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Abstract

We propose axiomatizations of monadic second-order logic (MSO), monadic tran-
sitive closure logic (FO(TC!)) and monadic least fixpoint logic (FO(LFP!)) on finite
node-labeled sibling-ordered trees. We show by a uniform argument, that our ax-
iomatizations are complete, i.e., in each of our logics, every formula which is valid
on the class of finite trees is provable using our axioms. We are interested in this
class of structures because it allows to represent basic structures of computer sci-
ence such as XML documents, linguistic parse trees and treebanks. The logics we
consider are rich enough to express interesting properties such as reachability. On
arbitrary structures, they are well known to be not recursively axiomatizable.

We develop a uniform method for obtaining complete axiomatizations of fragments of
MSO on trees. In particular, we obtain a complete axiomatization for MSO, FO(TC!),
and FO(LFP?) on finite node labeled sibling-ordered trees. We take inspiration from Kees
Doets, who proposed in [4] a complete axiomatization of first-order logic (FO) on the class
of node-labeled finite trees without sibling-order. A similar result was shown in [1] and
[19] for FO on node-labeled finite trees with sibling order. We use the signature of [19]
and extend the set of axioms proposed there.

Finite trees are basic and ubiquitous structures which are of interest at least to math-
ematicians, computer scientists (tree-structured documents) and linguists (parse trees).
The logics we study are known to be very well-behaved on this particular class of struc-
tures and to have an interestingly high expressive power. In particular, they all allow to
express reachability, but at the same time, they have the advantage of being decidable on
trees.

As XML documents are tree-structured data, our results are particularly relevant to
XML query languages. Query languages are logical languages used to make queries into
database and information systems. In [20] and [8], MSO and FO(TC!) have been proposed
as a yardstick of expressivity on trees for these languages. It is known that FO(LFP!) has
the same expressive power as MSO on trees, but the translations between the two are
non-trivial, and hence it is not clear whether an axiomatization for one language can be
obtained from an axiomatization for the other language in any straightforward way.

*We are grateful to Jouko Vaandnen for helpful comments on an earlier draft. The authors are
supported by a GLoRiClass fellowship of the European Commission (Research Training Fellowship MEST-
CT-2005-020841) and by the Netherlands Organization for Scientific Research (NWO) grant 639.021.508,
respectively.



In applications to computational linguistics, finite trees are used to represent the
grammatical structure of natural language sentences. In the context of model theoretic
syntax, Rogers advocates in [18] the use of MSO in order to characterize derivation trees
of context free grammars. Kepser also argues in [12] that MSO should be used in order to
query treebanks. A treebank is a text corpus in which each sentence has been annotated
with its syntactic structure (represented as a tree structure). In [13] and [21] Kepser
and Tiede propose to consider various transitive closure logics, among which FO(TC!),
arguing that they constitute very natural formalisms from the logical point of view,
allowing concise and intuitive phrasing of parse tree properties.

The remainder of the paper is organized as follows: in Section 1 we present the concept
of finite tree and the logics we are interested in together with their standard interpretation.
Section 2 merely states our three axiomatizations. In Section 3, we introduce non standard
semantics called Henkin semantics, for which our axiomatizations are easily seen to be
complete. Section 4 introduces operations on Henkin structures: substructure formation
and a general operation of Henkin structures combination. We obtain Feferman-Vaught
theorems for this operation by means of Ehrenfeucht-Fraissé games. In Section 5, we prove
real completeness (that is, on the restricted class of finite trees). For that purpose, we
consider substructures of trees that we call forests and use the general operation discussed
in Section 4 to combine a set of forests into one new forest. Our Feferman-Vaught theorems
apply to such constructions and we use them in our main proof of completeness, showing
that no formula of our language can distinguish Henkin models of our axioms from real
finite trees. We also point out that every standard model of our axioms actually is a finite
tree.

We provide additional proofs in Appendix. Appendix A contains proofs of Henkin
completeness theorems for our logics. Appendix B contains the proof a relativization
lemma that we use in Section 4 and Section 5.2 in order to show that whenever a property
is definable in a substructure of some given structure, then it is also definable in this
structure. Appendix C contains the definitions and adequacy proofs of three Ehrenfeucht-
Fraissé games that we use in Appendix D to prove our Feferman-Vaught theorems.

1 Preliminaries

1.1 Finite Trees

A tree is a partially ordered set such that the set of predecessors of any element (or node)
is well-ordered (a set is well-ordered if all its non-empty subsets have a least element) and
there is a unique smallest element called the root. We are interested in finite node-labeled
sibling-ordered trees: finite trees in which the children of each node are linearly ordered.
Also, the nodes can be labeled by unary predicates. We will call these structures finite
trees for short.

Definition 1 (Finite tree). Assume a fixed finite set of unary predicate symbols
{Py,...,P,}. By a finite tree, we mean a finite structure MM = (M, <, <, P,,..., B,),
where (M, <) is a tree (with < the descendant relation) and < linearly orders the chil-
dren of each node.



1.2 Three Extensions of First-Order Logic

In this section, we introduce three extensions of FO: MSO, FO(TC!) and FO(LFP!). In
the remaining of the paper (unless explicitly stated otherwise), we will always be working
with a fixed purely relational vocabulary ¢ (i.e. with no individual constant or function
symbols) and hence, with o-structures. We assume as usual that we have a countably
infinite set of first-order variables. In the case of MSO and FO(LFP?'), we also assume that
we have a countably infinite set of set variables. The semantics defined in this section we
will refer to as standard semantics and the associated structures, as standard structures.

We first introduce monadic second order logic, MSO, which is the extension of first-
order logic in which we can quantify over the subsets of the domain.

Definition 2 (Syntax and semantics of MSO). Let At be a first-order atomic formula,
x a first-order variable and X a set variable, we define the set of MSO formulas in the
following way:

o=At| Xz | oAy |oVY | o=t |9 [Tr¢]IX ¢
We use VX¢ (resp. Vz¢) as shorthand for =3X—¢ (resp. —3Ix—¢). We define the

quantifier depth of a MSO formula as the maximal number of first-order and second-order
nested quantifiers. We interpret MSO formulas in first-order structures. Like for FO
formulas, the truth of MSO formulas in 901 is defined modulo a valuation g of variables as
objects. But here, we also have set variables, to which ¢ assigns subsets of the domain.
We let g[a/x] be the assignment which differs from ¢ only in assigning a to x (similarly
for g[A/X]). The truth of atomic formulas is defined by the usual FO clauses plus the
following:
M, g = Xz iff g(z) € g(X) for X a set variable

The truth of compound formulas is defined by induction, with the same clauses as in
FO and an additional one:

M, g = IX ¢ iff there is A C M such that M, g[A/X] = ¢

The second logic we are interested in is monadic transitive closure logic, FO(TC!),
which extends FO by closing it under the transitive closure of binary definable relations.

Definition 3 (Syntax and semantics of FO(TC!)). Let u, v, z,y be first-order variables,
o(x,y) a FO(TC!) formula (which, besides z and y, possibly contains other free variables),
we define the set of FO(TC!) formulas in the following way:

¢=At | Xz | gAY | oV | o= |29 |3z | [TCoye(z,y)](u,v)

We use V¢ as shorthand for —3x—¢. We define the quantifier depth of a FO(TC!)
formula as the maximal number of nested first-order quantifiers and T'C' operators. We
interpret FO(TC!) formulas in first-order structures. The notion of assignation and the
truth of atomic formulas is defined as in FO. The truth of compound formulas is defined
by induction, with the same clauses as in FO and an additional one:

M, g = [TCryl(u,v)
iff
for all A C M, if g(u) € A
and for all a,b € M, a € A and M, gla/z,b/y] = ¢(x,y) implies b € A,
then g(v) € A.
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Proposition 1. On standard structures, the following semantical clause for the TC op-
erator 1s equivalent to the one giwen above:

M, g = [TCayo(x, y)](u,v)
if
there exist a; .. .a, € M with g(u) = a; and g(v) = a,
and M, g E d(a;, a;41) for all0 <i<n

Proof. Indeed, suppose there is a finite sequence of points a . ..a, such that g(u) = ay,
g(v) = an, and for each i < n, M, g[z/a;; y/a;+1] = ¢. Then for any subset A containing
a1 and which is closed under ¢, we can show by induction on the length of the sequence
ai ...a, that a, belongs to A. Now, on the other hand, suppose that there is no finite
sequence like described above. To show that there is a subset A of the required form, we
simply take A to be the set of all points that “can be reached from u by a finite sequence”.
By assumption, v does not belong to this set and the set is closed under ¢. ]

Intuitively this means that for a formula of the form [T'C,,¢](u, v) to hold on a standard
structure, there must be a finite “¢ path” between the points that are named by the
variables u and v.

Finally we will also be interested in monadic least fixpoint logic (FO(LFP)), which
extends FO with set variables and an explicit monadic least fixpoint operator. Consider a
FO(LFP!) formula ¢(X,x) and a structure 9 together with a valuation g. This formula
induces an operator Fy taking a set A C dom(9M) to the set {a : M, gla/ X, A/ X] = ¢}.
FO(LFP!) is concerned with least fizpoints of such operators. If ¢ is positive in X (a
formula is positive in X whenever X only occurs in the scope of an even number of
negations), the operator Fy is monotone (i.e. X C Y implies Fyy(X) C Fy(Y)). Monotone
operators always have a least fixpoint LFP(F) = ({X|F(X) C X} (defined as the
intersection of all their prefixpoints).

Definition 4 (Syntax and semantics of FO(LFP')). Let X be a set variable, x,y FO
variables, ¥, ¢ FO(LFP') formulas and ¢(z, X) a FO(LFP') formula positive in X (besides
r and X, ¢(z, X) possibly contains other free variables), we define the set of FO(LFP?)
formulas in the following way:

b= AL Xy | OAE|OVE| Y — €|~ | Fw g | [LFP,xo(z, X)ly
We use Vz1) as shorthand for =3z—1). We define the quantifier depth of a FO(LFP) for-

mula as the maximal number of nested first-order quantifiers and LF P operators. Again,
we can interpret FO(LFP!) formulas in first-order structures. The notion of assignation
and the truth of atomic formulas are defined similarly as in the MSO case. The truth
of compound formulas is defined by induction, with the same clauses as in FO and an
additional one:

M, g = [LEP: x0ly
iff
for all A C dom(M), if for all a € dom(M), M, gla/z, A/ X] = ¢(x, X) implies a € A,
then g(y) € A.

Remark 1. In practice we will use an equivalent (less intuitive but often more convenient)
rephrasing:

M, g b= [LFP: xdly
iff
for all A C dom (M), if g(y) ¢ A,
then there exists a € dom(9M) such that a ¢ A and M, gla/x, A/ X] = ¢(z, X).



1.3 Expressive Power

There is a recursive procedure, transforming any FO(LFP!) formula ¢ into a MSO formula
¢’ such that M, g = ¢ iff M, g = ¢’. The interesting clause is ([LF P, x¢(z, X)]y) =
VX (Vz(p(z, X) — Xz) — Xy). (The other ones are all of the same type, e.g. (pA)* =
(¢* A 1p*).) This procedure can easily be seen adequate by considering the semantical
clause for the LF P operator.

Now there is also a recursive procedure transforming any FO(TC!) formula ¢ into
a FO(LFP!) formula ¢” such that M, g | ¢ iff M, g | ¢”. The interesting clause is
([TCLyp)(u,v))" = [LF Pxyy = uV3z((XxA¢(z,y)"))]v. Let us give an argument for this
claim. By Proposition 1 it is enough to show that [LF Px,y = uV3z(XxA¢(x,y)")]v holds
if and only if there is a finite ¢” path from u to v. For the right to left direction, suppose
there is such a path a; ... a, with g(u) = a; and g(v) = a,,. Then, for any subset A of the
domain, we can show by induction on ¢ that if for all a; (1 < i <n), a; = u V Jz((Azx A
¢(x,a;)") implies a; € A, then v € A, ie., [LFPx,y = uV 3z((Xz A ¢(z,y)"))]v holds.
Now for the left to right direction, suppose there is no such ¢” path. Consider the set A of
all points that can be reached from u by a finite ¢” path. By assumption, =Av and it holds
that Vy((y = w vV Jz(Ax A ¢(z,y)")) — Ay), ie., 7[LFPx,y = uV 3z( Xz A ¢(z,y)")|v.

It is known that on arbitrary structures FO(TC!) < FO(LFP!) < MSO (see [5]) and on
trees FO(TC') <rees FO(LFP!) =4ccs MSO (see [20] and [17]). It is also known that the
(not FO definable) class of finite trees is already definable in FO(TC!) (see for instance
[13]), which is the weakest of the logics studied here. We provide additional detail in
Section 5.3.

2 The Axiomatizations

As many arguments in this paper equally hold for MSO, FO(TC!) and FO(LFP'), we
let A € {MSO,FO(TC!),FO(LFP')} and use A as a symbol for any one of them. The
axiomatization of A on finite trees consists of three parts: the axioms of first-order logic,
the specific axioms of A, and the specific axioms on finite trees.

To axiomatize FO, we adopt the infinite set of logical axioms and the two rules of
inference given in Figure 1 (like in [6], except from the fact that we use a generalization
rule). To axiomatize MSO, the axioms and rule of Figure 2 are added to the axiomatization
of FO. We call the resulting system Fyso. COM P. stands for “comprehension” by analogy
with the comprehension axiom of set theory. M SO1 plays a similar role as FO2, M SO2
as FO3 and MSO3 as FO4. To axiomatize FO(TC!), the axiom and rule of Figure 3 are
added to the axiomatization of FO. We call the resulting system Fgg(rc1). To axiomatize
FO(LFP!), the axiom and rule of Figure 4 are added to the axiomatization of FO. We call
the resulting system bFro( pp1y. We are interested in axiomatizing A on the class of finite
trees. For that purpose we restrict the class of considered structures by adding to 5 the
axioms given in Figure 5. We call the resulting system F5¢. Note that the induction
scheme in Figure 5 allows to reason by induction on properties definable in A only. Also,
for technical convenience, we adopt the following convention:

Definition 5. Let I" be a set of A-formulas and ¢ a A-formula. By I' k5 ¢ we will always
mean that there are 9y,...,1, € I such that F (Y1 A ... Ay,) — ¢.

Now the main result of this paper is that on standard structures, the A theory of finite
trees is completely axiomatized by FY¢. In the remaining sections we will progressively
build a proof of it.



FOL1. Tautologies of sentential calculus

FO2. FVYz¢ — ¢f, where ¢ is substitutable for x in ¢

FO3. FVz(p — ) — (Vagp — V)

FO4. F ¢ — Va¢, where x does not occur free in ¢

FO5. Fox=x

FOG. Fx=y— (¢ — 1), where ¢ is atomic and 1) is obtained

from ¢ by replacing x in zero or more (but not necessarily
all) places by y.

Modus Ponens if - ¢ and F ¢ — 1, then - 1

FO Generalization if - ¢, then F V¢

Figure 1: Axioms and rules of FO

COMP. F3XVz(Xz < ¢), where X does not occur free in ¢

MSOL1. FVX¢ — ¢[X/T], where T' (which is either a set variable
or a monadic predicate) is substitutable in ¢ for X.

MSO2. FVX (¢ — 1Y) — (VX — VX))

MSO3. F ¢ — VX ¢, where X does not occur free in ¢

MSO Generalization if = ¢, then - VX ¢

Figure 2: Axiom and inference rule of MSO

FO(TC') axiom - [Tyl 0) — () AVaYy(5(2) A Bl ) — (1)) — $(v))
where 1) is any FO(TC!) formula

FO(TC') Generalization if =& — ((P(u) A VaVy(P(x) A ¢(x,y) — P(y))) — P(v)),
and P does not occur in &,
then - & — [T'Cyy¢](u,v)

Figure 3: Axiom and inference rule of FO(TC!)

