1MODAL LANGUAGESAND BOUNDED FRAGMENTS OFPREDICATE LOGICFebruary 1996Hajnal Andr�ka, Johan van Benthem & Istv�n N�metiInstitute of Mathematics, Hungarian Academy of Sciences, Budapest&Institute for Logic, Language and Computation, University of Amsterdam

21Modal Logic and Classical LogicModal Logic is traditionally concerned with the intensional operators "possibly" and"necessary", whose intuitive correspondence with the standard quantifiers "thereexists" and "for all" comes out clearly in the usual Kripke semantics. This observationunderlies the well-known translation from propositional modal logic with operators �and q , possibly indexed, into the first-order language over possible worlds models(van Benthem 1976, 1984). In this way, modal formalisms correspond to fragmentsof a full first-order (or sometimes higher-order) language over these models, whichare both expressively perspicuous and deductively tractable. In this paper, by the’modal fragment’ of predicate logic we understand the set of all first-order formulasobtainable as translations of basic (poly-)modal formulas. As the modal fragment ismerely a notational variant of the basic modal language, we will often refer to the twointerchangeably. Basic modal logic shares several nice properties with full predicatelogic, namely, finite axiomatizability, Craig Interpolation and Beth Definability, aswell as model-theoretic preservation results such as the Los-Tarski Theoremcharacterizing those formulas that are preserved under taking submodels. In addition,basic modal logic has some nice properties not shared with predicate logic as a whole:e.g., its axiomatization does not need side conditions on free or bound variables — andmost evidently: basic modal logic is decidable. We shall concentrate on this list inwhat follows, in the hope that it forms a representative sample. Our aim is to findnatural fragments of predicate logic extending the modal one which inherit the above-mentioned nice properties. This quest has two virtues. It forces us to understand whybasic modal logic has these nice properties. And it points the way to new insightsconcerning predicate logic itself. Note that this study takes place over the universe ofall models, without special restrictions on accessibility relations. This is the domainof the ’minimal modal logic’, which still serves as the ’pure paradigm’ in a rapidlyexpanding field of more expressive modal formalisms (Venema 1991, De Rijke1993). Of course, one can also study the effects of special frame restrictions — but wemust leave this issue for further investigation, except for some passing remarks.What precisely are fragments of classical first-order logic showing ’modal’ behaviour?Perhaps the most influential answer is that of Gabbay 1981, which identifies themwith so-called ’finite-variable fragments’, using only some fixed finite number ofvariables (free or bound). This view-point has been endorsed by many authors (cf.van Benthem 1991). We will investigate these fragments, and find that, illuminating

3and interesting though they are, they lack the required nice behaviour in our sense.(Several new negative results support this claim.) As a counterproposal, then, wedefine a large fragment of predicate logic characterized by its use of only boundedquantification. This so-called guarded fragment enjoys the above nice properties,including decidability, through an effectively bounded finite model property. (Theseare new results, obtained by generalizing notions and techniques from modal logic.)Moreover, its own internal finite variable hierarchy turns out to work well. Finally,we shall make another move. The above analogy works both ways. Modal operatorsare like quantifiers, but quantifiers are also like modal operators. This observationinspires a generalized semantics for first-order predicate logic with accessibilityconstraints on available assignments (cf. N�meti 1986, 1992) which moves the earlierquantifier restrictions into the semantics. This provides a fresh look at the landscapeof possible predicate logics, including candidates sharing various desirable featureswith basic modal logic — in particular, its decidability.The organization of this paper is as follows. In section 2 we recall the results andmethods of basic modal logic which we intend to generalize to ’nice’ fragments later.We allow modalities of higher ranks too (binary, ternary, etcetera), and define themodal fragment of predicate logic accordingly. Most results in this section are known,whence it has a sketchy character. In section 3 we study finite variable fragments inthe spirit outlined above. In section 4 we define bounded quantifier fragments andsingle out the one most central to our purposes. We investigate this ’guarded fragment’and prove that it has all the desirable properties. To put this in perspective, in section5 we briefly discuss the ’semantic’ version of our approach, replacing syntactic boundsby restrictions on ranges of assignments in models. The account includes connectionswith cylindric algebra. Finally, section 6 presents some further directions. This paperis the first public version of a longer projected document — whose current workingversion is Andr�ka, van Benthem & N�meti 1994A. Further off-spring of thisAmsterdam—Budapest collaboration in the field of modal logic and universal algebraare Andr�ka, van Benthem & N�meti 1993, Andr�ka, van Benthem & N�meti 1994B.2Basic Modal Logic2.1First-Order TranslationConsider the basic propositional modal logic, in the language with Booleans � & �and modalities q � . The following computable translation takes modal formulas f

4to first-order formulas f with one free variable (standing for the ’current world’ ofevaluation) recording their truth conditions on possible worlds models:pPx� f� ff � yf � yf & yf & y�f$y (Rxy & f(y))qf"y (Rxy fi f(y))where y is some fresh individual variable in the last two clauses.Here, that y is a fresh variable means that y does not occur in f , while f(y) isobtained from f by replacing all free occurrences of x by y . This translationpreserves truth, and so it gives various facts about modal logic for free, namely thoseproperties of first-order logic which are inherited by all its fragments, such as theL�wenheim-Skolem Theorem and Compactness — or by all its decidable fragments,such as recursive enumerability of valid formulas. The embedding gives no specificaxiomatization: more detailed analysis is needed for that (see below). Also, we do notget complex meta-properties that make existential claims. E.g., consider Interpolation.If a modal formula f implies another modal formula y , then, by the translation,some interpolant exists in the first-order language — but there is no guarantee that thisinterpolant is equivalent to a modal formula: we must work for this (see again below).We call the above language ’basic modal logic’ because it contains only the usualunary modalities. Later, in section 2.9, we consider more than one unary modality<i>, [i] , referring to binary relations Ri , and several polyadic modalities, say binary�fy referring to ternary accessibility relations. We will also call this basic modallogic, as the first-order translation is completely obvious from the above schema.Throughout, we shall not impose any constraint on accessibility relations — as is thecase in the semantics of predicate logic — so in modal terminology, our sets of modalvalidities are the ’minimal’ ones, lying at the bottom of the lattice of modal logics.2.2Invariance for BisimulationThe expressive power of the basic modal language with respect to classical logic ismeasured precisely by the following Invariance Theorem (van Benthem 1976, 1985):Theorem 2.2.1 A first-order formula f with one free variable x is equivalent to the translation of a modal formula iff it is invariant for bisimulation.

5Here, a bisimulation is a binary relation between the domains of two first-ordermodels linking points with the same unary predicates P , corresponding to modalproposition letters p , and satisfying two ’back-and-forth’ or ’zigzag clauses’ withrespect to relational R-successors. (More precisely, if x bisimulates y , and Rxz ,then z bisimulates some u with Ryu , and vice versa. This is a kind of unboundedEhrenfeucht Game with restricted choices of objects in each move — which has anatural generalization to the case with whole families of n-ary accessibility relations.)In the above theorem, the first-order formula may contain any other relation symbols,or equality, too. A formula f with one free variable is invariant for bisimulations if,for any bisimulation, f has the same truth value at linked objects in the two models.That modal formulas are invariant in this sense subsumes the usual textbook factsabout preservation under generated submodels, disjoint unions and p-morphic images.Proof of the Theorem For later use, we sketch a proof of the Invariance Theorem.We say that a first-order formula y is modal if it is a tranlation of a modal formula.Thus, y has one free variable x . If M is a first-order model and a is an element ofthis model, then M, a |= y says that y is true in M when x is evaluated to a . Wethen say that M, a is a model for y , or that y is true in M, a . Similarly for a setof modal formulas S instead of y. Last, we have the usual notion of consequence.S |=y says that for any pair M, a, M, a |= S implies M, a |= y . (This local versionof modal consequence is used throughout this paper.) Modal formulas are invariant,by a simple induction on their construction. The existential modality is taken care of,precisely, by the two zigzag clauses. Conversely, suppose that f is an invariant first-order formula with one free variable. Let m o d (f ) be the set of all modalconsequences of f , i.e., { y | y is modal and f |= y } . We prove the following:Claimmod(f) |= f .From this, by Compactness, f is easily shown equivalent to some finite conjunctionof its modal consequences. The proof of the Claim is as follows. Let M, a be anymodel for mod(f). Now consider the complete modal theory of a in M togetherwith {f} . This set of formulas is finitely satisfiable, by a simple argument (using thefact that mod(f) holds at M, a ) . By Compactness, it therefore has some modelN, b . Now , take any two w-saturated elementary extensions M+, a and N+, b ofM , a and N, b , respectively. (These exist by a slight adaptation of a result fromChang & Keisler 1973.) We call elements u, v of M+, N+ , respectively, ’modallyequivalent’ if the same modal formulas are true in M+, u and N+, v .

6Claim The relation of modal equivalence is a bisimulation betweenthe two models M+ and N+ , which connects a with b .Here, of course, the key observation lies in the zigzag clauses. If some world u inM+ is modally equivalent with v in N+ , and Rus holds, then the following set offormulas is finitely satisfiable in N+ , v : {Rvx} plus the full modal theory of s inM+ . But then, by w-saturation, some world t must exist satisfying all of this in N+,v : which is the required match for s . The converse argument is symmetric. Havingthus proved the second claim, we return to the first, and clinch the argument by’diagram chasing’. For a start, N, b |= f , and hence N+, b |= f (by elementaryextension), whence M+, a |= f (by bisimulation invariance), and so M , a |= f(passing to an elementary submodel). nThis style of argument can be extended in many directions, by modulating the keyconnection between zigzag clauses and restricted quantifier patterns. More elaboratediscussion of this result and its generalizations to richer modal languages is found invan Benthem and Bergstra 1995, De Rijke 1993. (These also provide connectionswith the work by Hennessy & Milner 1985 on modal process equivalences.)2.3Decidability via Semantic TableausA pleasant feature of the modal formalism is a simple tableau method checkinguniversal validity. Its has the usual decomposition rules for Boolean operators.(Modal sequents are of the form S � D with S , D finite sets of modal formulas. Wetake validity of sequents in the usual sense, as universal validity of the implicationfrom the conjunction &S to the disjunction �D .) Here are some samples.S, � A � D iff S � A, DS � A&B, D iff S � A, D and S � B, DIn modal tableaus, the key rule is that for existential modalities — which are besttreated in a bunch, when no further propositional reductions are possible:true: �f1, ..., �fn¥w�y1, ..., �ym :false create new worlds v1, ..., vn with Rwvi (1£i£n)and start these with sequents fi ¥vi y1, ..., ym .

7Applying this method, we start out with any sequent, and in a finite number of steps,arrive at a tableau which is either ’closed’ or ’open’ in the usual sense. (We omit detailsof formulation.) This method is adequate for validity in the minimal modal logic.Theorem 2.3.1 A modal sequent is valid iff it has a closed semantic tableau.Corollary 2.3.2 Modal universal validity is decidable, and basic modal logic hasthe finite model property. (I.e., a modal formula fails in some model iffit fails in some finite model).That tableaus are sound and complete for validity hinges on the above �-Rule. This isjustified by a strong semantic equivalence, which may be proved independently. LetP, Q be disjoint sequences of proposition letters. Then we have:P, �f1, ..., �fn |= Q, �y1, ..., �ym ifffor some i (1£i£n), fi |= y1, ..., ymThis assertion is immediate from right to left. The opposite part of its proof is asfollows. Suppose that no assertion fi |= y1, ..., ym holds. Then, there exist modelsMi , vi |= fi & � y1 & ... & � ym (1£i£n) . Now apply a well-known modal semanticconstruction of ’joint rooting’ to produce a counter-example for the left-hand sequent:any family of models Mi , vi |= fi & � y1 & ... & � ym (1£i£n)can be ’glued disjointly’ under one new common root:¥ w¥ v1......¥ vnM1MnThe Mi lie embedded as generated submodels (the identity relation is a bisimulation),whence no truth values change for modal formulas in their roots (our reductiondepends on bisimulation invariance) — so that the new top node w will verify �f1 &... & �fn & � �y1 & ... & � �ym , thereby refuting the top sequent. Compare thisdecomposition with the situation in full predicate logic, where no similar reductionvia single instantiation of existential quantifiers suffices. We can even say a bit more.

8The corollary follows since all tableau rules decrease formula complexity of sequents(even though they may temporarily increase the number of parallel tasks). Also, opentableaus give rise to finite countermodels. (Incidentally, the finite model property mayalso be shown directly via these reduction arguments, without invoking tableaus.) Inparticular, the above rooting takes finite models to finite models. We shall return tothis quantifier decomposition in Section 4, extending these ideas to larger ’loose’decidable fragments of predicate logic.2.4Proof Theory via Sequent CalculusAnother way of describing modal validity is proof-theoretic. Read bottom-up, tableaurules become introduction rules in the ’Minimal Modal Logic’ consisting of aGentzen-style calculus of sequents (cf. Fitting 1993), with axiomsS � D with S˙D non-emptyThe following logical introduction rules are involved:S, A � DS � A, DS � � A, DS, � A � DS, A, B � DS � A, D S � B, DS, A & B � DS � A & B, DA � B1, ..., Bm�A � �B1, ..., �Bm(the part "B1, ..., Bm" may be empty),the rules for � and q are analogous, and are omitted here.Moreover, this calculus has two structural rules ofPermutation inside the premises and the conclusionsMonotonicityfromS � D toS ’, S � D, D’These are needed to get the exact correspondence with closed semantic tableaus right.Note that the classical structural rule of Contraction is redundant for the completenessproof. (It deduces S , A � D from S , A, A � D .) In classical tableaus or sequentproofs for predicate logic, this rule ensures that false existential (and true universal)formulas can produce as many substitution instances as are required for the argument.With modal formulas, however, no such unbounded iteration is needed: we did all

9that is needed in one fell swoop. Thus, our calculus involves no shortening rules, andthe proof search space is finite. (In a sense, then, at least as far as quantification isconcerned, ’linear logic’ is already complete for modal fragments of predicate logic.)This observation suggests yet another modal perspective on decidable fragments ofpredicate logic. For which of these is the standard first-order sequent calculus withoutContraction (or with only effectively bounded calls to Contraction) semanticallycomplete? We shall not pursue this proof-theoretic line in our paper, but it would beof interest to understand its systematic relation to our semantic analysis.2.5InterpolationExcept for its decidability and finite model property, which deviate from classicalpredicate logic, basic modal logic shares most central meta-properties with the latter.One important example is Interpolation:Theorem 2.5.1 Let f |= y , with f, y modal formulas. Then there existsa modal formula a whose proposition letters occur in bothf and y such that f |= a |= y .Proof We outline two proofs here, illustrating the two perspectives at work.Proof-theoretic Argument (’Tracing a Sequent Derivation’)Induction on derivations in the Gentzen calculus of section 2.4. It is convenient towork only with formulas rewritten to the special format (� ) atom, &, �, �, q, ^, T(Cf. Sch�tte 1962, Roorda 1991 for this technique.) The single axiom case is clear,and one constructs interpolants inductively via the successive rules in a derivation. nModel-theoretic Argument (’Amalgamation via a Bisimulation’)Let Lfy be the joint language of f and y . Consider the set consfy (f) of allmodal consequences of f in this language. We prove the following:Claimconsfy (f) |= y .By Compactness, then, some finite conjunction of formulas in consfy (f) implies y(and is implied by f ). To prove the Claim, let M, a be any Ly—model verifyingconsfy (f) . We must show that M, a |= y . First, by a routine argument, the modalLfy—theory of M, a is finitely satisfiable together with {f} . By Compactness again,there is an Lf—model N, b |= f with the same modal Lfy—theory as M, a . Next, asin the proof of the Invariance Theorem, we can pass to w-saturated models, without

