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Abstract

In formal approaches to inductive learning, the ability to learn is un-
derstood as the ability to single out a correct hypothesis from a range of
possibilities. Although most of the existing research focuses on the charac-
teristics of the learner, in many paradigms the significance of the teacher’s
abilities and strategies is in fact undeniable. Motivated by this observation,
in this paper we highlight the interactive nature of learning by proposing a
game-theoretical and logical approach. We consider learning as a sabotage-
type game between Teacher and Learner, and present different variants based
on the level of cooperativeness and the actions available to the players. We
characterize the existence of a winning strategy in such games by formulas
of Sabotage Modal Logic, analyzing also their complexity. Our work consti-
tutes the first step towards a unified game-theoretical and logical approach
to formal learning theory.

1 Introduction

The objective of this paper is to investigate how logics for interaction in multi-
agent systems can be used to reason about strategic abilities and information
flow during the learning process. Formal learning theory (see e.g. [4]) is
concerned with the process of inductive inference: it formalizes the process
of inferring general conclusions from partial, inductively given information,
as in the case of language learning (inferring grammars from sentences) and
scientific inquiry (drawing general conclusions from partial experiments). We
can think of this general process as a game between two players: Learner and
Teacher. The game starts with a class of possible worlds from which Teacher
chooses the actual one, and Learner has to find out which one it is. Teacher
provides information about the world in an inductive manner, and whenever
Learner receives a piece of information, he picks a conjecture from the initial
class, indicating which one he thinks is the case. Several conditions can be
defined for the success of the learning process: we can require that Learner
arrives at a correct hypothesis (finite identification), or that the sequence of
Learner’s conjectures converges to a correct hypothesis (identification in the
limit) [3].



We give a high-level analysis of the described process. First, we treat learn-
ing as a procedure of singling out one correct hypothesis from a range of
possibilities. Second, we see this procedure not as a one-move choice; instead,
we allow many steps of update before the conclusion is reached. These two
properties make our notion of learning different from the concept of learning
formalized as epistemic update in Dynamic Epistemic Logic (see e.g. [2]), where
the word “learning” is often used as a synonym of “getting to know” and is
usually represented as a one-step epistemic update. Moreover, in our approach
we pay attention to the strategies for teaching, highlighting the fact that re-
stricted power and knowledge of the learner can be compensated by additional
insights and intentions of the teacher.

The paper is structured as follows. Section 2 introduces the framework of
learning as Sabotage Games, shows how sabotage modal logic can express the
existence of winning strategies in three different versions of Sabotage Learning
Games and gives complexity results for them. Section 3 analyzes Sabotage
Learning Games in which the players do not need to move in alternation.
Section 4 presents a refined interactive view on teaching based on existing
learning algorithms. Section 5 concludes.

2 Learning as a Sabotage Game

Our work is motivated by the learning from queries and counterexamples model
[1]. In that paradigm, the goal of Learner is to recognize an initially unknown
language L. In order to do this, he is allowed to ask Teacher two types of ques-
tions: about the membership of a certain string to £, and about the equivalence
of his conjecture to £. When answering those questions, Teacher does not have
any freedom — her responses are restricted by £. However, a negative answer
to the second question is accompanied by a counterexample, which plays the
role of a hint for Learner. This is the only point of the procedure in which
Teacher has a relative freedom of choice, and in fact, the informativeness of
the string given as a counterexample influences the effectiveness of the learn-
ing process. We want to focus on this aspect of learning and show that the
“profile” of Teacher is relevant for the learning process. We consider several
possible scenarios — we describe games in which Teacher is either helpful or
unhelpful, and Learner is either eager or unwilling to learn.

Let us consider a very simple “classroom” situation with one teacher and
one learner. From our high-level perspective, learning is a step-by-step process
through which Learner changes his information state, and the process is suc-
cessful if he eventually reaches a state representing the goal. The information
Teacher provides can be seen as feedback about Learner’s current conjecture, al-
lowing him to rule out possible changes of mind. We can represent the situation
as a graph whose vertices represent Learner’s possible information states and
edges stand for transitions between them. During the learning process, Learner
can change his information state by moving along the edges and Teacher can
cut off edges, thereby preventing Learner from making certain transitions. One
state is associated with the learning goal: if Learner reaches it, we say that the
learning process has been successful. The correspondence between the learning
model from formal learning theory and our proposal is described in Table 1.