FO(LFP!) axiom HILFP, x¢ly — (Ve(o(x,v) — ¥(x)) — ¥(y))
where ¢ is any FO(LFP!) formula and ¢(x,) is the result
of the replacement in ¢(z, X) of each occurrence of X by v
(renaming variables when needed)

FO(LFP') Generalization if - & — (Vx(¢(z, P) — P(x)) — P(y)),
and P positive in ¢ does not occur in &,
then - & — [LF Px .¢](y)

Figure 4: Axiom and inference rule of FO(LFP')



T1. Veyz(e <yANy<z—x < z) < is transitive

T2. —Jz(r < z) < is irreflexive

T3. Vaey(z <y — 32(x <imm 2 A 2 < y)) immediate children

T4. JxVy—(y < x) there is a root

T5. Veyz(e < zAy<z—ax<yVy<z) linearly ordered ancestors
T6. Veyz(z <yANy<z—x < 2) < is transitive

T7. —Jz(r < x) < is irreflexive

TS. Vey(z <y — 32(x <imm 2 A 2 2 Y)) immediately next sibling
T9 Vedy(y <z A—3z(z < y)) there is a least sibling

T10. Vay((z <yVy <z) < (F2(2 <imm TN 2 <imm Y) NT # Yy))

< linearly orders siblings

T1l. Vey(r=yVez<yVy<zVIy@ <zAy <yA@ <y VvVy <))
connectedness

Ind.  Va(My((z <yVz<y)— dy) — () — Veo(z)

where
¢(x) ranges over A-formulas in one free variable x

and
T <imm Y is shorthand for x < y A =3z(z <y Az < 2),
& <imm ¥ is shorthand for x < y A —3z(x < 2 Az < y)

Figure 5: Specific axioms on finite trees
3 Henkin Completeness

As it is well known, MSO, FO(TC!) and FO(LFP!) are highly undecidable on arbitrary
standard structures (by arbitrary, we mean any sort of structure: infinite trees, arbitrary
graphs, partial orders. ..) and hence not recursively enumerable. So in order to show that
our axiomatizations F ¢ are complete on finite trees, we resort to a special trick, already
used by Kees Doets in his PhD thesis [4]. We proceed in two steps. First, we show three
Henkin completeness theorems, based on non standard (so called Henkin) semantics for
MSO, FO(TC') and FO(LFP!) (on the general topic of Henkin semantics, see [10], the
original paper by Henkin and also [16]). Each semantics respectively extends the class of
standard structures with non standard (Henkin) MSO, FO(TC') and FO(LFP!)-structures.
By the Henkin completeness theorems, our axiomatic systems =4 naturally turn out to
be complete on the wider class of their Henkin-models. But by compactness, some of
these models are infinite. As a second step, we show in Section 5 that no A-sentence can
distinguish between standard and mon-standard A-Henkin-models among models of our
azioms. This entails that our axioms are complete on the class of (standard) finite trees,
i.e., each A-sentence valid on this class is provable using F{¢. Now let us point out that
Kees Doets was interested in the completeness of first-order logic on finite trees. Thus,
he was relying on the FO completeness theorem and if he was working with non-standard
models of the FO theory of finite trees, he was not concerned with non standard Henkin-
structures in our sense. Hence, what makes the originality of the method developed in this
paper is its use of Henkin semantics. So let us begin with the concept of Henkin-structure.
Such structures are particular cases among structures called frames and it is convenient
to define frames before defining Henkin-structures.

Definition 6 (Frames). Let o be a purely relational vocabulary. A o-frame 91 consists



of a non-empty universe dom(9N), an interpretation in dom(9M) of the predicates in o and
a set of admissible subsets Agy C p(dom(N)).

Whenever Agy = p(dom(9)), M can be identified to a standard structure. Assign-
ments ¢ into 9 are defined as in standard semantics, except that if X is a set variable,
then we require that g(X) € Agy.

Definition 7 (Interpretation of A-formulas in frames). A-formulas are interpreted in
frames as in standard structures, except for the three following clauses. The set quantifier
clause of MSO becomes:

M, g = X ¢ iff there is A € Agy,. such that M, g[A/X] = ¢
The T'C clause of FO(TC!) becomes:

M, g b= [TCoyt] (1, v)
ift
for all A € Agy, if g(u) € A
and for all a,b € dom(IM), a € A and M, g[x/a,b/y| |= ¢ imply b € A,
then g(v) € A.

And finally the LF P clause of FO(LFP') becomes:

M, g = [LEP, x9ly
iff

for all A € Agy, if for all a € dom(9M), M, gla/z, A/ X] = ¢(x, X) implies a € A,
then g(y) € A.

Definition 8 (A-Henkin-Structures). A A-Henkin-structure is a frame 91 that is closed
under A-definability, i.e., for each A-formula ¢ and assignment ¢ into 91:

{a € MO, gla/x] = ¢} € A

Remark 2. Note that any finite A-Henkin-structure is a standard structure, as every
subset of the domain is parametrically definable in a finite structure. Hence, non standard
Henkin structures are always infinite.

Theorem 1. A is completely aziomatized on A-Henkin-structures by Fu, i.e., for every
set of A-formulas T' and A-formula ¢, ¢ is true in all A-Henkin-structures of I' if and
only if I' Fx o¢.

Proof. The proofs are given in Appendix A (Theorems 5, 6, 7). O]

Compactness follows directly from Definition 5 and Theorem 1, i.e., a possibly infinite
set of A-sentences has a model if and only if every finite subset of it has a model. It also
follows directly from Theorem 1 that F{¢ is complete on the class of its A-Henkin-models.
Nevertheless, by compactness the axioms of F“ are also satisfied on infinite trees. We
overcome this problem by defining a slightly larger class of Henkin structures, which we
will call definably well-founded A-quasi-trees.!

Definition 9. A A-quasi-tree is any A-Henkin structure (7, <, <, P, ..., P,, Ar) (where
Ar is the set of admissible subsets of T') satisfying the axioms and rules of -, and the
axioms T1-T11 of Figure 5. A A-quasi-tree is definably well founded if, in addition, it
satisfies all instances of the induction scheme Ind of Figure 5.

Corollary 1. A A-Henkin-structure satisfies the axioms of F{¢ if and only if it is a
definably well-founded A-quasi-tree.

'For a nice picture of a non definably well-founded quasi-tree see [1].
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4 Operations on Henkin-Structures

Let A € {MSO,FO(TC"),FO(LFP')}. As noted in Remark 2, every finite A-Henkin struc-
ture is also a standard structure. Hence, when working in finite model theory, it is enough
to rely on the usual FO constructions to define operations on structures. On the other
hand, even though our main completeness result concerns finite trees, inside the proof we
need to consider infinite (A-Henkin) structures and operations on them. In this context,
methods for forming new structures out of existing ones have to be redefined carefully.
We first propose a notion of substructure of a A-Henkin-structure generated by one of its
parametrically definable admissible subsets:

Definition 10 (A-substructure). Let 9 = (dom(9M), Pred, Agy) be a A-Henkin-structure
(where Pred is the interpretation of the predicates). We call Mpo = (dom (M), Pred)
the FO-structure underlying 9. Given a parametrically definable set A € Agy, the A-
substructure of M generated by A is the structure MM [ A = ((A)mpp, Aompa), where
(A)ompe, 1s the FO-substructure of Mpo generated by A (note that A forms the domain
of (A)om,,, as the vocabulary is purely relational) and Agpia = {X N A|X € Agn}.

/

Proposition 2. Take M and A as previously and consider the structure (9 [ A) =
(<A>9ﬁFo,A(gm[A)/), where A(gm[A)/ = {X < Agﬁ|X - A} Whenever MM is a MSO-Henkin
structure or a FO(LFP")-Henkin structure, MM | A and (I | A) are one and the same
structure.

Proof. Indeed, take B € Agna. So there exists B’ € Agy such that B = B’ N A. We
want to show that also B'N A € Awgnay ie. B'NA C A (which obviously holds) and
B'NA € Agy. The second condition holds because both B’ and A are definable in 91,
so their intersection also is (B'N A = {z | M | Az A B'z}). Conversely, consider
B € Awnjay, so B € Agy (because B = BN A) and B C A. O

Now, in order to show that A-substructures are Henkin-structures, we introduce a
notion of relativization and a corresponding relativization lemma. This lemma establishes
that for any A-Henkin-structure 9t and A-substructure 9t [ A of M (with A a set
parametrically definable in 90), if a set is parametrically definable in 9t [ A then it
is also parametrically definable in 9t. This result will be useful again in Section 5.2.

Definition 11 (Relativization mapping). Given two A-formulas ¢, ¥ having no vari-
ables in common and given a FO variable x, we define REL(¢,, z) by induction on the
complexity of ¢ and call it the relativization of ¢ to :

e If ¢ is an atom, REL(¢, ¢, x) = ¢,
o If ¢ :~ ¢y Ao, REL(¢, %), 2) = REL(¢y, 1), 2) NREL(¢2, v, x) (similar for vV, —, =),

o If ¢ := Jyx, REL(¢p, v, x) = Jy(Yly/x) ANREL(x, ¥, z)) (where ¢[y/z] is the formula
obtained by replacing in 1) every occurrence of z by y),

o If ¢ :~3Yx, REL(¢,¢,x) =Y ((Yx — ) N REL(x, v, x)),
o If ¢~ [TCyx|(u,v), REL(¢, ¥, x) = [TCy.REL(x, v, x) A Yly/x] A v[z/x])(u, v),
o If ¢ .= [LF Px, x|z, REL(¢p, v, x) i~ [LEF Px,x N\ Y]y/x]]z.



Lemma 1 (Relativization lemma). Let 9 be a A-Henkin-structure, g a valuation on 9,
o, ¥ A-formulas and A = {xz | M, g = ¥}. If g(y) € A for every variable y occurring
free in ¢ and g(Y) € M | A for every set variable Y occurring free in ¢, then M, g =
REL(¢,1,x) &M | A.g | o.

Proof. Given in Appendix B (Lemma 13). O
Lemma 2. 9 [ A is a A-Henkin-structure.

Proof. Take B parametrically definable in 9t | A, i.e., there is a A-formula ¢(y) and
an assignment g such that B = {a € dom(M [ A) | M | A, gla/y] E ¢(y)}. Now
we know that A is also parametrically definable in 901, i.e., there is a A-formula ¥ (x)
and an assignment ¢’ such that A = {a € dom(IM) | M, ¢'[a/z] = ¥(x)}. Assume
w.l.o.g. that ¢ and 1) have no variables in common, we define an assignment ¢g* by letting
g*(z) = ¢'(z) for every variable z occurring in ¢ and ¢g*(z) = g(z) otherwise. The situation
with set variables is symmetric. Now by Lemma 1, B = {a € dom(IM) | M, g*[a/z] E
REL(¢,1,2)} and hence B € Agya. H

There is in model theory a whole range of methods to form new structures out of
existing ones. A standard reference on the matter is [7], written in a very general alge-
braic setting. Familiar constructions like disjoint unions of FO-structures are redefined
as particular cases of a new notion of generalized product of FO-structures and abstract
properties of such products are studied. In particular, an important theorem now called
the Feferman-Vaught theorem for FO is proven. We are particularly interested in one of its
corollaries, which establishes that generalized products of FO-structures preserve elemen-
tary equivalence. This is related to our work in that we show an analogue of this result for
a particular case of generalized product of A-Henkin-structures that we call fusion, this
notion being itself a generalization of a notion of disjoint unions of A-Henkin-structures
that we also define.

Definition 12 (Disjoint union of A-Henkin-structures). Let o be a purely relational
vocabulary and 0* = cU{Q1, ..., Q}, with {Q1, ..., Qx} a set of new monadic predicates.
For any A-Henkin-structures 91, ...,9M, in vocabulary ¢ with disjoint domains, define
their disjoint union \#,.,., 9, (or, direct sum) to be the o*-frame that has as its domain
the union of the domains of the structures 9; and likewise for the relations, except for
the predicates ();, whose interpretations are respectively defined as the domain of the
structures 9; (we will use Q; to index the elements of M;). The set of admissible subsets
Ay, _._, o 1s the closure under finite union of the union of the sets of admissible subsets
of the ;. That is:

d dom(@gigk m;) = U1gigk dom(M;)

Wicicr M

o PYicick M _ Ulgigk PP (with P € o) and Q; = dom(9M;)

o A€ Ay, iff A=U o Ai for some A; € Agy,
It is shown in Appendix D that disjoint unions of A-Henkin-structures are also A-
Henkin-structures (Corollaries 7, 11, 15).

Definition 13 (f-fusion of A-Henkin-structures). Let o be a purely relational vocabulary
and 0* = o U{Q1,...,Q}, with {Q1,...,Qx} a set of new monadic predicates. Let f
be a function mapping each n-ary predicate P € o to a quantifier-free formula over o*
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in variables x1,...,x,. For any A-Henkin-structures 9, ..., 9 in vocabulary o with
disjoint domains, define their f-fusion to be the o-frame @{ <i<p M, that has the same
domain and set of admissible subsets as (#,..., 9;. For any P € o, the interpretation of

P in @{gigk O, is the set of n-tuples satisfying f(P(z1...2,)) in |, .

An easy example of f-fusion on standard structures? is the ordered sum of two linear
orders (M, <1), (Ms, <5), where all the elements of M; are before the elements of M;. In
this case, o consists of a single binary relation <, the elements of M; are indexed with
()1, those of My with Q2 and f maps < to z <y V (Q1z A Q2y).

We show preservation results involving f-fusions of A-Henkin-structures. Hence
we deal with analogues of elementary equivalence for these logics and we refer to A-
equivalence.

Definition 14. Given two A-Henkin-structures 9t and 0, we write 9T =, O and say that
M and N are A-equivalent if they satisfy the same A-sentences. Also, for any natural
number n, we write 9 =} I and say that 9 and N are n-A-equivalent if M and N

satisfy the same A-sentences of quantifier depth at most n. In particular, 9t =, 91 holds
iff, for all n, 9T =% 91 holds.

Now we are ready to introduce our “Feferman-Vaught theorems”. Comparable work
had already been done by Makowski in [15] for extensions of FO, but a crucial difference
is that he only considered standard structures, whereas we need to deal with A-Henkin-
structures. Our proofs make use of Ehrenfeucht-Fraissé games (defined in Appendix C:
Definitions 24, 25, 26) for each of the logics A. The MSO game, that we show to be
adequate, is rather straightforward and has already been used by other authors (see for
instance [14]). The FO(LFP') game is borrowed from Uwe Bosse [2]. It also applies to
Henkin structures, as careful inspection of its adequacy proof shows. The FO(TC!) game
has already been mentioned in passing by Grédel in [9] as an alternative to the game
he used and we show that it is adequate. It looks also similar to a system of partial
isomorphisms given in [3]. However it is important to note that this game is different
from the FO(TC!) game which is actually used in [9]. The two games are equivalent when
played on standard structures, but not when played on FO(TC!)-Henkin structures. This
is so because the game used in [3] relies on the alternative semantics for the T'C' operator
given in Proposition 1, so that only finite sets of points can be chosen by players ; whereas
the game we use involves choices of not necessarily finite admissible subsets. These are
not equivalent approaches. Indeed, on FO(TC!)-Henkin structures a simple compactness
argument shows that the semantical clause of Proposition 1 (defined in terms of existence
of a finite path) is not adequate.

Using these games we show that f-fusions of A-Henkin-structures preserve A-
equivalence.

Theorem 2. Let 9M; M, with 1 < i < k be A-Henkin-structures. For any f such as
described in definition 13, whenever M; =} N; for all 1 <@ < k, then also @{gigk m; =%
@{gigk ;.

Proof. The proofs are given in the second Appendix (Theorem 12 and Corollaries 8 and
12). 0

As shown in Appendix D (Theorem 5 and Corollaries 9, 13) analogues of these theo-
rems for disjoint union follow as well.

2Tt is simpler to give an example on standard structures, because then, we do not have to say anything
about admissible sets.
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Proposition 3. For any A-Henkin-structures O; with 1 < i < k, @{gigk I, is also a
Henkin structure.