10loss of generality. By that earlier argument, there is an Lfy —bisimulation ” betweenthe two models which connects a to b . (The language subscript reminds us that ”only needs to respect proposition letters shared by f and y .) Now, we construct anew product model MN out of these two bisimulating ones, which will be a kind ofjoint unraveling under bisimulation. Its worlds are finite sequences of pairs <(a1, b1),..., (ak, bk)> , where always ai ” bi , and each world ai+1 must be an R—successor ofai — and likewise for the sequence of worlds bi — for 1£i<k . Now, consider the twonatural projections from the final pairs of such sequences, one going to M and theother to N . Along these, we can lift the valuation for all proposition letters in Ly—Lfyfrom M , and that for Lf—Lfy from N . The result is the desired model MN forthe joint language Lf ¨ Ly , whose two projections to M and N have now becomeLy— (Lf— ) bisimulations. But then, we can argue ’clockwise’. First, N , b |= f ,whence MN , <(a, b)> |= f (by bisimulation). Since f |= y , we also have MN ,<(a, b)> |= y . But then finally, M , a |= y (again by bisimulation). nRemark This model-theoretic interpolation argument was stated in correspondencebetween the authors in 1992. In the meantime, more elaborate versions have appearedindependently in Visser et al. 1995, Marx 1995, N�meti 1994, Madarasz 1995,clarifying its general algebraic and model-theoretic background. The general versionof this interpolation theorem for minimal modal logics with an arbitrary number of(polyadic) modalities follows at once from the results in N�meti 1985 on the StrongAmalgamation Property for Boolean algebras with sets of operators of arbitrary ranks.RemarkModal Unraveling and Concrete RepresentationBehind the preceding proof, as well as others to come, lies the well-known fact thateach possible worlds model M , a bisimulates with a so-called ’unraveled’ or’unwound’ model consisting of finite sequences of objects (namely, finite sequencesof worlds that all R-succeed one another), in which the accessibility relation is endextension by one additional object. This may be regarded as a semantic ’normal form’in which abstract accessibility has been replaced by one concrete uniform set-theoretic relation. (Marx 1995 has more elegant concrete representations of this kindfor general modal logics, following the program of Henkin-Monk-Tarski 1985.)2.6Model Theory and PreservationMuch of classical Model Theory holds for the modal fragment. One good example isthe Los—Tarski Theorem, stated in its upward version. Let M be a possible worlds

11model (i.e., M has universe M , a binary accessibility relation R on M, and unarypredicates P˝M for proposition letters p ). We say that N extends M if M is asubmodel of N in the usual sense. We say that the modal formula f is preservedunder model extensions if for all models M, N where N extends M, if M, a |= fthen N, a |= f , for all a˛M.Theorem 2.6.1 A modal formula is preserved under model extensions iffit can be defined using only propositional atoms and their negations, &, �, � .Proof 1 Original Model-Theoretic Version(This proof occurs in correspondence with Albert Visser in 1985. It was published invan Benthem 1995.) Call a modal formula existential if it has the form stated in thetheorem. By a simple induction, existential formulas are preserved under modelextensions. Conversely, let f be so preserved. We prove the following consequence:exist (f) |= f ,where exist (f) =def { y existential | f |= y }.Then the required existential modal form for f will exist by Compactness, being ofthe form &D for some finite set D of formulas from exist (f) . Now. let M, a |=exist (f) . Without loss of generality, again, we can take the model M, a to be w—saturated. Next, in the usual manner, we find a second model N , b such thatN , b |= fN , b |= a implies that M, a |= a for all existential modal formulas aNext, take the above ’modal unraveling’ of N , b via finite sequences of worlds, say,Nunrav, <b> , which bisimulates N , b via the map sending sequences to their endpoints. This will yield the following diagram:N , b� exist-fragmentM , a bisimulationFNunrav, <b>Now, by induction on the length of sequences in Nunrav , a map F may be definedfrom Nunrav to M sending <b> to a which is a homomorphism with respect to R,and which respects atomic facts in worlds. (w—Saturation of M, a is used here to findsuitable R-successors for points already mapped.) Finally, we perform a useful trick.

12Add a disjoint copy of M, a to Nunrav, <b> to obtain a model Nunrav + M . Then,extend the relation R between elements of Nunrav and elements of M as follows:for all sequences Y in Nunrav and for all z in M : Y R z if F(Y) R z.ClaimF united with the identity on M, a is a bisimulation betweenthe two models Nunrav, <b> + M, a and M, a .ProofThis follows by a simple inspection of cases. The point of using theunraveling Nunrav instead of N here is to get unambiguous relationships — whilethat of adding a copy of M , a to the left is to enforce the backward clause ofbisimulation (on top of the already established ’forward’ homomorphism). nTo clinch the total argument, we again chase f around the diagram:N , b |= f (by construction) Nunrav , <b> |= f (bisimulation)Nunrav , <b> + M, a |= f (model extension!)M, a |= f (bisimulation).nProof 2Stream-Lined Modern Version In the meantime, simpler proofs of the above result have appeared. One version isessentially due to Dick de Jongh (cf. Visser et al. 1995). Here is a sketch of the idea,for the equivalent preservation theorem involving submodels and universal modalforms. Start again from some model M , a |= univ (f). Unravel this model to abisimulation equivalent M* , <a> in the form of an intransitive acyclic tree.ClaimThe atomic diagram of M* , <a> can be satisfied together with f .After this, the usual argument works. From the resulting model N , b , our f can betransferred to its submodel (modulo isomorphism) M, a . To prove the claim,consider f together with any finite set of (negated) atoms that are true in M* , <a> .The worlds mentioned in the latter can be described as a finite subtree, via branchesgoing down all the way to the root <a> . Now, the resulting structure can bedescribed completely via some (inductively constructed) existential modal formula.Also, f cannot imply the (universal) negation of the latter, given the assumption thatM* , <a> |= univ (f) . So f can be satisfied together with this existential description

13in some model N . By unraveling N once more, this model can be taken to be anintransitive acyclic tree itself. But then, all atomic (negated) facts that were true in theabove finite submodel of M* , <a> must also be true here. (No R-steps will beavailable except those explicitly demanded, which takes care of all negations.) nThis second proof is close to the standard model-theoretic one (cf. Chang & Keisler1973), specialized to the modal fragment of the first-order language, more or less ’asis’ . We return to this observation below in a more general setting. Further evidencefor this analogy may be found with other model-theoretic preservation theorems,using similar methods. One example is the Lyndon homomorphism theorem forpositive formulas (cf. van Benthem 1976). Here is a sketch for another classical case.ExamplePreservation Under Unions of ChainsThe first-order formulas preserved under unions of chains of models are preciselythose definable by a universal-existential (P2) prenex form. In modal logic, thecorresponding format must be extended (in the absence of prenex forms), as above.We only allow formulas constructed from atoms and their negations, using &, � aswell as � , q , provided the former never scope over the latter. (In intuitionistic logic,this is the natural class of formulas with ’implication rank’ 2.) The classical argumentagain starts from a model M in which the univ exist consequences of f hold. Then,two models N , K are found such that (1) M is a submodel of N and N of K ,(2) M is an elementary submodel of K , (3) f holds in N . Iterating this moveyields a model chain in whose union f holds, which then transfers to the elementarysubmodel M . Inspecting the details of this standard argument, and using the abovemethods, similar triples of models may be constructed for the modal language. n2.7Analyzing the General Situation: Transfer ResultsThe similarities between modal logic and standard first-order logic that have come tolight so far call for more general explanation. There must be some general feature inthe above arguments that can be isolated, and used to explore the full extent of theanalogy. One obvious general point is the pervasive use of bisimulations, which areclose to the fundamental notion of ’partial isomorphism’ @p between first-ordermodels (’cut off’ at length 2). This observation may be found in van Benthem 1991,and it has inspired a systematic investigation of model theory for basic poly-modallogic in De Rijke 1993, whose results revolve around the ’heuristic equation’Modal Logic : Bisimulation = Predicate Logic : Partial Isomorphism.

14Another approach scrutinizes the above arguments, identifying some key lemmas of’transfer’ between modal and classical reasoning. One such result is easily extractedfrom the earlier proof of the Invariance Theorem. Two models M, a and N, b havethe same modal theory iff they possess elementary extensions which bisimulate. (DeRijke 1993 observes that one can choose the latter to be countable ultrapowers.) Hereis another result of this kind, which may be of independent interest. It shows how onecan ’upgrade’ modal equivalence to full elementary equivalence, up to bisimulation:Lemma 2.7.1 Two models M , a and N , b have the same modal theory iffthey possess bisimulations with two models M+ , a and N+ , b (respectively)which are elementarily equivalent.ProofUpwards, the assertion is immediate. Consider the downward direction. Therequired models are constructed using the above Unraveling by finite sequences ofthe form (u =) u1, u2, ..., uk , where each ui+1 is an R-successor of ui (1£i<k),having ’immediate succession’ for their accessibility relation, and bisimulating withthe original model via their last elements. This unravels to intransitive acyclic trees.In addition, we perform Multiplication, making sure that each node except the root agets copied infinitely many times. This can be done as follows, while maintaining abisimulation at each stage. First, copy each successor of a at level 1 countably manytimes, and attach these (disjoint) copies to a . There is an obvious bisimulation here,identifying copies with originals. Next, consider successors at level 2 on all branchesof the previous stage, and perform the same copying process at all level—1 worlds.Again, there is an obvious bisimulation with the original model. Iterating this processthrough all finite levels yields our intended models M+ , a and N+ , b .ClaimM+ , a and N+ , b are elementarily equivalent.ProofWe use Ehrenfeucht Games. It suffices to show, for any finite n , how theSimilarity Player can win in a game over n rounds between these structures. Whatwe know at the outset is that the two roots a, b satisfy the same modal formulas. Infact, as we shall prove separately, they even satisfy the same tense-logical formulas.This observation will be used to describe the proper invariant for the game. Assumethat in round i of the game, a match ” has been established already between certainfinite groups of worlds in the two models which satisfies three conditions:

15¥if u ” v , then M+ , u is equivalent with N+ , vfor all tense-logical formulas up to operator depth 2n-i¥ if u ” v and u’ ” v’ , and the distance between u and u’ is at most 2n—i , then the distance between v and v’ is the same on the other side, and it runsvia an isomorphic path, all of whose points have been matched at this stage.Here, distance is measured as follows: "go from node u to node s descending theminimal distance needed to climb up to v again". (The possible backward movementforces us to use two-sided tense-logical formulas in the description of the invariant.)¥ if the distance between u and u’ is greater than 2n—i , then on the other side,v and v’ have distance greater than 2n—i , too.The upshot of all this is a number of ’matched islands’ on both sides, all lying adistance of more than 2n—i steps apart. Now, we have to show that this invariant canbe maintained in the next step by the Similarity Player, whatever world the DifferencePlayer chooses. Let the next choice be some point P in either tree.Case 1 P has distance £ 2N—i—1 to some point Q that wasalready matched at the previous stage, say to some point Q’ .Consider the unique path of length k (say) between P and Q , and attach completetense-logical descriptions d to its nodes up to operator depth 2N—i—1 . This path maythen be described, from the perspective of Q , by a tense-logical formula of the formPAST (d1 & PAST ( ... & PAST (di & FUT ( di+1 & ... & FUT (dk) ) ,where dk is the full 2N—i—1—description in tense logic of the point P .The total operator depth of this formula is at most 2N—i—1 (being the length of thepath) + 2N—i—1 (the quality of the descriptions at its nodes), which is at most 2N—i .Now, at the previous stage i , Q and Q’ agreed on tense-logical formulas up to thelatter depth. Hence this path description is also true at Q’ , and we can findcorresponding worlds on the other side, making the two paths isomorphic as requiredby our invariant, while also achieving the right degree of tense-logical equivalence.Case 2 P lies at distance > 2N—i—1 from all previously matched points.

16Take the unique path from the root to P . Describe it completely as before, with nodedescriptions up to level 2N—i—1 . The resulting tense-logical formula may be of highcomplexity (there is no bound on the path length), but since the two roots agree on alltense-logical formulas, there must be a similar path on the other side, whose end-pointis an appropriate match for P. This path can be chosen so as to remain at a suitabledistance from all nodes in already matched regions, by the Multiplication of nodes(we use this feature only here). Thus, again, the above invariant is maintained.Finally, after n rounds, this invariant produces a partial isomorphism, which is a winfor the Similarity Player. (For a concrete feel for the strategy, compare two modallyequivalent trees where one has an infinite branch and the other does not. This alsoshows that we cannot improve our Lemma to the existence of a bisimulation betweenthe unraveled multiplied models.) To wrap things up, we prove the announcedSublemmaIf the roots of two unraveled modal models have the same modal theory, then they also have the same tense-logical theory (in the basicmodal language extended with a backward modal operator for "past").ProofIt suffices to observe a number of tense-logical validities on our trees. First:FUT (PAST a & b) « a & FUT b FUT (� PAST a & b) « � a & FUT bAs a result, using some standard modal manipulations, every formula is equivalent toone without future operators scoping over past ones. This just leaves compounds of’pure future’ (i.e., modal) formulas combined using � , & and PAST . The latter canstill be simplified using two more valid equivalences:PAST ( a & b ) « PAST a & PAST b PAST � a « � PAST a & PAST trueAs a result, every formula is equivalent to a Boolean combination of formulas PASTif (with i repetitions) where f is purely modal. But then, the roots must agree on alltense-logical formulas. They already agreed on all modal formulas, and they will bothreject any PAST formula (lacking predecessors). nThe preceding Lemma (together with its proof) has the following consequence.Corollary 2.7.2 Two models M, a and N, b admit of a bisimulation between a, b iff their unraveled multiplied versions are partially isomorphic.

