generalized com-
putable analysis. It is then natural to ask for their computable counterparts. A starting point in this
direction will be that of providing a k generalization of Type Two Turing Machines, which are the
extension of Turing Machines used in the context of classical computable analysis.

The problem of generalizing computability to uncountable cardinality is not a new one, of particular
interest in this context are the Infinite Time Turing Machines introduced by Hamkins and Lewis in
[16]. A more general introduction to the problem of computability over uncountable cardinals can be
found in [25].

e Real Analysis over R,: even though we have started the study of real analysis over R, many funda-
mental notions of real analysis and computable analysis have still to be generalized. In particular a
study of the x versions of the theorems listed in [5] would be of major interest both for the theory of
real analysis over R, and for generalized computable analysis.

e Generalized Computable Analysis: many open questions are left in this area. In particular, the
Weihrauch hierarchy is still missing many important arrows (see the previous diagram). Moreover,
even though we have proved a k version of the Baire Category Theorem and of the EVT, we haven’t
started studying them from a computational point of view.

e Generalized Descriptive Set Theory: in this thesis we have introduced the concept of x-Polish spaces,
and we have seen how R, can be used to generalize concept from standard descriptive set theory. A
complete theory of these generalizations is still missing. In particular it would be interesting to see
what is the relationship between R, and . In the classical case, w* is homeomorphic to R\ Q. Does
this generalize to k? Namely, is it true that x* is homeomorphic to R, \ Q,. Note that if we set
R, = R and Q,, to be the dyadic numbers the homeomorphism between R, \ Q,, and w* can still be
proved.
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5.3 Open Questions

During this thesis many questions have been left open. In particular we have:

e Theory of R,:
Open Question 3.4.19: Is there any characterization of R, in terms of sequences of pluses and minuses?
Open Question 3.5.22: Does Theorem 3.5.18 generalize to x-Polish spaces of cardinality at least 277
Open Question 3.5.23: Is every k-Polish space the continuous image of the generalized Baire space k"7
e Generalized Computable Analysis:
Open Question 4.5.10: Are the following true:
Ql: Cy Ly CF.
Q2Z C? Sw CUl .
Open Question 4.6.9: Is it true that for every 1 < a, 8 < k™ such that a < k, we have Cys £ Cya?
Open Question 4.7.2: Is the IVT,, Weihrauch equivalent to C}7?
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