Observe that in learning from queries and counterexamples, a counterex-



Table 1: Correspondence with Learning Model

Learning Model Sabotage Games
hypotheses states
correct hypothesis goal state

possibility of a mind change from hypothesis edge from state a to b
a to hypothesis b

a mind change from hypothesis a to hypothe-  transition from state a to b
sis b

giving a counterexample that eliminates the removing a transition be-
possibility of a mind change from a to b tweena and b

ample results in the absolute removal of some initially possible hypothesis.
Our setting generalizes this idea: the removal of a transition need not make the
target vertex unreachable.

2.1 Sabotage Games

Our perspective on learning leads naturally to the framework of Sabotage
Games [6, 11]. A sabotage game is played in a directed multi-graph, with two
players, Runner and Blocker, moving in alternation with Runner being the first.
Runner moves by making a single transition from the current vertex; Blocker
moves by deleting any edge from the graph. We begin by defining the structure
in which a Sabotage Game takes place.

Definition 2.1 ([6]). A directed multi-graph is a tuple G = (V, E) where V is a set
of vertices and E : V X V. — IN is a function indicating the number of edges between
any two vertices.

The Sabotage Game is defined as follows.

Definition 2.2 ([6]). A Sabotage Game SG = (V,E,v,v,) is given by a directed
multi-graph (V,E) and two vertices v,v, € V. Vertex v represents the position of
Runner and vy represents the goal state.

Each match is played as follows: the initial position (Eg,vo) is given by (E,v).
Round k + 1 from position (Ey,vx) consists of Runner moving to some U1 such that
E(vx, vks1) > 0O, and then Blocker removing an edge (v,v") such that Ex(v,v") > 0.
The new position is (Exy1,Vk+1), where Exy1(v,0") = Ex(v,v") — 1 and, for every
(1) # (v,v"), Exe1(u, u") := Ex(u,u’). The match ends if a player cannot make a
move or if Learner reaches the goal state, which is the only case in which he wins.

Remark 1. It is easy to see that Sabotage Games have the history-free determinacy
property: if one of the players has a winning strategy then she has a winning strategy
that depends only on the current position. Then, each round can be viewed as a
transition from a Sabotage Game SG = (V, Ex, vy, vy) to another Sabotage Game SG' =
(V, Ex41, Urs1, V), since previous moves become irrelevant. We will use this fact through
the whole paper. Also, by edges and vertices of SG = (V, E,v,v), we will mean edges
and vertices of its underlying directed multi-graph (V, E).



In this definition of the Sabotage Game, Blocker removes an edge between
two states v, v’ by decreasing the value of E(v,v") by 1. As we will see later, this
definition of the game based on the above definition of multi-graphs can lead
to some technical problems when transforming such a graph into a Sabotage
Model. Therefore, we will now present an alternative definition, which we later
show (Theorem 1) to be equivalent with respect to the existence of a winning
strategy.

Definition 2.3. Let ¥ = {ay,...a,} be a finite set of labels. A directed labelled
multi-graph is a tuple GF = (V, &) where V is a set of vertices and & = (E,,, ..., Es,),
where &, €V X V for each a; € X.

In this definition, labels from L are used to represent multiple edges between
two vertices; & is simply an ordered collection of binary relations on V with
labels from X.. Then, the definition of the game is as follows.

Definition 2.4. A Labelled Sabotage Game SG* = (V,&,v, vg) is given by a
directed labelled multi-graph (V, &) and two vertices v,v, € V. Vertex v represents the
position of Runner and v, represents the goal state.

Each match is played as follows: the initial position (E°,vp) is given by (&, v).
Round k+1 from position (E¥, ve) with & = (&f ..., &L ), consists of Runner moving
to some vy such that (vg, vge1) € 8"; for some a; € L, and then Blocker removing an
edge ((v,v"),a;), where (v,v') € 8’;/_ for some a; € L. The new position is (E* o),
where EF = & \ {(v,0)} and &' = & for all i # j. The match ends if a player
cannot make a move or if Runner reaches the goal state, with him winning only in the
last case.

What is said in Remark 1 also holds for Labelled Sabotage Games.

In this definition of the game, it is easy to see that when Blocker removes an
edge from v to v/, it is irrelevant what is the label of the removed edge; what
matters for the existence of a winning strategy is the number of edges from v
to v’ that are left.

