DESCRIPTIONS AND CARDINALS BELOW §;

STEVE JACKSON AND FARID T. KHAFIZOV

1. INTRODUCTION

We work throughout in the theory ZF +AD+ DC. In the mid 80’s, Jack-
son computed the values of the projective ordinals 6;. The upper bound in
the general case appears in [J2], and the complete argument for § }, appears
in [J1]. We refer the reader to [Mo] or [Ke] for the definitions and basic
properties of the §1. A key part of the projective ordinal analysis is the
concept of a description. Intuitively, a description is a finitary object “de-
scribing” how to build an equivalence class of a function f : §3 — 5 with
respect to certain canonical measures W3" which we define below. The proof
of the upper bound for the 5%11 13 proceeds by showing that every successor
cardinal less than 83, 13 is represented by a description, and then counting
the number of descriptions. The lower bound for 83, 13 was obtained by em-
bedding enough ultrapowers of &3, 41 (by various measures on 83, 41) into
6, 13- A theorem of Martin gives that these ultrapowers are all cardinals,
and the lower bound follows. A question left open, however, was whether
every description actually represents a cardinal. The main result of this pa-
per is to show, below 6%, that this is the case. Thus, the descriptions below
3 exactly correspond to the cardinals below 3. Aside from rounding out
the theory of descriptions, the results presented here also serve to simplify
some of the ordinal computations of [J1]. In fact, implicit in our results is a
simple (in principle) algorithm for determining the cardinal represented by
a given description. This, in itself, could prove useful in addressing certain
questions about the cardinals below the projective ordinals.

The results of this paper are self-contained, modulo basic AD facts about
01,62 which can be found, for example, in [Ke]. In particular, §1 = wy, 3 =
W1, 6% has the strong partition relation, and 5:1), has the weak partition
relation (actually, the strong relation as well, but we do not need this here).
w,wi,wy are the regular cardinals below 5%, and they, together with the
c.w.b. filter, induce the three normal measures on §4.

Since we are not assuming familiarity with [J1], we present in the next
section the definition of description and some related concepts. A few of our
definitions are changed slightly from [J1]. We carry along through the paper
some specific examples to help the reader through the somewhat technical
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definitions. In § 4 we give an application, and present a computational
example.

2. PRELIMINARIES

We define first the three families of canonical measures, W", ST°, W3".
If f: a — ON, we say f has the correct type if is strictly increasing,
everywhere discontinuous, and of uniform cofinality w; that is, there is a
strictly increasing function ¢ : w -« — ON such that VG5 < a f(8) =
SUP,<w.(g+1) f (7). Recall £ has the strong partition property, £ — (k)5 if
for all partitions P : (k)® — {0,1} of the increasing functions, there is an
A C k of size k and an i € {0,1} such that P(f) =i for all f € (4)*. This
is easily seen to be equivalent to the following variation: for every partition
P of the functions from k to x of the correct type into two pieces, there is
acub. C Ck and an ¢ € {0,1} such that for all f: k — C of the correct
type, P(f) = 4. In using this form of the partition relation, we usually have
some well-order < specified, and apply it to functions f : dom (<) — K of
the correct type. Formally, we are just identifying x € dom (<) with |z|<.

For r € w, let <, be the well-ordering of (w1)" defined by: (a,..., ) <,
(ﬁlv s 7/87“) iff (am a1, .. 7aT—1) <lex (ﬁ?‘vﬁl) s 7/87“—1)' If h <p— w18 of
the correct type, we define the invariants of f as follows: for 0 < j < r — 2,
we define

h(j)(ah s 7aj+1)
= Supaj<,8j+1<---<ﬁr,1<aj+1 h(O&l, -y O, ﬁj-i—l) s 7/87“—1) aj—i—l)-

We also define h(r — 1) = h. Similarly, for 1 < j <r —1 we define

h(j)(alv s ,Olj+1)
= Supﬁj<a]-,,Bj<,8j+1<---<ﬁr,1<a]-+1 h(O&l, s (1, ﬁ]a ﬁj-i—lv s 7/67“—1> aj—i—l)-

If a = [h]wy, where h :<,— w; is of the correct type (where W™ is defined
below), let a(j) = [h(j)]}ys+1 for 0 < j <r — 1. This is easily well-defined.
1

Definition 2.1 (Canonical Measures).

1. W™ is the m-fold product of the normal measure on wj.

2. ST is the measure on N,,; defined as follows: A C N,,.; has
measure one iff 3 c.ub. C C w1 Vf :<,;,— C of the correct type,
[f]wlm € A.

3. W3 is the measure on 5% defined as follows: A C & é has measure one
iff 3 cu.b. C C 83 Vf : Ry, — C of the correct type, [flsp € A.

The strong, weak partition relations on 5%, 5:1), respectively and our pre-
vious remarks easily show that these are measures (i.e., countably additive
ultrafilters). These are the measures used in [J1]. For our purposes, it is con-
venient to introduce a variation of the family W3". For each of the (m —1)!
permutations m = (m,i1,...,im—1) of m beginning with m, let <™ be the
corresponding well-ordering of (w1)™; that is, (a1,...,am) <™ (B1,---,0m)
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iff (am, iy ey, o) < (Bm, Biys- -5 Bi,,_,). Let ST denote the corre-
sponding measure on N,,4; (as in the definition of S7*). W™ is the measure
on (m — 1)! tuples (..., ar,...) of ordinals < &3 defined by: A has measure
one iff I3cub. C C 82 Vf : N,y 1 — C which are strictly increasing and
continuous, (...,[f]sr,...) € A. The weak partition relation on 3 easily
shows that this is a measure.

We turn now to the definition of descriptions. A description is a finitary
object, and has an index associated with it. An index is of the form (f,,)
or (), and written as a superscript of the description. Descriptions indexed
as d) will be called type—0 descriptions, and those of the form d0, type—1
descriptions. Later we will suppress writing the index when it is understood
or irrelevant. The descriptions defined directly will be also referred at as
basic descriptions, and the ones defined in terms of the other descriptions
will be called non—basic.

The following definitions are from [J1].

Fix m,t € w, let r(i) € w and K; = SI(Z) or er(l) for i = 1,...,t
be a sequence of canonical measures of length t. A set of descriptions,
Dpm = Dp(Ki,...,K), is defined relative to this sequence of measures.
Along with D,, is also defined a numerical function k : D — {1,...,t}U{cc}.

Definition 2.2 (Descriptions). Dy, (K1,...,K;) and k: D — {1,...,t} U
{oo} are defined by reverse induction on k(d) through the following cases:
Basic Type-1:
dV := (k;p)0 where 1 <k <t, Ky = W{,and 1 <p < 7. k(d) := k.
Basic Type-0:

1. d¥m) = (k;p)Im) where 1 < k < t, K, = W], and 1 < p < r(k).
k(d) = k.
2. d(fm) .— (p)(fm) where 1 < p < m. k(d) := co.

Non—Basic Descriptions:

1. dm) .= (k;d,(ﬂfm),dgfm),dgfm), . ,dl(f’"))(fm) where 1 < k <t, Kj =
ST, l<r—1,and k(dy),...,k(d),k(d,) > k. k(d) := k.

2. dm) .= (k; dfafm),dgfm), dgfm), . ,dl(fm))s(fm) (Here s stands for “sup”),
wherer > 2,1 <k <t K, =57,1<r—1,and k(d1), ..., k(d;), k(d,) >
k.
k(d) == k.

