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THE FRAMEWORK 1

§1 THE FRAMEWORK

The standard definition of logical validity runs as follows: An argument is
valid if its premises cannot all be true without its conclusion being true as well.
By far the most logical theories developed so far have taken this definition of
validity as their starting point. Consequently, the heart of such theories con-
sists in a specification of truth conditions.

The heart of the theory presented below does not consist in a specification of
truth conditions but of update conditions. According to this theory the slogan
“You know the meaning of a sentence if you know the conditions under which
it is true’ should be replaced by this one: “You know the meaning of a sentence
if you know the change it brings about in the information state of anyone who
accepts the news conveyed by it’.! In this way, meaning becomes a dynamic
notion: the meaning [¢] of a sentence ¢ is an operation on information states.

Let ¢ be an information state and ¢ a sentence with meaning [¢]. We write
¢ [0] for the information state that results when ¢ is updated with ¢.2 In most
cases ¢ [¢] will be different from o, but every now and then it may happen that
¢ [¢0]=0. Then the information conveyed by ¢ is already subsumed by c: if ¢
is updated with ¢, the resulting information state turns out to be ¢ again. In
such a case, i.e. when 6 [§] =0, we write ¢ I+ ¢ and say that ¢ is accepted in ©.

Two explications of logical validity suggest themselves:

* An argument is valid, if one cannot accept all its premises without having
to accept the conclusion as well. More formally:
WY1, ..., Yn F10 iff 6 I- ¢ for every ¢ such that ¢ I+ yj for every 1<i<n.

1 This conception of meaning underlies much recent work in formal semantics. Its origin can be traced back
to Robert Stalnaker's work on presupposition and assertion. (See for instance Stalnaker[1979]). It took further
shape in the work of Hans Kamp and Irene Heim on anaphora, and in Peter Gérdenfors's work on the dynam-
ics of belief (See for example Kamp[1981], Heim[1982], and Girdenfors[19841).

2 Since o is the argument and [¢] the function, it would have been more in line with common practice to
write '[](c)' instead of 'c [¢]'. The present notation is more convenient for dealing with texts. Now we can
write 'c [y1]...[wn]' —instead of ‘[ypl(...([y1] (6))...)'— for the result of updating ¢ with the sequence of
sentences Y1,..., Y.



2 DEFAULTS IN UPDATE SEMANTICS

* An argument is valid, iff updating any information state ¢ with the
premises Yi,..., Yp in that order, yields an information state in which the
conclusion ¢ is accepted. Formally:

Y1, ..., Yn F20 iff for every 6, 6 [y1]...[ya] IF ¢.

It is easy to see that arguments that are validy are also valid;. The converse
does not hold.

1.1 PROPOSITION
Consider the following principle:
Idempotence: For any information state ¢ and sentence ¢, ¢ [¢] I+ 0.
Given this principle the following are equivalent:
(i) Stability: If 6 I+ ¢, then o [y] IF ¢;
(11) Ifwyy,...,YynE10, then yy, ..., Yn EF20;
(111) Right-monotonicity: If yy, ..., Yn E20, then Yy, ..., Yn, X E20.

In the following we will take the principle of Idempotence for granted! —
what would ‘updating your information with ¢’ mean if not at least ‘changing
your information in such a manner that you come to accept ¢’? But we will not
assume the principle of Stability. There are sentences that are not stable. They
will often at first be accepted on the basis of limited information, only to be
rejected as more information comes at hand.
The clearest examples of unstable sentences are to be found among sentences in
which modal qualifications like ‘presumably’, ‘probably’, ‘must’, ‘may’ or
‘might’ occur. That such sentences are not stable is shown by the next two se-
quences of sentences. Processing the first sequence does not cause any prob-
lems, but processing the second sequence does.

— Somebody is knocking at the door... Presumably, it’s John... It’s Mary.