Proof. The proofs are given in Appendix D (Corollaries 6, 10 and 14). [

5 Completeness on Finite Trees

5.1 Forests and Operations on Forests

In Section 5.2, we will prove that no A-sentence can distinguish A-Henkin-models of F{
from standard models of FY*¢. More precisely, we will show that for each n, any definably
well-founded A-quasi-tree is n-A-equivalent to a finite tree. In order to give an inductive
proof, it will be more convenient to consider a stronger version of this result concerning
a class of finite and infinite Henkin structures that we call quasi-forests. In this section,
we give the definition of quasi-forest and we show how they can be combined into bigger
quasi-forests using the notion of fusion from Section 4. Whenever quasi forests are finite,
we simply call them finite forests. As a simple example, consider a finite tree and remove
the root node, then it is no longer a finite tree. Instead it is a finite sequence of trees,
whose roots stand in a linear (sibling) order.® It does not have a unique root, but it does
have a unique left-most root. For technical reasons it will be convenient in the definition
of quasi forests to add an extra monadic predicate R labelling the roots.

Definition 15 (A-quasi-forest). Let T' = (dom(T), <, <, Py,...,... Py, Ar) be a A-quasi-
tree. Given a node a in T, consider the A-substructure of 7' generated by the set
{z | 3z(a % 2z Az < x)}, which is the set formed by a together with all its siblings
to the right and their descendants. The A-quasi-forest T, is obtained by labeling each
root in this substructure with R (Rx <4 73y y < x). Whenever T is a tree, we simply
call T,, a forest.

We will show in our main proof of completeness that for each n and for each node a
in a A-Henkin definably well-founded quasi-tree, the A-quasi-forest T, is n-A-equivalent
to a finite forest. Our proof will use a notion of composition of A-quasi-forests which is a
special case of fusion. Given a single node forest F; and two A-quasi-forests F5 and Fj,
we construct a new A-quasi-forest @M (Fy, Fy, Fy) by letting the only element in F}
be the left-most root, the roots of 5 become the children of this node and the roots of Fj
become its siblings to the right. We then derive a corollary of Theorem 2 for compositions
of A-quasi-forests and use it in Section 5.2.

Definition 16. Let 0 = {<,<,R, P;,...,P,}, be a relational vocabulary with only
monadic predicates except < and <. Given three additional monadic predicates
Q1, 2, 3, we define a mapping COMP from ¢ to quantifier-free formulas over o U

{Q1,Q2, Q3} by letting
e COMP(x <y)=z<yV(Qi(x) A Qx(y))

e COMP(zx <y)=z<yV(Qi(z) NQs(y) N R(y))
e COMP(R(z)) = (Qs(z) A R(x)) V Q1(x))

Corollary 2. Let F} be a single node forest and Fj, F5 A-quasi forests. If F;, =} F) and
Fy = Fj then @M (Fy, Fy, Fy) =3 @MY (R, F, F}).

3Note that, as far as roots are concerned, two nodes can be siblings without sharing any parent. This
would not happen in a quasi tree.
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5.2 Main Proof of Completeness

Lemma 3. For all n € N, every definably well-founded A-quasi-tree of finite signature
is n-A-equivalent to a finite tree. In particular, a A-sentence is valid on definably well-
founded A-quasi-trees iff it is valid on finite trees.

Proof. Let T be a A-quasi-tree, w.l.o.g. assume that a monadic predicate R labels its
root. During this proof, it will be convenient to work with A-quasi-forests. Note that
finite A-quasi-forests are simply finite forests and finite A-quasi-trees are simply finite
trees. Let X, be the set of all nodes a of T" for which it holds that T, is n-A-equivalent
to a finite forest. We first show that ”belonging to X,,” is a property definable in T
(Claim 1). Then, we use the induction scheme to show that every node of a definably
well-founded A-quasi-tree (and in particular, the root) has this property (Claim 2).

Claim 1: X, is invariant for n 4+ 1-A-equivalence (i.e., (T,a) =5, (T,b) implies that
a € X, iff b € X)), and hence is defined by a A-formula of quantifier depth n + 1.

Proof of claim. Suppose that (T,a) =2, (T,b). We will show that 7, =) T, and
hence, by the definition of X,,, a € X,, iff b € X,,. By the definition of A-quasi-forests,
dom(T,) ={z | Jz(a < zAz < z)}. Let ¢ be any A-sentence of quantifier depth n. We can
assume w.l.o.g. that ¢ does not contain the variables z and x (otherwise we can rename
in ¢ these two variables). By lemma 1, (T, a) = REL(¢,3z(a = 2Nz < z),z) iff T, |= ¢.
Notice that REL(¢,3z(a = zAz < z),x) expresses precisely that ¢ holds in (7', a) within
the subforest T,. Moreover, the quantifier depth of REL(¢$,3z(a < z A z < x) is at most
n+ 1. It follows that (T,a) = REL(¢,3z(a < 2 ANz < x),z) iff (T,b) = REL(¢,3z(b <
2Nz <ux),x), and hence T, | ¢ iff T, = ¢.

For the second part of the claim, note that, up to logical equivalence, there are only
finitely many A-formulas of any given quantifier depth, as the vocabulary is finite. -

Claim 2: If all descendants and siblings to the right of a belong to X, then a itself
belongs to X,,.

Proof of claim. Let us consider the case where a has both a descendant and a following
sibling (all other cases are simpler). Then, by axioms T3, T5, T8, T9 and T10, a has
a first child b, and an immediate next sibling ¢. Moreover, we know that both b and
c are in X,,. In other words, T, and 7, are n-A-equivalent to finite forests 7, and 7.
Now, we construct a finite A-quasi-forest 7, by taking a COM P-fusion of T}, T and
of the A-substructure of 7" generated by {a}, which unique element becomes a common
parent of all roots of T} and a left sibling of all roots of T!. So we get T, = @“°M(T |
{a},T},T. )) It s not hard to see that 7 is again a finite forest. Moreover, by the fusion
lemma, @““MP(T | {a}, T, T.)) =2 T!. Now to show that @M (T | {a}, T}, T.))
is isomorphic to T, (which entails T, =2 T! i.e. T, is n-A-equivalent to a finite forest)
it is enough to show Ay, = A BEOME (T{a} Ty, T2 It holds that A BOOMP (T o} Ty Te) & C Ag,
because we can define in T, each such union of sets by means of a disjunction. Now to
show A, C A@COMP( THa} Ty T take A € Ar,, 50 A = AjUA;UA3 with Ay € Agyqay, Az €
Aq,, As € Ag,. The domain of each of these three structures is definable in 7,, let say ¢;
defines dom(T | {a}), ¢ defines dom(T}) and ¢5 defines dom(T,). So each A; component
is definable in T, (just take the conjunction ¢;(z)AAx). But then A; was already definable
in @“°MP(T 1 {a}, Ty, T.) (by construction of this structure). .
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It follows from these two claims, by the induction scheme for definable properties,
that X, contains all nodes of the A-quasi-tree, including the root, and hence T' is n-A-
equivalent to a finite tree. For the second statement of the lemma, it suffices to note that
every A-sentence has a finite vocabulary and a finite quantifier depth. O]

Theorem 3. Let A € {MSO, FO(TC'), FO(LFP')}. The A-theory of finite trees is com-
pletely axiomatized by 4.

Proof. Theorem 3 follows directly from Lemma 3 and Corollary 1. n

5.3 The set of F{“ consequences defines the class of finite trees

Proposition 4 shows together with Theorem 3 that on standard structures, the set of
Hiee consequences actually defines the class of finite trees. That is, 4 has no infinite
standard model at all.

Proposition 4. Let A € {FO(TC'), FO(LFP"), MSO}. On standard structures, there is a
A-formula which defines the class of finite trees.

Sketch of the proof. Tt is enough to show it for A = FO(TC!). It follows by Section 1.3
that it also holds for MSO and FO(LFP?).

We merely give a sketch of the proof. For additional details we refer the reader to
[13]. It can be shown that on standard structures, the finite conjunction of the axioms
T1-T11 in Figure 5 “almost” defines the class of finite trees, i.e. any finite structure
satisfying this conjunction is a finite tree. Now we will explain how to construct an other
sentence, which together with this one, actually defines on arbitrary standard structures
the class of finite trees. Let L be a shorthand for the formula labelling the leaves in
the tree (Lz <4y —-3yr < y) and R a shorthand for the formula labelling the root
(Rr <4y Jyy < x). Consider the depth-first left-to-right ordering of nodes in a tree
and the FO(TC!) formula ¢(z,y) saying “the node that comes after x in this ordering is

2

Y
O(z,y) = (CLr AT <imm Yy AN —322 <Y)V (Le AT <imm y) V (Le A—Fzx < 2 AFz(z <
TAZ <imm YA Fww <z Az <wA W <imm w))

There is also a FO(TC!) formula which says that “x is the very last node in this ordering”.
¢(x,y) can be combined with this formula into an FO(TC!) formula x expressing that the
tree is finite by saying that (we rely here for the interpretation of x on the alternative
semantics for the T'C' operator given in Proposition 1) “there is a finite sequence of nodes
x1 ...x, such that x; is the root, z;;1 the node that comes after x; in the above ordering,
for all ¢, and x,, is the very last node of the tree in the above ordering”.

X =~ Judz(Rz A [TChy|(z,u) A =3 (u # u' A [TCyyd)(u,u’)))

Theorem 4. The set of F° consequences defines the class of finite trees.

Proof. By Proposition 4 we can express in A by means of some formula x that a structure
is a finite tree. So x is necessarily a consequence of F{* (as it is a A-formula valid on the
class of finite trees). O
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6 Conclusions

In this paper, taking inspiration from Kees Doets [4] we developed a uniform method for
obtaining complete axiomatizations of fragments of MSO on finite trees. For that purpose,
we had to adapt classical tools and notions from finite model theory to the specificities
of Henkin semantics. The presence of admissible subsets called for some refinements in
model theoretic constructions such as formation of substructure or disjoint union. Also,
we noticed that not every Ehrenfeucht-Fraissé game that has been used for FO(TC!) was
suitable to use on Henkin-structures. We focused on a game which doesn’t seem to have
been used previously in the literature. We also elaborated analogues of the FO Feferman-
Vaught theorem for MSO, FO(TC!) and FO(LFP!). We considered fusions of structures, a
particular case of the Feferman-Vaught notion of generalized product and obtained results
which might be interesting to generalize and use in other contexts.

We applied our method to MSO, FO(TC') and FO(LFP'), but it would be worth also
examining other fragments of MSO, such as monadic deterministic transitive closure logic
(FO(DTC!)) or monadic alternating transitive closure logic (FO(ATC!)), see also [3].

Finally, an important feature of our main completeness argument is the way we used
the inductive scheme of Figure 5. Hence, extending our approach to another class of finite
structures would involve finding a comparable scheme. We also know that we should focus
on a logic which is decidable on this class, as on finite structures recursive enumerability is
equivalent to decidability. This suggests that other natural candidates would be fragments
of MSO on classes of finite structures with bounded treewidth.
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Henkin Completeness Proofs

A € {MSO,FO(TC"),FO(LFP')}. In this appendix we show that 5 is complete on
class of A-Henkin-structures. We are not yet concerned with ¢ and we do not

consider the specific axioms on trees listed in Figure 5.

Up to now we have been working with purely relational vocabularies. Here we will be

using individual constants in the standard way, but only for the sake of readability (we
could dispense with them and use FO variables instead). Also, whenever this is clear from

the

context, we will use - as shorthand for 4.
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A.1 The MSO-Henkin Completeness Proof

This proof is an adaptation to the case of MSO of the proof of completeness for FO given
in [6] and of the proof of completeness for the theory of types given in [16].

Lemma 4 (FO generalization lemma). If I' = ¢ and x does not occur free in T, then
' Vxo.

Proof. (by Enderton) Consider a fixed set I' and a variable x not free in I'. We show
by induction that for any theorem ¢ of I, we have I' - Vx¢. For this it suffices (by the
induction principle) to show that the set

{¢: T+ Vap}

includes I' U Az™9¢ (where Az*59 is the set of logical axioms given in Figures 1 and 2)
and is closed under modus ponens. Notice that z can occur free in ¢.

Case 1. ¢ is a logical axiom. Then VYx¢ is also a logical axiom. And so I' - Vxo.
Case 2. ¢ € I'. Then x does not occur free in ¢. Hence
¢ — Vao

is an instance of FO4. Consequently, I' - NYxz¢, as from ¢ (which is in T') and ¢ — Vo
(which is an instance of FO4) we can infer by modus ponens that VYre.

Case 3. ¢ is obtained by modus ponens from 1 and v — ¢. Then by inductive hypothesis
we have I' = Vx and T' F Vx(y — ¢). This is just the situation in which axiom group
FO3 is useful. We have I' = Yx¢p. The proof goes as follows. From i) — ¢ we obtain by
generalization Yxp — ¢, which together with V(¢ — ¢) — (Yxp — Yaeg) (which is an
instance of FO3) gives by modus ponens Yz — Yxp. Now by generalization from 1 we
obtain Yx1p and by modus ponens, Vro.

So by induction I' - Vx¢ for every theorem ¢ of T'.

]

Lemma 5 (MSO generalization theorem). If I' - ¢ and X does not occur free in T', then
'EvXe.

Proof. The proof is similar as in the FO case, except that MSO generalization is used
instead of FO generalization and MSO2 and MSO3 are used instead of, respectively,
FO3 and FOA4. O

Definition 17. We say that a set of MSO formulas A contains MSO-Henkin witnesses if
and only if for every formula ¢, if =Vz¢ € A (respectively -VX¢ € A), then —¢[z/t] € A
for some term ¢ (respectively —¢[X/T] € A with T either a monadic predicate or a set
variable).

Lemma 6. (MSO Lindenbaum lemma) Let 0* = o U {c, | n € N} U{P, | n € N},
with ¢; ¢ 0 and P, ¢ o. IfT' C FORM/ o) is consistent, then there ezists a mazimally
consistent set I'* such that I' C I'* and I'* contains MSO-Henkin witnesses.

Proof. Let I' be a 3,50 consistent set of well formed formulas in a countable vocabulary.
We expand the language by adding countably many new constants and countably many
new monadic predicates. Then I' remains consistent as a set of well formed formulas in
the new language. For all the sets constituted of one formula in the new language, one
FO variable and one MSO variable, we adopt the following fixed exhaustive enumeration:
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< @1, w1, X1 >, < P2, 9, Xo >, < @3, 73, X3 >, < Qg,04, Xy >, ...

(possible since the language is countable), where the ¢; are formulas, the x; are FO
variables and the X;, MSO variables.

o Let 09,1 be =Va,0,, — =0, [, /], where ¢ is the first of the new constants neither
occurring in ¢, nor in 6, with k < 2n — 1

o Let 0y, be VX, 0, — —¢,[X, /P, where P, is the first of the new monadic predi-
cates neither occurring in ¢,, nor in 0, with k < 2n

Call © the set of all the ;.
Claim 1. ' U O 1is consistent

If not, then because deductions are finite, for some m > 0, ' U {60y, ...,0,,0,11} is
inconsistent. Take the least such m, then by the (derivable) rule of reductio ad absurdum,
ru{bs,...,0n}F —0,,11. Now there are two cases:

(1) Oy is of the form —Vz¢p — —¢[z/c] ie. either ' U {6,...,0,,} F —Vz¢ and
F'u{6y,...,0,} F ¢lx/c]. Since ¢ does not appear in any formula on the left, by the
FO generalization theorem, I'U{0y, ..., 0,,} F Vz¢, which contradicts the minimality
of m (or the consistency of I' if m = 0)

(2) 041 is of the form =Xy, 09, — —¢[X/ Pay)

The reasoning is similar (we use the MSO generalization theorem instead of the FO
one).

We now extend in the standard way the consistent set I' U © to a maximal consistent set
['* which is maximal in the sense that for any well formed formula ¢ either ¢ € I'* or

o ¢ T 0

Definition 18. Let I'" € FORM (o) be maximally consistent and contain Henkin wit-
nesses. We define an equivalence relation on the set of FO terms, by letting t; =p« ty iff
t, =ty € I'*. We denote the equivalence class of a term ¢ by |¢|.