172.8Analyzing the General Situation: PredictionsFinally, as to the full extent of the analogies between modal logic and classical logic,let us risk a bold generalization. The set of all predicate-logical formulas may beviewed as the domain of a (’meta-’)model which carries some natural structure. Forinstance, meta-theorems like Interpolation are themselves (P2) first-order statementsabout this model, in the following similarity type: one binary relation of "semanticconsequence", and another one of "vocabulary inclusion". (A closely related meta-model has been investigated in Mason 1985. The complete first-order meta-theory ofpropositional logic turned out to be effectively equivalent to True Arithmetic —thereby saving the logical profession from rapid extinction.) Similar observations canbe made concerning other preservation theorems. E.g., the Los-Tarski Theorem statesan equivalence between (1) f |= (f)A (i.e., f implies its own relativization to somenew unary predicate A ) and (2) the existence of some universal formula equivalentto f . Both assertions involve some slight expansion of the above meta-model toinclude further predicates encoding ’elementary syntax’ into the similarity type. Thus,the Los-Tarski theorem becomes a P2—sentence, too. Now, the modal fragment is asubmodel of at least the first of these predicate-logical meta-models, in an obviousway. (With the second one, we have to be more careful, as the result needs to berestated due to the lack of modal prenex forms — though not of modal relativizations.)In this perspective, here is a guess which would explain why one always seems ableto ’witness’ existential quantifiers over formulas inside the modal fragment:ConjectureThe modal fragment is an elementary submodel of full predicate logicin the first similarity type given above.With results like this, one could decide transfer of meta-theorems between first-orderlogic and modal logic by merely inspecting their syntactic form.2.9Poly-Modal GeneralizationsOne test for the naturalness of the above results for the basic modal language is howthey survive generalization. At least, things work very smoothly for the practicallyimportant case of poly-modal languages with families of unary modalities �i (i˛I) ,each with their corresponding accessibility relation Ri . One can virtually literallytranscribe the above theory, putting in appropriate indices. Nevertheless, subtleties doarise occasionally. For instance, in the Interpolation Theorem, one can now also talkabout the shared modalities of the two original formulas, and an interpolant shouldcontain only these. But then, the above proof is incorrect as it stands. For, the

18amalgamation defined in Section 2.5 only yields bisimulating projections for(relations corresponding to) the shared modalities. In order to make the amalgamationbisimulate with the two separate models in their full language (as is required by thefinal argument), one has to add copies to the amalgam MN of those parts of M andN that branch off via non-shared successor relations, and extend the projection viathe identity map on the new parts (cf. van Benthem 1994B). This is not a seriousdeparture from the basic modal case, but it is not totally trivial either. (For earlierproofs of these results, we refer to N�meti 1985, Kracht & Wolther 1991. Cf. alsoSain 1989, Marx 1995, and the strong generalizations given in Madarasz 1995.)Next, we consider a more serious generalization, namely to polyadic modalities. Here,one needs (k+1)—ary accessibility relations for each k—ary existential modality:� f1 ... fk translates into$y1 ... yk ( Rk+1x, y1 ... yk & &1£i£k fi (yi))We give a quick run-down of basic results, showing what remains the same, andwhere cosmetic changes are needed. Under translation, modal formalisms of this kindend up in what we call provisionally the restricted fragment of first-order logic:¥ start with all unary atomic formulas Px , and allow¥ closure under Boolean operations for compounds with the same variable ¥ closure under existential quantifiers of the form $y1 ... yn ( Rn+1 x, y1 ...yn & f1 (y1) & ... & fn (yn) ) .Any set of restricting predicates R is allowed in the first-order language. Therestricted fragment inherits all attractive properties of the original modal one in theobvious way (cf. van Benthem 1991A, chapter 17, de Rijke 1993, chapter 6).1The ’restricted formulas’ are precisely those first-order formulas f (x) which are invariant for bisimulation with respect to the new extended set of relations.(One now has to find back-and-forth matches for triples R3 x, y1y2 , etcetera.)The earlier model-theoretic proof goes through with mere notational changes.2There is an adequate semantic tableau method which establishes decidability.3There is a complete sequent calculus axiomatization for universal validity, whose principles may be read off from closed tableaus.

19Practical complexity may increase in this system. E.g., the introduction rule for abinary existential modality that emerges from the tableau calculus reads as follows:& {1, ..., k } ˚ X ( a |- { gi | i˛X } or b |- { d1, ..., dk } — { di | i˛X } )---------------------------------------------------------------------------------------�ab |- �g1 d1 , ... , �gkdk4Craig Interpolation holds, either constructively via sequent proofs, or model-theoretically. (Cf. earlier references on this topic, in particular, the algebraic superamalgamation methods of N�meti 1985 and Madarasz 1995.) There is also a strong version where interpolants have only shared modalities between antecedent and consequent (cf. Marx 1995, van Benthem 1994B.)5The Los-Tarski theorem holds by essentially the earlier argument with bisimulation invariance and copying. This requires a notion of ’unraveling’ via suitable finite sequences for many relations at the same time.The latter case again requires some care in the formulation of results. For instance, inunraveling a triple Ra,bc , one has to keep track of the whole ternary configuration,indicating that the step from a to b went via the triple (abc) , in order to distinguishthis from a possible other situation Ra,bd . There are several notational solutions toproblems like this, which we do not elaborate here. Our results in section 4 are furthergeneralizations of this line of thinking to still larger first-order fragments.3Finite Variable Fragments3.1The Finite Variable HierarchyFinite-variable fragments of first-order logic may be traced back to the 19th centurylogicians Peirce and Schroeder. They were used by Tarski in the 1950’s (cf. alsoHenkin-Tarski 1961). Probably their first systematical study is in Henkin 1967, as atool in trying to see what new insights cylindric algebra can provide for ’pure’ logic.These fragments consist of all formulas using only some fixed finite set of variables(free or bound): say {x}, {x, y}, {x, y, z}, etcetera — but otherwise allowing arbitrarycombinations of quantifiers and connectives. An important connection with modallogic was pointed out in Gabbay 1981. Finite operator sets generate modal languageswhose translations into first-order logic involve only some fixed finite number ofvariables (free and bound). For instance, the basic modal language can make do withtwo world variables only (as may be seen by further analysis of the earlier translation,

20judiciously ’recycling’ just x, y ). This may be seen by changing the translationfunction in section 2.1 above to produce two variants fx and fy , having freevariables x, y , respectively. The key clause for the existential modality now reads:�f x$y (Rxy & fy)�f y$x (Ryx & fx)Similarly, e.g., the well-known temporal language with ’Since’ and ’Until’ usesessentially three variables, being the minimal syntactic apparatus for translating thesetwo operators. Thus, there is a natural division into a Finite Variable Hierarchy:321inside whose levels one finds modal logics of ascending expressive strength. Unlessotherwise stated, by the k—variable fragment we mean that fragment of predicatelogic which uses only the variables x1, ..., xk (an initial segment of some fixedenumeration), with equality and without constant or function symbols. Like the basicmodal language itself, these successive levels can be characterized via a semanticinvariance property (van Benthem 1991, p. 260; Barwise 1975). To state the result,recall the usual convention that f (x1, ..., xk) denotes a formula whose free variablesare all among {x1, ..., xk}. Moreover, by k-variable formulas we shall mean first-order formulas all of whose variables (whether free or bound) are among {x1, ..., xk}.Theorem 3.1.1 A first-order formula f (x1, ..., xk) is equivalent to ak-variable formula iff it is invariant for k-partial isomorphism.Here, k-partial isomorphism is a cut-off version of the well-known notion of ’partialisomorphism’ from Abstract Model Theory. These are non-empty families I ofpartial isomorphisms between models M and N , closed under taking restrictions tosmaller domains, and satisfying the usual Back-and-Forth properties for extensionwith objects on either side — restricted to apply only to partial isomorphisms of size atmost k . ’Invariance for k—partial isomorphism’ means having the same truth value attuples of objects in any two models that are connected by a partial isomorphism insuch a set. The precise sense of this is spelt out in the following proof.

21Proof (Outline.) k-variable formulas are preserved under partial isomorphism, by asimple induction. More precisely, one proves, for any assignment A and any partialisomorphism I˛I which is defined on the A-values for all variables x1, ..., xk , thatM, A |= f iff N , IoA |= f .The crucial step in the induction is the quantifier case. Quantified variables areirrelevant to the assignment, so that the relevant partial isomorphism can be restrictedto size at most k—1, whence a matching choice for the witness can be made on theopposite side. This proves "only if". Next, "if" is analogous to that for the earlierInvariance Theorem (cf. the proof of theorem 2.2.1). One shows that any invariantformula f (x1, ..., xk) (in the above sense) is implied by the set of all its k-variableconsequences. The key step in this argument goes as before. We find two modelswhich are elementarily equivalent for all k-variable formulas. These then possess w—saturated elementary extensions — for which the relation of k-elementary equivalencebetween tuples of objects itself defines a family of partial isomorphisms up to lengthk , which satisfies all the above requirements for k-partial isomorphism. n3.2Positive and Negative PropertiesBelow we summarize some of the known properties of the finite variable hierarchy.This will help us to see the strengths and weaknesses of this classification, while alsopointing the way to our eventual ’nice’ fragments.Positive properties(1) Theorem 3.1.1 above provides a natural semantic characterization.(2) Gabbay’s Functional Completeness Theorem (Gabbay 1981) also shows how, conversely, for each finite-variable level, a finite set of modal operators can be constructed effectively whose modal language yields precisely that fragment.(3)Variables are ’semantic registers’ providing a natural fine-structure of expressive complexity — and hence complexity hierarchies for checking first-order assertions(Immerman 1981, 1982, Hodkinson 1994, Andr�ka, D�ntsch & N�meti 1995).(4)The controlled use of more variables, free and bound, in these fragments suggestsnatural ’many-dimensional completions’ of general modal languages, as well as links with algebraic logic (their expressive power and effective axiomatization are investigated extensively in Venema 1991, Venema 1995A, 1995B).

22(5)Finite-variable fragments emerge naturally in other areas of mathematical logic, such as Relational, Polyadic and Cylindric Algebra (N�meti 1991), and they are crucially involved in the formalization of set theory of Tarski and Givant 1987.(6)Finite-variable fragments provide natural query languages supporting fixed-pointoperators in Finite Model Theory (cf. Kolaitis and V�n�nen 1992).(7)Finite-variable fragments admit a preservation theorem (via so-called ’partial embeddings’) characterizing the universal formulas (cf. section 3.5 below).But there is also mounting evidence as toNegative properties (Throughout the following list k>2, unless stated otherwise.)(1)Finite-variable fragments have a poor proof theory. No finitely axiomatized Hilbert-style system exists (Monk 1969), and the complexity of the necessary axiom schemes is inevitably high (Andr�ka 1991). Moreover, adding new logicalconnectives to fragments Lk does not seem to help (Andr�ka & N�meti 1994 discuss ’hereditary non-axiomatizability’ of finite variable fragments).(2)Finite-variable fragments are undecidable (Henkin, Monk & Tarski 1985).(3)Even for k>1, Craig Interpolation and Beth Definability fail (Sain 1989, Sain &Simon 1993, Andr�ka, van Benthem & N�meti 1993). Cf. section 3.5 below.(4)Finally, here is a new type of problem. The Los-Tarski submodel preservation theorem fails, as is demonstrated in section 3.3.Our contribution is both critical and constructive. Some negative items in the abovelist are proved in the present section (with the rest supported by references). But lateron, in section 4, we show that the negative properties all go away if we replace fullpredicate logic by its ’guarded fragment’. Alternatively, in section 5, finite-variablefragments regain their positive properties when interpreted, not on standard modelsbut on suitably generalized models having restrictions on available assignments.3.3Failure of the Submodel Preservation TheoremThe Los—Tarski Theorem trivially fails for finite-variable fragments. The 1-variableformula "xAx�"xBx is preserved under submodels, but lacks a prenex form withone variable (two are needed). The more natural conjecture is this: a k-variableformula is preserved under submodels iff it is equivalent to a k-universal formula.Here we define k-universal formulas as all those constructible in the k-variablefragment using atoms and their negations, &, � and " . (The above formula is 1-universal as it stands.) But this result, too, fails in finite-variable fragments.

23Theorem 3.3.1 For each k‡3, the k-variable fragment contains formulas that are preserved under submodels, while lacking any k-universal equivalent.ProofWe do the case k=3 for an illustration. The general case is completelyanalogous. Let R be some 3-place relation. Define d(x) := $yz Rxyz ( ’ x is in thehead of R ’ ) . Consider the following first-order formula, where |d|£2 is a formulaexpressing that "there are at most two objects satisfying d " and similarly for |d|£1 :|d|£2 & ( |d|£1 � "xx’yz ((Rxyz & Rx’yz) fi x=x’)) ) fThis formula can be written as a purely universal prenex form (even as a 4-universalformula, by proper variable management.) So, f is preserved under submodels.Now, consider the following variant F of f (involving existential quantifiers):|d|£2 & ( |d|£1 � "xyz (Rxyz fi $x ( d(x) & � Rxyz)) ) FClaim 1f and F are logically equivalent.Proof This is a simple computation. In both directions, it suffices to consider the casewhere there are exactly two objects satisfying d . ’ From f to F ’ . Assume thatRxyz. Then there must be some x’ „x in d (by |d| =2 ), which cannot have Rx’yz, byf . This is the required witness for the existential quantifier. ’ From F to f ’ .Assume that Rxyz, Rx’yz. Since d(x) , there must be some x’’ in d with � Rx’’yz.But then, x, x’’ are different, and hence, x’ must be equal to one of them. The onlyoption here is x’=x , since Rx’yz, � Rx’’yz rules out x’=x’’. nClaim 2F is in the 3-variable fragment.ProofWe only have to show that |d| =2 and |d| =1 can be expressed with 3variables. This is a simple syntactic calculation. nWe introduce two special models M = (D, Z), N = (D, U) for this language, whereD = {0, 1, 2, 3, 4, 5}U = {0, 1} x {2, 3} x {4, 5}Z = { (i, j, k) ˛ U | i+j+k is even}.Claim 3M |= F , but not N |= F .