Observation 1. Let SG™ = (V, &, vy, vg) and SG'™™ = (V, &', vy, vg) be two Labelled
Sabotage Games that differ only in the labels of their edges, that is,

V(©,0) € VXV : (€, | (0,0) € Eull = 1€, | (0,0) € E,

where | -| stands for cardinality. Then Runner has a winning strategy in SG™ iff he has
a wining strategy in SG'*.

We will now show that the problems of deciding whether Runner has a
winning strategy in each of the Sabotage Games SG and SG* are polynomially
equivalent. We start by formalizing the problems.

Definition 2.5. The decision problem SABOTAGE is defined as follows.
e INPUT: A Sabotage Game SG = (V, E, vy, vg).
e QUESTION: Does Runner have a winning strategy in SG?
Definition 2.6. The decision problem L-SABOTAGE is defined as follows.
o INPUT: A Sabotage Game on a labelled multi-graph SGE =(V, &, v, Ug).



e QUESTION: Does Runner have a winning strategy in SG=?
Theorem 1. SABOTAGE and Z-SABOTAGE are polynomially equivalent.

Proof. We show that the problems can be polynomially reduced to each other.
First we show that SABOTAGE can be reduced to £-SABOTAGE. Given
a Sabotage Game SG = (V,E, vy, v,), let m := max{E(u,u’) | (u,u’) € (VX
V)}. Define the Labelled Sabotage Game f(SG) := (V,&,vg,v,) where & :=
(&1,...,6m) and each &; is given by &; := {(u,u’) € VX V| E(u, u’) > i}.
We show that Runner has a winning strategy (w.s.) in SG iff he has one in
f(S§G). The proof is by induction onn = ¥, ,»\eyxy E(v, "), which is the number

of edges of SG. Note that by definition of f, n = }.;7}' |&l, that is, f(SG) has the
same number of edges.

The base case is straightforward since in both games Runner has a w.s. iff
vy = vg. For the inductive case, from left to right, suppose Runner has a w.s.
in the game SG = (V,E, vy, vy) with n + 1 edges. Then, there is some v; € V
such that E(vg, v1) > 0 and Runner has a w.s. for all games SG’' = (V,E’, U1,0g)
that result from Blocker removing any edge (1, u’) with E(u,u") > 0. Note that
all such games SG’ have just n edges, so by induction hypothesis Runner has a
w.s. in f(SG’). But then, by Observation 1, Runner has also a w.s. in all games
f(SG) that result from removing an arbitrary edge from f(SG), because for any
removed edge (1, u’), the only possible difference between f(SG’) and f(SG)’ is
in the labels of the edges between 1 and u’ (in f(SG’) the removed label was the
largest, in f(SG)’ the removed label is any). Now, by definition of f, choosing
v1 is also a legal move for Runner in f(SG) and, since he can win every f(5G)’,
he has a w.s in f(SG).

From right to left, Runner having a w.s. in f(SG) means that he can choose
some v with (vp, v1) € &; for some i < m such that he has a w.s. in all games
f(SG)' resulting from Blocker’s move. Choosing v; is also a legal move of
Runner in SG. Suppose that Blocker replies by choosing (v, v’). Let us call the
resulting game SG’. By assumption and Observation 1, Runner also has a w.s.
in the game f(SG’) which is the result from Blocker choosing ((v,v"), E(v, v')).
Since f(SG)' = f(SG’), we can apply the inductive hypothesis.

Let us see now how SG* can be polynomially reduced to SG. Given SG* =
(V,&,v,0) with & = {ay, ...a,}, define f’(SGZ) :=(V,E,v,v4), where E(v,?’) :=
{Eu; | (v,0") € E ).

Showing that Runner has a w.s. in SG* iff he has one in f (SG¥) is straight-
forward, and can be done by induction on 7 := ) s |E:|. Both f and f’ are
polynomial. O

2.2 Sabotage Learning Games

Based on the Sabotage Games framework, we define Sabotage Learning Games
as follows.

Definition 2.7. A Sabotage Learning Game (SLG) is a Labelled Sabotage Game
played by Learner (L, taking the role of Runner) and Teacher (T, taking the role
of Blocker). We distinguish between three different versions, SLGUE, SLGHU and
SLGHE, differing in the winning conditions (given in Table 2).



Table 2: Sabotage Learning Games

Game Winning Condition

SLGUE Learner wins iff he reaches the goal state.
Teacher wins otherwise.