3. Same as 1. with () replacing (f,,) everywhere.

4. Same as 2. with () replacing (f,,) everywhere.

Now let D(K7q,...,K:) := UpnDp (K, ..., K¢) to be the set of descrip-
tions relative to K1,..., K;. We will suppress the background sequence of
measures simply writing D or D,,,. We call D,,, the set of m—descriptions.
Note that if K is a subsequence of K', then D,,(K) C D,,(K").

Next we give the definition of the function h which interprets descriptions.
Fix d € D, let hy,...,h be functions of type Ki,..., K, ie., if K; =
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W1, then h; : » — Ny, and if K; = ST, then h :<,— N; of correct type.
We define the ordinal h(d;h) = h(d;hi,...,h;) through cases by reverse
induction on k(d). If d = dV then h(d;hq,...,h;) < ¥y and if d = dUm)
then h(d;hi,...,ht) < N,,11 and is represented with respect to W{™ by a
function which is also denoted by h(d;h1, ..., he)(a1,. .., Qm)-

Definition 2.3 (Interpretation of Descriptions).

Basic Type-1: If dU = (k;p), then h(d; h) = hi(p).
Basic Type-0:

1. If dm) = (k;p), then h(d; h)(as, .. s am) = hy(p).

2. If dY¥m) = (p),1 < p < m, then h(d; h)(a1,...,am) = ap.
Non-Basic:

1. dUm) = (kydY™) ddm) g o gty (m) Where 1<k<t K, =

ST, 1<r—1, and k‘(dl),...,k‘(d) ( r) >
a. If l = r—1, then h(d; h)(a) := hi( h( )( )y .., h(dys h)(@))
b. If | <r —1, then
Wd;h)(@) = supg,,\c..cp_i<hdmy@ ( Aldish)(@), ...,

(dl’ )( ) /Bl+17“‘7/67“ 1 (drvh)( ))

2. Let dUm) = (k;d™) dlfm) alfm) . dim) ys(fn) where 1 < & <
t, KE = Sl, [ < r—1, and k‘(dl) k‘(dl),k‘(dr) > k. Th
h(d; h)(@) = supg, chaha), Bz+1<~~~<ﬁ;71<h(dr;ﬁ)(c‘v) T (h(di; 7)(@),
h(di—1; W) (@), B, Bigts-- - Br—1, h(dr; h) (@) )

3. Same as 1., except now h(d; h) is a single ordinal < Nj.
4. Same as 2., except now h(d; h) is a single ordinal < N;.

Next we put an ordering < on D,, (K1, ..., K;) as follows.

Definition 2.4 (Order < on D(K7,..., K})).
If dy, (_12 € D have the same index, then dy < dg iff for almost all hq,..., hy,
h(dl, h) < h(dQ, h)

This ordering can be easily checked to be a well-ordering on

Dm(Klv s 7Kt)'
The following definition give a condition which descriptions must satisfy
in order to be well defined with repect to the equivalence classes of b1, ..., hy,

as made precise in lemma 2.1 below.

Definition 2.5 (Condition C). Inductively, we say d € D satisfies con-
dition C if either d is basic or else d is non—basic, say of the form d =
(k;dy,dy,...,d;)*, where s may or may not appear, and d; < d < -+ <
d; < d,, and dq,...,d;,d, satisfy condition C.

Lemma 2.1. Suppose d satisfies C. Then for V*hy, if hy = h} a.e., then
V*he, if ha = hY a.e., ..., Y*hy, if hy = h}, then h(d; h) = h(d; ).

The lemma is proved by a straightforward induction on the definition of
description. We omit the details.
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Having formally defined descriptions and their interpretations, we intro-
duce now a simpler, less formal notation to represent them, which we refer
to as the functional representation of the description. In the functonal repre-
sentation, the notation more closely identifies the description with its inter-
pretation. The functional representation of a descr/i\pﬁion can be viewed as a

term in the language with function symbols h;(j), hi(j), and variables «; j, -
A basic (type 0 or -1) description, of the form (k;p) will be represented as
ayp. The basic type 0 description (p) will be represented as -,. A non-

basic description of the form d(fm) := (k;dsaf’”),dgfm),dgfm),...,dl(fm))(fm)
will then be represented as hi(1)(g1,.-.,91,gr), where g1,...,q;, g, are the
representations of dq,...,d;, d,. Similarly,

is represented as m(gl, ey Gl Gr)-

Thus, «; ; is identified with the description whose interpretation relative
to hi,..., hy is the ordinal «;;, where h; = (aj1,...,054,...). Also, -
corresponds to the description whose interpretation is represented by the
function (a1, ..., 0m) — op.

Ezamples . For the sequence of measures K1 = Sf, Ky = Sf, K; = Si”,
K, = W}, some descriptions (satisfying condition C) in Dy are: d =
h1(2)(a472, hQ(l)(Oézl’l, '3), '4), d= hl(O)(hg(l)(OqA, h3(0)(4))) For the first
of these, and for fixed hy,...,hy = (@41,...,044), the interpretation of d
is the ordinal represented with repect to Wf‘ by the function (51, ...,0s) —

h1(2)(u2, ha(1)(aa,1, B3), Ba)-

Definition 2.6 (Sup of a description). If ¢ € D,,,(K1,...,K;),and 1 < n
t, then by supg, g, ¢ we mean a description ¢’ > ¢, ¢ € Dy, (K1,..., K
such that Vi hiVi, ha...Vi  h, 1 Va < h(q'; h) Vi¢, bn o Vi, b

h(g; h).
Formally, ¢" may be defined inductively through the following cases:

<
1)
<

(1) If ¢ = v j, then ¢’ = «; jif i <n, and ¢’ = -1 if i > n.

(2) Ifq =7 q/ =4q. If q= g(fl7‘ .- 7fl7f0)7 where g = hl(l) or hl(l) and
i > mn, then ¢’ = 41 if fo = -, and otherwise ¢’ = f{.

(3) If ¢ = hi(l)(f1,---, fi, fo) where i < n, then ¢’ = f if f§ > fo.
Otherwise, let k& > 0 be least such that f, > fi. If f, < fo,

set q/ = hi(k)(fla"'7fk—17f];7f0)' If f],g = fka set q/ - hz(k -
1)(f17 7fk—17f0) it k> ]-7 and for k = 17 q/ = hl(o)(fO)

A straightforward induction on the definition of description shows that ¢’
has the stated supremum property. Also, ¢’ = q iff ¢ € Dy, (K1, ..., Kpme1).

Example . If K1 = Si)’, Ky = Si)’, K3 = Wf’, Ky = S{’, and
q=hi1(1)(as1,h2(1)(ha(0)(-2),3)),
then supy., x,(q) = h2(0)(-3).
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Definition 2.7 (Cofinality of d). If d € D,,(Ky,...,K;) (and satisfies
condition C), we say d has cofinality k (= w,wi, or we) if V*hy,... I
cof h(d; hy,...,ht) = K.
This may also be defined formally as follows.

(1) If ¢ = o j, then K = w.

(2) Ifg=-,, then k =wy if r =1, and Kk = w9 if r > 1.

(3) It g =hi())(f1,--., f1, fo), and K; = ST, then k =w if [ =r — 1, and

if { <r —1 then k = cof fo.
(4) It q= hl(l)(f17 RS fla f0)7 then r = cof fl’

In [J1], the set of descriptions D was extended to a set D, and a property
called “condition D” was introduced. Here, we have no need of D, and
condition D simpifies to a fairly trivial condition. Nevertheless, to maintain
consistency with [J1] we define:

Definition 2.8 (Condition D). If d = d/» € D,,(K1,...,K;) (and satisfies
condition C), then we say d satisfies condition D if d > -,.

