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 �X�I�J�D�I �G�P�D�V�T�T�F�T �P�O �U�I�F
�T�F�M�G���P�S�H�B�O�J�T�J�O�H �Q�P�X�F�S �S�F�T�V�M�U�J�O�H �G�S�P�N �M�P�D�B�M �J�O�U�F�S�B�D�U�J�P�O�T �X�J�U�I�J�O �B �H�F�O�F�S�B�U�J�P�O�� �"�M��
�U�I�P�V�H�I �U�I�F �U�S�B�E�J�U�J�P�O�T �B�S�F �T�U�S�J�D�U�M�Z �T�F�Q�B�S�B�U�F�E�
 �* �X�J�M�M �B�S�H�V�F �J�O�D�I�B�Q�U�F�S�Œ�U�I�B�U �U�I�F�J�S
�N�P�E�F�M�T �B�S�F �W�F�S�Z �T�J�N�J�M�B�S�� �5�P �E�P �T�P�
 �* �U�B�L�F �J�O�T�Q�J�S�B�U�J�P�O �G�S�P�N �#�B�Z�F�T�J�B�O �N�P�E�F�M�T �P�G
�J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H �B�O�E �Q�S�P�Q�P�T�F �U�I�F�#�B�Z�F�T�J�B�O �M�B�O�H�V�B�H�F �H�B�N�F�� �#�Z �G�V�S�U�I�F�S �D�I�B�O�H�J�O�H
�U�I�F �Q�P�Q�V�M�B�U�J�P�O �N�P�E�F�M �* �D�B�O �J�O�U�F�S�Q�P�M�B�U�F �C�F�U�X�F�F�O �C�P�U�I �U�S�B�E�J�U�J�P�O�T �B�O�E �U�I�V�T �B�O�B�M�Z�T�F
�U�I�F�J�S �C�F�I�B�W�J�P�V�S �J�O �B �T�J�O�H�M�F �V�O�J���F�E �G�S�B�N�F�X�P�S�L�� �* �N�P�S�F�P�W�F�S �B�S�H�V�F �U�I�B�U �J�U �B�E�E�S�F�T�T�F�T
�T�P�N�F �P�G �U�I�F �Q�S�P�C�M�F�N�T �M�F�� �P�Q�F�O �C�Z �#�B�Z�F�T�J�B�O �N�P�E�F�M�T �P�G �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H��

�Š���)�P�X �E�P�F�T �U�I�B�U �C�F�I�B�W�J�P�V�S �S�F�M�B�U�F �U�P �B�D�U�V�B�M �F�W�P�M�W�F�E �M�B�O�H�V�B�H�F� �0�O�D�F �J�U �J�T �D�M�F�B�S �X�I�B�U
�L�J�O�E �P�G �C�F�I�B�W�J�P�V�S �U�I�F�T�F �B�H�F�O�U���C�B�T�F�E �N�P�E�F�M�T �F�Y�I�J�C�J�U�
 �P�O�F �T�I�P�V�M�E �B�T�L �X�I�B�U �U�I�J�T
�M�F�B�S�O�T �V�T �B�C�P�V�U �M�B�O�H�V�B�H�F �F�W�P�M�V�U�J�P�O�� �#�V�U �I�P�X �D�B�O �P�O�F �T�U�B�S�U �B�O�T�X�F�S�J�O�H �T�V�D�I �B
�R�V�F�T�U�J�P�O �X�J�U�I�P�V�U �B�O �F�N�Q�J�S�J�D�B�M �U�F�T�U �D�B�T�F� �*�O�D�I�B�Q�U�F�S�• �* �U�I�F�S�F�G�P�S�F �B�S�H�V�F �U�I�B�U �O�V��
�N�F�S�B�M �T�Z�T�U�F�N�T �B�S�F �B �H�P�P�E �U�F�T�U �D�B�T�F�
 �B�O�E �F�Y�Q�M�B�J�O �J�O �T�P�N�F �E�F�U�B�J�M �X�I�B�U �U�I�F �T�U�S�V�D�U�V�S�F�T
�B�S�F �P�O�F �T�I�P�V�M�E �U�S�Z �U�P �F�Y�Q�M�B�J�O�� �*�O�D�I�B�Q�U�F�S�Ž�* �N�B�L�F �B ���S�T�U �T�U�B�S�U �X�J�U�I �T�J�N�V�M�B�U�J�O�H
�U�I�F �F�N�F�S�H�F�O�D�F �P�G �O�V�N�F�S�B�M �T�Z�T�U�F�N�T�
 �X�I�J�D�I �M�B�S�H�F�M�Z �B�N�P�V�O�U�T �U�P �S�F�W�J�T�J�U�J�O�H �B�O�E �F�Y��
�U�F�O�E�J�O�H �U�I�F �Q�J�P�O�F�F�S�J�O�H �X�P�S�L �P�G �+�B�N�F�T �)�V�S�G�P�S�E��

���F �S�F�B�E�F�S �N�J�H�I�U �X�B�O�U �U�P �O�P�U�F �U�I�B�U �U�I�F �T�V�N�N�B�S�J�F�T �B�U �U�I�F �T�U�B�S�U �P�G �F�W�F�S�Z �D�I�B�Q�U�F�S �G�V�S�U�I�F�S
���F�T�I �P�V�U �U�I�J�T �P�V�U�M�J�O�F��

���F �Q�S�P�C�M�F�N �P�G �M�B�O�H�V�B�H�F �F�W�P�M�V�U�J�P�O �D�I�B�M�M�F�O�H�F�T �N�B�O�Z �E�J�T�D�J�Q�M�J�O�B�S�Z �C�P�V�O�E�B�S�J�F�T�� ���J�T
�U�I�F�T�J�T �B�M�P�O�F �C�P�S�E�F�S�T �B�U �M�F�B�T�U �T�F�W�F�S�B�M �C�S�B�O�D�I�F�T �P�G �M�J�O�H�V�J�T�U�J�D�T�
 �T�U�B�U�J�T�U�J�D�B�M �Q�I�Z�T�J�D�T�
 �C�J�P�M�P�H�Z�

�Q�S�P�C�B�C�J�M�J�U�Z �U�I�F�P�S�Z �B�O�E �#�B�Z�F�T�J�B�O �	�D�P�H�O�J�U�J�W�F�
 �N�P�E�F�M�M�J�O�H�� �8�I�F�O �T�U�B�S�U�J�O�H �X�J�U�I �U�I�F �D�V�S��
�S�F�O�U �X�P�S�L�
 �* �X�B�T �O�F�X �U�P �Q�S�F�U�U�Z �N�V�D�I �B�M�M �P�G �U�I�F�T�F ���F�M�E�T �	�F�Y�D�F�Q�U �Q�F�S�I�B�Q�T �T�P�N�F �D�P�V�S�T�F�T
�J�O �U�I�F �M�B�U�U�F�S �U�X�P ���F�M�E�T�
 �B�O�E �N�B�O�Z �J�N�Q�P�S�U�B�O�U �S�F�T�V�M�U�T �N�J�H�I�U �W�F�S�Z �X�F�M�M �I�B�W�F �F�T�D�B�Q�F�E �N�Z
�B�U�U�F�O�U�J�P�O�� �#�V�U �T�P�N�F �U�I�J�O�H�T �* �E�F�M�J�C�F�S�B�U�F�M�Z �M�F�� �P�V�U�
 �P�S �P�O�M�Z �U�P�V�D�I �P�O �J�O �Q�B�T�T�J�O�H�� ���F�T�F
�J�O�D�M�V�E�F �	�‰�
 �N�P�E�F�M�T �P�G �C�J�P�M�P�H�J�D�B�M �F�W�P�M�V�U�J�P�O�
 �	�Š�
 �F�W�P�M�V�U�J�P�O�B�S�Z �H�B�N�F �U�I�F�P�S�Z�
 �	�‹�
 �H�F�O�F�U�J�D
�B�M�H�P�S�J�U�I�N�T�
 �	�Œ�
 �F�W�P�M�V�U�J�P�O �P�G�B�4�
 �	�•�
 �F�N�Q�J�S�J�D�B�M �T�U�V�E�J�F�T �P�G �U�S�B�O�T�N�J�T�T�J�P�O �D�I�B�J�O�T �B�O�E �	�Ž�

�F�Y�Q�F�S�J�N�F�O�U�B�M �T�F�N�J�P�U�J�D�T�� �/�F�J�U�I�F�S �X�J�M�M �* �G�V�S�U�I�F�S �E�J�T�D�V�T�T �C�S�P�B�E�F�S �E�F�C�B�U�F�T�
 �P�G �X�I�J�D�I �U�I�F
�#�F�S�X�J�D�L �B�O�E �$�I�P�N�T�L�Z �Q�B�Q�F�S �J�T �Q�B�S�U�� �*�O�T�U�F�B�E�
 �* �U�S�Z �U�P �B�E�E�S�F�T�T �J�T�T�V�F�T �J�O �U�I�F ���F�M�E �P�G �B�H�F�O�U��
�C�B�T�F�E �N�P�E�F�M�M�J�O�H �P�G �M�B�O�H�V�B�H�F �F�W�P�M�V�U�J�P�O �P�O �J�U�T �P�X�O �U�F�S�N�T�� �*�O�E�F�F�E�
 �U�I�F �S�F�B�E�F�S �X�J�M�M �O�P�U�J�D�F
�U�I�B�U �G�P�D�V�T �J�O �U�I�F �N�B�K�P�S�J�U�Z �P�G �U�I�J�T �U�I�F�T�J�T �J�T �E�F�D�J�E�F�E�M�Z �P�O �U�I�F �N�P�E�F�M�T�
 �N�P�S�F �T�P �U�I�B�O �P�O
�Q�P�T�T�J�C�M�F �J�O�U�F�S�Q�S�F�U�B�U�J�P�O�T �U�I�F�S�F�P�G�� ���J�T �Q�B�S�U�M�Z �S�F���F�D�U�T �Q�F�S�T�P�O�B�M �J�O�U�F�S�F�T�U�
 �C�V�U �N�P�S�F �J�N�Q�P�S��
�U�B�O�U�M�Z�
 �* �C�F�M�J�F�G �J�O�U�F�S�Q�S�F�U�B�U�J�P�O�T �P�G �N�P�E�F�M�T �T�I�P�V�M�E�
 �J�O�T�P�G�B�S �B�T �Q�P�T�T�J�C�M�F�
 �C�V�J�M�U �P�O �B �T�P�V�O�E
�V�O�E�F�S�T�U�B�O�E�J�O�H �P�G �U�I�F �N�P�E�F�M �U�I�F�N�T�F�M�W�F�T�� ���B�U �J�T �X�I�B�U �* �I�P�Q�F �U�I�J�T �U�I�F�T�J�T�
 �J�G �B�O�Z�U�I�J�O�H�

�D�P�O�U�S�J�C�V�U�F�T �U�P��

�Ù�Ý�×�Ú�1�( �1�Ý�0�( �3�Þ�0 �0�3�Ø�3�* �I�B�W�F �N�B�E�F �U�I�F �T�P�V�S�D�F �D�P�E�F �P�G �B�M�M �F�Y�Q�F�S�J�N�F�O�U�T �Q�V�C�M�J�D�M�Z �B�W�B�J�M��
�B�C�M�F �W�J�B�C�B�T�D�P�S�O�F�M�J�T�T�F�O���O�M���N�T�D���U�I�F�T�J�T�	�J�O�D�M�V�E�J�O�H �B�M�M ���H�V�S�F�T �B�O�E �-�B�5�F�9 ���M�F�T�
�� �" �S�F�G�F�S��
�F�O�D�F �U�P �U�I�F �A�S�B�X�� �E�B�U�B �G�S�P�N �B�M�M �F�Y�Q�F�S�J�N�F�O�U�T �D�B�O �B�M�T�P �C�F �G�P�V�O�E �U�I�F�S�F�� ���F �D�B�Q�U�J�P�O�T �P�G
�N�B�O�Z ���H�V�S�F�T �D�P�O�U�B�J�O �B �D�P�E�F �M�J�L�F�/�;�4�ˆ�Ž�P�S�3�6�4�ˆ�‹�� ���J�T �J�E�F�O�U�J���F�T �U�I�F �F�Y�Q�F�S�J�N�F�O�U �P�S
���H�V�S�F �J�O �U�I�F �S�F�Q�P�T�J�U�P�S�Z��

�‰�Š
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�Þ�Ý�Ø�3�Ø�ã�Ý�Þ���S�P�V�H�I�P�V�U �U�I�F �U�I�F�T�J�T �* �V�T�F �T�F�W�F�S�B�M �O�P�U�B�U�J�P�O�B�M �D�P�O�W�F�O�U�J�P�O�T�� �7�F�D�U�P�S�T �B�S�F
�X�S�J�U�U�F�O �J�O �C�P�M�E�G�B�D�F�
 �B�T �J�O�Y= (�Y��, . . . , �Y�, )�
 �B�O�E �J�O�E�F�Y�F�E �C�Z�L�J�G �U�I�F�Z �I�B�W�F �M�F�O�H�U�I
�, �� �4�P�N�F�U�J�N�F�T �J�U �X�J�M�M �C�F �D�P�O�W�F�O�J�F�O�U �U�P �B�C�C�S�F�W�J�B�U�F�Y�� :=

∑�,
�L=�� �Y�L�� �8�F �P���F�O �O�F�F�E

�U�P �E�F�D�P�S�B�U�F �W�B�S�J�B�C�M�F�T �X�J�U�I �U�J�N�F���J�O�E�J�D�B�U�J�P�O�T�� ���F �N�P�T�U �D�P�O�T�J�T�U�F�O�U �V�O�B�N�C�J�H�V�P�V�T �T�P�M�V��
�U�J�P�O�
�Y(�U), �Y(�U)�L �F�U�D���
 �P���F�O �D�M�V�U�U�F�S�T �U�I�F �O�P�U�B�U�J�P�O�� ���F�S�F�G�P�S�F�
 �W�F�D�U�P�S�T �	�C�P�M�E�G�B�D�F�
 �T�J�N�Q�M�Z �H�F�U
�U�I�F�J�S �J�O�E�J�D�B�U�J�P�O �J�O �U�I�F �T�V�C�T�D�S�J�Q�U �	�Y��, �Y��, . . . , �Y�U, . . . �
 �B�O�E �* �P�O�M�Z �V�T�F �U�I�F �T�V�Q�F�S�T�D�S�J�Q�U(�U)
�X�I�F�O �D�P�O�G�V�T�J�P�O �D�B�O �B�S�J�T�F�
 �B�T �J�O�Y(�U)�L �� �*�G�9 �J�T �B �S�B�O�E�P�N �W�B�S�J�B�C�M�F �X�J�U�I �E�J�T�U�S�J�C�V�U�J�P�O �%�J�T�U
�Q�B�S�B�N�F�U�S�J�[�F�E �C�Z�e�
 �U�I�F�O �C�Z�9∼ �%�J�T�U(�e) �X�F �N�F�B�O �U�I�B�U�Q�9(�Y) = �%�J�T�U(�Y| �e) �X�I�F�S�F �U�I�F
�M�B�U�U�F�S �J�T �U�I�F �E�F�O�T�J�U�Z �	�N�B�T�T�
 �G�V�O�D�U�J�P�O�� �8�F �N�P�T�U�M�Z �E�S�P�Q �U�I�F �S�B�O�E�P�N �W�B�S�J�B�C�M�F�T �B�O�E �X�S�J�U�F
�Q(�Y) �B�O�E�Q(�Y| �[) �S�B�U�I�F�S �U�I�B�O�Q�9(�Y) �B�O�E�Q�9|�;(�Y| �[)�� �/�P�S�N�B�M�J�[�J�O�H �D�P�O�T�U�B�O�U�T �B�S�F �P���F�O
�J�S�S�F�M�F�W�B�O�U �B�O�E �X�F �X�S�J�U�F�Q(�Y) ∝ �G(�Y) �U�P �J�O�E�J�D�B�U�F �Q�S�P�Q�P�S�U�J�P�O�B�M�J�U�Z�
 �J���F�� �U�I�B�U�Q(�Y) = ��/�$· �G(�Y)
�X�I�F�S�F�$�E�P�F�T �O�P�U �E�F�Q�F�O�E �P�O�Y�� �8�J�U�I �S�F�H�B�S�E �U�P �T�F�U�T�
N,Z,R �E�F�O�P�U�F �U�I�F �O�B�U�V�S�B�M �O�V�N�C�F�S�T�

�J�O�U�F�H�F�S�T �B�O�E �S�F�B�M�T�� �*�G�" �B�O�E�#�B�S�F �T�F�U�T�
 �U�I�F�J�S �$�B�S�U�F�T�J�B�O �Q�S�P�E�V�D�U �J�T�" × �#�B�O�E�#�" �E�F�O�P�U�F�T
�U�I�F �T�F�U �P�G �B�M�M �G�V�O�D�U�J�P�O�T�G: �" → �#�� �A�4�Q�B�D�F�T�� �U�Z�Q�J�D�B�M�M�Z �I�B�W�F �B �D�B�M�M�J�H�S�B�Q�I�J�D �D�I�B�S�B�D�U�F�S�
 �T�P
�Y�M�J�F�T �J�OX �B�O�E �Q�B�S�B�N�F�U�F�S�T �U�F�O�E �U�P �C�F �(�S�F�F�L�� �'�J�O�B�M�M�Z�
�Y�J�T �O�F�B�S�M�Z �B�M�X�B�Z�T �B�O �P�C�T�F�S�W�B�C�M�F
�W�B�S�J�B�C�M�F �	�F���H�� �B�O �V�U�U�F�S�B�O�D�F�
�
�[ �B�O�E �V�O�P�C�T�F�S�W�B�C�M�F �W�B�S�J�B�C�M�F�T �	�F���H�� �J�O�U�F�S�O�B�M �S�F�Q�S�F�T�F�O�U�B�U�J�P�O
�P�G �B �M�B�O�H�V�B�H�F�
�
�N�B �N�F�B�O�J�O�H �B�O�E�T�B �T�J�H�O�B�M��

�(�Ú�Ú�3�Ø�×�ß�5�Z�Q�P�T �B�O�E �P�U�I�F�S �F�S�S�P�S�T �X�J�M�M �C�F �M�J�T�U�F�E �P�O�C�B�T�D�P�S�O�F�M�J�T�T�F�O���O�M���N�T�D���U�I�F�T�J�T��
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�Q�F�S�T �V�T�F �U�I�F �Q�S�J�P�S �Q�S�J�N�B�S�J�M�Z �U�P �D�B�Q�U�V�S�F �J�O�O�B�U�F �M�F�B�S�O�J�O�H �C�J�B�T�F�T �	�F���H�� �,�J�S�C�Z�
 �(�S�J���U�I�T�
 �B�O�E
�4�N�J�U�I�Š�ˆ�‰�Œ�� �,�J�S�C�Z�Š�ˆ�‰�•�
��

�4�P �I�P�X �E�P�F�T �B �#�B�Z�F�T�J�B�O �B�H�F�O�U �B�E�P�Q�U �B �Q�B�S�U�J�D�V�M�B�S �M�B�O�H�V�B�H�F� �,�J�S�C�Z�
 �4�N�J�U�I�
 �B�O�E �#�S�J�H�I�U�P�O
�	�Š�ˆ�ˆ�Œ�
 �B�T�T�V�N�F �B�H�F�O�U�T �Q�J�D�L �U�I�F �M�B�O�H�V�B�H�F �X�J�U�I �U�I�F �I�J�H�I�F�T�U �Q�S�P�C�B�C�J�M�J�U�Z �V�O�E�F�S �U�I�F �Q�P�T�U�F��
�S�J�P�S�
 �U�I�F�N�B�Y�J�N�V�N �B �Q�P�T�U�F�S�J�P�S�J�	�:�.�=�
 �F�T�U�J�N�B�U�F�B�S�H �N�B�Y�b�Q(�b| �Y)�� �(�S�J���U�I�T �B�O�E �,�B�M�J�T�I
�	�Š�ˆ�ˆ�•�
�
 �I�P�X�F�W�F�S �V�T�F�E �B �E�J���F�S�F�O�U �T�U�S�B�U�F�H�Z �X�I�F�S�F �B�H�F�O�U�T�T�B�N�Q�M�F�B �M�B�O�H�V�B�H�F �G�S�P�N �U�I�F�J�S
�Q�P�T�U�F�S�J�P�S�
 �J���F�� �U�I�F�Z �B�S�F �Q�S�P�C�B�C�J�M�J�U�Z �N�B�U�D�I�J�O�H�� ���F �U�X�P �T�U�S�B�U�F�H�J�F�T �D�B�O �C�F �T�F�F�O �B�T �F�Y�U�S�F�N�F
�D�B�T�F�T �P�G �B �N�P�S�F �H�F�O�F�S�B�M �T�U�S�B�U�F�H�Z�� �T�B�N�Q�M�J�O�H �G�S�P�N �B�F�Y�Q�P�O�F�O�U�J�B�U�F�E�	�P�S �A�F�Y�B�H�H�F�S�B�U�F�E���
 �W�F�S��
�T�J�P�O �P�G �U�I�F �Q�P�T�U�F�S�J�P�S �	�,�J�S�C�Z�
 �%�P�X�N�B�O�
 �B�O�E �(�S�J���U�I�T�Š�ˆ�ˆ�•�
��

�Q�a(�b�U| �Y�O−��) ∝ �Q(�b�U| �Y�O−��)
�a, �a≥ ��. �	�Š���Š�


�'�P�S�a= �� �U�I�J�T �J�T �U�I�F �T�B�N�F �B�T �U�I�F �T�B�N�Q�M�J�O�H �T�U�S�B�U�F�H�Z�
 �C�V�U �B�T�a�J�O�D�S�F�B�T�F�T�
 �N�P�S�F �B�O�E �N�P�S�F
�P�G �U�I�F �Q�S�P�C�B�C�J�M�J�U�Z �N�B�T�T �J�T �N�P�W�F�E �U�P�X�B�S�E�T �U�I�F �N�B�Y�J�N�V�N �P�G �U�I�F �E�J�T�U�S�J�C�V�U�J�P�O �	�U�I�F �N�P�E�F�

�V�O�U�J�M �T�B�N�Q�M�J�O�H �C�F�D�P�N�F�T �J�O�E�J�T�U�J�O�H�V�J�T�I�B�C�M�F �G�S�P�N �U�I�F�:�.�= �T�U�S�B�U�F�H�Z �	�T�F�F ���H�V�S�F�Š���Š�
�� ���F
�M�B�O�H�V�B�H�F�B�M�H�P�S�J�U�I�N�U�I�V�T �U�B�L�F�T �U�I�F �Q�P�T�U�F�S�J�P�S �E�J�T�U�S�J�C�V�U�J�P�O �B�O�E �B�Q�Q�M�J�F�T �U�I�F �M�B�O�H�V�B�H�F�T�U�S�B�U��
�F�H�Z�	�T�B�N�Q�M�F �P�S �N�B�Y�J�N�J�T�F�
 �U�P �B�E�P�Q�U �B �M�B�O�H�V�B�H�F��

�‰�‘



�¬�� �*�U�F�S�B�U�F�E �-�F�B�S�O�J�O�H

�Ø�ä�( �(�ß�(�Ú�å�(�Þ�1�( �Ý�æ �1�Ý�ß�Ü�Ý�Ù�ã�Ø�ã�Ý�Þ�3�à�ã�Ø�Ó�� �ã�ã�*�U �N�J�H�I�U �C�F �I�F�M�Q�G�V�M �U�P �H�P �U�I�S�P�V�H�I �B �D�P�O�D�S�F�U�F
�F�Y�B�N�Q�M�F�� �(�S�J���U�I�T �B�O�E �,�B�M�J�T�I �	�Š�ˆ�ˆ�•�
 �J�O�U�S�P�E�V�D�F�E �B �A�C�J�O�B�S�Z�� �M�B�O�H�V�B�H�F�
 �X�I�J�D�I ���H�V�S�F�E �J�O
�T�F�W�F�S�B�M �M�B�U�F�S �T�U�V�E�J�F�T �	�(�S�J���U�I�T�
 �$�B�O�J�O�J�
 �F�U �B�M���Š�ˆ�ˆ�•�� �#�V�S�L�F�U�U �B�O�E �(�S�J���U�I�T�Š�ˆ�‰�ˆ�� �,�J�S�C�Z�

�5�B�N�B�S�J�[�
 �F�U �B�M���Š�ˆ�‰�•�
�� �*�U �J�T �B �T�Q�F�D�J�B�M �D�B�T�F �P�G �U�I�F �T�I�B�Q�F���D�P�M�P�S �F�Y�B�N�Q�M�F �J�O�U�S�P�E�V�D�F�E �F�B�S�M�J�F�S�

�X�J�U�I �U�X�P �D�P�M�P�V�S�T �B�O�E �U�X�P �T�I�B�Q�F�T �	�T�P�' = �7 = ���
�� ���F �M�B�O�H�V�B�H�F �X�B�T �J�O�U�S�P�E�V�D�F�E �U�P
�T�U�V�E�Z �U�I�F �F�N�F�S�H�F�O�D�F �P�G �D�P�N�Q�P�T�J�U�J�P�O�B�M�J�U�Z�� �*�G �X�F �T�J�N�Q�M�J�G�Z �U�I�F �F�O�D�P�E�J�O�H�
 �J�U �J�T �F�B�T�J�F�S �U�P
�T�F�F �X�I�B�U �U�I�F �D�P�N�Q�P�T�J�U�J�P�O�B�M �M�B�O�H�V�B�H�F�T �B�S�F�� �8�S�J�U�F �ˆ �G�P�S �B �U�S�J�B�O�H�M�F�
 �‰ �G�P�S �B �T�R�V�B�S�F�
 �ˆ �G�P�S
�C�M�B�D�L �B�O�E �‰ �G�P�S �P�S�B�O�H�F�
 �T�V�D�I �U�I�B�U(□, ) �G�P�S �J�O�T�U�B�O�D�F �C�F�D�P�N�F�T���� �B�O�E(△, ) �C�F�D�P�N�F�T
������ �6�T�J�O�H �B�M�Q�I�B�C�F�U{�B, �C} �U�I�F�S�F �B�S�F �Œ �D�P�N�Q�P�T�J�U�J�P�O�B�M �M�B�O�H�V�B�H�F�T �H�J�W�F�O �C�Z �U�I�F �G�F�B�U�V�S�F��
�T�V�C�T�J�H�O�B�M �N�B�Q�Q�J�O�H�T

(��) �� 7→ �B, �� 7→ �B

(��) �� 7→ �B, �� 7→ �C

(��) �� 7→ �C, �� 7→ �B

(��) �� 7→ �C, �� 7→ �C

�*�O �U�I�J�T �T�D�F�O�B�S�J�P �U�I�F�S�F �B�S�F �Œ �N�F�B�O�J�O�H�T �	▲,▲,■,■�
 �B�O�E���� = ������ �X�B�Z�T �U�P �N�B�Q �G�P�V�S
�N�F�B�O�J�O�H�T �U�P �G�P�V�S �T�J�H�O�B�M�T{�B�B, �B�C, �C�B, �C�C}�� ���J�T �H�J�W�F�T �Š�•�Ž �M�B�O�H�V�B�H�F�T �P�G �X�I�J�D�I �Œ �D�P�N�Q�P��
�T�J�U�J�P�O�B�M �B�O�E �Š�•�Š �I�P�M�J�T�U�J�D��

�/�P�U �B�M�M �M�B�O�H�V�B�H�F�T �B�S�F �F�R�V�B�M�M�Z �M�J�L�F�M�Z�� �" �I�J�F�S�B�S�D�I�J�D�B�M �Q�S�J�P�S �U�I�B�U �Q�V�U�T �B �G�S�B�D�U�J�P�O�[ �P�G �U�I�F
�Q�S�P�C�B�C�J�M�J�U�Z �N�B�T�T �P�O �U�I�F �D�P�N�Q�P�T�J�U�J�P�O�B�M �M�B�O�H�V�B�H�F�T��

�Q(�b) =

{
�[
�� �J�G�b�J�T �D�P�N�Q�P�T�J�U�J�P�O�B�M
��−�[
������ �P�U�I�F�S�X�J�T�F

�	�Š���‹�


�0�O�D�F �B�O �M�B�O�H�V�B�H�F�b�I�B�T �C�F�F�O ���Y�F�E�
 �U�I�F �B�H�F�O�U �J�T �Q�S�F�T�F�O�U�F�E �X�J�U�I �O�F�X �N�F�B�O�J�O�H�N �G�P�S
�X�I�J�D�I �J�U �U�I�F�O �Q�S�P�E�V�D�F�T �B �T�J�H�O�B�M�T�C�Z �T�B�N�Q�M�J�O�H �G�S�P�N �U�I�F �E�J�T�U�S�J�C�V�U�J�P�O