SLGHU Teacher wins iff Learner reaches the goal state.
Learner wins otherwise.

SLGHE Both players win iff Learner reaches the goal
state. Both lose otherwise.

The different winning conditions correspond to different levels of Teacher’s
helpfulness and Learner’s willingness to learn. We can have an unhelpful teacher
and an eager learner (SLGUE), but there is also the possibility of a helpful teacher
and an unwilling learner (SLGHU). The cooperative case corresponds to the
version with a helpful teacher and an eager learner (SLGHE).

We now show how Sabotage Modal Logic can be used for reasoning about

Learner’s and Teacher’s strategic power in the learning games previously de-
fined.

2.3 Sabotage Modal Logic

Sabotage Modal Logic (SML) has been introduced in [11]. Besides the standard
modalities, it also contains “transition-deleting” modalities for reasoning about
model change that occurs when a transition is removed. To be more precise,
we have formulas of the form ©¢, expressing that it is possible to delete a pair
from the accessibility relation such that ¢ holds in the resulting model at the
current state.

Definition 2.8 (Sabotage Modal Language [11]). Let PROP be a countable set of
propositional letters and let ¥ be a finite set. Formulas of the language of Sabotage
Modal Logic are given by

Pu=plp PV Ol O] S
with p € PROP and a € .. We write O for \/ ,ex o and ¢ for \/ ey €40

Definition 2.9 ([7]). Given a countable set of propositional letters PROP and a finite
set X = {ay,...,a,}, a Sabotage Model is a tuple M = (W, (Ry,)aex, Val) where
W is a non-empty set of worlds, each R,, € W x W is an accessibility relation and
Val : PROP — P(W) is a propositional valuation function. The pair (M, w) withw € W
is called a Pointed Sabotage Model.

For the semantics of SML, we first define the model that results from re-
moving an edge.

Definition 2.10. Let M = (W,R,,,...R,,, Val) be a Sabotage Model. The model
M’(’;] ) that results from removing the edge (v, v’) € Ry, is defined as

M :=(W,R,,...Rq,, Re; \ {(v,0)},Rq,.,, - .. Ra,, Val).

(")



Definition 2.11. Given a Sabotage Model M = (W, (R;)sex, Val)y and a world w €
W, atomic propositions, negations, disjunctions and standard modal formulas are
interpreted as usual. For the case of “transition-deleting” formulas, we have

MuwkE ¢,0 iff v, e W: (v,v") eR, & M yWEQ,

(0,0
and B, is defined to be equivalent to =& ,—¢.

Theorem 2 ([7]). Combined complexity of model checking for SML is PSPACE-
complete.

2.4 Sabotage Learning Games in Sabotage Modal Logic

For any given Sabotage Learning Game SG* we can construct a Pointed Sabo-
tage Model M(SG¥) in a straightforward way.

Definition 2.12. Let SG* = (V, &, vy, vg) be a Sabotage Game with & = (E;)sex. We
define the Pointed Sabotage Model (M(SG™), vo) over the set of atomic propositions
PROP := {goal} with

M(SG¥) :=(V, &, Val),

where Val(goal) := {v,}.

In the light of this construction, SML becomes useful for reasoning about
players’ strategic power in SLGs. For each winning condition in Table 2, we can
define a formula of SML that characterizes the existence of a winning strategy,
that is, the formula is true in a given Pointed Sabotage Model if and only if the
corresponding player has a winning strategy in the game represented by the
model.

First we look at the game SLGUE (the standard Sabotage Game of [11]), with
Learner trying to reach the goal state and Teacher trying to prevent him from
doing so. Inductively, we define:

v = goal, yUE = goal v 0Byl

Our following result is a variation of Theorem 7 of [7], rephrased for Labelled
Sabotage Games. We provide a detailed proof to show how our “labelled”
definition avoids a technical issue present in the original proof.

Theorem 3. Learner has a winning strategy in the SLGUE game SG* = (V,&°, vy, Vg)
ifft M(SG™),vg E YYE, for n:= ¥ ex |EX] (the number of edges in (V, E)).

Proof. The proof is by induction on n.

Base case

(=) L having a w.s. in SG* implies that vy = v,. Thus, M(SG™), v E goal
and hence, M(SG*), v, yé’E.

(<) M(SG¥), vy E yYF means that M(SG*), vy [ goal. Thus vy = v,. Hence,
L wins SG* immediately.