Proposition 5. =p- is an equivalence relation.
Proof. By FOb5 and FOG6. n

We will now show that if I'* is maximally consistent and contains Henkin witnesses,
then I'* has a MSO-Henkin model 9ip-.

Definition 19. We define M« (together with a valuation gr«) out of I'*.

o M ={|t|:tisaFO term }

o Agy.. = {Ar : T is aset variable or a monadic predicate} where Ap = {|t| : Tt € I'*}
o (|ts],...,|tn|) € P iff Pty...t, € T*

o T = ||

 gr-(z) = |z|

o gr-(X) = Ax
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We still need to show that Agy,.. is closed under MSO definability. We will be able to
do that after having shown the following truth lemma.

Lemma 7. (Truth lemma) For any MSO formula ¢, Mr-, gr- = ¢ iff ¢ € ['*.

Proof. By induction on ¢. The base case (for atomic formulas) follows from the definition
of Mr+ together with the maximality of ['*. Now consider the inductive step:

e Boolean connectives: standard (no difference with usual FO Henkin completeness
proofs).

e FO quantifier: we want to show that
M, gr+ = Vo ift Vegp € T*

We first show Mrp«, gr« = V¢ entails Voo € T,

Mr«, gr« = Yaeo entails that for all FO term ¢, Mr«, gr«[z/|t|]] E ¢, which en-
tails Mp«, gr+ E ¢[x/t]. By induction hypothesis, for all ¢, ¢[z/t] € T*. Now
suppose —Vx¢p € I'*, then by construction of I'* there exists a variable x,, such
that —¢[x/x,,] € T*, but this contradicts what we get by induction hypothesis, so
—Vz¢ ¢ I'* and by maximal consistency of I'*, Vz¢ € T'*.

Now we show Vz¢ € I'* entails Mr-, gr- | Voo, We take the contraposition:
M, gr = Voo entails Yo ¢ I'*. Suppose Mr«, gr« = Vad, so M+, gr+ = Ve
ie. Mrs, gr+ = Tz, So M+, gr«[z/|t]] E —¢ for some FO term ¢, which entails
Mr, gr« = o[z /t]. By induction hypothesis —¢[z/t] € T*, by FO2, 3x—¢ € T* by
FO2, by maximal consistency of I'*, =Vx¢ € I'.

e Set quantifier: we want to show that
Mr*,gr* ): Vqu if \V/X¢ eIl™

We first show Mr«, gr« = VX ¢ entails VX ¢ € T'*.

Mr-, gr= = VX ¢ entails that for all MSO term T', Mr-, gr-[X/Ar] = ¢ and so
Mr-, gr« = ¢[X/T] (because for any set variable X, gr«(X) = Ax and for any
monadic predicate P, P"r* = Ap.) By induction hypothesis, for all T', ¢[X/T] € T'*.
Now suppose =VX ¢ € ['*, then by construction of ['* there exists a variable X,,, such
that —¢[X/X,,] € I'*, but this contradicts what we get by induction hypothesis, so
VX ¢ ¢ I'" and by maximal consistency of I'*, VX¢ € I'.

Now we show VX¢ € I'* entails Mp«, gr« = VX¢@. We take the contraposition
Mr, gr= = VX ¢ entails VX¢ ¢ T*. Suppose Mrp«, gr+ = VX, so Mr«, gr= =
VX¢ ie. Mps, gr« = IX—¢. So Mp+, gr«[X/Ar| |E —¢ for some MSO term T,
which entails Mr-, gr« E —¢[X/T]. By induction hypothesis —¢[X/T] € T, by
MSO1, 3X—¢ € I'*, by maximal consistency of [, =V.X¢ € ['* i.e. VX¢ & .

]

Proposition 6. M- is a MSO-Henkin structure.
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Proof. Essentially here we will use the fact that 9+ is a model of all the COM P in-
stances. We want to see that all sets which are parametrically definable using our MSO-
language are in the set of admissible subsets of 9Mpr«. Let ¢ be a MSO formula, = a variable
and z1,...,2,, Xp41, - - -, Xin the sequence, ordered by occurrence, of all the free variables
of ¢, apart from z.

Take any set variable X not free in ¢. By hypothesis, M is a model of the sentence

V.. Ve,V X .. VX, [3X Ve (X2 < ¢)]
Therefore for all objects aq, ..., a, and admissible subsets A, 1,..., Ay,
(M,ay, ... an, Apyt, ..., Ap) is a model of AXVr(Xz « ¢)
So there is an A € Ay such that for all a € A
a€ Aiff M, glz/a,x1/ar,...,x0/an, Xos1/Ani1, s X /An] E &

This A € A, is precisely the relation parametrically defined by the formula ¢ and the
variables mentioned above.* Il

Theorem 5. Every Fyso consistent set I' of MSO sentences is satisfiable in a MSO-
Henkin structure.

Proof. First turn ' into a maximal consistent set I'* in a possibly richer language ¢* with
Henkin witnesses. Then build a structure 9+ out of this I'*. Then the structure 9y«
satisfies I'* and hence also the (subset) I O

A.2 The FO(TC!)-Henkin Completeness Proof

The following proof is a variation of the proofs in [6] and [16]. The originality of the
FO(TC') case essentially lies in the notion of FO(TC!)-Henkin witness of Definition 20.
In order to use this notion in the proof of Lemma 9, we also need the following lemma:

Lemma 8. Let T' be a consistent set of FO(TC') formulas and 0 a FO(TC') formula of
the form Yx(¢ < Px) with P a fresh monadic predicate (i.e. not appearing in I"). Then
L' {0} is also consistent.

Proof. Suppose I' U {Vz(¢ < Pzx)} is inconsistent, so there is some proof of L from
formulas in I' U {Vx(¢ < Px)}. We first rename all bound variables in the proof with
variables which had no occurrence in the proof or in Va(¢ < Px) (this is possible since
proofs are finite objects and we have a countable stock of variables). Also, whenever in
the proof the FO(TC!) generalization rule is applied on some unary predicate P, we make
sure that this P is different from the unary predicate that we want to substitute by ¢ and
which does not appear in the proof; this is always possible because we have a countable
set of unary predicates. Now, we replace in the proof all occurrences of Pz by ¢ (as we
renamed bound variables, there is no accidental binding of variables by wrong quantifiers).
Then, every occurrence of Vz(¢ < Pz) in the proof becomes an occurrence of V(¢ < ¢)
i.e. we have obtained a proof of L from I' U {Vz(¢p < ¢)} i.e. from I' (Va(¢ < ¢)
is an axiom, as it can be obtained by FO generalization from a tautology of sentential
calculus). It entails that I' is already inconsistent, which contradicts the consistency of T'.
Now it remains to show that the replacement procedure of all occurrences of Px by ¢, is
correct, that is, we still have a proof of L after it. Every time the replacement occurs in
an axiom (or its generalization, which is still an axiom as we defined it), then the result

4Tt follows that without the COM P axiom, we get an axiomatization of MSO on arbitrary frames.
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is still an instance of the given axiom schema (even for FO(TC!) generalizations, because
we took care that P is never used in the proof for a FO(TC!) generalization). Also, as
replacement is applied uniformly in the proof, every application of modus ponens stays
correct: consider ¢ — & and 1. Obviously the result 1* of the substitution will allow to
derive the result £* of the substitution from ¥* — £* and ¥*. Also L* is simply L, so the
procedure gives us a proof of L. O

Definition 20. We say that a set of FO(TC!) formulas A contains FO(TC!)-Henkin
witnesses if and only if the two following conditions hold. First, for every formula ¢, if
—Vz¢ € A, then —¢[z/t] € A for some term ¢t and if —[T'Cyy¢)(u,v) € A, then Pu A
VaVy((Pz A ¢(z,y)) — Py) A —Pv € A for some monadic predicate P. Second, if ¢ € A
and x is a free variable of ¢, then Va(Pz < ¢(z)) € A for some monadic predicates P.

Lemma 9. (FO(TC') Lindenbaum lemma) Let 0* = o U {c, | n € N with ¢, a new
indiwvidual constant, Y U{P, | n € N with P,, a new monadic predicate}. IfT' C FORM o)
18 consistent, then there exists a mazximally consistent set I'* of o* formulas such that
[ CT* and T* contains FO(TC')-Henkin witnesses.

Proof. Let T" be a Fgg(cry consistent set of well formed formulas in a countable vocab-
ulary 0. We expand the language into ¢* by adding countably many new constants and
countably many new monadic predicates. Then I' remains Fro(rc1y consistent as a set of
well formed formulas in the new language. For all the pairs constituted by one formula
and one variable of ¢* and all the pairs constituted by one formula and two terms of o*,
we adopt the following fixed exhaustive enumeration:

< 1,11 >, < Po, U, V2 >, < P3, 03 >, < Pa, Ug, Vg >,

(possible since the language is countable), where the ¢; are formulas, the x; are variables
and the wu;,v; are terms.

o Let 03, o be =Vao, 109,-1 — —¢on_1[Tan_1/ci], where ¢ is the first of the new
constants neither occurring in ¢, 1 nor in ¢, with £ < 3n — 2

e Let 05, 1 be Vag, 1(¢on_1 < Pxo,_1), where P is the first of the new monadic
predicates neither occurring in ¢s,_1 nor in 6, with k£ < 3n — 1.

o Let 03, be 2[T'Cyyan] (Uzn; van) — (Prutgn AVIVY((Pix A don(w,y)) — Piy) A—Puay),
where P, is the first of the new monadic predicates neither occurring in ¢, nor in
0, with k£ < 3n

Call O the set of all the 6,.
Claim 2. ' U O s consistent

If not, then because deductions are finite, for some m > 0, T U {0y,...,60,,041}
is inconsistent. Take the least such m, then by the reductio ad absurdum rule, I' U
{61,...,0m} F —0,,41. Now there are three cases:

(1) Ompqq is of the form Voo — —¢[z/c]
(see the MSO case for how to handle this case)

(2) Opqr is of the form —[T'Cyy¢)(u,v) — ((Pu A VaVy((Pz A ¢(z,y)) — Pv) A —Pv).

In such a case both ' U {6, ...0,,} F =[TCyyo](u,v) and T U {6, ...0,,} F (PuA
VaVy((Pz A ¢(x,y)) — Pv) — Puv hold. Since P does not appear in any formula
on the left, by FO(TC') generalization, I' U {6;...6,,} + [T'Cxyy¢](u,v), which
contradicts the minimality of m (or the consistency of I' if m = 0).
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(3) 01 is of the form V(¢ < Px)
(by Lemma 8, this is not possible)

We then turn I' U © into a maximal consistent set I'* in the standard way. O]
We now define M- and gr+ as we did for MSO.
Lemma 10. (Truth lemma) For any FO(TC') formula ¢, Mr-, gr- = ¢ iff ¢ € .

Proof. By induction on ¢.
The base case follows from the definition of 9Mp« together with the maximality of I'*.
Now consider the inductive step:

e Boolean connectives and FO quantifier: as in MSO

e TC operator: we want to show that

9ﬁF*;gF* |: [Tcxy¢(xa y)](u> U) iff [Tny(b(xvy)](u? U) € F

— We first show that M-, gr« = [TCoyd (2, y)](u, v) implies [T'Cyyd(x, y)|(u,v) €
I'*. So suppose Mp«, gr- = [TChyd(x,y)|(u,v) ie. for all monadic pred-
icates P, € o, if gr«(u) € Ap and for all |tg|,|t;] € M, |[tx] € Ap
and Mr-, gr«[z/|tx], x/|t:|]] E ¢ implies |t;| € Ap, then gr-(v) € Ap ie.
Mr«, gr« = Pu A (Pt AN ¢(tg,t)) — Pit)) — Pw) for all P tg,t; and
by induction hypothesis Piu A (((Pitx A ¢(tg,t)) — Pit;)) — Puv) € I'.
And so by the same argument as the one used in the FO quantifier step
of the present induction, Pu A VaVy(((Px A ¢(z,y)) — Py) — Pw) €
I'*. Now suppose [T'Cyyé(x,y)|(u,v) ¢ I' ie. =[TCo(z,y)(u,v) € T
Then as I'* contains Henkin witnesses, there is a predicate P,, such that
Pou ANV2Vy(Pnx A ¢(z,y)) — Ppy) A —=P,v € I'*. But that contradicts the
maximal consistency of I'*. Then —[T'Cy ¢(z,y)|(u,v) ¢ I'" and by maximal
consistency of I'*, [T'Cyyo(z,y)|(u,v) € '™

— We now show that [TCyy¢(z,y)|(u,v) € TI'* implies M-, g« =
[TCryp(z,y)|(u,v). We consider the contraposition Mps, gr- =
[TCyp(z,y)|(u,v) implies [TCo(z,y)(u,v) & TI* So suppose
Mo, g [TCod(x,y)|(u,v) ie. Mpe,gr = ~[TCo(z, y)](u,v) ie.
there exists Ap, € Agy.. such that, g(u) € Ap and for all |tx],|t;] € M,
|t| € Ap, and Mr«, gr«[z/|tk|, z/|ti]] E ¢ implies |t;| € Ap, and —gr«(v) € Ap,
and by induction hypothesis Pu A (((Pitr A ¢(tx,t;)) — Pit)) A -Pw € T'*.
And so by the same argument as the one used in the FO quantifier step of
the present induction, Pu A VaVy(((Px A ¢(z,y)) — Py) A —Pow € I'*. Now
suppose [T'Cyyé(z,y)](u,v) € I'*. Then by the T'C' axiom, for every monadic
predicate P, (Pnu AVaVy((Pnz A ¢(x,y)) — Pny)) — Pnv € I'*. But that
contradicts the maximal consistency of I'*. Then [T'C,,¢(z,y)|(u,v) ¢ I'* and
by maximal consistency of I'*, =[T'Cy,¢(z,y)|(u,v) € '

[
Proposition 7. My« is a FO(TC')-Henkin structure.

Proof. By construction of I'* this is immediate (we introduced a monadic predicate for
each parametrically definable subset). Il
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Theorem 6. Every consistent set T of FO(TC') formulas is satisfiable in a FO(TC)-
Henkin structure.

Proof. First turn T into a o* maximal consistent set I'* with FO(TC!)-Henkin witnesses in
a possibly richer signature o* (with extra individual constants and monadic predicates).
Then build a ¢* structure M« out of this I'*. Then the structure M- satisfies I'* and
hence also the (subset) T'. O

A.3 The FO(LFP')-Henkin Completeness Proof

This proof parallels the FO(TC!) one. It is a similar variation of the proofs in [6] and
[16] and the notion of FO(LFP')-Henkin witness in Definition 21 parallels the notion of
Henkin witness in Definition 20.

Definition 21. We say that a set of FO(LFP!) formulas A contains FO(LFP!) Henkin
witnesses if and only if the two following conditions hold. First, for every formula ¢, if
—Va¢ € A, then —¢[z/t] € A for some term ¢ and if =[LFP,x¢ly € A, then =Py A
—Jz(—=Pz A ¢(P,z)) € A for some new monadic predicate P. Second, if ¢ € A and z is
a free variable of ¢, then Vz(Pz < ¢(x)) € A for some monadic predicates P.

Lemma 11. (FO(LFP') Lindenbaum lemma) Let 0* = o U{c, | € N}JU{P, | n € N}
with ¢;, Py ¢ o. If T' C FORM (o) is consistent, then there exists a maximally consistent
set T* of o* formulas such that T C T* and T'* contains FO(LFP")-Henkin witnesses.