— Somebody is knocking at the door... It’s Mary ... Presumably, it’s John.
These two sequences consist of the same sentences. Only the order differs.
Nevertheless the first sequence makes sense, whereas the second does not.

1 Actually, there are many sentences of natural language for which the Principle of Idempotence is
questionable. Sentences with anaphoric pronouns and paradoxical sentences like the Liar can serve as
examples. The formal languages discussed in this paper do not contain such sentences. See
Groenendijk&Stokhof[1991] for more information on anaphora, and Groeneveld[1989] for a dynamic analysis
of the Liar Paradox.
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Explanation: it is quite normal for one’s expectations to be overruled by the
facts —that is what is going on in the first sequence. But if you already know
something, it is a bit silly to pretend that you still expect something else, which
is what is going on in the second.

One of the advantages of the dynamic approach is that these differences can be
accounted for. The set-up enables us to deal with sequences of sentences, whole
texts. Let ¢ =‘Somebody is knocking at the door’, ¢, = ‘Presumably, it's
John’, and ¢3 = ‘It's Mary’. If we want, we can compare 6 [$1] [d2] [3] with
o [01][93][02] for any information state &, and see if there are any differ-
ences.

Proposition 1.1 says that in the absence of Stability the two explications of va-
lidity will give rise to different logics. The first notion of validity is mono-
tonic. If an argument with premises y1,...,\n and conclusion ¢ is valid;, then it
remains valid; if you add more premises to yi,...,yn. Given proposition 1.1,
the second notion will be non-monotonic. Note however that the second notion
is at least left-monotonic:

If wi,..., Yn E20, then y(, Y1, ..., Yn F20.
What fails is right-monotonicity:

fyi,.... Yn E20, then yy, ..., Yn, X E20.

There is a third explication of validity, one with which we will be much con-
cerned when we come to discuss defaults:

e An argument is valids iff updating the minimal information state ‘1’ with
the premises yi,....,.Wn in that order, yields an information state ¢ that
affirms the conclusion ¢. Formally:

Y1, oo, Wn E3Q Iff 1[y1]...[yn] IF .

Of course this definition presupposes that there is such a thing as the minimal
information state.

Like validity;, validitys gives rise to a stronger logic than validity,, If
Y1, ... ,WUn F20, then yy, ... Wy F3 0, but the converse does not hold. Like valid-
ity,, validitys is not right-monotonic. But validity; will turn out to be not left-
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monotonic either. In § 4 and §5 of this paper I will present a logic for default
principles according to which the following argument form is valids:

premise 1: P's normally are R
premise 2: xisP
conclusion: Presumably, x is R

This argument remains valids if one learns more about the object x, so long as
there is no evidence that the new information is relevant to the conclusion. So
in the next case the inference still goes through.

premise 1: P's normally are R
premise 2: xisPand xis Q
conclusion: Presumably, x is R

However, if on top of the premises 1 and 2, the rule ‘Q's normally are not R’ is
adopted, the resulting argument is not valids any more. That is, if all we know
is

premise 1: Q's normally are not R
premise 2: P's normally are R
premise 3: xisPandxis Q

then it remains open whether we can presume that x is a R. Clearly, the object
x must be an exception to one of the rules, but there is no reason to expect it to
be an exception to the one rule rather than to the other.

Adding further default principles may make the balance tip. If, for instance,
we add ‘Q's normally are P’ as a premise, we get the following valids argu-

ment:
premise 1: Q's normally are P
premise 2: Q's normally are not R
premise 3: P's normally are R
premise 4: xisPandxis Q
conclusion: Presumably, x is not R

In the presence of the principle ‘Q's normally are P’ the principle 'Q's nor-
mally are not R’ takes precedence over the principle ‘P's normally are R’. (If a
concrete example is wanted, read ‘x is P’ as ‘x is adult’, ‘x is Q’ as ‘x is a stu-
dent’ and ‘x is R’ as ‘x is employed’).