If d satisfies condition D, then V*hy,...V*hy h(d;h1,...,ht) > N, that
is, V*hy, ..., he V¥aq, ..., B(d;hy, ... he)(0a, ..., aun) > agy. The signif-
icance of this is explained in remark 2.1 below.

Next, we show how to use descriptions to generate equivalence classes
of functions from 3 to &3 with respect to the measures W™ (in [J1], the
measures W2 were used).

Definition 2.9 (Ordinal represented by description). Fix m € w, and let
d = d/m € D, (Kj,. .., K;) satisfy condition D. Let g : 85 — 83 be given.
o We define (g;d; K1, ..., K¢)(W3") to be the ordinal represented w.r.t.
W™ by the function which assigns to (..., [f]sr,...) the ordinal
(g; f;d; K), where f : N4 — 6% is continuous and represents
(...,[ﬂs_{r,...).
e (g; f;d; K) is represented w.r.t. K by the function which assigns to
[h1] the ordinal (g;d; hy, Ko, ..., K).
e In general, (g;d;hy, ..., hi—1, K;, ..., K}) is represented w.r.t. K; by
the function which assigns to [h;] the ordinal

(g;dsha, ... hi hiy K, .o Ky).
b FinaHY7 (g’ d7 hl7 s 7ht) = g(f(h(d7 hl7 s 7ht)))

Remark 2.1. If d satisfies condition D, then (g;d; K)(W™) is well defined.
To see this, let f, f' : N1 — 5%, be strictly increasing, continuous, and
(-5 flsgs---) = (-, [f]s7,---). Then there is a c.u.b. C' C wy such that
Vi = (m,i1,...,im) Yh :<™— wq of the correct type, f([h]) = f'([h]).
Now, Y*hy,...,hy YV'a1,...,cm h(d;hy,... h)(a1,...,am) € C. Since
V*h1,...,hy h(d;hy,..., ht) > N, it follows there is a permutation 7 such
that V*hq,...,hs h(d;h1,...,ht) can be represented by a function h such
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that either h :<™— C' is of the correct type, or [h] is the supremum of ordi-
nals represented by such functions. Since f, f’ are continuous, in either case

we have f([h]) = f/([A]).

Finally in this section we introduce the lowering operator £ on D. For
every description d € D,,(K,...,K;), L applied to d gives the largest de-
scription £(d) € Dy, (K1, ..., K;) below d. First, given measures K1, ..., K;
and an integer k (1 < k <t or k = 00), an operator £¥ is defined on those
d satisfying k(d) > k, except for a unique d = d(k) which is called the mini-
mal description with respect to £¥. Then £ := £'. £ is defined by reverse
induction on k as follows:

Definition 2.10 (Operator £F).

I. k = oco. So, d is basic type-0 with d = dfm) = ., for 1 <i < m. If
1> 1, then £L* := ;1. If i = 1, d is minimal with respect to £°.
II. 1<k<t.
1. k=k(d)
a. d is basic type-1, so d = ay, ;. If p > 1, then ck.= O p—1-
If p =1, d is minimal.
b. d=dUm) = hi(1)(dy,...,d;,dy), with l =7 —1 and K}, =
Sr. Then £F(d) := hi(1)(d1,. .., d;) if I > 1, and if | =0,
that is, d = hy(0)(dg), then £¥(d) := dj.
c. dasin (b), but I < r—1. If £L¥1(dp) is defined, and also
> d; in case [ > 1, then
‘Ck(d) = hk(l + 1)(d17 s 7dl7 £k+1(dl)7 dO)
If £F*1(d;) is not defined, or is < d; (and [ > 1), then
we set LF(d) := hp(1)(dy,...,d;,dg) if I > 1; otherwise
L7(d) = do.
d. d = hp(l)(dy,...,d;,do). Tf £LFF(d)) is defined and
LE(d)) > dp if | > 2, set

£R(d) = he()(dy, - .., -1, L)), do).

Otherwise, set £¥(d) := hy(l —1)(d1,...,d;_1,do) if | >
2, and for [ = 1, £¥(d) := dp.
2. k< k(d), Ky = W™,
a. d is not minimal with respect to £¥*!. Then £¥(d) :=
£k+1(d).
b. d is minimal with respect to £¥*1. Then £*(d) := Qe (k)
3. k< k(d), K, =S/
a. d is not minimal with respect to £¥¥!. Then L£F(d) :=
hip(0)(LF*(d)).
b. d is minimal with respect to £¥*1. Then d is minimal
with respect to £F.
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A straightforward induction on the definition of description shows that
L(d), when defined, is the largest description strictly smaller than d (in
Din(Kq, ..., Ky)).

Ezample . For the sequence of measures K1 = S}, Ko = S}, K3 = S3,
K, =W, and

d(f4) = h1(2)(044,2, hg(l)(a471, '3), '4), and
L(d) = h1(3)(aa,2, ha(1) (a1, 3), h2(0)(h3(0)(:3)), )

3. REPRESENTATION OF CARDINALS BELOW &}
We state our main result.

Theorem 3.1. Let m € w, S1,...,S; € U;(WEUSL) be a sequence of canon-
ical measures. Let d = df™ € D,,(S1,...,S;) be defined and satisfy condi-
tion D with respect S1,...,S;. Then, (id;d; S)(W™) is a cardinal, where
id : 8 — 83 is the identity function.

Remark 3.1. As mentioned previously, the converse is also true [J1], that
is, every cardinal below the predecessor of (5% is of this form. Also, if g is
strictly greater than the identity function (almost everywhere with respect
to the appropriate measure), then one can show that (g;d; S)(W™) is not a
cardinal.

For the remainder of this paper, d, etc., will denote a tuple d = (d; S),
where d € D, (5).

The strategy of our proof is as follows. First we will define for each d
a corresponding tree Ty = (T, <). The tree Ty will have infinitely many
nodes, which we will partition into finitely many blocks. For each such
block we will assign an ordinal. Being added in a proper way these ordinals
will give an ordinal £;. Then we will show that (id; d; S)(W™) = R, ¢ .

Given d, we define < to be the transitive closure of </, where § <’ p <=
[p= (p;S), g = ((Lp); S, K), and ¢ satisfies condition D]. Here £(p) denotes
L(p) defined relative to the sequence S. d is the root of Tj. Intuitively, T
is constructed by repeatedly applying the lowering operator £ to d, adding
at most one new measure each time. In the definition of <’ above, the
type of new measure K depends on cof(Lp): if it is wp, then no measure
is added; if wy, then K must be of the form W}; and if wy, then K = Si.
[We note that the restriction on K is a minor point, and could be dispensed
with. For conceptual simplicity, we are restricting to only those K which
are necessary.] As in [J1], we define the rank function on the nodes of the
tree T by |q] = (suppory |p]) + 1, and Ty = |d.

Given d = (d; S), note that every node ¢ € T} is of the form g = (¢; S, M),
for some sequence of measures M. For such nodes in T;, we employ a
notational convention when /w\liting the functional representation of g. We

will use the symbols h;(j), hi(j), a;; when refering to the measures in S,
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and k;(j), %, 7i; when to the measures in M. For example, if S =
(83,8, W), M = (S, W), then a functional representation for ¢ = ¢/
might 1901( like hq (2)(&371, hQ(O)(k‘4(1)(’Y572, '3)), '4).