Proof. Let T be a consistent set of well formed FO(LFP!) formulas in a countable vocab-
ulary. We expand the language by adding countably many new constants and countably
many new monadic predicates. Then I' remains consistent as a set of well formed formulas
in the new language. For every pair constituted by one formula and one FO variable of
o*, we adopt the following fix exhaustive enumeration:

< ¢1,$1 >, < ¢2,$2 >, < QZ53,ZE3 >, < ¢47ZL’4 >,

(possible since the language is countable), where the ¢; are formulas and the z; are FO
variables.

e Let 63, 5 be =Va,¢0, — —¢[r,/c], where ¢ is the first of the new constants neither
occurring in ¢,, nor in 6, with £ < 3n — 2.

e Let 03, 1 be =[LFP,x¢p|x, — (—Px, A—3x(—~Px Ap(P,x))), where P, is the first
of the new monadic predicates neither occurring in ¢, nor in 6, with £ < 3n — 1.

e Let 05, be Vz,(¢, < Px,), where P, is the first of the new monadic predicates
neither occurring in ¢, nor in 6, with k£ < 3n.

Call © the set of all the 6;.
Claim 3. ' U © 1is consistent

If not, then because deductions are finite, for some m > 0, T U {0y,...,60,,,041}
is inconsistent. Take the least such m, then by the reductio ad absurdum rule, I' U
{61,...,0m} F —0,1. Now there are three cases:

(1) Opy1 is of the form —Vzp — ¢[z/c]
(see the MSO case for how to handle this case)
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(2) 041 is of the form =[LF P, x¢ly — (—Py A =3z (-Px A ¢(P, x))).

In such a case both ' U {6;...6,,} - =[LFP,x¢ly and T' U {0,...60,,} - =Py A
—Jz(—Pz A ¢(P,x)) hold. Since P does not appear in any formula on the left,
by FO(LFP') generalization, I' U {0, ...0,,} + [LFP,x®|y, which contradicts the
leastness of m (or the consistency of I" if m = 0)

(3) Oy is of the form Va(¢ <« Px)

(see the FO(TC!) case for how to handle this case, just consider the FO(LFP')
generalization rule instead of the FO(TC!) one in Lemma 8)

We then turn I' U © into a maximal consistent set I'* in the standard way. O]
We now define M- and gr+ as we did for MSO.
Lemma 12. (Truth lemma) For any FO(LFP') formula ¢, Mr«, gr- = ¢ iff ¢ € T*.

Proof. By induction on ¢.
The base case follows from the definition of M+ together with the maximality of I'*.
Now consider the inductive step:

e Boolean connectives and FO quantifier: as in MSO

e LIF'P operator: we want to show that

— We first show that
Mr«, gr« = [LF P,x¢ly implies [LF P, x¢|ly € I'*.

So suppose M+, gr= = [LEFP,x¢ly i.e. for all monadic predicates P, € o*,
if gr«(y) ¢ Ap then there exists |tx|] € M, such that |tx|] ¢ Ap and
Mr-, gr-[z/|tr|, X/Ap] E ¢ ie. for all P, such that =Py there exists
tr, such that Mp, gr« = (=Pitx A ¢(t, P;)) and by induction hypothesis
=Pty A\ ¢(t, P;) € I'". And so by the same argument as the one used in the
FO quantifier step of the present induction, =Py — Jx(=Px A ¢(z, P;)) €
I'*. Now suppose [LFP,x¢ly ¢ I' ie. —[LFP,x¢ly € I'*. Then as I'*
contains FO(LFP') Henkin witnesses, there is a predicate P,, such that
=Pny A —3x(=Ppx A ¢(Pp,x) € I'*. But that contradicts the maximal con-
sistency of T*. Then =[LFP,x¢ly ¢ I'* and by maximal consistency of I'*,
[LFP,xgly € T

— We now show that [LFP,x¢ly € T'* implies Mp«, gr« | [LFP.x¢ly. We
consider the contraposition

Mr«, gr= = implies [LF P, x|y & T'*.

So suppose Mr«, gr« & [LE Pux¢ly ie. Mpe, gr« | -[LFPuxdly ie. there
exists Ap, € Agn.. such that, g(y) ¢ Ap, and for all |t;| € M, |tx| € Ap,
or Mr«, gr+[x/|tx|, X/ Pi] = —¢ and by induction hypothesis for all for all ¢,
—“PyA(PitV—¢(P;,tr)) € I'". And so by the same argument as the one used in
the FO quantifier step of the present induction, =Py AVa(PxV-¢(P;, x)) € T*
i.e. (by maximal consistency) =Py A =3z(-Pix A ¢(P;,z)) € I'*. Now suppose
[LFP,x¢ly € I'*. Then by the LF'P axiom, for every monadic predicate P,,,
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=P,y — Jz(=P,(z) A ¢(x,P,)) € I'". But that contradicts the maximal
consistency of I'*. Then [LFP,x¢|ly ¢ I'* and by maximal consistency of I'*,
S[LEP.x¢ly € T*.

[
Proposition 8. M- is a FO(LFP')-Henkin structure.

Proof. By construction of I'* this is immediate (we introduced a monadic predicate for
each parametrically definable subset). Il

Theorem 7. Every consistent set T' of FO(LFP') formulas is satisfiable in M- .

Proof. First turn I' into a FO(LFP') maximal consistent set I'* with FO(LFP')-Henkin
witnesses in a possibly richer signature (with extra individual constants and monadic
predicates) o*. Then build a structure 9« out of this I'*. Then the structure M-
satisfies ['* and hence also the (subset) I O

B Relativization Lemma

Lemma 13 (Relativization lemma). Let 9 be a A-Henkin-structure, g a valuation on
M, ¢, v A-formulas and A = {x | M, g E}. If g(y) € A for every variable y occurring
free in ¢ and g(Y) € M | A for every set variable Y occurring free in ¢, then M, g =
REL(¢,1,x) &M | A.g | o.

Proof. By induction on the complexity of ¢. Let g be an assignment satisfying the required
conditions. Base case: ¢ is an atom and REL(¢,1,x) = ¢. SoMgEop=M[ A gE o
(by hypothesis, g is a suitable assignment for both models). Inductive hypothesis: the
property holds for every ¢ of complexity at most n. Now consider ¢ of complexity n + 1.

o O~ Py Apy and REL(d1 A2, 1, x) :~ REL(¢1,v, ) NREL(¢2,1, ). By induction
hypothesis, the property holds for ¢; and for ¢,. By the semantics of A, it also holds
for ¢1 A ¢o. (Similar for v, —, —.)

e ¢ :~ Jyy and REL(Jyx) :~ Jy(¢[y/x] N REL(x,v,x)). By inductive hypothesis,
for any node a € A, M, gla/y] = REL(x,¢,x) < M | A, gla/y] = x. Hence, by
the semantics of 3 and by definition of A, M, g = Jy(Yly/z] N REL(x, ¢, 7)) &

M AgEIyx.

o ¢ :~ JYx and REL(IY x,¢¥,x) = Y ((Yzr — ¢) AN REL(x,v¢,x)). As every ad-
missible subset of 9 [ A is also admissible in 9t (by Proposition 2) it follows
by inductive hypothesis that for any B € M [ A, M, ¢g[B/Y] = REL(x, ¢, z) <
M | A g[B/Y] = x. Hence, by the semantics of 3 and by definition of A,
M, g IV (Y =) AREL(x, ¢, 2)) < M [ A g = Jyx.

o ¢ =~ [TC,.x|(u,v) and REL([TCy.x|(u,v),¢,x) = [I'Cy,REL(x, ¢, x) N ¢ly/z] A
Ylz/z]](u,v). By definition of T'C, the following are equivalent:
LM Ag = [TCA(w,0)

2. for all B € Agma, if g(u) € B and for all a,b € A, a € B and MM |
A, gla/y,b/z] = x implies b € B, then g(v) € B.
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By inductive hypothesis, for all a,b € A, M, gla/y,b/z] = REL(x,¢,z) < M |
A, gla/y,b/z] = x. Hence 2. & 3.

3. for all B € Agpya, if g(u) € B and for all a,b € A, a € B and M, g[a/y,b/z] =
REL(x,%,z) implies b € B, then g(v) € B,

By definition of A, 3. < 4.

4. for all B € Agpa, if g(u) € B and for all a,b € dom(9M), a € B and
M, gla/y,b/z] = REL(x, ¢, x) N¢ly/x] AN[z/x] implies b € B, then g(v) € B,

We claim that 4. & 5.:

5. for all C' € Agy, if g(u) € C and for all a,b € dom(9M), a € C and
M, gla/y,b/z] = REL(x,v,x) ANly/x] AN[z/x] implies b € C, then g(v) € C,

which, by the semantics of T'C), is equivalent to:

6. M, g = [TCpREL(X, ¥, ) ANply/x] Aplz/a]](u, v).

It is clear that 5. = 4.. For the 4. = 5. direction, assume 4.. Take any set
C' € Agy such that g(u) € C and for all a,b € dom(9M), a € C and M, gla/y,b/z] =
REL(x,,x) N ly/x] A lz/z] implies b € C. Let B = AN C. By Definition
10, B € Agpa. Now by our assumptions on ¢g and by definition of A, gla/y,b/z?]
only assigns points in A. So as B = ANC, g(u) € B and for all a,b € dom(IM),
a € B and M, gla/y,b/z] E REL(x, ¥, z) AN Yly/x] A[z/x] implies b € B. So by
4., g(v) € B. As B C C, it follows that g(v) € C.

¢ = [LFPx,x|z and REL([LF Pxyx|z,v, ) = [LF Px,x A ¥[y/z]]z. By definition
of LF P, the following are equivalent:

L. M A g [LFPxyx|z,

2. for all B € Agpya, ifforalla € A, M [ A, gla/y, B/X] = x implies a € B, then
g(z) € B.

By inductive hypothesis, for all a« € A, B € M[A, M gla/y, B/X]
REL(x,¢¥,z) < M | A, gla/y, B/X] = x. Hence 2. is equivalent to 3.:

3. for all B € Agya, if for all a € A, M, gla/y, B/X] = REL(x,¢,x) implies
a € B, then g(z) € B,

By definition of A, 3. < 4.

4. for all B € Aga, if for all a € dom(9M), M, gla/y, B/X]| = REL(x, v, z) A
Yly/x] implies a € B, then g(z) € B,

We claim that 4. & 5.:

5. forall C' € Agy, if for all a € dom(9M), M, gla/y, C/X] = REL(x, v, x) Aply/z]
implies a € C, then g(z) € C,

which, by the semantics of LF P, is equivalent to:
6. M, g = [LFPxyREL(x, %, ) A ly/x]]z.
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It is clear that 5. = 4.. For the 4. = 5. direction, assume 4.. Take any set C' € Agy
such that for all a € dom(9M), M, gla/y,C/X] = REL(x,¥,x) A ¥[y/x] implies
a € C. Let B = ANC. By Definition 10, B € Agya. Consider a € dom(IMN)
such that M, gla/y, B/X]| E REL(x,¢¥,x) AN ¢[y/x]. As REL(x,,z) is positive
in X and X doesn’t occur in ¢, M, gla/y,C/X]| = REL(x, ¥, z) A Yly/x]. Also
by hypothesis a € C. Now as 9, gla/y] = ¥[y/z], by definition of A, a € A. So
a € ANC, ie, a € B and since we proved it for arbitrary a € dom(9), by 4.,
g(z) € B. As B C C, it follows that g(z) € C'.

]

C Ehrenfeucht-Fraissé Games on Henkin-Structures

Let A € {MSO,FO(TC!), FO(LFP!)}. In this appendix, we survey Ehrenfeucht-Fraissé
games for FO, MSO, FO(TC!), and FO(LFP!) which are suitable to use on Henkin struc-
tures. We also provide adequacy proofs for the MSO game and for the FO(TC!) game.

Let us first introduce basic notions connected to these games. One, rather trivial, suf-
ficient condition for A equivalence is the existence of an isomorphism. Clearly isomorphic
structures satisfy the same A-formulas. A more interesting sufficient condition for ele-
mentary equivalence is that of Duplicator having a winning strategy in all A Ehrenfeucht-
Fraissé games of finite length. To define this, we first need this notion:

Definition 22 (Finite partial isomorphism). A finite partial isomorphism between struc-
tures 9t and N is a finite relation {(a1,b1), ..., (an, b,)} between the domains of 9t and N
such that for all atomic formulas ¢(xy,...,2,), M E ¢ [ar,...,a,] TN =@ [by, ..., 0]
Since equality statements are atomic formulas, every finite partial isomorphism is (the
graph of) a injective partial function.

We will also need the following lemma:

Lemma 14 (Finiteness lemma). Fiz any set xy,..., o5, Xpi1,. .-, Xm- In a finite rela-
tional vocabulary, up to logical equivalence, with these free variables, there are only finitely
many A-formulas of quantifier depth < n.

Proof. This can be shown by induction on k. In a finite relational vocabulary, with finitely
many free variables, there are only finitely many atomic formulas. Now, any A-formula
of quantifier depth £+ 1 is equivalent to a Boolean combination of atoms and formulas of
quantifier depth k prefixed by a quantifier. Applying a quantifier to equivalent formulas
preserves equivalence and the Boolean closure of a finite set of formulas remains finite,
up to logical equivalence. O

Now, as we are concerned with extensions of FO, every A game will be defined as an
extension of the classical FO game, that we recall here:

Definition 23 (FO Ehrenfeucht-Fraissé game). The FO Ehrenfeucht-Fraissé game of
length n on structures Mt and N (notation: EF7,(M,MN)) is as follows. There are two
players, Spoiler and Duplicator. The game has n rounds, each of which consists of a move
of Spoiler followed by a move of Duplicator. Spoiler’s moves consist of picking an element
from one of the two structures, and Duplicator’s responses consist of picking an element
in the other structure. In this way, Spoiler and Duplicator build up a finite binary relation
between the domains of the two structures: initially, the relation is empty; each round, it
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is extended with another pair. The winning conditions are as follows: if at some point of
the game the constructed binary relation is not a finite partial isomorphism, then Spoiler
wins immediately. If after each round the relation is a finite partial isomorphism, then
the game is won by Duplicator.

Theorem 8 (Adequacy (Ehrenfeucht-Fraissé)). Assume a finite relational first-order lan-
guage. Duplicator has a winning strategy in the game EFp,(9,N) iff M =%, N. In
particular, Duplicator has a winning strateqy in all EF-games of finite length between M
and N if and only if M =pp N.

Proof. The proof for the first order case is classic. We refer the reader to the proof given
by Flum and Ebbinghaus in [5]. O

For technical convenience in the course of inductive proofs, we extend the notion of
FO parameter by considering set parameters, i.e., instead of interpreting a set variable as
a name of the set A, we can add a new monadic predicate A to the signature. The new
predicates and the sets they name are called set parameters. (This is similar to the FO
notion which can be found in [11].) We will work with parametrized structures, i.e., the
assignment is possibly non empty at the beginning of the game, which can begin with
some “handicap” for Duplicator, which is some preliminary set of already “distinguished
objects and sets” (for distinguished objects, think, for instance, about the situation where
we would allow individual constants in the language).

C.1 Ehrenfeucht-Fraissé Game for MSO

We define a necessary and sufficient condition for MSO equivalence by extending
Ehrenfeucht-Fraissé games from FO to MSO. This game has already been defined in the
literature, see for instance [14]. For the sake of the induction, we will work with expanded
structures (i.e. structures considered together with partial valuations).

Definition 24 (MSO Ehrenfeucht-Fraissé game). Consider 9 together with A € Afy,
a € dom(9M)*, N together with B € AL, b € dom(N)* and r > 0, s > 0, n > 0.
The MSO Ehrenfeucht-Fraissé¢ game EF¢o((OM, A, a), (M, B, b)) of length n on expanded
structures (9, A, a) and (M, B, b) is defined as for the first-order case, except that each
time she chooses a structure, Spoiler can choose either an element or an admissible sub-
set of its domain. For a given A,.; € Agy chosen by Spoiler, (9, A,a) is expanded
to (M, A, A,1,a). Duplicator then responds by choosing B,,; € Ay and (M, B,b) is
expanded to (M, B, B,,1,b). The game goes on with the so expanded structures. The
winning conditions are as follows: if at some point of the game @ — b is not a finite
partial isomorphism from (9, A, A,,1) to (N, B, B,41), then Spoiler wins immediately.
If after each round the relation is a finite partial isomorphism, then the game is won by
Duplicator.