A first comment: One respect in which the default theory presented below dif-
fers from current theories is that the distinction between defeasible and inde-
feasible conclusions is made manifest at the level of the object language: It is
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not valid3 to conclude from ‘P's normally are R’ and ‘x is P’ that x is R; only
that this is presumably so. This qualification makes explicit the fact that a de-
feasible conclusion has been drawn. In other theories, one may well infer ‘x is
R’ from the premises, but it is considered a special kind of inference. Where
these other theories consider default reasoning as a special kind of reasoning
with ordinary sentences, I prefer to think of it as an ordinary kind of reason-
ing with a special kind of sentences.

A second comment: The research that lead to this paper started off as an at-
tempt to give a dynamic twist to the theory developed in Delgrande[1988],
who in turn took Lewis[1973] as his starting point. One thing the present the-
ory has in common with Delgrande’s is that questions of priority, which are
likely to arise in the case of conflicting defaults (cf. the last two examples
above), are decided at the level of semantics. That ‘Q's normally are not R’,
overrides ‘P's normally are R’ in the presence of ‘Q's normally are P’ is en-
forced by what these principles mean. It is not something that has to be stipu-
lated over and above the semantics — as most theories would have it — but
something explained by it.

Thirdly: None of the arguments discussed above will turn out be valid; or
valid,. Both the definition of validity; and the definition of validity, contain a
quantification over all possible information states. Therefore, we must always
reckon with the possibility that it is known that the object under consideration
is abnormal in the relevant respects.

Final remark: It is easy to verify that both validity3 and validityz conform to
the principle of Cautious Monotonicity:

fyy, ..., WnEid and Yy, ... ,Wn EiX, then ¥y, ... ,Wn,X Fi®0  (1=2,3)
Moreover, both comply with the principle of Lemma Generation:

If yi, ...,yn Fiy and g1, ... ,Wn, X Ei0, then yy, ..., Wn Fi®  (i=2,3)
Nowadays Restricted Monotonicity, Lemma Generation and Reflexivity:

OFid (i=2,3)

are often considered as the minimal conditions that any reasonable conse-
quence relation must satisfy. (See for example Makinson[1989]).
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§ 2 A FIRST EXAMPLE: MIGHT

2.1 DEFINITION

Let A be a set consisting of finitely many atomic sentences. With A we associ-
ate two languages, L3 and L. Both have A as their nonlogical vocabulary.
L3 has as its logical vocabulary one unary operator —1, two binary operators
A and Vv, and two parentheses ) and (. The sentences of L’(;l are just the ones
one would expect for a language with such a vocabulary.

L7 has in its logical vocabulary one additional unary operator might, and an
interpunction sign denoted by “;’. A string ¢ of symbols is a sentence of L7 iff
there is some sentence y of L such that either 0=\ or ¢ =might .

The set of texts of L7 is the smallest set satisfying the following conditions:

(i) if ¢ is a sentence of L%, then ¢ is a text of L7;

(ii) if v is a text of L2 and ¢ a sentence of L3, then v ; ¢ is a text of LA.

Below, ‘p’, ‘q’, ‘r’, etc. are used as metavariables for atomic sentences.
Different such metavariables refer to different atomic sentences. The greek
letters 0, y, and y are used as metavariables for arbitrary sentences.

The idea behind the analysis of might is this: One has to agree to might ¢ if  is
consistent with ones knowledge — or rather with what one takes to be ones
knowledge. Otherwise might¢ is to be rejected.

In order to fix this idea into a mathematical model we need a way to represent
an agent’s knowledge. Below, a knowledge state! ¢ is given by a set of subsets
of A. Intuitively, a subset i of A will be an element of ¢ if — for all the agent
in state 6 knows — this subset might give a correct picture of reality. More
precisely, for all the agent in state ¢ knows, the possibility is not excluded that
the atomic sentences in i are all true and the other false. The powerset of A
determines the space of a priori possibilities: if the agent happens to know
nothing at all, then any subset of A might picture reality correctly. As the
agent’s knowledge increases ¢ shrinks, until ¢ consists of a single subset of A.