Inductive case

(=) Suppose that SG* has 1 + 1 edges, and assume that L has a w.s. There
are two possibilities. (1) vy is the goal state; then M(SG*), v goal and hence



M(SG), vy E YUE. (2) vy is not the goal state. Since L has a ws., there is
some v, € V such that (v, v1) € 821, for some 4; € X and no matter which pair

((w,u'),aj) € (VX V)X Z with (u,u') € 8,% T chooses, L has a w.s. in the resulting
game SG'* = (V,&',01,0,), with &' = (821,...82],_1,821 \ {u,u’}), & &0

ajs17 " “IE\)'
Now, SG'* has 1 edges and thus by inductive hypothesis, M(SG'™>),v; | yYE.
This implies M(SG*), v = 0By, and thus M(SG™), vo E yyi1. (&) M(SG), v k=
goal v &8y, implies that vy is the goal state (so L wins immediately) or else there
is v accessible from vy such that M(SGZ), v1 | By, thatis, M(SGZ)“Z"] oy V1 E B8y,
for any ((v,v’),a;) € (V x V) x Z. By inductive hypothesis, this givés Laws. at
v in a game that results from removing any edge from SG*, and hence a w.s.

at vg in the game SG*. ]

They key observation for the left-to-right direction of this proof is that the
model that results from removing an edge from M(SG¥) is always a model that
results from transforming a Labelled Sabotage Game into a model. With the
original definition of a Sabotage Game, this is not the case: after removing an
edge between v and v’ with label k, the resulting model does not need to be
the image of a multi-graph because the label of the removed edge does not
need to be the biggest of them. Another way to look at it is the following: the
multiple edges of the original multi-graph can be seen as implicitly labelled by
numbers, and the existence of an edge labelled with k implies the existence of
edges labelled with 1,...,k — 1. This property is not preserved when Teacher
removes an edge with an arbitrary label from the model M(SG).

Consider now the game SLGHU, with Teacher trying to force Learner to
reach the goal state. Inductively, define
yoll = goal, YL = goal v (OT A DoY)

Now, we can show that this formula corresponds to the existence of a winning
strategy for Teacher. Note that in order to win, Teacher has to make sure that
Learner does not get stuck before he has reached the goal state. This is why we
need the conjunct ¢ T in the formula.

Theorem 4. Teacher has a winning strategy in the SLGUE game SGE =(V,&°, v, Ug)
iff M(SG™), 00 k= i, for n := ¥pex 1EY).

Proof. Similar to the proof of Theorem 3. o

Finally, consider SLGHE, with Teacher and Learner winning iff Learner
reaches the goal state. The corresponding formula is defined as follows

yolE = goal, yHE = goal v OopHE.
Theorem 5. Teacher and Learner have a joint winning strategy in the SLGHE game
SG™ = (V, &, v0,v5) iff M(SG™), v |= YHE, for n:= T er 1E]).

Proof. Note that L and T have a joint w.s. iff there is a path from vy to vg. From
left to right this is obvious. From right to left, if there is such path, then there
is also one without cycles; then, there is a joint w.s. that follows the path and
at each step removes the edge that has just been used. The Theorem follows by
observing that y£F expresses the existence of such path. O

The previous results are summarized in Table 3.



Table 3: Winning Conditions for SLG in SML

Game Winning Condition in SML Winner
SLGUE  y§E := goal, yUE = goal v 0By YE Learner
SLGHU  yNY := goal, yMU := goal v (0T A (@éyHY))  Teacher
SLGHE  y{® := goal, yHE := goal v O&yHE Both

2.5 Complexity of Sabotage Learning Games

Intuitively, some versions of the Sabotage Learning Game are simpler than
others. With a helpful teacher and an eager learner, the learning process should
be easier than with an unhelpful teacher or a unwilling learner. This is indeed
reflected in the computational complexity of deciding in a given game whether
the winning condition is satisfied.

We have shown that our three winning conditions (Table 3) can be expressed
in SML, and Theorem 2 (proved in [7]) tells us that model checking of SML is
PSPACE-complete. This gives us PSPACE upper bounds for the complexity of
the problems of deciding whether each winning condition is satisfied in a given
game. For two of the winning conditions (SLGUE and SLGHE), we can also
give tight lower bounds.

For SLGUE - the standard Sabotage Game — PSPACE-hardness is shown by
reduction from QBF [7].