24ProofBy direct inspection. In both cases, there are precisely two objects in d . Inparticular, note how the parity in the definition of Z ensures that there will beanother object in d which does not have the same ’tail’. nNow, the counter-example is complete once we prove our finalClaim 4Every 3-universal formula which holds in M also holds in N .ProofOne proof uses one-sided Ehrenfeucht games with three pebbles (Immermann& Kozen 1987). Here we take another road, that is suggestive for later developments.Consider the set 3PI of all partial isomorphisms f with size at most 3 between Nand M , satisfying the additional restriction that, whenever f(a) = b , then a and blie in the same component {0, 1}, {2, 3} or {4, 5} . We show that this family hasthe "Forth" property, from N to M . More precisely, let f(a) = b and let c be anyobject in D . We find an object d such that the map (f — {(a, b)}) ¨ {(c, d)} is againin 3PI . It suffices to consider the case where c„a . We distinguish cases for theremaining f-arguments (after removal of the object a ). Case 1 "c equals someexisting f-argument different from a" . Then its mate d is the corresponding f-value.(This must yield a partial isomorphism of the right kind.) Case 2 "c differs from allexisting f-arguments". Case 2. 1 Suppose that c is in the same component as someexisting f-argument. Then let d be the remaining possibility in this component. (Inthis case, no Z— or U—relation can hold on either side of the partial isomorphism.)Case 2.2 Suppose c is in a different component from the existing f-arguments.This case, too, will yield a partial isomorphism. Case 2.2.1 The other f-argumentslie in the same component, and hence no Z— or U—relations can hold: then let c beits own image. Case 2.2.2 These arguments lie in different components. Then, thechoice of an image for c in its component may be made according to the parity of thesum of the values assigned to the other arguments. (One of the two available optionswill always do.) Finally, an easy induction on 3-formulas shows thatIf f ˛ 3PI , A is some assignment whose values are in the domain of f , anda is some 3-existential statement such that N , A |= a , then M , Aof |= a .This shows that all true 3-existential statements in N are also true in M , fromwhich the required assertion about 3-universal statements follows by duality. n

25For further information, as well as details missing from section 3.4 below, we refer toAndr�ka, van Benthem & N�meti 1994B, which presents a more elaborate version ofthe above argument, that extends to first-order languages without equality. Moreover,related ideas are used in Andr�ka, van Benthem & N�meti 1993 to construct uniformfailures of Interpolation in finite-variable fragments. For completeness, we note thatan open problem concerning uniform failures of the Los-Tarski theorem formulated inearlier versions of this paper was subsequently solved in Rosen & Weinstein 1995.Some Remaining Questions(1)Does the Los Theorem hold for the 2-variable fragment?(2)k-variable formulas that are preserved under submodels must have universal equivalents somewhere in the finite-variable hierarchy, by the ordinaryLos-Tarski Theorem. Is there a recursive function f of k such that everyk-variable formula preserved under submodels has an f(k)-variableuniversal equivalent? In particular, does the choice f(k) = k+1 work?And what about a similar function defined over formulas?3.4Modified Preservation TheoremsThe above negative argument suggests a positive result. (For convenience, we shift toa dual existential formulation.) There exists a Los-Tarski Theorem for k-variablefragments characterizing an appropriate syntactic notion of ’k—existential definability’(by atoms and their negations, &, � and $ ) via preservation under ’k-partialembeddings’, being restriction-closed non-empty families of k-partial isomorphismswhich satisfy the Forth-condition only (cf. van Benthem 1991). Partial embeddingsgeneralize submodels as partial isomorphisms generalize isomorphisms. Here is amodel-theoretic characterization for existential formulas in the k—variable fragment:Theorem 3.4.1A k-variable formula is quivalent to a k—existentiallydefinable formula iff it is preserved under k—partial embeddings.Proof That existential formulas are preserved follows by a straightforward induction.Next, let f be preserved under k—partial embeddings. Then earlier arguments apply(see Theorems 2.6.1, 3.1.1) . It suffices to show that f is a consequence of the setk—exist (f) of all k—existential logical consequences of f . Let M, A |= k—exist (f) .By familiar reasoning, we find a model N, B for f , each of whose k—existentialformulas is true in M, A . Without loss of generality, we may take M, A to be w—saturated. But then, the following defines a k—partial embedding from N into M :

26all partial isomorphisms f from N to M of size at most k , such that,for all k—existential formulas a , if N , A |= a , then M , Aof |= a .In proving the "Forth" clause here, one has finite approximations of the new elementby means of k—existential formulas, and then finds a simultaneous witness viaSaturation. In particular, our embedding sends the sequence of B—values on our kvariables to the corresponding A-values, whence f must hold in M , A , too. nSimilar finite-variable modifications exist for other classical model-theoretic results.3.5Failure of the Interpolation TheoremOther classical key properties may fail, too. Here is a simple result to this effect. Itimproves a theorem in Pigozzi 1971 to interpolation failure with monadic predicates.Theorem 3.5.1Craig Interpolation fails in all k—variable fragments (k‡2),even if the language has only unary predicate symbols.Proof Consider any k—variable fragment Lk . Take k unary predicates A1, ..., Ak .Let the first-order formula fk say that (i) each Ai holds for exactly one object (thisneeds two variables), (ii) all Ai are disjoint (one variable) and (iii) every objectsatisfies at least one Ai (again, one variable). fk holds only in domains of size k .In a similar way, construct a formula yk+1 , with new unary predicates B1, ..., Bk+1 ,which is true only in domains of size k+1 . Clearly fk |= � yk+1 , with both formulasfrom Lk . By Interpolation, there must be a k—variable formula a in only identitywith fk |= a |= � yk+1 . This is a contradiction. For, pure identity formulas using onlyk variables cannot distinguish between domains with k and with k+1 objects. nThe counter-example generalizes to first-order k-variable languages without identity,replacing = with a suitable equivalence relation. Also, Interpolation still fails withone binary and two unary relation symbols (Andr�ka, van Benthem & N�meti 1993).With only two non-logical symbols, the question is open. (Madarasz 1995 shows thatlogics without interpolation may have a weaker two-predicate ’relevance property’.)3.6ConclusionThe preceding analysis shows that finite-variable fragments, though attractive, do notexplain all there is to modal logic. Hence, as they stand, they cannot serve as the nicefragments of first-order logic, in the technical sense of our Introduction, that we weresearching for. Nevertheless, we can turn this observation into a further requirement.

27Nice fragments of first-order logic should support a finite-variable hierarchy whichdoes have the desired meta-poperties. Keeping this additional desideratum in mind,we now turn to an alternative analysis, whose focus is restriction of quantifiers.4Bounded Quantifier Fragments4.1The Basic Restriction SchemaThe basic modal fragment is only a subset of the full two-variable fragment, since itssyntax satisfies additional constraints. In particular, all quantifiers in translations ofmodal formulas occur ’restricted’ or ’bounded’, in the forms$y (Rxy & f (y)) , "y (Rxy fi f (y)) .Semantically, the latter form correlates with the earlier definition of bisimulation,explaining its particular zigzag clauses. This observation suggests anotherclassification. What we are dealing with are quantifier restrictions, which may bevaried along various dimensions. The general schema here is as follows:$y ( Rxy & f (x, y, z) ) where x, y, z are finite sequences of variables.And the question is how much can be allowed as to variable occurrences withoutlosing the attractive features of the basic modal logic, in particular, its decidability.We shall take this perspective as our point of departure in a hierarchy of ’bounded’fragments of predicate logic. Its initial stages already occurred in Section 2.9 above.For instance, polymodal logic shows that families of different restricting predicatesRi are admissible. And polyadic modal logics showed that one can allow restrictionsof the special form $y (Rx,y & &i fi (yi) ) without major changes in theory andpractice. We shall be concerned mainly with the following schemata in what follows:Fragment 1$y ( Ryx & f (y) ) Fragment 2$y ( Ryx & f (x, y) ) Fragment 3$y ( Ryx & f (x, y, z) ) .Restricted formulas play a crucial role in absoluteness in Set Theory (’D0—formulas’).Let us be more precise. These fragments of a standard first-order language start witharbitrary atomic formulas, and allow further constructions with Boolean operators andthe above bounded quantifiers, where R can be any relation symbol (this atomicformula is called the ’guard’ of the formula), whose variables may appear in any order.

28Identity atoms u=v are allowed, but not as guards. There are other plausible boundedfragments — but the present ones will do. In particular, Fragment 2, dubbed theGuarded Fragment of predicate logic, displays nice modal behaviour in the sense ofthe earlier Sections. To understand these, it is helpful to consider a restricted versionof Fragment 2, closer to the basic modal language, which involves special relations Rnot occurring anywhere except as a guard, with a fixed argument order x, y . Crucialfor these fragments is the atomic nature of guards: Boolean combinations of atomicformulas are not permitted. E.g., symmetry of a relation is in Fragment 2, buttransitivity is not. These fragments may be understood in various ways. Model-theoretically, one can extend the earlier modal bisimulations to describe them(Section 4.2 below), which shows that we have a genuine upward hierarchy ofexpressive strength. We use a corresponding model unraveling method to prove aLos—Tarski theorem. Next, we take a more combinatorial approach, focusing on their’looseness’ and decidability (cf. Section 2.3 above). Fragment 1 is decidable, beingclose to modal logic. By contrast, Fragment 3 is easily shown undecidable. Our mainresult is that the powerful intermediate Guarded Fragment is decidable. (Indeed, as weshall show elsewhere, it has a uniform finite model property.) This decidabilitytheorem generalizes several existing results from modal and algebraic logic.4.2Bounded Fragments and BisimulationBounded fragments may be analyzed semantically in terms of modal bisimulations.For this purpose, one can fix the earlier modal Invariance Theorem as a target, anduse its proof as a heuristic for generating appropriate notions of semantic simulation.This style of analysis uses the following notions. By a partial isomorphism, we meana finite one-to-one partial map between models which preserves relations both ways.In any model M , we call a set X of objects guarded if there exists a relation symbolR, say k—ary, and objects a1, ..., ak ˛M (possibly with repetitions) such that RM(a1,..., ak) and X = {a1, ..., ak} . Here, we merely formulate appropriate bisimulations forthe Guarded Fragment 2, the other fragments involve simple and obvious variations.Definition Guarded BisimulationsA guarded bisimulation is a non-empty set F of finite partial isomorphisms betweentwo models M and N which satisfies the following back-and-forth conditions.Given any f:XfiY in F ,(i)for any guarded Z˝M there is a g˛F with domain Z such that g and f agree on the intersection X˙Z

29(ii)for any guarded W˝N there is a g˛F with range W such that theinverses g—1 and f—1 agree on Y˙W .A guarded k-bisimulation is a set F as above, except that the partial isomorphismand the mentioned guarded subsets are all required to be of size at most k .The point of this definition shows in semantic invariance for guarded bisimulation,proved by straightforward induction on the construction of F2—formulas (members ofFragment 2). The zigzag conditions take care of the bounded existential quantifiers.Proposition 4.2.1Let F be a guarded bisimulation between models M and N with f˛F . For all guarded formulas f and all variable assignments a into the domain of f , we have M, a |= f iff N, f o a |= f .Moreover, a straightforward analogue of the proof of Theorem 2.2.1 yields a fullmodel-theoretic preservation theorem here. Also as before, we can ’cut off’ guardedbisimulations at any finite length — and the proof of Theorem 3.1.1 then carries over,too — producing a semantic characterization of guarded finite variable fragments.Theorem 4.2.2Let f be any first-order formula.f is invariant for guarded bisimulations iff f is equivalent to an F2 formula.f is invariant for guarded k—bisimulations iff f is equivalent to a formulain the k—variable subfragment of F2 .We can adapt these notions to Fragments 1 and 3 in a straightforward manner. Themodified back-and-forth clauses will now match the relevant quantifier restrictions.We do not spell them out here. Here is an application of this semantic analysis.Theorem 4.2.3 The three fragments form a properly ascending hierarchy.ProofWe sketch the gist of the counter-examples. (1) The formula $y (Rxy & Sxy)is in Fragment 2, but it is not equivalent to any formula in Fragment 1. For, thefollowing two models have different truth values for $y (Rxy & Sxy) — even though aFragment—1 bisimulation runs between them, consisting of the following matchesbetween single objects: (x, x), (y, y1), (y, y2) .yy1y2R, SRSxx

30(2) The formula $y (Ay & � Rxy) is in Fragment 3, but without being equivalent toone in Fragment 2 . For, it can distinguish between the following two models (bothwithout any R—links), even though they admit a Fragment—2 bisimulation, consistingof only the match (x, x) :yAxx(3) Finally, Fragment 3 is still somewhat poorer than predicate logic as a whole. Forinstance, the formula "xAx is beyond it. This may be shown by the Fragment—3bisimulation (x, x) between the following two models:yxAxAn4.3Unraveling ModelsAs another useful application of guarded bisimulations, we generalize the unravelingconstruction of Section 2. In the next Section, we will apply this technique to obtainthe Los-Tarski Theorem — while it will also serve as an inspiration for laterdecidability arguments. For a start, let M be any ordinary model for predicate logic.DefinitionThe unraveling Mu of M has for its objects all pairs (p, d) — wherethe ’path’ p is a finite sequence of guarded sets, and the M—object d is ’new’ in p :i.e., it occurs in the final set of p but not in the one before that. The interpretation ofpredicate symbols Q is as follows. I(Q) holds for a finite sequence of objects<(pi, di)>1£i£k iff IM(Q) <di>1£i£k and there is some maximal path p* amongthose listed of which all other pi are initial segments in such a way that their newobjects di remain present in each set until the end of p* . Finally, we let Fu be thefamily of all restrictions of the finite maps sending (pi, di) to di for all guardedfinite domains in Mu .Proposition 4.3.1Fu is a guarded bisimulation from Mu to M .Proof (i) All maps in Fu are partial isomorphisms. Preservation of atomic relationsis obvious in going from Mu to M . Vice versa, the fact that relations are preserved

31backwards, as well as the required injectivity, depends heavily on the assumption thatthe domain is guarded. Let f ˛ Fu . Then S = Dom(f) is guarded, which implies thatthere is a path p* such that, if (p, d) ˛ S , then p is an initial segment of p* suchthat d remains in the members of p* all the way up. This immediately ensures thatrelations are preserved backwards, too. To prove injectivity, it suffices to show that,if (p, d), (p’, d) ˛ S , then p = p’ . Indeed, since both p and p’ are initial segmentsof p* , one of them must be larger than the other. If p were larger than (say) p’ ,the object d would persist from p upwards — and hence it would not be new in p’ .(ii) Next, we check the two back-and-forth properties. From Mu to M , this is easy,using the fact that our finite maps are submaps of a single relation-preserving map.Going in the opposite direction, consider f: XfiY with some guarded set Z in M .Since X is guarded, there is some maximal path p* among its objects. Therefore,there is also a maximal path p+ among the objects which are mapped by f onto theintersection Y˙Z . We either use this path, or extend it by the guarded set Z (in caseZ contains objects that are not in the last set of p+ ). Now, the latter path gives us anobvious sequence of objects satisfying the guard of Z (some of them new at the end,others suitably introduced in initial sequences). The induced partial isomorphism isthe one we are looking for. nThe above construction can be slightly generalized. Given any finite set Y of objectsin M (guarded or not), we can define a parametrized unraveling Mu(Y) whose pathsall start from Y (continuing with guarded sets only), and whose objects (p, d) aredefined just as above. By a straightforward adaptation of the above argument, theobvious restriction map Fu(Y) is a guarded bisimulation from Mu(Y) to M .Also, we can put finite fine-structure into the construction, which will serve tospecialize later results to k—variable fragments. In particular, the k—unraveling Mukis that submodel of the above Mu whose paths contain only sets of size at most k .The above proof then easily shows that the restriction map Fu is even a guarded k—bisimulation (Section 4.2). Finite thresholds may be combined with parametrization,to define models Mu(Y)k with the obvious properties. Finally, one can also restrictthe length, rather than the ’width’, of paths in unraveled models. This would connectup with languages of restricted quantifier or modal operator depth in ways familiarfrom the first-order and modal literature. The latter direction will not be pursued here.