1 1 use the phrases ‘knowledge’ and ‘knowledge state’ where some readers might prefer ‘beliefs’ and ‘belief
state’. In fact, I want the information states G to represent something in between: if ¢ is the state of a given
agent, it should stand for what the agent regards as knowledge. Things of which the agent would say that he
merely believes them do not count. But it could very well be that something the agent takes as known, is in
fact false.
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Then the agent’s knowledge is complete. Thus, the growth of knowledge is un-
derstood as a process of elimination.

For an agent who knows nothing at all, any subset of A might picture reality
correctly — any such set represents a ‘way the world might be’. For lack of a
better term, I will henceforth refer to the subsets of A as possible worlds!.

2.2 DEFINITION
Let A be the set of atomic sentences and W the powerset of A. Then
(i) o©is an information state iff 6 € W;
(i) Let o and 7 be information states; © is at least as strong as T iff 6 € 7;
(iii) 1, the minimal state, is the information state given by W;
0, the absurd state, is the information state given by the empty set.

The notion of information state is language dependent: different sets of atomic
sentences give rise to different sets of possible information states. The defini-
tion obscures this. It would be more accurate to speak of -A-information states,
and of the A-minimal state. Below, I will occasionally use the latter terminol-
ogy, in particular when we are ready to prove that in matters of logic it is not
important to know exactly which language is at stake.

2.3 DEFINITION
Let A be given. For every sentence ¢ of L and information state ¢, 6 [¢] is
determined as follows:

atoms: o[p]=06n{weWlpew}

- o[-¢]=0~0c[0]
A cldAy]=0c[0] noly]
V: clovvyl=c[o]valy]

might. o©[mightd]=0c if c[0]#0
G [might¢]=0 if c[0]=0
texts: olv;d] =cv]ld]

The update clauses tell for each sentence ¢ and every information state ¢ how
o changes when somebody in state ¢ accepts ¢. If 6 [¢] #0, we say that ¢ is ac-

1 This is a bit misleading, since the phrase ‘possible world’ suggests that we are not talking about a way
things might be, but about something that is that way. Cf Stalnaker [1976].
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ceptable in 6. If 6 [0] =0, ¢ is not acceptable in 6 and if 6 [¢p] =0,  is accepted
in . These notions are meant to be normative rather than descriptive: If
6 [¢] =0, an agent in state ¢ should not accept ¢. And if 6 [$p] =G, an agent in
state ¢ has to accept ¢. An agent who refuses to do so is willingly or
unwillingly breaking the conventions that govern the use of the operators 1,
A, V, might, etc.

It is also important to keep in mind that these notions have little or nothing to
do with the notions of truth and falsity. It is very well possible that ¢ [p] =0,
whereas in fact p is true or that ¢ [p] =0, whereas in fact p is false.

Suppose that p is in fact true and that ¢ [p] =0. Given the terminology intro-
duced above, p is not acceptable for an agent in state 6. Does this mean that an
agent in state ¢ must refuse to accept p, even when he or she is confronted with
the facts? Of course not. The sentence p is not acceptable in state 6. So, the
agent must revise ¢ in such a manner that p becomes acceptable.

In the definition above we are not dealing with revision: The update clauses do
not tell for any sentence ¢ how a state ¢ in which ¢ is not acceptable must be
revised so that ¢ can be accepted in the result. They stop at the point where it
is clear that an inconsistency would arise if the information contained in ¢
would be incorporated in ¢ itself.

Note that for every sentence ¢, 0[0] =0. So, in the absurd state every sentence
is accepted, but no sentence is acceptable. This explains how it can be that
although we are not dealing with revision, the principle of Idempotence still
goes through: Even if a sentence ¢ is not acceptable in ¢ — even if you should
not accept ¢ —the result of updating ¢ with ¢ is an information state in which
¢ is accepted.