Theorem 6 ([7]). SLGUE is PSPACE-complete.

As mentioned above, for SLGHU we obtain a PSPACE upper bound.
Theorem 7. SLGHU is in PSPACE.
Proof. Follows from Theorem 2 and Theorem 4. O

It remains to be shown whether SLGHU is also PSPACE-hard. Whereas
at first sight, SLGHU and SLGUE might seem to be duals of each other, the
relationship between them is more complex due to the different nature of the
players’ moves (Teacher moves globally, whereas Learner moves locally). Thus,
a reduction from SLGUE to SLGHU is not straightforward. Let us now look
at SLGHE. This game is of a different nature than the two previous ones. It is
cooperative, and a winning strategy is a joint strategy for both players. Such a
strategy does not need to take into account all possible moves of the opponent.
This suggests that this version should be less complex than SLGUE and SLGHU.

The following result shows that at least for the comparison of SLGUE and
SLGHE, this is indeed the case: for an eager learner, learning with a help-
ful teacher is easier than learning with an unhelpful one. This follows from
the fact that the winning condition of SLGHE is satisfied iff the goal ver-
tex is reachable from the initial vertex. Thus, determining whether Teacher
and Learner can win SLGHE is equivalent to solving the REACHABILITY (st-
CONNECTIVITY) problem, which is known to be nondeterministic logarithmic
space (NL)-complete [9].



Theorem 8. SLGHE is NL-complete.

Proof. Polynomial equivalence of SLGHE and REACHABILITY follows from
the argument given in the proof of Theorem 5. |

Table 4 summarizes the complexity results for the different versions of SLG.

Table 4: Complexity Results for Sabotage Learning Games

Game Winning Condition Complexity

SLGUE Learner wins iff he reaches the goal state. PSPACE-complete.
Teacher wins otherwise

SLGHU Teacher wins iff Learner reaches the goal PSPACE
state. Learner wins otherwise.

SLGHE Both players win iff Learner reaches the NL-complete
goal state. Both loose otherwise.

The complexity results agree with our intuition when comparing the co-
operative version of the Sabotage Game (SLGHE) with the non-cooperative
ones (SLGUE and SLGHU). The easiest way to learn is indeed when Teacher is
helpful and Learner — eager.

3 Relaxing strict alternation

Asmentioned above, Learner’s moves in the graph are interpreted as changes of
information states. Then, when Teacher removes an edge, she actually informs
Learner which changes of information state should not be performed. In this
perspective, Learner’s moves can be seen as internal ones while Teacher’s
moves can be interpreted externally. Due to this asymmetry, each Learner’s
move does not in principle need to be followed by a teacher’s move.

Definition 3.1. A Sabotage Learning Game without strict alternation (for Teacher)
is a tuple SLG" = (V,&E,v9,vg). Moves of Learner are as in the Sabotage Learning
Game and, once he has chosen a vertex vy, Teacher has a choice between removing an
edge, in which case the next game is given as in SLG, and doing nothing, in which case
the next game is (V,E,v1,vy). We again distinguish between three versions, SLG"UE,
SLG'HU and SLG*HE, with winning conditions given as before.

Though we provide Teacher with an additional possible move, this does not
change her winning abilities. In the rest of this section we show that, for the
three variations of a Sabotage Learning Game, a player has a w.s. in SLG” iff
she has a w.s. in SLG.

Consider the case of an unhelpful teacher and an eager learner SLG'UE.
Before we go into the details, note that if Learner can win the game, he can do
so in a finite number of rounds.

Theorem 9. Consider the SLG(V,E, vy, vg) with (V, E) a directed labelled multi-graph
and v, v, vertices in it. If Learner has a winning strategy in the corresponding SLGUE,
then he has a wining strategy in the corresponding SLG"UE.

10



Proof. This can be shown by induction on the number of rounds. The idea is
that in each round L “pretends” that T has removed some edge and then makes
the move given by his strategy for SLGUE. |

If L can win a SLG'UE, then it is easy to see that he can also win the
corresponding SLGUE by using his w.s. from SLG"UE.

Corollary 1. Consider the tuple (V,E,vo,vy) with (V,E) a directed labelled multi-
graph and v, v, vertices in it. Learner has a winning strategy in the corresponding
SLGUE iff he has a wining strategy in the corresponding SLGUE.