For d as above and ¢ € T, we define a sequence, oseqj(q), which will be
a sequence of terms of the form v; j, k;(-y).

Definition 3.1 (The o-sequence of g, oseq(q)).

Given d = (d; S) and ¢ = (¢; S, M), let g(dy,ds, . ..,d;,dg) be the functional
representation of ¢. Here g stands for an invariant of some h or some k
function. We have numbered the arguments of g according to their signif-
icance in determining size of h(g, S). (Each d; is a subdescription defined
relative to the same sequence of measures S, M.) We define recursively the

o—sequence of ¢ as follows.

( [oseqg(do) "oseqg(di)” ... Afosf/qj(dl)],
if g = hi(j) or hif(Z)/

oseqg(do) if (g = ki(j) or k;i(j)) and do # -

0seq(q) == ki(-) if g=k;(j) and dy = -,
ki(-r) if g=Fk;(j)( with j > 1) and do = -
Yi,j if ¢ =iy
0 itq=- ora;

Here ’ denotes the operation which eliminates repetition of ordinals and
functions: we concatenate all oseqy(d;), and then if a symbol ~; j, or k;(-;)
appears in the resulting sequence more than once, we keep it only in the
first position where it appears.

We define also a variation of oseqg(g) which we denote oseq’(q). This is
defined exactly as oseqj(q), except that in the first case we do not apply the
deletion operation ’ to the concatenated sequence. Now, each term t = ; ; or
t = k;(-,) may appear several times in the sequence. For each such term, say
ki(-r), we will attach superscripts to the occurences of this term in oseq’3(q).
The occurences of this term will thus be of the form k}(-.),...,k2(-»). The
attachment of the superscripts is defined (inductively) as follows. If e ¢t
both correspond to subdescriptions of p = ¢(p1,...,p1,p0) (where p is a
subdescription of ¢) then a < b if t* corresponds to a subdescription of p;
which appears to the left of the subdescription p; corresponding to o, If
t%,t* both correspond to subdescriptions of p;, the ordering of a,b is given
by induction.

Example . For q =
h1(2)(h2(2)(k2(-2), k3(-2),3), ha(2)(k2(-2), ka(-3),4), h2(2) (k2(-2), ka(-3),5)),

oseqi(q) = (k2(-2),ka(-3),k3(-2)), and oseq’(q) = (k3(-2), k3(:3), k3(-2),
k3(-2), k3(-2), ki(-3))-
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Note that oseqg(q), oseq}(q) are uniquely determined by the functional
representation of ¢ (with our notational conventions). In particular, oseq ;(g),
oseq’y(q) depend only on d, q, and we may write oseq j(q), oseq3(q). While the
measures S are fixed in considering Ty, the other measures, M, vary as we
range over all possible nodes. The fact that the k—functions and ~—ordinals
from oseqj(¢) are in some sense arbitrary is important in our computation.

For d = (d;S), ¢ = (¢; S, M), we define supjq := sup; q.

Proposition 3.2. Let p € D(S), and consider p = (p; S, K) where K =

T if cof(p) = we, and K = W] if cof(p) = wi. If cof p = wa, then k,
which represents the function corresponding to K, occurs in the functional
representation of L(p). If cof p = wy, then 7, which represents the largest
ordinal corresponding to K, occurs in the functional representation of L(p).

Proof. By induction on the definition of p. We suppose cof p = ws, the other
case being similar. Then K = ST for some n > 1. We consider the following
cases.
case 1.) p=—-,. Then r > 1, and k(0)(-,—1) is a subdescription of L(p).
case 2.) p = hi()(...,q,s). Since cof p = wg, we have cof ¢ = ws. By
induction, k appears in the functional representation of £(g). Since
q is greater than all descriptions to its left, £(g) is > all descriptions
to the left of q. Since £(g) has k in its functional representation,
and the others do not, £(q) is greater than these descriptions. Thus,
£(5) = hi(D)(... . L(@), 5).
case 3.) p = hi(l)(...,q,s). Then h;(l) is a proper invariant of h; (as oth-
erwise cof(p) = w). Also, cof(s) = wg, and so k appears in the
functional representation of £(5). Arguing as in the previous case,
we have L£(p) = h;(l+1)(...,q,L(5),s), and we are done.
O

Proposition 3.3. If d = (d;5), ¢ < L£(d), and q € D(S), then there is a
node q in T; with description q.

Proof. By induction on |Tj|. Let p = £(d). Consider p = (£(d); S, K) € Ty.
If ¢ = p, we are done, and if ¢ < p, then since ¢ € D(S) C D(S, K), there is
by induction a node ¢ in T with the description q. However Tj; C T, hence
we are done. |

Proposition 3.4. Let d = (d;S), and G in T5. Then p :=supgq appears in
some node p € Ty.

Proof. We easily have p < d. If p = d, then we may take p = d € Ty

Otherwise, p < £(d), and hence p in a node in T} by proposition 3.3. O

Definition 3.2 (Level of ¢ with respect to d). Let u be a sequence of
terms of the form ~; ; or k;(-). We define a linear order <,, on the elements
of the sequence u as follows:

L i <u ey iff (4,5) <'* (k1)
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2. vij <u ki(+) for all i,5,0,r
3. kz(r) <u kj('s) — (T,i) <ler (57j)

Next define a subsequence w of u as follows: w(0) = u(0). Assume that
w(i) has been defined for all ¢ = 0,...,1, and w(l) = u(r). If there is
r" > r such that u(r) <, u(r’), then let " be the least such, and we put
w(l + 1) = u(r”). If there is no such 7/, we stop. Let #k;(-,,) := n and let
#7; = 0, for all 7, j,n. Then we set

lev(u) := Z?:M_lw#w(i).

Suppose now d = (d;S), and ¢ € Tj. Let ug g = oseqg(q). Then define
levg(q) = lev(ug g). If oseqg(q) = 0, set levg(q) = 0.

Note that the ordering <, is just the ordering on descriptions translated
to their functional representations.

Ezxample . If ¢ = ho(h1(y1,1,-1), h1(71,2,k2(-1)),-2), then u = oseqz(q) =
(71,1, k2(1),71,2), and w = (y1,1,k2(-1)). So, levg(q) = wk2(1) 4 #na =
w—+ 1.

Lemma 3.5. Fizd = (d;S). Then {levy(q) | ¢ € Ty} is finite.

Proof. Consider anode ¢ € T with functional representation g(f1,. .., fi, fo).
Let us temporarily call the description g(f1,..., fi, fo) of rank one. We re-
fer to each subdescription f; as having rank two, to subdescriptions of f;,
of rank three, and so on. Without loss of generality assume g = h;(j). Be-
cause the S measures are fixed (hence there are only finitely many h;(j),
«; j) there is v < w, such that all of the subdescriptions of ¢ that do not
start with k;(j), for some i, j, have rank less than v. This gives a bound
on the length of oseqj(q). Also, for terms of oseq;(q) of the form k;(-,), we
must have » < m. The result now follows. O

We now group the nodes of T; into blocks.

Definition 3.3 (Block B;(q), Depth of a block depth(B;(q))). Fix d =
(d;S), d € Dp(S). For q € D,y (9), ¢ < d, we define the block, Bj(q), as the
set of all nodes p € T); with sup;p = q. We also define the depth of a block
by depth(Bg(q)) := max{levg(p) | p € Bg(q)}-

Observe that the number of blocks is determined by the number of de-
scriptions ¢ € D,,(S), which is clearly finite. Let us enumerate them in
decreasing order: d = q1 > q2 > --- > q,. Therefore the number of blocks is
also finite and equal to n.