Theorem 9 (Adequacy). Assume a finite relational MSO language. Given I and N,
A€ Ay, B e Ay, ac€dom(M)*, b e dom(N)® and r >0, s >0, n >0, Duplicator has
a winning strategy in the game EFYoo((OM, A, a), (N, B,b)) iff (M, A,a) and (N, B,b)
satisfy the same MSO formulas of quantifier depth n. In particular, Duplicator has a
winning strategy in all EFyso-games of finite length between (MM, A,a) and (M, B,b) if
and only if (MM, A,a) and (N, B,b) satisfy the same MSO formulas.
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Proof. = From the existence of a winning strategy for Duplicator in
EFlso((OM, A a), (M, B,b)) to the fact that (M, A,a) and (I, B,b) satisfy
the same MSO formulas of quantifier depth n.

By induction on n.

Base step: With 0 round the initial match between the distinguished objects must
have been a partial isomorphism for Duplicator to win. Thus (9, A, @) and (N, B, b)
agree on all atomic formulas and on their Boolean combinations (which are precisely
the formulas of quantifiers depth 0).

Inductive step: The inductive hypothesis says that, for any two expanded MSO
structures, if Duplicator can win their comparison game over n rounds, then they
agree on all MSO formulas up to quantifier depth n. Now assume that for some
(M, A, a), (M, B, b) Duplicator has a winning strategy for the game over n+1 rounds.
Consider any MSO formula ¢ of quantifier depth n + 1. Any such sentence should
be equivalent to a Boolean combination of atoms and formulas of the form 3x; x(x;)
and 3X; ¥(X;), with x(z;), ¥(X;) of quantifier depth at most n. Thus it suffices
to show that (9, A, a), (M, B,b) agree on the latter forms. They do so on atoms,
as Duplicator can certainly win over 0 rounds. So let suppose (M, A,a) = 3X;
¥(X;) (the case (M, A,a) = Jv; x(z;) is symmetric). Then for some A; € Agy,
(M, A, A;,a) = ¥ (X4). Now, Duplicator’s given winning strategy has a response for
whatever Spoiler might do in the n 4 1 round game. In particular, let Spoiler select
A; in Agy. Then Duplicator has a response B; in Ay such that her remaining strategy
still gives her a win in the n-round game played on (9, A, A;,a) and (M, B, B;, b).
By the inductive hypothesis, these expanded structures agree on all formulas up to
quantifier depth n and hence also on ¢(X;). Therefore (M, B, B;,b) = 1(X;) and
hence (M, B,b) | IX; ¥(X;).

< From the fact that (9, A, @) and (N, B, b) satisfy the same MSO formulas of quanti-
fier depth n to the existence of a winning strategy for Duplicator in EF} ¢, (9T, N).

Base step: Doing nothing is a strategy for Duplicator.

Inductive step: The inductive hypothesis says that, for any two expanded MSO
structures, if they agree on all MSO formulas up to quantifier depth n, then Dupli-
cator has a winning strategy in the n-round corresponding game. Now, assume that
some structures (M, A,a), (M, B,b) agree on all MSO formulas of quantifier depth
n-+1. We can infer that Duplicator has a winning strategy in the n+ 1-round game.
The first move in her strategy is as follows. Let Spoiler choose A; € Agy (the case
where she rather chooses a; in dom(9M) is symmetric). Now, Duplicator looks at
the set of MSO formulas of quantifier depth n + 1 that hold of A4; in (9, A,a). By
the finiteness lemma, this set is finite modulo logical equivalence, and hence, one
existential formula 3X; ¢ (X;) true in the structure summarizes all this information.
As (M, A,a), (M, B,b) agree on all MSO formulas of quantifier depth n + 1, and
3X; (X;) is such a sentence, it also holds in (9, B,b). So, Duplicator can choose
a witness B;. Then, the so expanded structures (I, A4, A;,a), (M, B, B;,b) agree
on all MSO sentences up to quantifier depth n, and by the inductive hypothesis,
Duplicator has a winning strategy in the remaining n-round game between them.
Her initial response plus the latter gives her over-all strategy over n + 1 rounds.

O

Note that this proof holds for MSO with any semantics (e.g. standard, Henkin...).
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We are interested in “choice of an element” versus “quantification”, but neither the exact
domain of quantification does never play any role in our reasoning.

Corollary 3. For structures 91, 91 and n > 0, Duplicator has a winning strategy in
EF} 6o, MN) if and only if M =7, ¢, . In particular, Duplicator has a winning strategy
in all EFyso-games of finite length between 991 and 91 if and only if 9 =),50 M.

C.2 Ehrenfeucht-Fraissé Game for FO(TC!)

The game that we will be introducing in this section had been already mentioned in
passing by Grédel in [9] as an alternative to the game he used. We will show that it is
adequate on Henkin-structures.

Definition 25 (FO(TC!) Ehrenfeucht-Fraissé game). In EFfoqren (O, a), (N, b)) there
are two types of moves, 3 (or point) moves and FO(TC') moves. Each point move extends
an assignment {a +— b} with elements ay € dom(9M), by € dom(N). Each FO(TC!) move
extends an assignment {a +— b} with elements ay,ar1 € dom(IM), by, bri1 € dom(N).
After each move, Spoiler chooses the kind of move to be played. We assume that the
assignment {a@ + b} has to be extended. The 3 move is defined as in the FO case. The
FO(TC') move is as follows:

Spoiler considers two pebbles (a;,b;) and (a;, b;) on the board and depending on the
structure that he chooses to consider, he plays:

e cither A € Agy with a; € A and a; ¢ A. Duplicator then answers with B € Ay such
that b; € B and b; ¢ B. Spoiler now picks by € B, by1; ¢ B and Duplicator answers
with a; € A, Q41 §é A.

e cither B € Ay with b; € B and b; ¢ B. Duplicator then answers with A € Agy
such that a; € A and a; ¢ A. Spoiler now picks a, € A, ax+1 ¢ A and Duplicator
answers with b, € B, b1 ¢ B.

In each FO(TC!) move, the assignment is extended with ay +— by, apr1 — bpi1. After n
moves, Duplicator has won if the constructed assignment @ — b is a partial isomorphism
(i.e. the game continues with the two new pebbles in each structure, but the sets A and
B are forgotten).

Theorem 10 (Adequacy). Assume a finite relational FO(TC') language. Given MM and
N,ae€ M, b€ N andr >0, s >0, n >0, Spoiler has a winning strategy in
the game EF,?O(TO)((SJI, a), (M, b)) iff there is a FO(TC') formula of quantifier depth n
distinguishing (M, a) and (N, b).

Proof.

= From the existence of a winning strategy for Spoiler in K F” b

Fo(Tcl)((m’ a’)? (m7 b)) tO
the existence of a FO(TC') formula of quantifier depth n distinguishing (9%, @) and
(M, 0).

By induction on n.

Base step: With 0 round the initial match between distinguished objects must have
failed to be a partial isomorphism for Spoiler to win. This implies that (90,a) and
(M, b) disagree on some atomic formula.
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Inductive step: The inductive hypothesis says that for any two structures, if Spoiler
can win their comparison game over n rounds, then the structures disagree on
some FO(TC!) formula of quantifier depth n. Now assume that for some structures
(9, a), (M, b), Spoiler has a winning strategy for the game over n + 1 rounds. Let
us reason on Spoiler’s first move in the game. It can either be a FO(TC!) or an 3
move.

If it is an 4 move, then it means that Spoiler picks an element @ in one of the two
structures, so that no matter what element b Duplicator picks in the other, Spoiler
has an n-round winning strategy. But then we can use the induction hypothesis, and
find for each such b a formula ¢,(z) that distinguishes (9, a,a) from (N, b,b). In
fact we can assume that in each case the respective formula is true of (9, a, a) and
false of (M, b,b) (by negating the formula if needed). Now take the big conjunction
¢(z) of all these formulas (which is equivalent to a finite formula according to the
finiteness lemma) and prefix it with an existential quantifier. Then the resulting
formula is true in (9, @) but false in (N, b). It is true in (M, @) if we pick a for the
existentially quantified variable. And no matter which element we pick in (M, b), it
will always falsify one of the conjuncts in the formula, by construction. So, the new
formula is false in (91,0). Le., 3zé(x) of quantifier depth n + 1 distinguishes (901, @)
and (M, b).

If Spoiler’s first move is a FO(TC!) move, then it means that Spoiler picks a subset
in one structure, let say A € Agy (with a; € A and a; ¢ A), so that no matter
which B € Ay (with b; € B and b; € B) Duplicator picks in the other structure,
Spoiler can pick by € B, bgy1 € B such that no matter which ap € A, api1 &
A Duplicator picks, Spoiler has an n-round winning strategy. For each B that
might be chosen by Duplicator, Spoiler’s given strategy gives a fixed couple by, bg11.
For each response ag, a1 of Duplicator, we thus obtain by inductive hypothesis
a discriminating formula ¢p 4, 4., (7,y) that we can assume to be true in (91,0)
for by, by and false in (9M,a) for ay,ary1. Now for each B, let us take the big
conjunction ®p(x,y) of all these formulas (which is finite, by the finiteness lemma).
We can then construct the big disjunction ®(z,y) (again finite, by the same lemma)
of all the formulas ®g(zx,y).

Considering the first round in the game together with the inductive hypothesis,
note that it holds in (9, a) that 3X(a; € X Na; € X AVey((z € X ANy & X) —
—®(z,y))). Indeed, by induction hypothesis, any couple ar € A,ary1 ¢ A that
Duplicator might choose in dom(9%) will always falsify at least one of the conjuncts
of each ®p(x,y). Finally, the formula ®(x,y) being constructed as the disjunction
of all the formulas ®5(z,y), any such couple ay, arq1 will also falsify ®(z,y). Now
IX(a; € X Naj &€ X ANVay((z € X ANy ¢ X) — —®(z,y))) is equivalent® to
dX(a; € X Na; € X AN —~Fozy(x € X A O(z,y) ANy ¢ X)), which means that
(O, @) [~ [TCoy®(x,y)](ai, a;).

On the other hand for the same reasons, note that it holds in (91,b) that VX ((b; €
XANbj ¢ X)— Jey(x e X ANy &€ X A®(x,y))). Indeed, by induction hypothesis,
for each B that Duplicator might choose in Ay Spoiler will always be able to find a
couple by € B, b,y € B satisfying all the conjuncts of the corresponding formulas
®p(x,y). Finally, the formula ®(x,y) being constructed as the disjunction of all the
formulas ®p(x,y), such a couple ay, a1 will also satisfy ®(x,y). Now VX ((b; €

PAs =(p— q) =p A —q.
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XNANbj g X) = Faylr e X Ny & X AN®(x,y))) is equivalent® to VX (b; ¢ X V b; €
XVary(r € XNy & X AN®(x,y))), which means that (N, b) = [T'C,, (z,y)](b;, b;).

Let u be a name for the parameters a;,b; and v for b;,b;. [T'Cry®(x,y)](u,v) of
quantifier depth n + 1 distinguishes (M, a) and (9N, b).

< From the existence of a FO(TC!) formula of quantifier depth n distinguish-
ing (M,a) and (M,b) to the existence of a winning strategy for Spoiler in
EF}LO—&-TC((m? (_l>, (mv b))

Base step: Doing nothing is a strategy for Spoiler.

Inductive step: The inductive hypothesis says that, for any two structures, if they
disagree on some FO(TC!) formula of quantifier depth n, then Duplicator has a win-
ning strategy in the n-round game. Now, assume that some expanded structures
(9, a), (DM, b) disagree on some FO(TC!) formula x of quantifier depth n + 1. Any
such formula must be equivalent to a Boolean combination of formulas of the form
Jdzyp(x) and [T'Chyd(x,y)|(u, v) with ¢, ¢ of quantifier depth at most n. If x dis-
tinguishes the two structures, then there is at least one component of this Boolean
combination which suffices distinguishing them.

Let us first suppose that it is of the form Jzt(z) and such that (9M,a) = Jzy(z)
whereas (M, b) % Jrip(x). Then it means that there exists an object a € dom(9N)
such that (9, a) |= ¢ (a) whereas for every object b € dom(MN), (N, b) = (b). But
then we can use our induction hypothesis and find for each such b a winning strategy

for Spoiler in EFgy ) (M, @, a), (N, b,b)). We can infer that Spoiler has a winning

strategy in EF,?OHTCl ((zm a), (M,b)). His first move consists in picking the object
a in M and for each response b in N of Duplicator, the remaining of his winning

strategy is the same as in EFfy rcr) (M, a,a), (N, b,b)).

Let us now suppose that [T'C.,¢(z,y)](u,v) of quantifier depth n + 1 distin-
guishes the two structures such that (9, a) = [TCLy¢(x,y)](u,v) ie. it holds
in (M,a) that VX((a; € X ANa; € X) — Jay(lr € X ANy € X A o(z,9))),
whereas (M, ) & [TCryé(x,y)](u,v) ie. it holds in (M, d) that IX(b; € X A b; &
X A —-Jay(x € X ANp(x,y) ANy € X)). We want to show that Spoiler has a win-

ning strategy in EF,:‘C;FITC1 (M, a), (M, b)). Let us describe her first move. She first

chooses (91,b) and B € Am such that b, € BAb; ¢ BA—~Jzy(x € BA¢(z,y)\y € B).
By definition of T'C', such a set exists. Duplicator has to respond by picking a set
A in Agy. Spoiler then picks a, € A and a1 € A such that (9, a) = ¢(ag, ags1).
This is possible because by definition of T'C', for any possible choice A of Duplicator
we have Jxy(x € ANy & AN@(x,y)). But that means that Duplicator is now stuck
and has to pick b, € B and by, € B such that (M, b) ~ ¢(bx, bey1). Consequently,
we have (M, b, by, bey1) ¥ o(x,y), whereas (MM, a, ax, arp1) = ¢(z,y). As é(x,y)
is of quantifier depth n, by induction hypothesis, Spoiler has a winning strategy

in EFfg e (M, @, ax, ari1), (M, b, by, bry1)). The remaining of Spoiler’s winning
strategy in EF,:‘OHTC1 (M, a), (M, b)) (i.e. after her first move, that we already ac-

counted for) is consequently as in EF;‘O(TO)((EUT, a, g, apy1), (9,0, by, bri1)).

bAsp—q=-pVyg.
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Corollary 4. For structures 91, 91 and n > 0, Duplicator has a winning strategy in
EF,?O(TG)(W, M) if and only if M EQO(TG) . In particular, Duplicator has a winning
strategy in all E'Fgo(tcry-games of finite length between 9 and M if and only if M =¢g(rcry

.

C.3 Ehrenfeucht-Fraissé Game for FO(LFP')

There are two classical equivalent syntactic ways to define the syntax of FO(LFP!): the one
we used in Section 1.2 and an other one, dispensing with restrictions to positive formulas,
but allowing negations only in front of atomic formulas and introducing a greatest fixpoint
operator as the dual of the least fixpoint operator (also V cannot be defined using 3 and
has to be introduced separately, similarly for the Boolean connectives). This second way
to define FO(LFP!) turns out to be more convenient to define an adequate Ehrenfeucht-
Fraissé game. The game is suitable to use on Henkin structures because the semantics
on which it relies is merely a syntactical variant of the one given in Section 3. Now the
FO(LFP') formulas [LF P, x¢(x, X))y and [GF P, x¢(z, X )]y, stating that a point belongs
to the least fixpoint, or respectively, to the greatest fixpoint induced by the formula ¢
satisfy the following equations:

[LFP, x¢(x, X)|y < VX (—~Xy — Jz(=Xz A ¢(z, X)))
[GFP, x¢(z, X)|y < IX(Xy AVe(Xz — ¢(z, X)))

This is the key idea behind an Ehrenfeucht-Fraissé game defined by Uwe Bosse in [2]
for least fixpoint logic LFP (i.e. where fixpoints are not only considered for monadic
operators, but for any n-ary operator). FO(LFP!) being simply the monadic fragment of
LFP, the game for LFP can be adapted to FO(LFP!) in a straightforward way:

Definition 26 (FO(LFP') Ehrenfeucht-Fraissé game). Let n > 0, 7 > 0, s > 0. In the
game EF;LO(LFpl)((Qﬁ,A,EL), (M, B, b)), there are two types of moves, point and fixpoint
moves. Each move extends an assignment @ +— b, A +— B with elements a, € dom(9M), b, €
dom (M), and possibly (in the case of fixpoint moves) with sets A, € Agy, B, € Ay. After
each move, Spoiler chooses the kind of move to be played. We assume that the assignment

a+— b, A — B has to be extended. Now the following moves are possible:

e T move: Spoiler chooses as;1 € dom(9M) and Duplicator bsy; € dom(MN).

e V move: Spoiler chooses bs1 € dom (D) and Duplicator as; € dom(IM).