The case of a helpful teacher and an unwilling learner is more interesting.
One might expect that the additional possibility of an empty move gives more
power to Teacher since it allows her to skip a move in cases when removing an
edge would have made the goal unreachable from the current vertex. However,
we can show that this is not the case. First, we state the following lemmas.

Lemma 1. Forany SLG'HU (V,E, vy, vy), if there is a path from vy to v, and there is
no path from vy to a state from where v, is not reachable, then T has a winning strategy.

Proof. By assumption, all states reachable from v are on paths to v,. Therefore,
even if T will refrain from removing any edge, L will always be on some path
to the goal. There are two possibilities: either the path to the goal does not
include a loop or it does. If it does not then T can simply wait until L will arrive
to the goal. If it does, in order to win T can remove the edges that lead into the
loops in such a way that v, is still reachable from any vertex. L will eventually
have to move to v,. ]

Lemma 2. Consider the SLG'HU game (V, &, vy, vq). If T has a winning strategy and
there is some edge (v,v") € &, for some a € L such that no path from vy to v goes via
the edge (v,v"), then T also has a winning strategy in (V,&', vy, vg), where &' is the
result of removing (v,v’) from &,.

Proof. If v is not reachable from vy, it is easy to see that the claim holds. Let us
consider the case that v is reachable from vy. Since there is no path to v, visiting
v, T’s winning strategy should keep L away from it (otherwise L would win).
Hence, T can also win if the edge (v, ) is not there. O

Theorem 10. If Teacher has a winning strategy in the SLG'HU (V, &, vy, vy), then
she also has a winning strategy in which she removes an edge in each round.

Proof. The proof proceeds by induction on the number of edges 1 = )¢5 [Eql.
The base case is straightforward. For the inductive case, assume that T has
a winning strategy in SLG'HU (V, &, vp, vg) with } 5 |Eq| = 1 + 1.
Then if vy = v, we are done. Thus, assume that vy # v,. Then, since T can
win, there is some v; € V such that (vg, v1) € &, for some a € X and for all such
v1 it holds that:

1. There is a path from v; to vg, and

2. (a) T canwin(V,&, vy, 0g), Or

(b) there is some ((v,7’),a) € (V X V) X L such that (v,v") € &, and T can
win (V,&,v1,v) where & is the result from removing (v, v’) from
&

11



If 2b holds, since Y5 |E}| = n, we are done — we can use the inductive
hypothesis and conclude that T has a w.s. in which she removes an edge in each
round (in particular, she chooses ((v,v’),a) in the first round). This ((v,v’),a)
can be chosen in one of the following ways.

If there is some (v,7’) € V X V such that (v,v’) € &, for some a € L and this
edge is not part of any path from v; to vg then by Lemma 2, T can remove this
edge and 2b holds and we are done.

If every edge in (V, &) belongs to some path from v; to vg, from 1, there are
two cases: either there is only one, or there are more than one paths from v; to
Ug.

¢ In the first case (only one path) (vy, v1) can be chosen since it cannot be part
of the unique path from v; to v,.

Assume now that there is more than one path from v; to v,. Let p =
(v1,02,...,0¢) be the/a shortest path from v; to vg. This path cannot contain any
loops. Then, from this path take v; such that i is the smallest index for which it
holds that from v; there is a path (0i,v},4,--.0g) to v, that is at least as long as
the path following p from v; (i.e. (v;,vj11,...,0g)). Intuitively, when following
path p from v; to v, v; is the first point at which one can deviate from p in order
to take another path to v, (recall that we consider the case where every vertex
in the graph is part of some path from v; to vy). Now it is possible for T to
choose ((v;, v}, ), a) such that (v;, v/, |) € &;. Let & be the resulting set of edges
after removing (v;, v/, ) from &,. Then we are in the position (V, &', v, vg). Note
that because of the way we chose the edge that has been removed, in the new
graph it still holds that from vy there is no path to a vertex from which v, is
not reachable (this holds because from v; the goal v, is still reachable). Then by
Lemma 1, T can win (V, &', vy, vg), which then implies 2b.

Hence, we conclude that 2b has to be the case and thus using the inductive
hypothesis, we conclude that T can win the game (V, &, vy, v,) also by removing
an edge in every round. ]

Corollary 2. Consider the tuple (V,E, v, vg) with (V,E) a directed labelled multi-
graph and vy, vy vertices in it. Teacher has a winning strategy in the corresponding
SLG'HU, iff she has a wining strategy in the corresponding SLGHU.