Note that every node ¢ € T} is in one of these blocks. Now we define the

ordinal

€7 = wIPh(Balan)) |y depth(Ba(a2) 4 depth(B(ar))

which as we shall see determines the cardinality of (id;d; S)(W™).
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Remark 3.2. The last summand in the definition of {; is always 1. That is
because £(d) is defined relative to S, and therefore Bj(q1) = Bj(d) = {d}.
Consequently, depth(Bz(q1)) = 0 and wdepth(Bala)) = 1,

Proposition 3.6. Fiz d = (d;S) and p = (p; S,S*) € Ty, with p = L(d).
Suppose g € Ty C Ty. Then levy(q) < levg(q). Moreover, if oseqg(q) starts
with the function induced by the S* measure, then strict inequality holds,
and if otherwise, then supgzq = sup;q.

Proof. Assume q = (¢;S,S8*, M) € T; C Ty for some sequence of measures
M. We consider the case S* = S%, the other case being easier. Extending
our notational convention slightly, we use terms h;(j), ; ; corresponding to
the S measures, k* corresponding to S*, and k;(3), 7i,; corresponding to the
M measures.

We may consider the o-sequences of § defined relative to p and d. Let
us fix them: u;, := oseq;(q) and ugy := oseqg(q). We want to analyze the
relationship between these two sequences. Recall the definition of the o—
sequence. In that definition we concatenated recursively o—sequences of the
corresponding subdescriptions. We can repeat the same constructions with
the only difference that we stop when the subdescription is k*(j)(...), for
some j. Suppose that happens t times. Then

ug = [ug"oseqg(k*(31)(-.. )" ... ua"oseqz(k* (Je) (... ) "upa]
up = [u1"oseqy (K" (j1) (... )" ... ug"oseqy (K™ (j:) (. .. ) “ugsa]

In other words, the difference between uq and u,, is determined only by the
o—sequences of the subdescriptions starting with an invariant of k*. Let us fix
such a subdescription s, = k*(jm)(f1,-- -, fi, fo), for some 1 < m < t. Note
that every f; either starts with an invariant of some k—function (different
from k*), is an ordinal ~;;, or it is -, for some r. We first argue that
levp(sm) < levg(sm).

Suppose fo = -». Then oseqj(sm) = k*(-»), hence levi(sy,) = w", and
osed(sm) = [oseq,(f1)" ... 7 oseq;(f1)]". Because for each 1 <i <1, f; < -,
fi can not have k—functions with dot variables > .. Thus levy(f;) < W',
and hence levp(sm) < levg(sm).

Suppose now fy begins with some k—function and has the highest dot
variable ., for some r. Then oseq(s) = ki(-) for some 4, and oseq;(sm) =
ki(-r)"oseqs(f1) ... “oseqs(fi). Note that for all 1 <i <[, f; can not have
a k—function with a dot variable higher than -,. If oseq;(f;) contains some
kj(-r), then j < i, because f; < fo. Thus k;(-) will be canceled when
we compute levy(sy,). Therefore, levy(sy,) = W' = levg(sy,). Similarly
levp(sm) = levg(sm), when fo = v ;.

From the results of the last two paragraphs, an easy argument shows that
levp(q) < levg(q).

Finally, suppose oseq;(¢) begins with the term b, which is of the form
E*(-r), ki(-r), or v, ;. If b = k*, we must have s = k*(j1)(...,-). Then,
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as we argued above, levp(s1) < levg(si), and an easy argument then shows
levp(q) < levg(q).

If b = ki(-) or 7, ;, then both oseqz(q) and oseqg(q) begin with b, which
corresponds to the most important subdescription in determining the rank
of g. Let f(g1,...,91,90) be the functional representation of q. Let i be
the least integer so that a subdescription with term b appears in g;. Then
oseq;(gi) and oseqg(g;) both begin with b. By induction we may assume
sup; gi = supg gi, which implies sup; ¢ = supgq. [l

Lemma 3.7. Letd = (d, S), and p be a node in Ty below d. Then &5 < &;5—1.

Proof. By induction on the rank of d, we may assume that p has description
p = L(d). If cof p = w, i.e., the tree T; does not split at the root d,
then the proof is trivial. Suppose cof p = wy. Thus, p = (p; S, S*), where
S* = S{ for some i. Keeping with the previous conventions, we denote the
function corresponding to the measure S* by k*. A node § whose o-sequence,
oseq(5), begins with a term of the form k*(-;) will be called a star node.
Otherwise § is called a nonstar node.

Let Bj(q1), ... ,Bgj(gn) be all the blocks of T); where ¢ =d > g2 = p >
q3 > - > qn and ¢; € D,,(S). Note that all the ¢; with i > 1 are in T as
well.

It is a trivial observation that oseq(5) = () = oseq;(5) = 0. The converse,
however, is not true: there could be a node 5 with oseq;(5) = () while
oseqz(8) # 0. If we fix a d-block, B;(g;) with ¢ > 1, then some of the nodes
q € B;(g;) may be such that oseq;(¢q) = 0, whence a d-block may split into
several p-blocks. The idea of the proof then is to show that wdePthBa(ai)) ig
no less than the sum of the ordinals assigned to the corresponding p—blocks.

Let us fix for the moment some ¢;, for 2 < i < n. Let s;; = ¢; > s, >
...s;, enumerate the s € D,,(S,S*) such that supg.s = ¢;. Thus, the d
block corresponding to g; splits into p blocks determined by the s;,.

Part (1) of the following claim is true in general, while part (2) uses our
assumption that cof p > w.

Claim . With the notation as above:
(1) Z}:twdepth(Bﬁ(sij)) < wdepth(Bg(s1))

(2) If i = 2 (that is, s;; = p), then Ejl-:twdepth(Bp(sij)) < wdepth(Ba(s1)),

Proof. From proposition 3.6, levy(5) < levy(5) for all 5 € Tp, and in particu-
lar for all 5 € Bp(s;,). Since Bp(si,) € Bj(¢s), it follows that depth(Bp(s;,)) <
depth(B (g;))-

Now let 2 < j <, and consider 5 € Bj(s;;). Then s must be a star node,
because otherwise s;, = ¢; = sup;s = sup s, by proposition 3.6, and hence
5 € Bj(syy), a contradiction. So, for every s € Bj(sy;), levs(s) < levg(s).
Consequently, depth(Bj(s;;)) < depth(B;(gi)), for all j =2,...,t. The first
part of the claim now follows.
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Suppose now ¢ = 2, so s;, = p. By proposition 3.2, k* appears in a term
in the functional representaton of L£(p). Since supg-(L(p)) = p, it follows
that depth(Bg(p)) > 0. However, Bs(p) = {p}. So, 0 = depth(B;(p)) <
depth(B;(p)), and the second part of the claim follows from proposition 3.6.

O
Lemma 3.7 is an immediate consequence of the last claim:
gp _ Z?:n[z:;:tiwdePth(Bp(sij))] < Z?:nwdepth(Bd(Qi)) — gg —1.
The proof of the case when cof p = w1 is entirely similar. O

Corollary 3.8. Let d € D,,,(K), and satisfy condition D. Then
(id;ds K)(W™) < Noppe,

Proof. Lemma 3.7 and a trivial induction show that [Tz| < {;. By the results
of [J1], (id; d; S)(W™) < Ny 1. So (id;d; S)(W™) < Ry O

To show that the lower bound for (id;d;s)(W™) is also R ¢,, we recall
the following fact.