32Finally, we state another useful auxiliary result for the Los-Tarski Theorem to follow.(This generalizes the modal construction in the proof of Theorem 2.6.1.) Let M, Nbe two models and let f: Y fi Z be a finite map between them such that guardedexistential formulas are preserved along f . I.e., M, a |= y implies N, f o a |= yfor all guarded existential formulas y and all evaluations a of the free variables ofy into Y . We say that f preserves guarded existential formulas from M to N .Proposition 4.3.2Let the finite map f: Yfi X preserve guarded existential formulas from M to N , and let N be w—saturated. Then there is an extension F of f which maps Mu(Y) into N such that F is an isomorphism on all guarded subsets of Mu(Y) .We note that though, strictly speaking, Y is not a subset of Mu(Y) , it can beidentified with { ( <Y>, d) | d˛Y} ˝ Mu(Y) .Proof For notation’s sake, we set M’ =def Mu(Y) . If S is a subset of M’ and ifF: S fi N , then we say that F locally preserves guarded existential formulas if therestriction maps F|G preserve guarded existential formulas from M’ to N , for allguarded subsets G of M’ and for G = Y . For all natural numbers k‡1 we defineDk = { (p, d) ˛M’ | |p|£k }Then D1 = { (<Y>, d) | d˛Y } , so D1 is the set we already identified with Y .Now define a map F1 : D1 fi N by F1 ((<Y>, d)) = def f(d) for all d˛YBy assumption, F1 locally preserves guarded existential formulas. Now, assume thatFk : Dk fi N has been defined, subject to our preservation condition. We define anextension to Dk+1 with the same property. For all paths p of length k+1 , we setZp =def { (p, d) | (p, d)˛M’}By the construction of M’ then, we have the following(1)There is a greatest guarded subset Gp of Dk+1 containing Zp(2)Gp — Zp is contained in a guarded subset G’ of Dk if k>1(3)Each guarded subset of Dk+1 is contained in some Gp or is contained in Dk(4)Dk+1 — Dk is the disjoint union of the Zp ’s

33Indeed, Gp can be constructed from the last element of p , and G’ from the last butone element of p . (4) is trivial, (3) comes from the definition of relations in M’ .We now define F separately on all Zp ’s. Let p be fixed. For simplicity, we willconsider the elements of Gp also as variables. Then the identity map Id evaluatesthese variables in M’ , and Fk is an evaluation of the variables Gp — Zp in N . SetS =def { y |y is a guarded existential formula with free variables in Gp such that M’, Id |= y }Clearly, M’, Id |= S . We want to show thatN, Fk |= $Zp &SBy Gp ’s being guarded, there is a relation symbol R and an enumeration g of Gpsuch that R(g) holds in M’ . Let Cp =def Gp — Zp , and let D˝S be finite. ThenM’, Id | Cp |= $Zp (R(g) & &D )so by (2) and the inductive hypothesis, we haveN, Fk |= $Zp (R(g) & &D )By w—saturation of N then:N, Fk |= $Zp &SLet Zp ’ = { d’ | d˛Zp } be such elements in N and defineFk+1 (d) =def d’ for all d˛ZpDoing this for all p , by (4) we definedFk+1 : Dk+1 fi NNow Fk+1|G preserves guarded existential formulas for all G = Gp — by ourconstruction — so by (3), Fk+1 locally preserves guarded existential formulas. DefineF = def ¨ { Fk | k‡1 }Clearly F: M’ fi N , F is an extension of f , and F locally preserves guardedexistential formulas. It remains to show F is an isomorphism on all guarded subsets.

34Thus, let G be a guarded subset of M’ . Since F locally preserves guardedexistential formulas y , for all these we haveM’, Id|G |= y implies N, F |= yif the free variables of y are among G . Taking y to be a suitable conjunction ofatomic formulas { � u=v , R(g), � R(g) } — with u, v˛G, u„v, sequences g ofvariables from G and relation symbols R — we get that F is one-one on G and F|Gpreserves forward and backward relations: i.e., F is an isomorphism on G . nAgain, this result may be specialized in various ways. Most importantly, if we onlyhave preservation of guarded existential k—formulas, the extension homomorphism Fcan be defined on the k—unraveling Mu(Y)k , provided that |Y| £k .4.4Preservation Under SubmodelsOne of our recurring semantic tests for being a ’nice fragment’ of predicate logic wasvalidity of the Los-Tarski Theorem characterizing those formulas which are preservedunder submodels. And indeed, we have the following result here.Theorem 4.4.1 A formula f in the Guarded Fragment is preserved under submodels iff it is equivalent to an F2-formula constructed from atomic formulas and negated atomic formulas by the use of �, & and " .Proof From universal definition to submodel preservation, the assertion is obvious.The converse can be proved along the lines of the first proof for Theorem 2.6.1 above.We merely outline the main steps of the construction. The reader is invited to checkback with the original argument for motivation. The final aim is again to show thatuniv(f) |= f , where univ(f) consists of all universal consequences of f (with thesame set x of free variables). Consider any model and assignment M, a |= univ(f) .Without loss of generality, we may suppose that this model is unraveled. (By theresults of Section 4.2, valid consequence for guarded formulas is witnessed entirelyby unraveled models.) Moreover, this model may be taken to start from a one-steppath formed by the finite set Y of objects in M assigned to the free variables of f .This is the parametrized unraveling Mu(Y) . Next, entirely by previous reasoning,there exists some w—saturated model N, b for f such that all existential formulas(constructed as in the Theorem — but now using $ instead of " ) that are true in M,a are also true in N, b . Thus, the finite partial isomorphism sending the objects

35a(x) to the b(x) preserves all guarded existential formulas going from M to N .By Proposition 4.3.2, then, there exists a mapping F wich is a guarded analogue ofthe earlier ’partial embeddings’ (cf. Section 3.4) — whence, at this stage, we have acomplete proof for Los-Tarski with respect to preservation under the latter notion.But we can improve matters as in the basic modal case. We extend the model M asfollows to a new model M+ . To each of the guarded subsets X in M , which wasmapped by its representative in F onto a corresponding guarded subset Y of N ,we attach a unique copy of N , which identifies X with Y . Now, it is easy to seethat the identity maps on guarded subsets in all these added parts, united with thepartial embedding F already constructed is a guarded bisimulation between N andM+ . By invariance for guarded bisimulations, the original formula f is true in M+at assignment a — whence it holds at M, a by its preservation under submodels. nFinally, we note that, exercising some care in syntactic details of the above argument,our Los-Tarski Theorem may be specialized to completely characterize submodelpreservation for all finite-variable fragments of the Guarded Fragment.Theorem 4.4.2An F2—formula y is preserved under submodels iffit is equivalent to an F2-existential formula with the same variables.4.5Decidability Via Decomposition of Universal ValidityTo complete our analysis of bounded fragments, we now turn to their decidability.One way of understanding this typical phenomenon extends the earlier semantictableaus. Their crucial point was to find some decomposition rule for validity of asequent with only existential quantifers (plus atoms) on both sides. This is not theeventual outcome achieved here (cf. Section 4.5 — we do not know if the GuardedFragment has a simple reduction like this). But as a warm-up, it is useful to see howfar one can push direct modal arguments. First, here is a simple earlier observation:Fact 4.5.1$y1 (Rxy1 & f1 (y1)), ..., $yk (Rxyk & fk(yk)) |=$y1 (Rxy1 & y1 (y1)), ..., $ym (Rxym & ym (ym))ifffor some i (1£i£k) fi |= y1 , ..., ymThis fact depended on bisimulation invariance for this language — or rather,invariance of these formulas for the generated submodels in the rooting construction.There is another convenient reduction for modal formulas involving different ’currentworlds’ (cf. Kracht 1993 for this generalization inside modal logic itself):

36Fact 4.5.2f1 (x1), ..., fk (xk) |= y1 (x1), ..., yk (xk)ifffor some i (1£i£k) fi (xi) |= yi (xi)This may be proved like Fact 4.4.1, by mere disjoint union of counter-examples to thelower sequents. Thus, Fact 4.4.2 holds for all first-order formulas that are invariantfor disjoint unions (van Benthem 1985 characterizes these). Next, we take this further.Theorem 4.5.3Validity of formulas in Fragment 1 is decidable.Proof (Outline) First, we perform all possible propositional reductions in a sequent,so that only atoms and existential quantifiers remain on both sides. Then we prove areduction to matrix formulas like above. Again, we glue together counter-examplesfor sequents below where the quantifiers have been stripped off, so as to refute theoriginal sequent with quantifiers. The longer sequent arguments x, y do not make anessential difference to this modal construction. And neither does the presence ofarbitrary arguments y in the matrix formula, provided that the former have therequired invariance property. Indeed, even when starting with ’mixed’ initial formulaslike $y (Rx1x2,y & f1(y)) , $y (Rx3x1,y & f2(y)) and $y (Rx2,y & f3(y)) followedby similar heterogeneous conclusions, one just matches up premise/conclusion pairswith identical sequences of x—parameters, as no semantic dependencies hold betweenbehaviour of R—successors for sequences and their subsequences. (In special modelclasses with extra ’frame conditions’ on R , this would have to be re-checked.) nThe preceding type of argument establishes more than was stated. It is easy to see thatall counter-examples constructed for non-valid formulas may be taken to be finite:Corollary 4.5.4Fragment 1 has the Finite Model Property.Things become more difficult for Fragment 2, where the parameters x of the guardcan also occur in the matrix formula. For instance, as for direct reductions, we dohave the valid consequence $y ( Rxy & � Rxy) |= $y (Rxy & ^), but we do not have� Rxy |= ^ or any obvious variant thereof. Nevertheless, we can prove a modal-styledirect reduction to deal with the quantifier restriction schema $y (Rx,y & f(x, y)) ,provided that we forbid occurrences of the relation R outside of quantifier guards.Also, we need to have the variables x, y in the guards occurring in the order stated.(Thus, even basic tense logic falls outside the scope of the following argument.)Although the following argument is not our final contribution, we present it for its

37independent interest — while it also highlights some difficulties to be resolved. For astart, we note a useful normal form for the Guarded Fragment.Fact 4.5.5Every formula is equivalent to one whose immediate quantifier scope jumps, being of the form [a =] $y (Rx, y & ... [b =] $z (Ru, z & ... ) ...) ,always have at least one variable y from y among the parameters u .ProofIf this normal form fails somewhere, then repair this, working inside out, byremoving inner formulas outside of the scope of the outer ones — using the validlogical equivalence a « (b & [T/b]a) � (� b & [^/b]a) . nThe resulting formulas with linked chains of successive guards resemble the ’secure’formulas of second-order logic (cf. van Benthem 1986). Next, we need a simplifiedversion of a notion in Section 4.2. The unraveling Munrav of a first-order model Mconsists of all finite sequences of objects in M , with predicates defined as follows:R X1 ... Xk Y1 ... Ym iff$d1 ... dm : RM last (X1) ... last (Xk) d1 ... dm& Yi = X1 ^ ... ^ Xk ^ <di> (1£i£m)and for all other Q ,Q X1 ... Xn iffQM last (X1) ... last (Xn)Here is the key semantic fact concerning this construction.Lemma 4.5.6For all formulas f = f (x1, ..., xn) in the current fragment,Munrav |= f [X1 , ..., Xn]iffM |= f [last (X1) , ..., last (Xn)]Combining the Unraveling Lemma with the earlier normal forms, we see that, fornormal forms $y (Rx,y & f(x, y)), evaluation of the part f(x, y) ’moves upward’.Its truth value depends only on objects reachable through a finite chain of R—steps,starting from a tuple containing some y in y . In particular, immediate R—successorsof x are never encountered in the process of evaluation. Now, we are ready todescribe the desired general reduction. Consider any first-order consequence schemain the current impoverished version of Fragment 2, which is of the form #non R—atoms non R—atoms&|= �$y (Rx,y & f(x, y)) $u (Rz,u & y(z, u))

38Without loss of generality, we assume that no atom occurs on both sides, and thateach ’parameter group’ x occurs on both sides. (The latter can always be achieved byinserting ’inert’ formulas with a constant ’true’ or ’false’ matrix for these parameters).There can be more than one formula to the left (or right) for each parameter group.Proposition 4.5.7A consequence # holds iff for some totally disjoint choice of variables y , we have a valid schema of the following form £ : non R—atomsnon R—atoms& all x|= � all x � all f(x, y)f(x, y)y(x, y)Example Let the schema # to be reduced have the form displayed below:$y1y2 (Rx1x2y1y2 & f1 (x1, x2, y1, y2))& $y3y4 (Rx1x2y3y4 & f2 (x1, x2, y3, y4)) & $y5y6 (Rx1y5y6 & f3 (x1, y5 , y6)) |=$y7y8 (Rx1x2y7y8 & y1 (x1, x2, y7, y8))� $y9y10 (Rx1y9y10 & y2 (x1, y9 , y10)) .Its reducing schema £ described in the above Proposition looks as follows:f1 (x1, x2, y1, y2) y1 (x1, x2, y1, y2)& f2 (x1, x2, y3, y4) |=� y1 (x1, x2, y3, y4)& f3 (x1, y5 , y6) � y2 (x1, y5 , y6 )Outline of a Proof for the Proposition From £ to # , a simple inspection suffices.Next, from # to £ , suppose that the reducing sequent is not valid. Then it has acounterexample M with some assignment verifying its antecedent, while falsifyingevery disjunct in its consequent. Unravel M , and choose sequence-objects for thevarious y in the parameter groups y on the left making them all incomparable. Inparticular, then, their hereditary R—successors (recall the above remark about upwardevaluation) will all be different. This gives us freedom for the following stipulation.For each of the parameters x , let its only R—successors be the vectors of objects forits associated y in the list of formulas to the left of # . By previous observations, thisdoes not affect truth values in M for matrix formulas f . Thus, this slightly modifiedmodel verifies all restricted formulas $y (Rx,y & f(x, y)) to the left of schema # ,and it falsifies all formulas $u (Rz,u & y(z, u)) on its right. n