Although we are not dealing with belief revision, it may very well happen that
a sentence is accepted at one stage, and rejected later: The Principle of Stabi-
lity fails. The point is that revision is not the only possible source of unstabil-
ity; testing is another. Here, sententences of the form might ¢ provide an ex-
ample. As the definition says, all you can do when told that it might be the case
that ¢ is to agree or to disagree. If ¢ is acceptable in your information state G,
you must accept might ¢. And if ¢ is not acceptable in , neither is might 0.
Clearly, then, sentences of the form might ¢ provide an invitation to perform
a test on ¢ rather than to incorporate some new information in it. And the out-
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come of this test can be positive at first and negative later. In the minimal in-
formation state you have to accept ‘It might be raining’, but as soon as you
learn that it isn’t raining ‘It might be raining’ has to be rejected.

2.4 DEFINITION
A text v is consistent iff there is an information state ¢ such that ¢ [v]0.

Again, since the set of information states varies with the nonlogical vocabulary
of the language in which the text v has been formulated, it would have been
more accurate if we had introduced a notion of -A-consistency. The next
lemma and proposition show however that this prefix can be omitted.

2.5 LEMMA
Let A< A'. With each A-state ¢ we associate an A'-state 6* given by
c*={jc A'ljn A € G}.

With each A'-state ¢ we associate an A-state ¢° given by
o’={jcAlj=in A for some i€ G}.

Now, for every ¢ of L2 the following holds:

ia) if o is an-A-state, then 6 [p]*=c*[0];

ib) if 0, T are A-states and 6#7, then o* #T*;

iia) if o is an A'-state, then 6 [$p]° =06° [D];

iib) if ¢ is an A'-state, and 6 [¢] #0, then 6° [9] #G°.

It is not generally so that if 6 and T are A'-states and 6 #7, also 6°#1°. For-
tunately, the property given under iib) is sufficiently strong to prove the next
proposition.

2.6 PROPOSITION

Let p1, ... , pk be the atomic sentences occurring in i, ..., Yn, ¢. Suppose that
{pl, ,pk} c A and {pl, ,pk} cA.

(1) The argument vy, ..., Yn/ .0 is A-valid; iff it is A'-valid; (1=1,2,3);
(11) Wi;...; Yn 1s A-consistent iff yy;...; Yn 1s A'-consistent.

Suppose pi,..., Pk are the atomic sentences occurring in the argument
W1, ..., Yn/ 0. Given proposition 2.6, we may rest assured that the answer to
the question whether 7y, ..., yn/ . ¢ is validj (i=1,2,3), is language indepen-
dent, as it should be. Actually, in looking for the answer we can always restrict
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ourselves to looking at the set of states generated by A = {py, ..., pk}. Since
there are only finitely many of these, the logics generated by the three validity
notions are decidable.

The next examples illustrate the points made in the preceding section.

2.7 EXAMPLES
(1) might 7p; p is consistent;
p; might Tp is not consistent.
(Compare this with the first example in § 1).
(i) might 2p k2 might 2p, but might p,p ¥ 2might 7p;
might 2p Ezmight T1p, but might \p,p ¥ 3 might —p.
In other words, neither validity, nor validitysz are right-monotonic.
(ii1) Ezmightp, but p ¥z mightp.
Validitys is not left-monotonic.
Note in passing that the logic generated by the third validity notion is not
closed under substitution: k3 mightp, but ¥3might(p A 7p).

A systematic study of the behaviour of might under the three validity notions
will have to be left to another occassion. What follows are some preliminary
observations, most of which will play a role in the next sections.

2.8 PROPOSITION

Let ¢ and 7 be information states, and ¢ a sentence of L’f.

(i) ol[¢l<o;

(i) olollol=0c[d];

(iii) If 6 € 1, then 6 [0] € T[0];

(iv) If ¢ is a sentence of LE, the following holds:
ifoc1,and t[¢p] =7, then 6[0] =0.