Theorem 3.9 (Martin). Assume k — k. Then for any measure v on K,
the ultrapower j. (k) is a cardinal.

Proof. See [J1]. O

Our stategy for the rest of the proof is to embed the ultrapower of § :1,, by
the measure corresponding to £; (made precise below) into (id; d; S)(W™).
We require first some embedding lemmas.

Definition 3.4 (Strong embedding). Let (D;,<p,), (Ei,<g,), 1 <i <mn
be well-orderings of length < 5%, and M;, N; measures on D;, F;. Let D =
Di®---® D, E=FE & ® Ej, the sum of the order types. We say
(D, {M;}) strongly embeds into (F, {N;}) if there is a measure p on k < 83,
and a function H with the following properties:
(1) V.0 H(O) = ([¢1]ay,-- - [i]ar), where ¢; : D; — E; is order-
preserving.
(2) For all A; C E;, 1 < i < n, of N; measure 1, V/*ﬂ V4 V}‘V[ioz € D;
qbz(a) € A;.

If (D;, M;) strongly embeds into (E;, N;) for all 1 <i <mn, then D = &D;
strongly embeds into E = G F;.

Given the ordering D = Dy @ --- ® D; and measures M;, let vp denote
the measure on [-tuples from 5%, induced by the weak partition relation on
6:1),, functions f: D — 5:1), of the correct type, and the M.

Proposition 3.10. If (D, {M;}), 1 <i < n, strongly embeds into (E,{N;}),
then jup, (83) < Jup(03).
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Proof. Let u, H witness the strong embeddability. We define an embed-
ding 7 from j,,(83) to j,,(03). Define 7([F],,) = [G],,, where for g =
(g1 @ -~ @ g): E — 385 of the correct type, G([g1]g,,-- -, qilg,) = [0 —

F([g1 0 ¢1]arys - (g0 © dulag)] s where H(0) = ([¢1]anys-- -, [¢i]ar,). Using
the properties of H, this is easily well-defined and an embedding. O

Proposition 3.11. Let O be an order type of length < 5:1),, and v a measure
on O. Let0 < k <l, m>0. Let D be lexicographic order on (a1,...,0m,")
where a; < W11, v € O, and let M be the product measure M = Sf NEREI
SExv,or=W,x---x Wl xvifk=0. Let E be lexicographic order on
(8,7), where B < N;y1 and v € O, and N the product measure S{ xvonFE.
Then (D, M) strongly embeds into (E,N). Similarly if D is the sum of m
copies of O, and | = 0 (with measure Wi x v).

Proof. We prove the result for £ > 1, the other cases being similar. Let
p = S Define H([h]yi+m) = [¢]ar, where ¢ : D — E is defined as
1

follows. ¢([f1]Wf7 SRR [fm]Wfﬂfy) = ([Q}W{fy)v where

g(él,...,él) =
h(éla"wékmfl(éla”'75k)7"'7fm(6l7”‘75k)75k+17‘”761)'

This is easily well-defined, and gives a strong embedding. O

By a basic order type, we mean D = D1 @ ---@® Dy, where for all 1 <1¢ <,
either D; = 1 (i.e., the order type of a single point), or D; = Ry 13 ®
Rpi 1 @iy (i-e., lexicographic ordering on tuples (a1, ..., a;,) where
aj < Nk§+l, and m depends on 7). Let M; be the product measure M; =

Sfi X oo X sz’z. We refer to such a D; as a sub-basic order type. To each
such D, we associate an ordinal ¢(D) as follows. If D; = 1, ¢(D;) = 1.
ko

If D; = Ny, 41 ® - ® Rg 41, then ¢(D;) = w™ - ™ . "1 Finally,
C(D) = C(Dl) + -+ C(Dl).

Lemma 3.12. For D a basic order type with corresponding measure vp,
jVD (6{1%) > Nw—i—c(D)-‘rl-

Proof. An easy induction on the length of D, |D|, using proposition 3.11. For
example, the inductive step at D = Rz would be: ji,, (8%) > sup,, Ty 6%) >
sup,, Ny ywonip = R 2. Since coij(éé) > w for any measure v, we then
have T (5:1),) >N 2 =R O

Nz)"(

w+w“’2+1'
Suppose now M = My X -+ X My = M X+ x MO X x M{"x - x M2
is a product measure, where M; = VVl1 if ¢ = 0, and M; = S;- for ¢ > 0.

Let 7 = (p1,...,pr) be a permutation of k. Let D be the M measure one
0

set of (aq,...,ap) = (a?,...,aao,...,o/f,...,aﬁn) such that of < --- <

g, aé» > N;, and «;(0) < a;(0) for ¢ < j and a; > N;. Let <p be the

ordering of D defined by: (au,...,o) <p (B1,...,0) iff (ap,,...,qp,)
<l (B, Bpy)-
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We define the canonical subsequence m* of 7 as follows. 7" = (q1,...,q)
= (Psy»---+Ps;), Wwhere s; = 1, and s;41 > s; is least such that ps, , > ps,.

Note that ¢; = k. To fix notation, let M; = Mgég for 1 <i < k. Define N
to be the product measure N = Mg, x---x M, and let E be lexicographic
ordering on tuples (81, ...,0) with 3; <R, (441

Notice that (E, <pg) is a basic order type.

Lemma 3.13. With (D,<p), (E,<g) as above, (E,<pg) strongly embeds
into (D, <p).

Proof. Let pu = My x -+ X Mg _1 X H?qu M;r, where (W)t = S, and
(ST)t = ST Fix 0 = (0y,...,6}), and let h; :<p(i)+1— N1 represent 0; if
r(i) > 0 and i > ¢q1. Set H(0) = [¢|n, where ¢(a,...,a;) = (B1,...,0k)
is defined as follows. First, B1,...,084,-1 = 01,...,04-1. Next, suppose
G < j < qit1- Ifr(j) =0, set 3; = hj(ag,). If r(j) > 0 and 7(g;) = 0,
set ﬁ] = [g]]7 where g](’}/lv s 7’77“(_])) = hj(aqm’)/lv s 7’77“(_])) It T(QZ) > 0, set
B, = lgs], where

gj('Yla---a'Vr(j)) =
By (Y15 v s Yetan)s Jivns -0 Yea) s Y@+ 15 -+ Ji(0) (i)

where [f;] = ag,, and the argument ,(;) of h; is omitted if (¢;) = r(j) (this
is just to give the correct number of arguments). This is easily checked to
be well-defined and a strong embedding. ([l

Remark 3.3. The proof of lemma 3.13 also shows if 7’ is any subsequence
of the canonical sequence 7* of w, and E’, N’ the corresponding order and
product measure, then (E’, N’) strongly embeds into (D, M).

Proposition 3.14. For every block B;j(q;),1 < i < n with depth(Bj(¢)) >
0, there is a node p;, with description p; such that p; € Bj(q;), levg(pi) =
depth(Bj(¢:)), and p; has functional representation p; = hi(r)(fi, ..., fr, fo)
where Sy = S’{H (that is, p; has maximal possible length).