39This analysis also provides constructive information on the complexity of decidability.The argument given here depends crucially on the syntactic restrictions of the currentversion of Fragment 2. We shall follow another route in the following Section. But toround off our present discussion, we conclude with an easy result about Fragment 3.The latter turns out to be undecidable. For, the general parametrized quantifierrestriction schema $y ( Rxy & f(x, y, z) ) is as powerful as predicate logic itself.Fact 4.5.8Predicate-logical satisfiability is effectively reducible to satisfiability in the parametrized restriction language F3 . Hence, universal validity ofF3—formulas is undecidable.ProofThe reduction takes any predicate-logical sentence f to its relativization r(f)to some unary predicate U not occurring in f . r(f) lies inside the parametrizedrestriction language. It is easy to see that f is satisfiable if and only if r(f) is. n4.6Decidability of the Guarded FragmentIn this Section, we present a proof of decidability for the Guarded Fragment withoutidentity. It is inspired by the above unraveling method, but even more by earlier prooftechniques using so-called ’mosaics’ developed originally for ’generalized assignmentmodels’ (which validate the logic Crs to be introduced in section 5). N�meti 1994,Andr�ka & N�meti 1994 have a full presentation, plus origins in cylindric algebra.Theorem 4.6.1The Guarded Fragment is Decidable.Proof Our strategy is as follows. We show that any guarded satisfiable formula fhas a finite ’quasi-model’ (described below) of size effectively computable from thatof f , which can be used conversely to generate a model for f . (This is like modalfiltration: Goldblatt 1987, van Benthem 1996 — but we do not present the procedure asdefining a model for f .) Thus, the question whether a guarded formula is satisfiableis equivalent to whether it has a finite quasi-model — and from the effectivedescription below, it is easily seen that the existence of such a structure is decidable.From Standard Models to Finite Quasi-ModelsSuppose that a formula f is satisfiable in some standard model M . Let V be the setof variables occurring in f (free or bound). Henceforth, we restrict attention to thefinite set Subf consisting of f and all its subformulas (and closed under alphabeticvariants using only variables in V , as explained below). Each variable assignmentrealizes a ’type’ D consisting of finitely many formulas from this set. Types satisfy

40some closure conditions, which will emerge in due course in the proofs that follow.Our quasi-model has a universe consisting of the finitely many types realized in M .Furthermore note that, for each guarded formula $y (Qxy & y(x, y)) ˛D (no specialorder for the variables intended), there exists a type D’ with (i) Qxy , y(x, y) ˛D’and (ii) D, D’ agree on all ’unaffected’ formulas with free variables contained in x .We sum this up in the following notion, which may be viewed as an abstract versionof the ’mosaics’ of N�meti 1992, Andr�ka & N�meti 1994. Assume henceforth that aguarded F2-formula f is given, where V is the set of variables occurring in f .Definition (i) Let F denote the set of all guarded formulas of length £ |f| that useonly variables from V . Note that f˛F and F is closed under taking subformulasas well as ’alphabetic variants’. Also, F is finite. (ii) An F-type is a subset D of Ffor which (a), (b), (c) below hold:(a) � y ˛ D iff not y ˛ D whenever � y ˛ F(b) y&x ˛ D iff y ˛ D and x ˛ D whenever y&x ˛F(c)[u/y]y implies$y y ˛ D whenever $y y ˛FHere [u/y]y is the formula obtained from y by replacing each free variable in ywith the corresponding variable in u , simultaneously. (iii) Let y be a sequence ofvariables, and let D, D’ be types. We say that D and D’ are y-close, in symbols,D =y D’, if D and D’ have the same formulas with free variables disjoint from y .(iv) A quasimodel is a set of F—types S such that, for each D˛S and each guardedformula $y (Qxy &y) ˛D , there is a type D’ ˛S with Qxy and y(x, y) in D’ andD =y D’ . We say that f holds in a quasi-model if f˛D for some D in this model.Clearly, if f is satisfied by some model, then f also holds in some quasi-model.The converse holds as well:From Quasi-Models to Standard ModelsGiven a quasi-model M of the above kind, we can again define a standard model N .We say that p is a path if p = < D1, f1, ..., Dn, fn, Dn+1 > where D1, Dn+1 aretypes in M , each formula fi is of the form $y (Qxy &y) ˛ Di and Di+1 is analternative type as described above (i.e., Qxy and y(x, y) in Di+1 and Di+1 =y Di ) .We say that the variables in y changed their values from Di to Di+1 , whereas theothers did not. Finally, a variable z is called new in a path p if either |p| = 1 or z’svalue was changed at the last round in p . Now we are ready to define our model N .

41Objects in N are all pairs (p, z) where p is a path, and z is new in p . Next, weinterpret predicates over these objects. We say that I(Q) holds of the sequence ofobjects <(pj, xj)>j˛J iff the paths pj fit into one linear sequence under inclusion,with a maximal path p* such that (i) the atom Q<xj>j˛J˛D* (the last type on p* )and for no (pj, xj) does xj change its value on the further path to the end of p* .Finally, we also define a canonical assignment sp for each path. We set sp (x) =def(p’, x) where p’ is the unique subpath of p* at whose end x was new, while itremained unchanged afterwards. Now, we formulate correctness of this constructionvia the following assertion — where last(p) is the last type on the path p .Lemma 4.6.2 For all paths p in N , and all formulas y ˛ F,N, sp |= yiffy ˛ last(p) .Proof Induction on relevant formulas y . Boolean cases are immediate, using thestandard closure conditions for � and & on types. Atoms: here we do an example.(i) Suppose that Qxyx ˛ last(p) . The objects sp (x) , sp (y) were introduced at somemaximal subsequence p* of p . Note that no x- or y-values changed on p aftertheir introduction. Therefore, by the above transfer of ’unaffected’ formulas acrosssuccessor types in these sequences, Qxyx ˛ last(p*) . Then by the above definition,I(Q) holds for the objects sp* (x) , sp* (y), sp* (x) = sp (x) , sp (y), sp (x) . Thismeans that N, sp |= Qxyx . (ii) Next, suppose that N, sp |= Qxyx . This means thatI(Q) holds for the objects sp (x) , sp (y), sp (x) = sp* (x) , sp* (y), sp *(x) . Thepicture is the same as in the previous case. By the definition again, we have thatQxyx ˛ last(p*) . And once again by transfer of unaffected formulas, Qxyx ˛last(p) .[In the presence of identity, an argument like this would have to be complicated —allowing for the same object marked by different variables on different paths.]Finally, consider the case of bounded Existential Quantifiers $y (Qxy & y(x, y)) .(i) First, suppose that $y (Qxy & y(x, y)) ˛ last(p) . Then there is an extended pathp+ =def p concatenated with < $y (Qxy & y(x, y)), D’ > , where D’ is a successortype for D chosen as above with Qxy, y(x, y) ˛D’ (and satisfying the transfercondition for unaffected formulas with free variables x ). All objects (p+, yi) withyi in y are new here. By definition, the atomic guard predicate I(Q) holds for theobject tuples sp+ (y) , sp+ (x) ( = sp (x)) . By the inductive hypothesis, we must haveN, sp+ |= y(x, y) . Therefore, N, sp+ |= $y (Qxy & y(x, y)) . From this we see, byx-invariance in the standard model N , that indeed N, sp |= $y (Qxy & y(x, y)) .

42(ii) Conversely, suppose that N, sp |= $y (Qxy & y(x, y)) . By the truth definition,there exist objects di = (pi, ui) such that N, sp yd |= Qxy & y(x, y) . (Here, sp yd isthe assignment which is like sp except for setting all yi to di .) In particular, I(Q)holds of the objects sp (x) , di . This leads to a simple picture of forking paths. Theobjects sp (x) were all introduced by stage p* inside p , and then the objects diwere (either interpolated among them or) added to form a maximal sequence p+where the true atom Qxy holds at the end. The fork is such that x-values do notchange any more from p* onward, whether toward p or p+ . (That this is the onlyrelevant situation is where the atomic guard on our quantifier comes in essentially.)Now, a minor complication. Note that the variables ui do not have to be the yi . Wecan be sure that they are not xi , though, as the original objects sp (x) = sp* (x) wereinvolved in the true atom Qxy . Also, p+ is such that sp+(ui) = (pi, ui) = di .Thus, the two assignments sp yd and sp+ agree on x , and for all yi˛y we havesp yd(yi) = di = sp+(ui) . Then, by N, sp yd |= Qxy & y and the above observations,we have N, sp+ |= [u/y]Qxy , N, sp+ |= [u/y]y . By the inductive hypothesis then,[u/y] y ˛last(p+) . (Here we assume that our set of relevant formulas is closed undersimultaneous substitutions, that do not increase syntactic complexity. For a proof,see the Remark below.) Also, from the initial description of p+ , we see at once that[u/y]Qxy ˛last(p+) (by the interpretation of atomic predicates). By closure conditions(b), (c) in the definition of a type, one gets $y (Qxy & y(x, y)) ˛last(p+) . Finally,since no changes in x-values occurred on the fork from p* , the transfer condition onsuccessor types along paths ensures that this same formula is in last(p) . nRemark Finite Variable Fragments are closed under Simultaneous SubstitutionsOur proof assumes the finite set of relevant formulas is closed under simultaneoussubstitutions — without enlarging the set V of relevant variables. To show this,consider any substitution [x := f(x)] f in a k-variable fragment with variables x =x1, ..., xk . Atomic replacements are straightforward. Also, we can push substitutionsinside over Booleans. The only interesting case is when we encounter an existentialquantifier: [x := f(x)] $xj y . Then, the assignment clause xj := f(xj) has no effect,and so it can be omitted. Hence, in the remaining substitution s , at least one variablexk is not used at all on the right-hand side in any assignment. But then, the followingformula is easily shown to be equivalent to the original one: $xk [xj :=xk , s] y .This gives a simple recursive algorithm computing substitutions inside our fragment.(With function symbols, the result fails: witness the case of [x:= fxy] $y Rxy .) n

43From the Lemma, the Theorem is immediate. Our original formula f is satisfied in astandard model iff it has a quasi-model, and it is decidable whether f has the latter.nThis proof may be extended to deal with the Guarded Fragment with equality. Wealso have an alternative route to the latter result, using the earlier-mentioned mosaics,and an excursion into generalized assignment models (cf. Andr�ka & N�meti 1994).What both proof methods leave open is the Finite Model Property. As a by-product,we do obtain completeness with respect to finite modal-filtration-like abstract models,but not for standard models. In the follow-up publication Andr�ka, van Benthem &N�meti 1996, we shall prove the full Finite Model Property of the Guarded Fragment,combining modal-style filtration methods with additional combinatorial analysis.4.7Meta-Properties of Bounded FragmentsOther earlier modal techniques may be generalized to these fragments just as well.We merely discuss a short list of results obtainable along the above lines. Detailedstatements and proofs may be found in Andr�ka, van Benthem & N�meti 1994A.Gentzenizability Decidability Finite Model Property Los-Tarski InterpolationFragment 1++++ +Fragment 2+++++Fragment 3———++Here, the first negative outcome for Fragment 3 is true in a very strong sense — sincethe non-finite-axiomatizability arguments of Andr�ka 1991 generalize to this case.The table also suggests further issues of interest. In particular, in Section 3 above, weformulated a desideratum to the effect that "finite-variable fragmentation works well".Indeed, we also have proofs for complete finite axiomatizability, Craig Interpolationand Los-Tarski for all k—variable levels of Fragments 1 and 2. By contrast, one canobtain negative counterparts to the above negative outcomes for all finite—variablelevels of Fragment 3 (for all k>1). All this may be proved by suitably ’relativized’versions of earlier results. These negative findings even carry over to al finite-variablefragments F3.k (k >1). We illustrate this relativization method by one example.ExampleFailure of Submodel Preservation in F3.3Consider the counter-example f to the Submodel Preservation Theorem fromSection 3. Its relativization fU to some new unary predicate U is in Fragment 3 .

44It is easy to see that fU , too, is preserved under submodels. Now, suppose that it hada universal equivalent a in the three-variable fragment of Fragment 3 . This cannothappen, because we can now compare the two models constructed in the proof ofClaim 4 in Section 3.4, both having U as the universal predicate. There is a 3—simulation from one to the other, which refutes the adequacy of a just as before.Similar arguments work for most other meta-properties that we have considered.4.8A General PictureMore generally, the bounded fragments serve as a point of departure for a newhierarchy in predicate logic, orthogonal to the finite-variable levels:¥¥¥¥¥¥ ¥What is the natural layering here? In addition to the degrees of freedom in the aboverestriction schema, one can vary the format of the restricting predicates themselves.E.g., Temporal Logic typically involves "Betweenness": $z ( Rxz & Rzy & f(z) ) .Or, Dynamic Logic has modal predicate operations: $z ( O (R, ...) xz & f (z) ) .Some operations O produce formulas inside our restricted fragments (e.g., sequentialcomposition and choice), others lead outside of them (e.g., predicate intersection andcomplement violate ’bisimulation safety’: van Benthem 1993). Such more expressivefragments, too, can be analyzed via our previous modal techniques. To conclude,however, we list one particular simple problem where our analysis has failed so far.The Guarded Fragment used only atomic guards — and to obtain decidability, thisrequirement cannot be relaxed in general (a counter-example is to follow in Section5.2). But the minimal logic of the temporal operators "Since" and "Until" is known tobe decidable — and yet, their natural first-order translations involve composite atomicguards for betweenness. Thus, our decidability theorem for the Guarded Fragmentdoes not explain this important modal fact. Thus, we are left with a new question.Which Boolean combinations of guards are harmless for decidability?