We have already seen that (iv) does not hold for L7

Consider the structure <P(W), n,1>. This is a a semilattice with a zero-
element. (Intersection serves as the join of this semilattice , and 1 serves as the
zero-element). Clause (i), (ii) and (iii) of proposition 2.8 say that the meaning
[6] of every sentence ¢ is an idempotent monotonically increasing operation
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on this semilattice. Clause (iv) adds that for sentences of L% the operation is
stable. Taking this together we find:!

2.9 PROPOSITION
Let ¢ be a sentence of LE. For every 6, 6 [¢]=06 n 1[6].
PROOF
That 6 [¢] € 6 n 1[9], follows almost immediately from (i) and (iii) of 2.8.
The converse is proved as follows:
Note first that 6 n 1[¢] € ¢. Hence by (iii) of 2.8,
(cn1[oD[olcolo]l. (*)
We also have that 6 n 1[¢] € 1[¢] . By (ii) of 2.8, 1[$] [¢]=1[d]. So, by (iv)

(6n1[oD)[¢]=0n 1[0]. (**)
From (*) and (**) it follows immediately that 6 n 1[¢] € 6 [0] .

This proposition—or rather its proof—shows that in many cases the dynamic
approach has little to offer over and above the static approach. As soon as the
following conditions are fulfilled:

« the set of information states has the structure of a semilattice with a zero-

element;
« for every sentence ¢, the dynamic meaning [¢] of ¢ is an operation with the
properties mentioned in 2.8;
one can associate with every sentence ¢ a static meaning —the information
contained in ¢— in such a manner that updating a state ¢ with ¢ boils down to
‘adding’ the information contained in ¢ to the information contained in 6. In
such a case, one might as well take this static notion of meaning as basic and
define the dynamic notion in terms of it.
In the next sections, whenever we are dealing with a sentence ¢ of Lg, I will
refer to the information contained in ¢ as the proposition expressed by ¢, and
write LT instead of 1[0].
What in the static approach is taken as the starting point, here can be proved:
Ipl ={ieWlpei}
[-¢1 = W~ L[0T
Lo A WDl =L[¢1 N Lyl
oV yl =LodI v Iyl

1 This result was inspired by similar observations in van Benthem[1989].
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Using this result and the fact that for stable sentences the three validity notions
coincide, one readily proves the next proposition.

2.10 PROPOSITION
Let i, ..., U, O be sentences of LZ. Then
Y1, ... .Wn EiQ iff Wy, ... ,yn /. ¢ is valid in classical logic. (i=1,2,3)

Proposition 2.9 does not hold for L7, Sentences of the form might ¢ do not ex-
press a proposition; their informational content is not contextindependent. If
you learn a sentence ¢ of L, you learn that the real world is one of the worlds
in which the proposition expressed by ¢ holds: the real world is a ¢-world.
But it would be nonsense to speak of the ‘might ¢-worlds’. If ¢ might be true,
this is not a property of the world but of your knowledge of the world.

LOOSE ENDS

In L? might can only occur as the outermost operator of a sentence. Suppose

we would change our grammar in such a way that might could occur every-

where, while leaving everything else as it is.

(i) It is easy to see that in that case Idempotence would no longer hold.
(Consider the sentence p A might p).

(i) Is there perhaps a convincing argument in favour of the position that
Idempotence should no longer hold?

(iii) Is there perhaps an elegant way to restore /dempotence? After all, it
could be that the update conditions given for =,A and Vv are too L3-
specific to work well for sentences that do not express a proposition.

(iv) Or should we just forbid might to occur everywhere? (After all, might
expresses consistency, a meta-notion).

I really don’t know which position to take here. All I know is that things get

rather complicated if one opts for (iii) and starts out writing clauses like:

*6[d A y] is the weakest T as strong as 6 such that TI- ¢ and T+ ¢
* 6 [T10] is the weakest T as strong as ¢ such that T[0] =0.
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