Proof. Suppose ¢; has functional representation g; = hy()(f1,.--, fi, fo),
and Sy = STH. Let ¢; = (g;;S) € T7 with description ¢;. We must have
I < r, as otherwise depth(Bj(g;)) = 0. Likewise, we must have cof ¢; =

cof fo > w, as otherwise L£(fy) € D(S) and hence depth(Bg(g;)) = 0. Let
p = (p;S,K) € Bj(g;) have maximum possible level. Easily, p is of the

formp = f(f1,..-, fi,---, f1r, fo), where f = hy () or hy(I’). Since replacing
hi(I') by hi(l') does not change the level or the block, we may assume
p=he(I")(fr,--s fi,- o fus fo). TET < r, then cof p = cof fo > w, and the
last K measure, say K, does not appear in p. By proposition 3.2, L( fo) will
have a term corresponding to the measure K, in its functional representation,

and hence E(f_()) > fl’- Thus, E(ﬁ) = hk’(l)(flv"'7fl>"'7fl’7£(f_0)7f0)‘

Repeating the argument, we finish.
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Suppose now ¢; = hi(1)(f1,...,f1,fo). As above, let p = (p;S,K) €
Bi(q) have maximum possible level. Easily,
p=he(l")(f1,- - fiit, 90,5 gu, fo) forsome I < 1" < r. Asdepth(Bg(g:)) >
0, cof fi > w. Let u > [ be largest such that g, involves one of the K
measures. We may assume p is chosen to maximize u (subject to having
maximum level). If u = r, we are done, so assume u < r. Let ¢’ = supz gu.

Thus, cof ¢ > w. If ¢ = fo, then cof fy > w, and we finish as before. Other-

wise, consider p" = hg(u+1)(f1,..., fi-1, 91+, 9u, 9, fo). By considering
a path in T; from d to p, one easily sees that

(hk(u)(fla cee 7fl—17gl7‘ .. 7gu7f0);§7 -Z/) S TJ7

for some subsequence L of K. By proposition 3.3, for some sequence M,
(p';S,L,M) € Ty. Since cofp’ = cof ¢ > w, M # (. By proposition 3.2,
L(g';S,L, M) > gy, as it involves a measure from M. Thus, L(p'; S, L, M) =
he(w+D(f1, s fio1s G0+ Gus £(g'; S, L, M), fo). This, however, gives a
node in Bj(¢;) of maximum level which violates the maximality of . (]

We now prove our main lemma.

Lemma 3.15. Fiz d = (d; S) where d € Dy, (S), and satisfies condition D.
Then (id; d; S)(W'™) > Ry ¢

Let d = q1 > g2 > --+ > @, enumerate the ¢ € D,,(S), so the number of
d-blocks is also n. Recall that depth(B j(¢1)) = 0.

For 2 < i < nsuch that depth(Bj(g;)) > 0, let p; be as in proposition 3.14.
We refer to these blocks as the mon-trivial blocks. For the trivial blocks,
let p; = ¢;. For non-trivial block i, let p; = (p;; S, K(i)), where K(i) =

Recall that for non-trivial blocks, the ordinal levj(p;) was derived from
wj, the subsequence of oseqg(p;) (see definition 3.2). Let ¢; = oseqj(p;), and
l; =lhw; — 1, I¥ =1ht; — 1. Define two order types, D;, F; as follows.

For non-trivial blocks, set E; := Ry 1) -+ Nippw,(0), that is lexi-
cographic ordering on tuples (B, ..., 3, ), where §; < R4 2w, (4), and where
Bo < -+ < B,. Let N; be the product measure N; = N(0) x --- x N(l;),
where N(j) = W} if #w;(j) = 0, and N(j) = S¥"“ 9 if #w;(j) > 0.

To define D;, let (£(0),...,t(l7)) be the sequence of terms from oseq’(p;)
written in increasing order (in the ordering of terms). Let M; be the product
measure M; = M(0) x --- x M(I}), where M(j) = Wi if t(j) = Vpe» and
M(j) = ST if t(j) = kf(-r). Let m; be the permutation of [ defined by:
t¥(j) = t(mi(j)). Let D; be the corresponding order type.

For trivial blocks, let D; = E; = 1. Let E = E, ® ---@® E1, D =
D, ®---® Dq. Let vg,vp be the corresponding measures on (6;1),)”

Notice that for all non-trivial blocks 4, (F;, N;) is the order type and
measure corresponding to a subsequence of the canonical sequence of ;.

Thus, by lemmas 3.12, 3.13 we have:
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Jup(03) > Gup(05) > Nuye, > (id;ds S)(W™)

We show now that j,,(63) < (id;d; S)(W™), which shows that equality
holds in the previous inequalities, and completes the proof of lemma 3.15.

We define an embedding ¢ : 7j,,(83) — (id;d; S)(W™). Fix [Gl,p,
G : 65 — 83. #([G]y,) will be represented with respect to W™, Sy, ..., Sy
(as in the definition of (id;d; S)(W™)) by ¢([Glup)(f,h1,- .., hs). We set
H([Glop)(fsh1s ... hs) = G([g]), where g : D — &3 is defined as follows.
It suffices to define g; = ¢ [ D;. If i is a trivial block, that is, D; = 1,
then set ¢;(0) = (id; f;ps; hi, ..., hs). Fix a non-trivial block i, let t* =
(t(0),...,t(I")) = oseq’(p;), and write K1, ..., K¢ for Ki(i),..., Ky, (). Re-
call each term ¢(1) of oseq’j(p;) is of the form ¢; = ~;"; or t(l) = k;*(-r,).

We must define g;(Bo, ..., B ) where 3 is as in the definition of D;. Fix
such B, ..., 0, and for B; > Ny, let 3 = [Tl]erl, where 7 :<,,— N is of
the correct type.

Finauya define gi(ﬁ07 s 7ﬁl*) = (1d7 fapz; hl) s 7hs; ﬁO) s 7/81*)*' Roughly
speaking, this is defined as (id;p;;hi,...,hs;k1,..., k), except that for
subdescriptions ¢ corresponding to terms ¢(I) of oseqj(p;), the interpreta-
tion of the description, h(q;h,k), is replaced by 8 if t(I) = ;s and by
h(oaa, ... am) = 7o, .. o) i E(1) = kP (). o

More formally, define (id; f;p;, h; B)* = f((pi; h; 3)*), where (g; h; 6)* <
N,,+1 is represented with respect to W™ by the function (q; h; 8)* (a1, . . . , aum)
defined inductively as follows:

(1) If g = ha(b)(q1,---,q1,90), Sa = ST, and [ = r—1, then (g;...)" (@) =
ha((qu; - ) (@), (@5 - )" (@), (qos - - )" (@)

(2) If g = ha(b)(q1,---,q,9), Sa = S7,and [ < r—1, then (g;...)" (@) =
SUPy, ) <<y 1 <(qose )* (@) ha((ql; ... )*(d), cey (ql; ... )*(d), Yi+1,
<oy r—1,

(o3 )* (@)

(3) If g = ha(b)(q1,---,q1,90), Sa = 57,1 <1 <r—1,then (qg;...)" (@) =
SUDy, < (g3...)* (@) 141 <+ <71 <(qoi--)* (@) Pa((q15 ) (@),
(@—1;---)" (@),

Y415 -5 Vr—1, (QO7 s )*(@))

(4) If ¢ = 7ij, and corresponds to t(e) = ~f;, then (¢;...)"(@) = Be <
Ny.

(5) Ifq = ka(b)(Q17 -4, QO) or = ka(b)((hv - dl, QO)v note that Oseq;%(q)
consists of a single term in oseq:z(pi), and corresponds to a term, say
t(e) = kb(-) of oseq(pi). Then (g;...)"(a) = 1e(aq, ..., ap).