455Generalized First-Order Semantics5.1A Modal View of Tarski SemanticsIn our discussion so far, the main impact of modal techniques on standard logic hasbeen the identification of first-order fragments that behave well over standard Tarskimodels. But one can also turn the tables, and interpret the full language of first-orderpredicate logic over generalized first-order models — where assignments (or objects)may only be ’available’ subject to certain constraints (regulated by certain accessibilityrelations R ), retaining the core of Tarski’s truth definition. This proposal originatesin algebraic logic (cf. N�meti 1981, 1990, 1992 on relativizations of representablealgebras of logics, with applications to the field of logic itself). It has been pursuedsince with modal techniques as well (cf. Venema 1995A, Marx 1995, van Benthem1994B). This second research program is not the subject of this paper, but it is closelyrelated in motivation and content. Here is a sketch of its main features and outcomes.Modal first-order models are triples of the form M = ( S, {Rx}x˛VAR, I ) where Sis a set of ’states’, Rx a binary relation between states for each variable x , and I isan ’interpretation function’ giving a truth value to all atomic formulas Px, Rxy, Ryx,... in each state a . This abstract modal format turns out to be all that is needed to setup the standard inductive truth definition for first-order logic:M, a |= PxiffI (a, Px)Boolean connectivesas usualM, a |= $x fifffor some b : Rxab and M, b |= f .Thus, predicate logic becomes a poly-modal logic with $x as an existential modality.In this full generality, models may deviate considerably from the standard paradigm.Notably, the interpretation of intuitively related atoms like Rxy and Ryx maybecome completely independent. And the same holds for such related formulas as Pxand $yPx . Nevertheless, one can easily enforce such desired behaviour by additionalstipulations (cf. Andr�ka, Gergely & N�meti 1977, N�meti 1986: section on "NA",N�meti 1992: sections 7, 12, or N�meti 1994: section 8). In particular, also, one mightinsist that the binary relations Rx be equivalence relations, as they are in standardTarski models. This happens in a natural ’half-way house’, in between modal first-order models and standard Tarski semantics, called generalized assigment models.Here S is some family of ordinary assignments (not necessarily the full function

46space DVAR ) , and the accessibilities Rx are the standard relations =x of identityup to x-values. The truth condition for the existential quantifier then runs as follows:M, S, a |= $x fifffor some b˛S : a=xb and M, b |= f .The possible assignment gaps in generalized assignment models have positive virtues.They model the natural phenomenon of ’dependencies’ between variables: whichoccurs when changes in value for one variable x may induce, or be correlated with,changes in value for another variable y . (Examples in natural deduction andprobabilistic reasoning are in Fine 1985, van Lambalgen 1991). Dependence cannotbe modeled in standard Tarskian semantics, wich modifies values for variablescompletely arbitrarily. Finally, to get an even closer approximation to the standardfirst-order language, one must introduce substitutions in the models (see below).There is a growing literature on this generalized semantics. Modal first-order modelsvalidate a ’minimal predicate logic’, which is really just the minimal poly-modal logic,with all the positive properties studied in this paper (including decidability). On top ofthat lies a landscape of further calculi, all the way up to full predicate logic: whichnow becomes the particular (undecidable) mathematical theory of full function-spaceassignment models. The modal logic of the above generalized assignment models isan interesting intermediate possibility (called ’cylindric-relativized-set algebras’ in thealgebraic literature), which is decidable and has positive meta-properties (Los-Tarski,Craig Interpolation). Natural extensions arise by imposing constraints on admissibleassignments, such as ’local squareness’ or the ’patchwork property’ (cf. N�meti 1992).Results on completeness, correspondence and interpolation for modal first-orderlogics in this sub-classical landscape, as well as representation theorems for itsabstract models, may be found in N�meti 1992 and other cited papers (e.g., vanBenthem 1994B, Marx 1995.) One novel feature of this approach is the introductionof new vocabulary, reflecting distinctions not usually found in first-order logic.Examples are irreducibly polyadic quantifiers $y binding tuples of variables y , orexplicit modal calculi of substitutions (cf. van Lambalgen & Simon 1994, Andr�ka &N�meti 1994, N�meti 1994, Venema 1995A). Issues may be subtle. E.g., whetherInterpolation holds depends on the choice of vocabulary. (Madarasz 1995 shows thatin some generalized model classes, Interpolation demands introduction of a ’universalmodality’ ranging over all states, accessible or not. Likewise, Andr�ka & N�meti 1994show that polyadic quantifiers are essential to obtain finite axiomatizability.)

47IllustrationModal Analysis of SubstitutionsFor each variable x , modal first-order models had an accessibility relation Rx ,corresponding to what is called ’random assignment’ in dynamic logic. Next, we canintroduce ’determinate assignment’ mirroring the syntactic operation of substitution.Here is a way of doing this. For each pair of variables x, y , introduce a new unarymodality Sxy saying that, for each formula f of predicate logic, Sxyf is equivalentto the formula [y/x]f with all free occurrences of x replaced by y in the usual way.That is, Sxyf is equivalent with $x (x=y & f) . Modal first-order models now carryextra accessibility relations Ax,y that can be subjected to constraints ’correspondingto’ substitution axioms in the modal sense (van Benthem 1984). (1) Ax,y is a function(this reflects commutation of Sxy with the Booleans). (2) Ax,y is contained in Rx(axiom Sxyf fi $xf) . (3) As a function, Ax,y Ax,y = Ax,y : this reflects SxySxyf« Sxyf . (4) Likewise, SxySyxf « Sxyf reflects Ax,y Ay,x = Ax, y . (5) Finally, theinterpretation function I can be restricted to satisfy atomic substitution laws likeSxyRxz « Ryz . This modal logic displays all positive properties of the basic one.For generalized assignment models, these definitions become more concrete.5.2Back-and-Forth Between Modal Logic and Predicate LogicComparing the main thrust of this paper and the program outlined in Section 5.1, twomain approaches emerge towards ’taming’ classical first-order logic: i.e., localizingwhat may be called a well-behaved decidable ’core part’. One can either use standardsemantics over non-standard language fragments, or use non-standard generalizedsemantics over the full standard first-order language. The former approach is more’syntactical’ in nature, the latter more ’semantical’. (Eventually, as so often in logic,this distinction is relative. For instance, one can also translate ’semantic’ modaldiscourse about the above modal first-order models into a restricted syntacticfragment of a two-sorted first-order logic, with direct reference to both ’individuals’and ’states’. But also conversely, ... etcetera.) More specifically, evident technicalanalogies exist between existing proof methods for generalized semantics in the senseof Section 5.1 and those of the present paper. We feel that there is a mathematicalduality lurking in the background here, largely unexplored — which we illustrate bysome simple observations. In particular, our earlier analysis of bounded first-orderfragments may be used to derive results about generalized assignment semantics, orequivalently, about relativized cylindric algebras (i.e., Crs-models). These newapplications of our results provide a uniform perspective on the earlier literature.

48From Bounded Fragments to Cylindric Algebra and Generalized ModelsConsider any k—variable language L{x1, ..., xk} . Let R be a new k—ary predicate.Here is a translation trg from k—variable formulas to guarded first-order formulas:Global Relativizationtrg (f) arises from f by relativization of all its quantifiersto the same atom Rx1...xkNext, we define a corresponding operation on models. Let M be any generalizedassignment model for L{x1, ..., xk} (as yet without the new predicate symbol R ).Restricted Standard ModelsThe standard model Mrest is M , viewed as a standard model,and expanded with the following interpretation for the new predicate:R(d1, ..., dk) iff the assignment xi := di (1£i£k) is available in M .The purpose of this construction shows in the following fact.Proposition 5.2.1 For all available assignments a in M , and all formulas f ,M, a |= fiff Mrest, a |= trg (f)Proof Induction on first-order formulas. The crucial case is the existential quantifier.In particular, suppose that Mrest, a |= trg ($xi f) = $xi (Rx1...xk & trg(f)) . Then,there exists a satisfying k—tuple of objects in R for trg(f) , which corresponds to anavailable assignment in M which is an i—variant of a . I.e., M, a |= $xi f . nAs a consequence, one can effectively reduce universal validity over all generalizedassignment models (i.e., in Crs) to standard validity in Fragment 2.Corollary 5.2.2|=gen’d f iff |=standard Rx1...xk fi trg (f)Proof ’Only if’. If f has a generalized counter-example M, a, then the above modelMrest falsifies Rx1...xk fi trg (f) . ’If’. Suppose, conversely, that the latter formula hasa standard counter-example M, a . Now define a corresponding generalized modelMg by retaining only those assignments whose values for x1, ..., xk stand in therelation RM (in particular, the falsifying assignment a itself remains available).Then f is falsified in Mg by a as above. nThis result provides a new ’modal’ proof for the following theorem (cf. Nemeti 1992).

49Theorem 5.2.3 Validity in Crs is decidable, and Crs has the finite model property.Proof This follows from the corresponding results for Fragment 2 . nThis translation is easily extended to a predicate logic with polyadic quantifiers overgeneralized assignment models (referring to assignments changed at some tuple ofarguments simultaneously). One translates a polyadic formula $xi1...xim f to theguarded formula $xi1...xim (Rx1...xk & translation(f)) , where R is again our newpredicate symbol. (This reduction highlights the fact that the Guarded Fragment itselfhas a polyadic quantification schema, not reducible to single existential steps.) Also,the translation works for the full first-order language at once, by a slightly modifiedmodel construction. (One assigns a dummy to all but finitely many variables. Cf.Andr�ka, van Benthem & N�meti 1994.) There is still more to the above analysis.Special classes of generalized assignment models have arisen by imposing morespecific constraints on admissible assignments. The first-order theory of such classes,too, will be decidable, provided their additional conditions can be stated in first-orderforms translatable into the Guarded Fragment . This applies, e.g., to the ’Da’ or ’Ga’of N�meti 1992. In particular, we get a new proof for a result from N�meti 1986,1992 (Marx 1995 has a modal proof) — where locally square models are closed underpermutations and substitutions of values in the range of any available assignment:Theorem 5.2.4Universal validity is decidable on the class of generalized assignment models which are locally square.Proof The reason is that the requirements for being locally square are all expressibleinside Fragment 2. Here is an example of the relevant kind of formula:"xy (Rxy fi (Ryx & Rxx & Ryy)) nBy contrast, we know validity is undecidable over generalized assignment modelssatisfying the so-called ’Patchwork Property’. Again, this checks out. In first-orderform, the latter constraint involves statements like"xyzuv ((Rxyz & Ruyv)fi (Rxyv & Ruyz))These are not in Fragment 2: variable inclusion holds from matrix to restriction, butthe latter is not one single atom. (Thus, we cannot allow free Boolean combinationsof guards in decidability results.) This style of analysis is quite powerful, and it can beused to predict decidability of many other combinations of algebraic axioms on top of

50Crs, as long as their complete frame properties fall inside Fragment 2. We concludewith a natural converse question. Can one also derive the behaviour of our modalbounded fragments from algebraic results about generalized assignment models? Inparticular, is there a converse reduction going from standard validity of formulas yin Fragment 2 to generalized validity of suitable formulas red(y) over generalizedassignment models? At least, the identical translation does not work. The followingFragment 2 formula is valid, but it is not in Crs:$x (Ax & $y (Rxy & Ay)) fi $y (Ay & $x (Rxy & Ax))We do have some partial converse results, that work for suitably ’uniformlyrelativized’ formulas in Fragment 2, and one also finds striking similarities in proofsfor meta-properties of the two calculi — but we shall leave this matter open here.Digression on Dependency SemanticsThe preceding analysis suggests an analogy between generalized assignment modelsand the ’dependency models’ for generalized quantifiers Qx¥ f proposed in vanLambalgen 1991, Alechina & van Benthem 1993. These quantifiers are read there asstating the existence of some object ’depending’ on the range of the assignment so far.The two semantics are evidently related in spirit, but not isomorphic. Generalizedassignment semantics validates unrestricted Monotonicity for existential quantifiers(i.e., $x f fi $x (f�y) ) , whereas dependency semantics does not. (It only hasMonotonicity and Distribution for suitably ’balanced’ variables.) On the other hand,dependency semantics validates the unrestricted axiom $x f fi f (x not free in f ),which does not hold on all generalized assignment models. We explain the situation.Dependency semantics arises from first-order logic through a ’local translation’ trlmuch like the above ’global translation’ trg , but with a delicate difference. At eachsubformula $xi y , one only relativizes to an atom Rx where x enumerates all freevariables of the local context y . This difference explains all the deviant behaviour.E.g., consider the effect of the two translations on Monotonicity. The global onemakes this principle valid in Fragment 2, whereas the local one does not, witness:"y ("x (Ax fi Bxy) fi ($xAx fi $xBxy))translation trg Rxy fi "y (Rxy fi ("x (Rxy fi (Ax fi Bxy)) fi ($x (Rxy & Ax) fi $x (Rxy & Bxy)) )translation trl "y (Ry fi ("x (Rxy fi (Ax fi Bxy)) fi ($x (Rx & Ax) fi $x (Rxy & Bxy)))

51Here, our general results apply. Trl , like trg , takes first-order formulas to formulasinside the Guarded Fragment. Thus, we derive the decidability results of Alechina1995, and we predict decidability for stronger dependency logics having characteristicframe conditions inside Fragment 2 (cf. Alechina & van Lambalgen 1995).Bisimulation and Ehrenfeucht GamesNext, consider basic model equivalences in the two domains. As pointed out in vanBenthem 1991, de Rijke 1993, bisimulation stands to modal logic as Ehrenfeuchtgames (or rather, ’partial isomorphism’) to standard first-order logic. As before,comparisons in the present setting are promising, though not yet conclusive. A modalbisimulation ” between generalized assignment models which relates assignmentsa, b only if they have the same domain, induces an obvious relation PI between(those tuples of objects that form) the ranges of a and b . PI is a family of partialisomorphisms. It satisfies the usual back-and-forth extension conditions for ’partialisomorphism’ iff our generalized first-order model satisfies an Update Postulate: ’Forany object, each assignment has an extension assigning that object to some freshvariable’. Then, the bisimulation clause for the latter variable will do the job.Conversely, any partial isomorphism PI between two models induces a modalbisimulation ” between partial assignments over them by checking whether theirranges are a matching pair of object tuples in PI. But the more interesting comparisonmay lie in the differences. Generalized assignment models suggest a change in thestandard model-theoretic notion of partial isomorphism, using a finer-grained matchbetween partial assignments (rather than flat sequences of objects) in the two models.We conclude that the mathematical analogies uncovered so far between non-standardgeneralized assignment models in Cylindric Algebra and standard possible worldssemantics for generalized modal logics have already proved of evident benefit.6Further DirectionsAt various places so far, we noted open research questions. These concerned bothtechnical elaboration within our framework (details of Los-Tarski theorems in Section3, meta-properties of further first-order fragments: cf. Section 4) and extensions to abroader environment (e.g., mathematical connections with generalized assignment ordependency semantics: cf. Section 5). We briefly mention some further directions.

526.1Special Frame ConstraintsPerhaps the first question that will occur to modal logicians is this. Basic modal logicis usually enriched with special frame conditions, as with S4, S5 or other calculi,imposing reflexivity, symmetry, transitivity or other natural frame conditions. Fromthis viewpoint, we have been concerned merely with ’minimal modal logics’ of ourframe classes. (Of course, we hope to have shown how attractive minimal logics are,when viewed as bounded fragments ...) Note, e.g., that the generalized assignmentsemantics of section 5 employs S5-like frame conditions. How are our results affectedby imposing special frame constraints? Little is known. The results of Alechina 1995suggest that permutation of arguments in guards is unproblematic for decidability.Also, we observed that those frame constraints which can be expressed as guardedformulas do not endanger decidability. Examples are reflexivity and symmetry. Butalready transitivity is not F2—definable, and hence we lack an explanation so far forits unproblematic behaviour in the frame theory of basic modal logic.6.2Infinitary Extensions’Restriction’ works just as well in fragments of higher-order languages, such as Lw1wor L¥w or second-order logic. We can transfer our ’modal hierarchy’ up to here:higher-orderGuardedFragmentfirst-orderPossible analogies to be explored lie in second-order logic (cf. Gallin 1975 on thegood behaviour of restricted ’extensional fragments’) or admissible set theory (cf.Barwise 1975). Possibly significant here is the simple folklore characterization ofbisimulation between models via their elementary equivalence in the L¥w—version ofmodal logic with arbitrary set conjunctions and disjunctions (van Benthem andBergstra 1993). (De Rijke 1993 present more sophisticated results, e.g., inside Lw1w .Cf. also van Benthem 1993, Barwise & Moss 1995 exploring infinitary modal logic.)Can we also generalize other results from the above, such as the Los-Tarski Theorem?