In each point move, the assignment is extended by asi1 +— bsiq.

e LFP move: Spoiler chooses B,1 € An \ {dom(M)} with some pebble b; & B, 4
and Duplicator responds with A,;; € Agy \ {dom(9N)}.
Now Spoiler chooses in M a new element ag,1 € A,1 and Duplicator answers in NV
with b5+1 g Br—',—l-

e GFP move: Spoiler chooses A,;1 € Agy \ {dom(9)} with some pebble a; € A, 4
and Duplicator responds with B,y € Ay \ {dom (M)} such that B, # 0.

Now Spoiler chooses in dom (1) a new element b1 € B,;; and Duplicator answers
in dom (M) with as11 € Ariq.
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In each fixpoint move the assignment is extended by A, 1 — B,i1,as11 — bsi1. B
After n moves, Duplicator has won if the constructed element assignment a — b is a
partial isomorphism and for the subset assignment A — B, for any 1 < j <ri<s:

a; € Aj implies b; € B;
We call an assignment with these properties a posimorphism.

Theorem 11 (Adequacy). Assume a finite relational FO(LFP') language. Given I and
N, A€ AL, B € By, a € dom(IM)*, b € dom(N)* andr >0, r >0, n > 0, Duplicator has
a winning strategy in the game EFFO(LFP1 (M, A, a), (M, B, b)) iff (M, A,a) and (N, B, b)
satisfy the same FO(LFP') formula of quantifier depth n.

Proof. We refer the reader to Uwe Bosse [2]. O

D Fusion Lemmas on Henkin-Structures

Let A € {MSO,FO(TC"),FO(LFP!)}. In this Appendix, we show our analogues of
Feferman-Vaught theorem for fusions of A-Henkin-structures. We refer to them as A-
fusion lemmas in the main part of the paper, even though they will be formally stated as
theorems or corollaries below. What we show is, more precisely, that fusion of A-Henkin-
structures preserve A-equivalence.

In order to give inductive proofs for MSO and FO(LFP?), it will be more convenient to
consider parametrized A-Henkin-structures where the set of set parameters is closed under
union, this notion being defined below. This is safe because whenever two parametrized
structures (9M, A,a) and (M, B, b) are n-A-equivalent, it follows trivially that 9 and 91
considered together with a subset of this set of parameters are also n-A-equivalent.

Definition 27. Let A;,..., Ay be a finite sequence of set parameters. We define
(Aq,...,Ap)” as the finite sequence of set parameters obtained by closing the set
{Ay, ..., Ay} under union in such a way that (Ay,..., Ap)” = {U,c; Al € {1,..., k}}.
(We additionally assume that this set is ordered in a fixed canonical way, depending on
the index sets I.)

D.1 Fusion Lemma for MSO
Theorem 12. Whenever (MM, Ai, a;) =50 (Wi, Bi,by) for all 1 < i < k (with a; a

sequence of first-order parameters of the form a;,, ..., a;, withm € N and A; a sequence
of set parameters of the form A;,, ... Al ., withm” € N, similarly for the b; and B;), then
also @{Sigkmi,(/h,...,Ak)u,dl,.. MSO @1<z<k Z,(Bl,.. Bk) bh...,bk.

Proof. We  define a  winning strategy for  Duplicator in the game
EF](L/ISO((@1<1<I§ ) (Alv s 7Ak)u7 ai, ... adk)v (@{gigk sTEi? (Bl’ SRR Bik)Lj7 blv s 7bk))
out of her winning strategies in the games EF}, o (9, A;, ai), (M, Bi, b;)) by induction
on n.

Base step: n = 0, doing nothing is a strategy for Duplicator. We need to show that
(@1<z<k i (Ar, ..., Ap)©ay, ..., ag) and (@1<z<k i, (B1,...,Br)",b1,. .., by) agree on
all atomic formulas. Now in the fusion structures, each atomic formula is defined by f
in terms of a o*-quantifier free formula that is evaluated in the corresponding disjoint
union structure. So it is enough to show that the disjoint union structures agree on all
atomic o*-formulas and on their Boolean combinations. The initial match between the
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distinguished objects in (9, A;, ;) and (M, By, b;) is a partial isomorphism for every
1 <4 <k, so it is also one for 4, ;) M, a1, ..., a; and |¢ U1< <k’ﬁl,b1,.. by ie. the
two disjoint union structures extended with FO parameters agree on all o*-atomic formu-
las. We still need to show that it is also one for |4, ., M;, (Al, .. Ak) ,ai,...,a and
Wicicr My (Bi, ..., Br)Y, by, ..., by i.e. the two disjoint union structures extended with FO
parameters and the closure under union of set parameters agree on all o*-atomic formulas.
It is enough to point that for any parameter a,,, for any I C {i1,... dpy,... k1, kp} by
construction of | J;c; A; in (Ay, ..., Ag)Y, the following are equivalent:

L4 Lﬂlgigk mh (Ala s 7Ak)u7d17 e Ja_k ): UiGI Aiaij7
o [ty DN, (A, AV Ay dn, . dy B Aja;; for some 4; in .

Similarly for any parameter b;;, by construction of | J;.; B; in (B, .., B)Y, the following
are equivalent:

o Lﬂlgigk mi; (Bh . '7Bk)U7617 R 7b_]€ ): UiEI Bibiju
[ Lﬂlgigk ‘ﬁi, (Bl, ey Bk)u, Bil,b_l, . ,b_k ): Bilbij for some le in I.

But by Duplicator’s winning strategy in the small structure games, we know that the
following are equivalent:

i Lﬂlgigk M, (Ay, ..., Ap)Y, Ay, dy, ..., ap = Ajaq, for some 4 in 1.

i L"_'Jlgigk N, (By,. .., By)Y, B;,, bi,....,by = B;,b;; for some i; in 1.
So the following are also equivalent:

o Wik M, (Ar, o AR an, . di = Uy Ava,

o Lﬂlgigk miu (Blv e '7Bk)u7617 s 7b_k ): Uie] Bibija

So the two extended disjoint union structures agree on all o*-atomic formulas. Now relying
on the semantics of Boolean connectives, it can be shown by induction on the complexity
of quantifier free sentences that they also agree on all Boolean combinations of atomic
o*-sentences.

Inductive step: the inductive hypothesis says that whenever Duplicator has a win-
ning strategy in EFY oo (9, Ai, @), (M, By, b)) for all 1 < i < k, he also has one
in EFfyso( <o, M, (Ar, .. Ap)Y s an), (D] i, My (Brs ..o, Br)Y, by, b)),
We want to show that this also holds when the length of the games is n + 1.
Suppose Duplicator has a winning strategy in EFyih (9, A, @), (M, B, b)) for
all 1 < ¢ < k. We describe Duphcator s answer to Spoiler’s first move in
E’F}[‘jglo((Q}KKIC M, Ay, Ay an, .., dy), (®1<z<k Ni,Bi,..., By, by,...,b)). It then
follows by induction hypothesns, that he has a winning strategy in the remaining n-length
game.

e Spoiler’s first move is a point move. Suppose Spoiler picks a in @{Q(k ;.
Then a € dom(9M;) for some 1 < i < k. So Duplicator uses his win-
ning strategy in EFy, (0, Ay, @), (M, Bi,b;)) to pick b € dom(M;), so
that he still has a winning strategy in EFY oo (M, Ai, a;,a), (O, By, b, b)).
By induction hypothesis he also has one in the remaining n-length game

EF]T\ZSO((@1<1<I¢ l>(A17" Ak) A1y -, A, @ >(®1<z<k Z?(Blﬁ" Bk) bl?" bfkvb))'
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e Spoiler’s first move is a set move. Suppose Spoiler chooses a set A in the
set of admissible subsets of @1 <ick M. Then A is necessarily of the form
AU ... U A, with A; an admissible subset of ;. We now define locally his
response B = By U...U By, using his winning strategies in the small structures, so
that he still has a winning strategy in EF ¢ (0, As, Ai, @), (M, Bi, By, by)) for all
1 <14 < k. By induction hypothesis, he also has one in the remaining n length game
EFyso(D] <y M, (A1, Ay, A, A dis i), (D] i Miy (Br, By, .., B, By)Y, by,
(Note that this is enough, because A € (A, Ay, ..., Ay, Ax)Y.)

O

Now an analogue of this result for disjoint unions can easily be derived as a corollary
of Theorem 12. For the convenience of the reader, we provide here the detailed argument:

Corollary 5. Whenever (M, A;, @;) =50 (M, B, b;) for all 1 < i < k (with @ a
sequence of first-order parameters of the form a;,,...,a;, with m € N and A; a sequence
of set parameters of the form 4;,,..., 4; , with m’ € N, similarly for the b; and B;), then

also Lﬂlgigkmh(Alv""Ak)U7d17" ay MSO U1<Z<k‘ﬁl,(B1,.. Bk) bl,...,bk.

Proof. Let (M, Ai, a;) =560 (M, By, by) for all 1 < i < k (with a; a sequence of first-order
parameters of the form a;,,...,a;, with m € N and A; a sequence of set parameters of
the form A;,,..., A; , with m’ € N, similarly for the b; and B;).

Now consider the following expansions 9, and 9, of the o structures M; and MN; to
o* =oU{Q1,...,Qx}: the interpretation of @; is empty in M, (respectively N;) whenever
i # j and it is the domain of M, (respectively ;) whenever i = j.

Clearly (M, A;, @;) =550 (M, By, b;) for all 1 <i < k.

Now consider a mapping f such that for every n- ary predicate P € o*, f(P) =
Pxy...x,. By Theorem 12 we have that @1<z<k L(A, . AR an, ak =50

@1<Z<k i (Bb o, Bk) by, by
Corollary 5 follows because @{Sigk M, (Ah o 7Ak>u’ T, ... and

~ ~ U - - . . e 1 U — —
®1<z<k M, (By, ..., Bi)”, by, . .., by are isomorphic to ), o, My, (A1, ..o, Ap)”, dn, -0, ai

and [, ;< M, (Bi,...,B,)", by, ..., b respectively. ]

An other important corollary of Theorem 12 is the fact that fusions of MSO-Henkin
structures are also MSO-Henkin structures. Let us the stress the importance of this fact,
which is needed for the correcteness of our main completeness argument.

Corollary 6. AEB T is closed under MSO parametric definability and so ®1<z<k M;
is a MSO-Henkin structure.

Proof. First note that the following are equivalent:
e A is MSO parametrically definable in 90,

e there is a finite sequence of parameters a, A such that A is defined by a MSO formula
¢ of quantifier depth n using a, A,

e for any two points a and a’ in dom(M), if they are MSO n-indistinguishable using
a, A, then a € A iff o’ € A.
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Now suppose there is A C dom(@{ <i<k i) MSO parametrically definable in @{ <ick

using o/, A’, but A ¢ A®f< o So it means that for some 1 < ¢ < k, A; =
1<14

AN dom(9M;) is not MSO parametrically definable in 90%; i.e. there are two MSQ para-
metrically indistinguishable points a € A, d ¢ A. So for all n, for all sequence of
parameters a, A in M;, (M;,a, A, a) E’;O(Tcl) (M;,a, A,a’) and by the fusion lemma,”

@1<z<k M. a,Ad, A a = (Tc1) @1<z<k M, a, A, a, A a. But this entails that A is
not MSO parametrically definable using a/, A’ in @{ <ick I n

Corollary 7. Ay _._ o, is closed under MSO parametric definability and so 4, 9
is a MSO-Henkin structure. o

Proof. Analoguous to the proof of Corollary 6 (because A@{Sigkm = Akﬂlgigk%)' O]

D.2 Fusion Lemma for FO(TC!)

As TC moves can only be played when there are already two pebbles on the board, it
is more convenient to show first a version of our FO(TC!) fusion lemma in which each
small structure comes with at least two parameters. This allows us to define Duplicator’s
answer to a T'C' move played in a big structure, by means of his winning strategies in the
corresponding small structures. We then derive as a corollary the fusion lemma for non
parametrized structures.

Theorem 13. Whenever (9M;, a;) ET;O(Tcl) (M, b;) for all 1 < i <k (with a; a sequence
of distinct parameters of the form a;,,...,a; with m € N and m > 2, similarly for the
bi), then also @{Sigk M, dy, ..., a EQO(TCI) @{gigk M, by, ..., b,. As a special case, in
the case of single point structures (structures which domain contains only one point), we
allow the parameters to be non distinct objects.

Proof. We  define a  winning strategy for  Duplicator in the game
EFfore ((@1<z<k M, a,...,a), (@{gigk M, b1,..., b)) out of her winning strategies
in the games EFZ, 1) (M, @), (M, b;)) by induction on n.

Base step: n = 0, doing nothmg is a strategy for Duplicator. We need to show that
the ®1<z<k M;, di,...,a; and ®1<2<k MN;, b1, ..., b, agree on all atomic formulas. Now
in the fusion Structures each atomic formula is deﬁned by f in terms of a o*-quantifier
free formula that is evaluated in the corresponding disjoint union structure. So it is
enough to show that the disjoint union structures agree on all atomic o*-formulas and
on their Boolean combinations. The initial match between the distinguished objects in
(9, ;) and (D, b;) is a partial isomorphism for every 1 < i < k, so it is also one for
Wicicp My ar, .., ay and o) Miy by, . .., by i.e. the two disjoint union structures agree
on all o*-atomic formulas. Now relying on the semantics of Boolean connectives, it can
be shown by induction on the complexity of quantifier free sentences that they also agree
on all Boolean combinations of atomic o*-sentences.

Inductive step: the inductive hypothesis says that whenever Duplicator has a
winning strategy in EFgy ey (M, @), My, b;)) for some (M, a;), (M, b;) satisfying
the required conditions on parameters and 1 < ¢ < £k, he also has one in

EFl:Ilo TCh) ((®1<z<k ml? a, ... 701_16)7 (@{Sigk mi? b_17 cee 7b_/€))'

"There is no need to consider the case where a’, A’ is empty, because if a set is parametrically definable
using no parameter, it is also definable using parameters.
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We want to show that this also holds when the length of the game is n +

1. Suppose Duplicator has a winning strategy in EFS(;F(chl (M, @), (M, b;)) for

all 1 < 4 § k. We describe Duplicator’s answer to Spoiler’s first move in

EFggrlTC1 ((@1<z<k M, ay,...,ax), (@{gigk Mi,b1,...,bg)). It then follows by induction

hypothes1s that he has a winning strategy in the remaining n-length game.

e Spoiler’'s first move is an 3 move. Suppose Spoiler chooses a point
a € dom(G}KKlf ), then a € dom(9M;) for some 1 < ¢ < k.