First note that for fixed G, f, h1,. .., hy each g;(fo, ..., B:), and hence g
is well-defined. Next, we claim that for fixed G, that V*f, if [f] = [f’] then
V*[hal, if [m] = [RY] ..., V*[hy] if [hy] = [R,] then V1 < i <n V*fo,..., B
9i(B) = f((pi;h,B)*) = f'((pi; W, B)*) = gi(B). To see this, note that
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V*Bo, .., Bz the functions 7. (or B if t(e) = 7 ;) have range (almost ev-
erywhere) in a c.u.b. set C' C wy on which h; = h;» and is closed under the
hi(0), and without loss of generality, the h;, h;- have range in a c.u.b. set
defining a S measure one set on which f = f’. Note also, and this is a
key point, that in computing (p;;h; 3)*, compositions of the form hy, o Iy
or hy o 7, may be used, but none of the form 75 o 7. Also, for a sub-
description ¢ = ¢(q1,-..,q,q0) of p;, it is straightforward to check that
(qu; h; B)* < --- < (qi;h, B)* < (qo; h, B)*; it is here we use the definition of
the ordering of the 3; in D;. From these observations the claim is immediate.

The proofs that ¢ depends only on [G],,, and that ¢ is one-to-one are
similar. So, suppose [G1] = [G2]. Let C' C 83 be c.u.b. such that if g :<p—
C' is of the correct type, then Gi([g]) = Ga([g]). Let ¢! = {a € C : «
is the o' element of C'}. Consider f,hi,...,h; such that f has range in
C’, the h; are of the correct type, and h;;1 has range in a c.u.b. subset
of wy closed under h;(0). Let g :<p— &3 be the function defined in the
definition of ¢. Since f has range in C’; so does g. Also, g is easily order-
preserving restricted to a measure one set, since the terms of each oseq:’;—(pi)
were enumerated in order of their significance in determining the size of
(pi; S; K). If i is a non-trivial block, then from proposition 3.14 p; has
the form p; = h;(1)(q1,-..,q,qo) where S; = Si“. Then, g; has uniform
cofinality w, since h; does, and f is continuous. If ¢ is a trivial block, then
gi(0) = f((gi;S)), and has cofinality w since ¢; does in this case. An easy
argument now shows that there is a g’ such that [¢'] = [g], and ¢’ is of the
correct type with range in C.

This completes the proof of lemma 3.15, and of theorem 3.1. As we
remarked in the proof of lemma 3.15, we have actually shown the following.

Theorem 3.16. Let d € D,, (K3, ..., K;) satisfy condition D. Then
(id; d; K)(W™) = Ry,
(where £ is defined after definition 3.3).

Corollary 3.17. The successor cardinals K, 0} < K < 8%, are exactly the
ordinals of the form (id; d; K)(W™) for some d € Dp, (K1, ..., Ky) satisfying
condition D.

Proof. Use the theorem 3.16 and [J1]. O

Remark 3.4. As mentioned previously, our definitions are slightly different
from those of [J1]. However, a minor variation of our embedding argument
shows that the ordinals (id;d; K)(W{") as defined in [J1] are also cardinals
(essentially, one adds extra trivial blocks corresponding to (d) € D, that is,
without the symbol s).
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4. APPLICATIONS

Recall from § 3 the definitions of a basic order type, D, the ordinal
¢(D), and the associated measure vp. Recall also lemma 3.12, which says
v (83) = Nyt e(p)+1-

We show now that equality holds here, thereby providing another repre-
sentation for the successor cardinals 83 < x < 8}.

Theorem 4.1. For D a basic order type, and associated measure vp, we
have Jup (‘%) = Nw—i—c(D)-H-

Proof. Let k = R, (p)+1. From Martin’s theorem (theorem 3.9), Gup (83)
is a cardinal, and since cof(j,,(d3)) > w, it is a successor cardinal. From
[J1], every successor 83 < k < & is of the form (id;d; S)(W™) for some
d € D, (S). From the equality proved in lemma 3.15, k = (id;d; S)(W™) =
Gup (83) = N t¢(m)+1 for some basic order type E.

To finish, it is enough to observe that if D, E are basic order types with
¢(D) = ¢(E), then j,,(83) = j,,(83). For this, it is enough to show that
if A, B are sub-basic order types, with ¢(A) < ¢(B), then A @ B strongly
embeds into B. This, however, follows from a trivial variation of proposi-
tion 3.11 (replacing (Np41)™ with 8, 41 -+ Ny, 41, where p1,...,pm <
k). O

We thus have two ways of representing the successor cardinals below & %,
and the results of this paper give an algorithm for converting from one
representation to the other. Questions about the cardinals below 6}, may
thus be approached in either manner. To illustrate this, we compute the
cofinality of a successor cardinal below &%.

Theorem 4.2. Suppose 65 = N1 < Vo1 < Ryww,; = 05, Let a =
WO WP where w¥ > B > -+ > [, be the normal form for o.. Then:
o If 3, =0, then cof(k) = 04 = Ny 12
o If B, >0, and is a successor ordinal, then cof(k) = Ry .941.
o If B, >0 and is a limit ordinal, then cof (k) = N wi1.

We note that N, 49,8011, and N,wy; are the three regular cardinals
strictly between &1 and 8}, and are the ultrapowers of 83 by the three normal
measures on 5:1), (generated by the c.u.b. filter and the possible cofinalities
w,wi,ws). This is proved in [J1].

sketch. The proof in all cases is similar, so suppose (3, > 0 and is a limit.
Thus, 8, = w™ 4+ wW™-1 4 ... 4+w™ where m; > my_1 > --- > mq > 0. For
1 <4 < n, let D; be the sub-basic order type corresponding to (3;, that is,
c(D;) = wPi.

Let D= D1 ®---®D,. Thus, D, =N, y1----- Ny, 41- Also, k:=RNpyy =
Jup(83) from theorem 4.1. Let v be the wy—cofinal normal measure on J3.
We embed 7, (83) cofinally into k. Given [F],,, let 7([F]) = [G],,,, where for
g=(g1,-..,91) :<p— 03 of the correct type, G([gi], ..., [91]) = F(supgi).
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7 is easily well-defined and strictly increasing. An easy partition argument
using the weak partition relation on & é shows that 7 is also cofinal. O

Finally, we close by considering an example which illustrates the argu-
ments of this paper. Let S = (S,5%), m = 2, and d € D,,(S) with func-
tional representation d = ho(0)(-2). Let k = (id;d; S)(W?). The following
table lists the descriptions ¢, ..., q7 determining the blocks By,..., By, the
p; giving the depth of each block, and the rank r; := wdePth(Bi) of eack block.

Tg = W
g3 = ho(1)(h1(0)(1), )
p3 = ho(2)(h1(1)(v4,1,1), k5(0)(-1), 2)

r3=w’ w=w !

q4 = ho(1)('1,2)
pa = ho(2)(-1,k6(0)(-1), -2)
T4 = w?
a5 = ho(2)(-1,h1(0)(-1),-2)
ps = ho(2)(-1,ha(1)(v7,1,1), -2)
Ts = W

—_—~—

g6 = ho(2)(-1,h1(0)(1), -2)
pe = ho(2)(-1,h1(1)(78,1, 2)
Te — W

—_~—

qr = ho(1)(1,-2)
p7 = ho(2)(79,1, k10(0)(-1), -2)
r7:w‘ww:ww+l

r_]:‘l}llls7 KR = Nww+1+w+w+ww+wm+1+ww+1 - Nww+1,2+wm+1. FI‘OIIl theOI‘em 42,
cof (k) = Nywyg.
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