536.3Extended Modal LogicsWe have ignored enriched modal operator formalisms in the style of Gargov, Passy &Tinchev 1987, de Rijke 1993, which allow both modest additions (e.g., a ’differencemodality’) and strong extensions in expressive power (such as the temporal logics of"Since" and "Until"). It would be of interest to extend our analysis in this direction(Section 4.7). This would fit in with the move towards richer vocabularies ingeneralized assignment semantics, including the polyadic quantifiers and substitutionsof Section 5. Thus, a concern with fragments by no means implies logical poverty.6.4Alternative SemanticsFurther options in modelling first-order predicate logic may be relevant. E.g., startingfrom a computational motivation in ’dynamic semantics’, Hollenberg & Vermeulen1994 propose a stack-based account of first-order logic which makes the latter’s two-variable fragment as powerful as the whole language. (Thus, two variables over finitesequences are as good as arbitrary finite numbers of variables over single objects.) Itremains to be seen how our considerations fare in such a semantics. Other first-ordertranslations reflect yet different semantics (cf. the ’path formulas’ of Ohlbach 1991).7AcknowledgmentsOver the years, participants at the Amsterdam Modal Logic Colloquium (organizedby Maarten de Rijke and Natasha Alechina) provided useful comments on successiveversions of this work, including Peter van Emde Boas and Tim Fernando. We werealso encouraged by the lively participants at the FoLLI Summer School, Lisbon 1993.Finally, we wish to thank a group of inspiring colleagues and students who respondedto this work — in particular, Natasha Alechina, Jaap van der Does, Marco Hollenberg,Dick de Jongh, Michiel van Lambalgen, Judith Madarasz, Maarten Marx, SzabolcsMikulas, Eric Rosen, Maarten de Rijke, Ildiko Sain, Andras Simon, Yde Venema,Kees Vermeulen, Albert Visser and Scott Weinstein.The research of Andr�ka and N�meti was supported by the Hungarian National Fundfor Scientific Research, OTKA grants No. T16448 and T7255.

548ReferencesN. Alechina1995’On a Decidable Generalized Quantifier Logic corresponding to a Decidable Fragment of Predicate Logic’,Journal of Logic, Language and Information 4:3, 177-189.N. Alechina & J. van Benthem1993’Modal Logics of Structured Domains’, Report ML-93-02, Institute for Logic, Language and Computation, University of Amsterdam. To appear in M. de Rijke, ed., Advances in Intensional Logic, Kluwer, Dordrecht.N. Alechina & M. van Lambalgen1995’Correspondence and Completeness for Generalized Quantifiers’, Bulletin of the Interest group in Pure and Applied Logic 3, 167-190.H. Andr�ka1991Complexity of Equations Valid in Algebras of Relations , D. Sc. Dissertation, Hungarian Academy of Sciences, Budapest.To appear in Annals of Pure and Applied Logic.H. Andr�ka, J. van Benthem & I. N�meti1992’What Makes Modal Logic Tick?’, manuscript, Institute for Logic, Language and Computation, University of Amsterdam.1993’Interpolation and Definability Properties of Finite Variable Fragments’, Mathematical Institute, Hungarian Academy of Sciences, Budapest.1994’Modal Logic and the Finite Variable Hierarchy’, manuscript, Institute forLogic, Language and Computation, University of Amsterdam / Mathematical Institute, Hungarian Academy of Sciences, Budapest.1995A’Back and Forth Between Modal Logic and Classical Logic’,Bulletin of the Interest group in Pure and Applied Logics 3, 685—720, London and Saarbruecken.1995B’Submodel Preservation Theorems in Finite Variable Fragments’, in A. Ponse, M. de Rijke & Y. Venema, eds., Modal Logic and Process Algebra, CSLI Lecture Notes 53, CSLI Publications, Stanford, 1-11.1996’Strong Decidability and Other Positive Results for Algebras of Sets of Sequences’, in preparation.H. Andr�ka, I. D�ntsch & I. N�meti1995’Expressibility of properties of Relations’, Journal of Symbolic Logic 60:3,970-991.

55H. Andr�ka, T. Gergely & I. N�meti1977’On Universal Algebraic Construction of Logics’, Studia Logica 36, 9-47.H. Andr�ka & I. N�meti1994’Crs With and Without Substitutions’, manuscript, Mathematical Institute,Hungarian Academy of Sciences, Budapest.J. Barwise1975Admissible Sets and Structures, Springer Verlag, Berlin.Barwise, J. & L. Moss 1996Vicious Circles: On the Mathematics of Non-Wellfounded Phenomena, CSLI Publications, Stanford.J. van Benthem1976Modal Correspondence Theory, dissertation, Mathematical Institute, University of Amsterdam.1984’Correspondence Theory’, in D. Gabbay and F. Guenthner, eds., Handbook of Philosophical Logic, vol. II, Reidel, Dordrecht.1985Modal Logic and Classical Logic, Bibliopolis, Napoli.1991Language in Action., North-Holland, Amsterdam.1993’Programming Operations that are Safe for Bisimulation’, CSLI Report 93-179, Center for the Study of Language and Information, Stanford.To appear in Logic Colloquium 1994, Studia Logica.1994A’A Modal Perspective on Process Operations’, manuscript, Institute for Logic, Language and Computation, University of Amsterdam.1994B’Modal Foundations for Predicate Logic’, CSLI Research Report 94-191, Center for the Study of Language and Information, Stanford University.To appear in E. Orlowska, ed., Logic at Work, Memorial Volume for Helena Rasiowa, Kluwer Academic Publishers, Dordrecht.1995 Temporal Logic, in D. Gabbay, Ch. Hogger & J. Robinson, eds., Handbook of Logic in AI and Logic Programming, Vol. 4, Oxford University Press, Oxford, 241-350.1996Exploring Logical Dynamics, to appear in Studies in Logic, Language andInformation, CSLI Publications, Stanford.J. van Benthem & J. Bergstra1995’Logic of Transition Systems’, Journal of Logic, Language and Information 3:4, 247 - 283.C. Chang & H. Keisler1973Model Theory, North-Holland, Amsterdam.

56A. Dawar1993Feasible Computation Through Model Theory, dissertation, Computer Science Department, University College of SwanseaK. Fine1985’Natural Deduction and Arbitrary Objects’, Journal of Philosophical Logic14, 57-107.M. Fitting1993’Basic Modal Logic’. In D. Gabbay, Ch. Hogger & J. Robinson, eds., Handbook of Logic in Artificial Intelligence and Logic Programming, Volume I, Oxford University Press, Oxford.D. Gabbay1981’Expressive Functional Completeness in Tense Logic’. In U. M�nnich, ed.,Aspects of Philosophical Logic, Reidel, Dordrecht, 91-117.D. Gallin1975Intensional and Higher-Order Modal Logic, North-Holland, MathematicsStudies 19, Amsterdam.G. Gargov, S. Passy & T. Tinchev1987’Modal Environment for Boolean Speculations’. In D. Skordev, ed., Mathematical Logic and Applications, Plenum Press, New York, 253-263.L. Henkin 1967Logical Systems Containing Only a Finite Number of Symbols, S�minairede Math�matiques Sup�rieures 21, Les Presses de l’Universit� de Montr�al, Montr�al, 48 pp.L. Henkin, J. D. Monk & A. Tarski1971Cylindric Algebras, Part I, North-Holland, Amsterdam.1985Cylindric Algebras, Part II, North-Holland, Amsterdam.M. Hennessy & R. Milner1985’Algebraic Laws for Nondeterminism and Concurrency’, Journal of the ACM 32, 137-161.I. Hodkinson1994’Finite H-dimension does not Imply Expressive Completeness’, Journal ofPhilosophical Logic 23:535-573, 1994.M. Hollenberg & K. Vermeulen1994’Counting Variables in a Dynamic Setting’, Logic Group Preprint Series 125, Filosofisch Instituut, Rijksuniversiteit, Utrecht.

57N. Immerman1981’Number of Quantifiers is Better than Number of Tape Cells’, Journal of Computer and Systems Sciences 22, 65-72.1982’Relational Queries Computable in Polynomial Time’, Proceedings 14th Annual ACM Symposium on the Theory of Computing, 147-152.N. Immermann & D. Kozen1987’Definability With Bounded Number of Bound Variables’, Proceedings 2dIEEE Symposium on Logic in Computer Science, 236-244.F. Kolaitis & J. V�n�nen1992’Generalized Quantifiers and Pebble Games on Finite Structures’, Proceedings of the 7th IEEE Symposium on Logic in Computer Science, 348-359. (Full version to appear in Annals of Pure and Applied Logic.)M. Kracht1993’How Completeness and Correspondence Theory Got Married’. In M. de Rijke, ed., Diamonds and Defaults, Kluwer, Dordrecht, 175-214.M. Kracht & F. Wolter1991 ’Properties of Independently Axiomatizable Bimodal Logics’, Journal of Symbolic Logic 56, 1469—1485.M. van Lambalgen1991’Natural Deduction for Generalized Quantifiers’. In J. van der Does & J. van Eyck, eds., Generalized Quantifiers, Theory and Applications, Dutch Ph.D. Network for Language, Logic and Information, Amsterdam, 143-154. (To appear with CSLI Publications, Cambridge University Press.)M. van Lambalgen & A. Simon1994’Axiomatization of Cylindric-Relativized Set Algebras with Polyadic Quantifiers’, Institute for Logic, Language and Computation, Amsterdam/ Mathematical Institute, Hungarian Academy of Sciences, Budapest.J. Madar�sz1995’Craig Interpolation in Algebraizable Logics’, submitted. Mathematical Institute Budapest, preprint.M. Marx1995Arrow Logic and Relativized Algebras of Relations, Ph. D. dissertation, CCSOM and ILLC, University of Amsterdam.I. Mason1985’The Meta-Theory of the Classical Propositional Calculus is Not Axiomatizable’, Journal of Symbolic Logic 50, 451-457.

58J. D. Monk1969’Nonfinitizability of Classes of Representable Cylindric Algebras’, Journalof Symbolic Logic 34, 331-343.I. N�meti1981’Connections Between Cylindric Algebras and Initial Algebra Semantics of CF Languages’. In B. Domolki & T. Gergely, eds., Mathematical Logicin Computer Science (Proceedings Conference Salgotarjan 1978), Colloq.Math. Soc. J. Bolyai, vol. 26, North-Holland, Amsterdam, 561-605.1985’Cylindric-Relativized Set Algebras Have Strong Amalgamation’, Journalof Symbolic Logic 50:3, 689-700.1986Free Algebras and Decidability in Algebraic Logic, Third Doctoral Dissertation, Mathematical Institute, Hungarian Academy of Sciences, Budapest.1990’On Cylindric Algebraic Model Theory’. In C. Bergman, R. Maddux &D. Pigozzi, eds., Algebraic Logic and Universal Algebra in Computer Science (Proceedings Conference Ames 1988), Lecture Notes in Computer Science, vol. 425, Springer Verlag, Berlin, 37-76.1991’Algebraizations of Quantifier Logics: An Introductory Overview’, Studia Logica 50:3-4, 485-569. (See also N�meti 1994.)1992’Decidability of Weakened Versions of First-Order Logic’. First version inPre-Proceedings Logic at Work, CCSOM, Amsterdam. Appeared as ’Decidable Versions of First-Order Logic and Cylindric-Relativized Set Algebras’, in L. Csirmaz, D. Gabbay & M. de Rijke, eds., 1995, Logic Colloquium 92.Veszprem, Hungary, Studies in Logic, Language and Information, CSLI Publications, Stanford, 177-241.1994’Algebraizations of Quantifier Logics’, extended version, to appear in Proceedings Summer School on Algebraic Logic, Budapest 1994.H-J Ohlbach1991’Semantic-Based Translation Methods for Modal Logics’, Journal of Logicand Computation 1:5, 691-746.D. Pigozzi1971Amalgamation, Congruence Extension, and Interpolation Properties in Algebras, Algebra Universalis 1, 269-349.D. Roorda1991Resource Logics. A Proof-Theoretic Investigation, dissertation, Institute for Logic, Language and Computation, University of Amsterdam.

59E. Rosen & S. Weinstein1995’Preservation Theorems in Finite Model Theory’, The Institute for Research in Cognitive Science, University of Pennsylvania, Philadelphia.M. de Rijke1993Extending Modal Logic, dissertation, Institute for Logic, Language and Computation, University of Amsterdam.I. Sain1989’Beth’s and Craig’s Properties Via Epimorphisms and Amalgamation in Algebraic Logic’. In C. Bergman, R. Maddux and D. Pigozzi, eds., Algebraic Logic and Universal Algebra in Computer Science, Lecture Notes in Computer Science 425, Springer Verlag, Berlin (1990), 209-226.I. Sain & A. Simon1993’Negative and Positive Results on Definability Properties in Finite Variable Fragments’, manuscript, Mathematical Institute, Hungarian Academy of Sciences, Budapest.I. Sain & R.J. Thompson1990’Strictly Finite Schema Axiomatization of Quasi-Polyadic Algebras’, Algebraic Logic, North-Holland, 1990, 539-572.K. Sch�tte1962’Der Interpolationssatz der Intuitionistischen Pr�dikatenlogik’, Mathematische Annalen 148, 192-200.A. Tarski & S. R. Givant1987A Formalization of Set Theory Without Variables, AMS Colloquium Publications, vol. 41, Providence, Rhode Island.Y. Venema1991Many-Dimensional Modal Logic, dissertation, Mathematical Institute, University of Amsterdam.1995A’A Modal Logic for Quantification and Substitution’, in L. Csirmaz, D. Gabbay & M. de Rijke, eds., 1995, Logic Colloquium 92.Veszprem, Hungary, Studies in Logic, Language and Information, CSLI Publications, Stanford, 293-309.1995B’Cylindric Modal Logic’, Journal of Symbolic Logic 60, 591-623.A. Visser, D. de Jongh, G. Renardel and J. van Benthem1995’NNIL, A study in Intuitionistic Propositional Logic’, in A. Ponse, M. de Rijke & Y. Venema, eds., Modal Logic and Process Algebra, CSLI Lecture Notes, Stanford, 289-326.