Finally, let us move to the case of a helpful teacher and an eager learner.

Theorem 11. Consider the tuple (V, &, vy, vg) with (V,E) a directed labelled multi-
graph and vy, vy vertices in it. If Learner and Teacher have a winning strategy in
the corresponding SLG"HE, then they have a wining strategy in the corresponding
SLGHE.

Proof. The proof of Theorem 5 provides the needed strategy. |

Corollary 3. Consider the tuple (V,E,vo,v,) with (V,E) a directed labelled multi-
graph and v,v, vertices in it. Learner and Teacher have joint winning strategy in
the corresponding SLG*HE iff they have a joint wining strategy in the corresponding
SLGHE.

In this section we have shown that in Sabotage Learning Games, allowing
Teacher to skip moves, does not change the winning abilities of the players. Us-
ing these results, both the complexity and definability results from the previous
section also apply to the versions of the game in which Teacher can refrain from
making a move.

12
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4 Refined view on teaching: learning algorithms

The perspective on learning that we have adopted is very general. To give a
more refined view, let us go back to the queries and counterexamples paradigm
(see [1]). In that approach, Learner is an algorithm that embodies a winning
strategy in the game of learning (the learning procedure succeeds on all possible
true data). Teacher can significantly influence the learning process by giving
counterexamples, and the time needed for learning depends on her choices.
Therefore, the game of teaching in such a setting can be formalized in extensive
form as presented in Figure 1.
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paths ending in a position in which the learner makes a correct conjecture over
all the other paths. An unhelpful teacher then prefers all the paths in which the
learner does not learn over those in which he does learn.

5 Conclusions and further work

We have provided a game theoretical approach to learning that allows us to
analyze different levels of cooperativeness between Learner and Teacher. We
have defined Sabotage Learning Games with three variations, representing differ-
ent didactic scenarios. Then, we have shown how Sabotage Modal Logic can be
used to reason about these games and, in particular, we have identified certain
formulas of the language with the existence of a winning strategy . We gave
complexity results for the decision problems associated with each version of
the game. These problems correspond to model checking for the associated
formulas and models. Our complexity results support the intuitive claim that
the cooperation of agents facilitates learning. We investigated an extension of
the Sabotage Learning Games that relaxes the condition of the strict alternation
of moves. Our results presented in Section 3 show that if we allow Teacher to
skip a move, the winning abilities of the players do not change with respect
to the original versions of the games. In the case of the helpful teacher and
unwilling learner, this is quite surprising since it says that if Teacher can force
Learner to learn in the game with nonstrict alternation, then even if she is forced
to remove edges in each round she can do so without removing edges that are
necessary for Learner to eventually reach the goal state.

From the perspective of Formal Learning Theory, several relevant extensions
can be done. We have described the learning process as changes in information
states, without going further into their epistemic and/or doxastic interpretation.
A deeper analysis can give us insights about how the learning process is re-
lated to different notions of dynamics of information, such as belief revision or
dynamic epistemic logic.

Moreover, it can be argued that in some natural learning scenarios, e.g.
language learning, the goal of the learning process, e.g. a correct grammar,
is concealed from Learner. In our approach we assume that Learner has at
least some markers of the goal state, otherwise we could not introduce the two
possible characteristics of Learner. The assumption of the absence of any ability
to recognize the goal by Learner, leads to a model in which the Learner moves
randomly. Some approaches that take into account randomness in Sabotage
Games have already been introduced [8] and hopefully can be extended to
deal with the aforementioned issue. What we can now hypothesize is that the
complexity of the scenario with a random Learner and a helpful Teacher is
bounded by the worst case scenario, in which Learner avoids the goal as long
as possible, i.e. the game SLGHU.

In the introduction we described the concepts of finite identification and iden-
tification the limit. Our work on SLGs is closer to the first one, as we understand
learning as the ability to reach an appropriate information state, without taking
into account what will happen after such a state has been reached. In particu-
lar, we are not concerned with the stability of the resulting belief. Identification
in the limit extends finite identification by looking beyond reachability in order
to describe “ongoing behaviour”. Fixed-point logics, like the propositional -
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calculus [10, 5], can provide us with tools to express this notion of learnability.
In this case, epistemic and doxastic interpretations of learning would involve
notions of stable belief and a kind of operational, non-introspective knowledge
as a result of the process.
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