So Duplicator can use his winning strategy in FEFZ (M, @), (M, by))

FO(TCY)
and pick a corresponding point b in the other strugture Now he
still has a winning strategy in EFFO(Tcl (M, ai,a), (M, b;,0)). So by in-

duction hypothesis he also has one in the remaining n length game

EFloqen ((@Kmm,a},...,@k,a),(@{Sigkmi,a,...,@,b)).

e Spoiler’s first move is a T'C' move. Suppose Spoiler chooses a set A in the set of
admissible subsets of @{ i M. Then A is necessarily of the form A;U. . .UA, with
A; an admissible subset (possibly empty) of ;. Her response B = By U ... U By
can now be defined locally for each B; using her winning strategies in the small
structures. So let Spoiler choose A = A; U...U A;. Keeping in mind that each non
single point small structure comes with at least two distinct parameters, there are
four cases:

a) in dom(9M;), there is a distinguished object inside, but also outside A;, so
Duplicator considers A; together with these two parameters and constructs B;

by using his winning strategy in EF?CJ)F(}I_G (M, @), (M, ).

b) in dom(9M;), there are only distinguished objects inside A;®, so Duplicator
considers any one of these distinguished objects, let say a; and looks at A;\{a;}
together with some parameter inside A;, so that he can use his winning strategy
in EFF”C;F(ITC1 ((fmi,di), (M;,b;)) to construct an answer that we call B]. Now

¢) in dom(imi), there are only distinguished objects outside A;,° so Duplicator
similarly considers some distinguished object a; and looks at A;U{a;} together
with some other parameter outside A;, so that he can use his winning strategy
in EF™L (O, @), (9, ;) to construct an answer that we call B.. Now

FO(TC!)
B; = Bi\{b;};
d) 9, is a single point structure, then B; = 0 if A; = () and B; = dom(9M;) if

Once B = By U...U By, has been constructed, Spoiler picks two points b € B and
b ¢ B. There are two cases:

1. b and b belong to the domain of one and the same small structure 91; ; now
dom(9M;) is as previously described in a), b), ¢) (but not d), because two distinct
points cannot belong to one and the same single point structure) and in each
case Duplicator does the following:

8Note that as a special case we may have A; = dom(9N;).
9Note that as a special case we may have 4; = (.
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a) Duplicator answers with a,a’ according to his winning strat-

egy in EF;lg(chl (M, @), (My,b;)), so that he still has a win-

ning strategy in FEF, O(Tcl)((zmi, ai, a,a’), (M, b;, b,0)). By induc-
tion hypothesis he also has one in the remaining n length game
EFELO(TCI)((@{SiSk M, ar, ..., ag,a,a ) (®1<z<k i, by, by, b, b,))3

b) suppose first that b" # b;, so Duplicator considers A;\{a;} together with a;
and with some other parameter inside this set and uses his winning strategy
in EF,?S“lTC1 (M, a;), (M, b;)) to pick corresponding a,a’ in im,-,iso that
he still has a winning strategy in EF?O(Tcl)((mi,di,a,a’), (M, b;,0,0)).
By induction hypothesis he also has one in the remaining n length game
L FO(Tc1 ((@{Siék My, ai, ..., ay, a,d’), (@1<z<k i, by, ..., by, 0,1)

; otherwise b = 0b;, then a = a; because the parameter a;
already matches b i.e. Duplicator has a winning strategy in

EFF"J(chl (9, @i, a), (M, b;, b)), so Duplicator uses his winning strategy

in EF;‘ngcl (M, @, a), (M, b, b)) to pick o, answering as if it was
a point move (i.e @' has to be n-equivalent to '), so that he still
has a winning strategy in EFQO(TO)((EDTZ-, ai,a,a’),(M;, b;,0,0)). By
1nduot10n hypothesis he also has one in the remaining n length game
FO(TCl ((@1<z<k mi, a_l, ce ,a_k, a,a ) (@1<z<k ‘ﬁi, bl, ce ,bk, b, b,))
Now there is some additional condition a’ ¢ A; that Duplicator shall also
maintain in order to respect the rules of the game. But there has to
be an n-equivalent point to & which is outside A;. Indeed, instead of b,
Spoiler could have picked any other point b* € B; together with ¢/ ¢ B;
and Duplicator’s winning strategy would have provided a correct answer
a* € A;, a’ ¢ A;, which means that Duplicator would have found some o’
point which is at least n-equivalent to &’ and outside A; (because if Du-
plicator has a winning strategy in EFFO(TCl (O, a;, a*, a’), (M, by, b*, b))
then he also has one in EFfy 1 (M, @i, a’), (M, b;, b)) and hence in

EFgoeren (M, di, a, a”), (‘ﬁi,bz,b b’)))

c) suppose first that b # b;, so Duplicator considers A; U {a;} to-
gether with a; and with some other parameter outside this set and

uses his winning strategy in EFI?J}I'CI (M, @), (M, b)), so that he

still has a winning strategy in FEFT Fo(TC!) (M, @, a,a’), (M, by, b, b')).
By induction hypothesis he also has one in the remaining n length
game LF" Fo(Tcl) ((@KKkimi,a_l,...,a‘k,a,a) (@1<Z<k‘ﬁi,bl,-..,bk,b,b’))
; otherwise V¥ = b;, then @' = a; because the parameter a;
already matches 0" ie.  Duplicator has a winning strategy in
EFEL&ITG (M, @, a’), (M, b;,0')), so we can show by a similar argument
as the one used in the above item, that he can use his winning strat-

egy in EF?&chl (M, @i, a’), (M, b;, 1)) to pick a € A;, so that he still

has a winning strategy in EF[ Fo(TCh) (M, @, a,a’), (M, b;,b,b')). By in-

duotlon hypothesis he also has one in the remaining n length game
FO(TC1 ((@1<z<k mti) a_h cee 7a_/€7 a,a ) (®1<Z<k miu b17 cee 7b/€7 b) b,))

2. otherwise b € dom(M;,b;) and b’ € dom(M;,b;) with i # j; we can again
use a similar argument to show that Duplicator can use his winning strat-

egy in EFlfg(chl (M, @), (M, b;)) and EFggrlTC1 (M5, a;), (M, b;)) to pick
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a, @ in the right side of the structure (i.e. inside or outside A;), so
that he still has a Winning_ strategy in EFgg qey (M, a;,a), (N, b;,0)) and
EF;‘O(Tcl)((fmj, aj,a’), (M;,b;,b')) (in the special case where for instance, I;
is a single point structure, Duplicator picks the only available point in the other
structure) By induction hypothesis he also has one in the remaining n length

game F FO(TC1 ((@Kkami,a’l,...,cfk,a,a) (@1<Z<k MNi, by, ..., by, bb)).
]

We now show a corollary of the preceding lemma, in which the small structure do not
come with any distinguished objects:

Corollary 8. Whenever 901; E’;’O(Tcl) N, for all 1 <7 < k, then also @{Sigk

@1<z<k

Proof. We know that Spoiler’s first two moves in EFgngcl (®1<z<k ml?@1<z<k ;)

must be quantifier moves, because the TC' move can only be played once there are
two pebbles on the board. Let us look at the first move. Suppose Spoiler plays a
point a € dom(@KKkSﬁ). So a € dom(M;) for some 1 < i < k. By Duplica-
tor’s winning strategy in EFgy ey (;,M;), he has an answer b € dom(;) such that
(M, a) =forrery
ery j # 4 such that 1 < j < k, fix some random point a;, coming from the domain
of 9M;, Spoiler could have played this point and so Duplicator would have had an ad-
equate answer b; such that (9, a;,) =Fo(Tc!) (M, b;,). Now for the second round
in the game, some point @’ = a;, or ¥’ = b, coming from the domain of respectively
M, or N, will be played by Spoiler and Duplicator will be able to answer so that

(M, @y, , ay) E?(;?Tcl) (M, by, by,). Similarly, for each 9; such that j # [, we can find
points such that (M;, a;,, aj,) :TFL()zTC1 (M, bj,,bj,). Now as for all 1 <4 <k, Duplicator

has a winning strategy in EFFO(TC1 ((DJL, @iy s Qi) (M, biy, biy)), by the previous lemma, he
has one in EF;LO(QTC1 (®1<z<k M, ar,, A1y, ..y Ak, Cky), <®1§i§k M biyybigy ey by bey))s

M =foreny

(M, 0). Let us rename a with a;; and b with b;,. Similarly, for ev-

so he also has one in EF[J QTcl (@1<z<k M, a,a), (®1<z<k MN;, b, b)). O
Corollary 9. Whenever 9; EFO Tc1) M, for all 1 < i <k, then also [+ U1<Z<k M, E:O(Tcl)
E’J1gigk N

Proof. Analoguous to the proof of Corollary 5. O

Corollary 10. Ag on, 18 closed under FO(TC') parametric definability and so
<z<k

@1<Z<k M; is a FO(TCl) Henkin structure.
Proof. Analoguous to the proof of Corollary 6. 0

Corollary 11. Ay _ _ oy is closed under FO(TC') parametric definability and so
Lﬂlgigk M, is a FO(TC!)-Henkin structure.

Proof. Analoguous to the proof of Corollary 7. O
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D.3 Fusion Lemma for FO(LFP!)

The situation parallels the FO(TC!) case. As LFP moves can only be played when
there is already one pebble on the board, it is more convenient to show first a version
of our FO(LFP!) fusion lemma in which each small structure comes with at least one FO
parameter. This allows us to define Duplicator’s answer to a LF'P move played in the big
structure, by means of his winning strategies in the small structures. We then derive as
a corollary the fusion lemma for non parametrized structures.

Theorem 14. Whenever (M, A;, a;) E$O(LFP1) (N, Bi,b;) for all 1 < i < k
(with a; a non empty sequence of parameters of the form a;,...,a;, with m >

m —_

0, similarly for the b;), then also ®l<z<k M, (A, ..., A, a,. .., d
@1<z<k 17<B17"'7B) bl,... bk

Proof. We  define a  winning strategy for  Duplicator in the game

EFI?O LFPY) ((eBl<z<k (3] (Ah s 7Ak)u dla ceesy ) (@{<i<k mi? (B_lvi' s B_k)ua 5177 T 7b7k))
out of her winning strategies in the games FE (M, Ay a;), (N, By, b)) by

—n
=FO(LFP!)

FO(LFP1
induction on n.

Base step: n = 0, doing nothing is a strategy for Duplicator (this can be justified by
a similar argument as in the MSO case).

Inductive step: the inductive hypothesis says that whenever Duplicator has a
winning strategy in EF O(LFPY) (O, Ay, a@;), (Mg, By, by)) for some (M, Ay, a;), (N, By, by)
satisfying the requ1red condltlons on parameters and 1 < ¢ < k, he also has one in
EFloepry (D iy M, (Ar, . ARV i), (D i, My (Bra -, Br)Y, by, by)).

We Want to show that this also holds when the length of the games is n + 1.
Suppose Duplicator has a winning strategy in EF;S“ILFPl (M, A, @), (N, Bi, b))
for all 1 < ¢ < k. We describe Duplicator’s answer to Spoiler’s first move in

EFanlLFpl ((®1<z<k o (Ar, .o AV ay, .. ay), (@{gigk MNi, (Bi,...,Br)", by, ..., b)).
It then follows by induction hypothesis, that he has a winning strategy in the remaining
n-length game.

e Spoiler’s first move is an 9 move.

Same argument as for MSO and FO(TCH).

e Spoiler’s first move is a V move.

Symmetric.

e Spoiler’s first move is a GFP move.

Suppose Spoiler chooses a set A in the set of admissible subsets of @{ <o MG with
some pebble a;; € A. Then A is necessarily of the form A; U... U A, with A; an
admissible subset of 91;. Her response B = By U...U By can now be defined locally
for each B; using her winning strategies in the small structures. So let Spoiler choose
A= A;U...U A Keeping in mind that each small structure comes with at least
one parameter, there are four cases:

1) in dom(9M;), there is a distinguished object inside A; and A; # dom(9M;), so
Duplicator considers A; together with this parameter and constructs B; by

using his winning strategy in EFSOHLFP1 (M, Ay, @), (M, Bi, by)).
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2) in dom(M;), there are only distinguished objects outside A; and A; #
(), so Duplicator considers any one of these distinguished objects, let say

a; and looks at A; U {a;}, so that he can use his winning strategy in

EFI?(;_(}_FPl (M, Ai, a;), (M, By, b;)) to construct an answer that we call B

Now B; = Bj{\{b;}. This is a correct answer, because the (posimorphism)
condition to be maintained is that for every pebble a; on the board at the
end of the game, a; € A; = b € B;. But by Duplicator’s winning strategy
in EFgglLFpl (M, Ai, A; U {a,}, @), (M, Biy Bl b;)), we know already that for
every Such pebble ap € A;U{a;} = b € B, so also a; € A; = b € B)\{b,}.

3) B; = dom(9M;). So A; = dom(M;). As pebbles are only chosen using Dupli-
cator’s winning strategies in the small structures, the posimorphism condition
will be maintained.

4) B; = 0. So A; = (. As no pebble can belong to this set, the posimorphism
condition will be maintained.

Now that B = B; U ... U By has been constructed, Spoiler picks a new element
b € B which belongs to the domain of one particular small structure 9; (so b € B;)
and dom(9;) is as previously described either in 1), 2) or 3) (but not 4), because b
cannot belong to the empty set) and in each case Duplicator does the following:

1) Duplicator answers with a according to his winning strategy in
EF,?J(ILFN (M, Ay, @;), (N, Bi, b))
2) Duplicator again considers A;U{a;} and answers according to his winning strat-

egy in EFI?(;_(}_FPl (M, Ai, A; U {a;}, @), (O, By, BL,b;)). This is safe, because

the pebble to be chosen has to be fresh, so it won’t be a;;

3) Duplicator picks some random pebble a; in dom(9;) and considers
dom(9M;)\{a;}. His winning strategy provides him with a correct answer.

So in any case (either 1), 2) or 3)), Duplicator has a winning strat-
egy in EFFO LFP1) (M, Ai, Aiy aiya), (N, By, By, bs,b)).  Now for all j # i,
1 S ] S k,’ he also has one in EFFO(LFF’l ((m],A],A],d]), (‘JI],E],B],I;]))
So by induction hypoth§sis, he has one in the remaining n length game
EFI?O LFP1) ((®1<l<k 3 (Ala A17 s 7Ak7 Ak>u7 A1y ..y Ay U,),

<®1<z<k 7J7<Bl7Bl7'"7Bk7Bk)U7li7"'76kub))-
e Spoiler’s first move is a LFP move.

Symmetric.
[

Corollary 12. Whenever I, N, for all 1 < ¢ < Kk, then also

E?O(LFPl)
@1<z<k i =Fo (LFP1) ®1<z<k

Proof. We know that Spoiler’s first move in EF?S_(}_FPI (@1<z<k fm@,@KKk ;) must
be a FO quantifier move, because the LF P move can only be played once there is a
pebble on the board. Let us look at the first move. Suppose Spoiler plays a point
a € dom(@{<l<k9ﬁ). So a € dom(M;) for some 1 < ¢ < k. By Duplicator’s

winning strategy in EFZ o (M;,91;), he has an answer b € dom(;) such that
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(M;,a) = _FO LFP1) (M;,b). Let us rename a with a; and b with b;. Similarly, for every
j # i such that 1 < j < k, fix some random point a; coming from the domain of M,
Spoiler could have played this point and so Duplicator would have had an adequate an-
swer b; such that (9, a;) =g gpry (My,0;). Now as for all 1 < i < k, Duplicator
has a winning strategy in EF" (9, a;), (9, b;)), by the previous lemma, he has

FO(LFP)
one in EF,’:“O lLFpl (@1<z<k M, a,...,ax), (@{gz‘gk M, b1,...,bx)), so he also has one in
EFI?O |1_FP1 (®1<z<k m;, a) (@1<z<k ‘ﬁi,b)). [
Corollary 13. Whenever IN; EIT:LO(LFPl) N, for all 1 < ¢ < k, then also

Wicicr =Fo(LFPY) Wicicr M-
Proof. Analoguous to the proof of Corollary 5. [

Corollary 14. Agy is closed under FO(LFP') parametric definability and so
1<i<k
@1<1<k 9, is a FO(LFP')-Henkin structure.

Proof. Analoguous to the proof of Corollary 6. O

Corollary 15. A&J1<i<k9ﬁi is closed under FO(LFPl) parametric definability and so
lti<ick P is @ FO(LFP')-Henkin structure.

Proof. Analoguous to the proof of Corollary 7. n
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