�Q(�T| �N, �[) =

{
��− �_ �J�G�N 7→ �T�J�O �M�B�O�H�V�B�H�F�b
�_/�� �P�U�I�F�S�X�J�T�F

�	�Š���Œ�


���J�T �N�F�B�O�T �U�I�F �B�H�F�O�U �X�J�M�M �Q�J�D�L �U�I�F �T�J�H�O�B�M�T�D�P�S�S�F�T�Q�P�O�E�J�O�H �U�P�N�V�O�E�F�S �M�B�O�H�V�B�H�F�b�N�P�T�U
�P�G �U�I�F �U�J�N�F�
 �C�V�U �I�B�T �B �T�N�B�M�M �Q�S�P�C�B�C�J�M�J�U�Z�_�P�G �N�B�L�J�O�H �B�O �F�S�S�P�S �B�O�E �V�O�J�G�P�S�N�M�Z �Q�J�D�L�J�O�H
�P�O�F �P�G �U�I�F �P�U�I�F�S �T�J�H�O�B�M�T�� �5�P�H�F�U�I�F�S �X�J�U�I �B �D�P�N�Q�M�F�U�F�M�Z �J�O�E�F�Q�F�O�E�F�O�U �E�J�T�U�S�J�C�V�U�J�P�O�Q(�N)�

�U�Z�Q�J�D�B�M�M�Z �B �V�O�J�G�P�S�N �P�O�F�
 �U�I�J�T �T�Q�F�D�J���F�T �U�I�F �Q�S�P�E�V�D�U�J�P�O �B�M�H�P�S�J�U�I�N

�Q�=�.(�Y| �b) = �Q(�T| �N, �b) · �Q(�N), �Y= (�N, �T) �	�Š���•�


�*�G�Y= ((�N��, �T��), . . . (�N�C, �T�C)) �J�T �U�I�F �M�J�T�U �P�G �U�I�F �V�U�U�F�S�B�O�D�F�T �Q�S�P�E�V�D�F�E �C�Z �U�I�F �Q�S�F�W�J�P�V�T
�B�H�F�O�U�
 �U�I�F�O �U�I�F �Q�P�T�U�F�S�J�P�S �E�J�T�U�S�J�C�V�U�J�P�O �J�T

�Q(�b| �Y) ∝ �Q(�b) ·
�C∏

�J=��

�Q�=�.(�Y�J| �b), �	�Š���Ž�


�B�O�E�
 �B�T �V�T�V�B�M�
 �U�I�F �M�B�O�H�V�B�H�F �B�M�H�P�S�J�U�I�N �U�B�L�F�T �U�I�F �G�P�S�N�Q�9�.(�b| �Y) ∝ �Q(�b| �Y)�a��
�'�J�H�V�S�F�Š���‹�J�M�M�V�T�U�S�B�U�F�T �U�I�F �S�F�T�V�M�U�J�O�H �T�J�N�V�M�B�U�J�P�O �J�O �B �Q�P�Q�V�M�B�U�J�P�O �P�G �T�B�N�Q�M�F�S�T �	�a= ���
�� �*�U

�T�I�P�X�T �X�I�J�D�I �M�B�O�H�V�B�H�F �X�B�T �V�T�F�E �J�O �F�W�F�S�Z �H�F�O�F�S�B�U�J�P�O �	�M�F���
�� �P�O�F �P�G �U�I�F �Š�•�Š �I�P�M�J�T�U�J�D �M�B�O��
�H�V�B�H�F�T �	�)�
 �P�S �B �D�P�N�Q�P�T�J�U�J�P�O�B�M �M�B�O�H�V�B�H�F �	�$�‰�o�Œ�
�� ���F �D�P�N�Q�P�T�J�U�J�P�O�B�M �M�B�O�H�V�B�H�F�T �T�F�F�N

�Š�ˆ



�¬���­�� �$�P�O�W�F�S�H�F�O�D�F �U�P �U�I�F �Q�S�J�P�S
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A.     Small bottleneck, b = 1
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B.     Medium bottleneck, b = 5
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C.     Large bottleneck, b = 10

t < 10 t < 50 t < 100 t < 500 t < 1000 t < 5000

Rel. freq. of language before t

�*�ã�å�×�Ú�( �X���U�)�Q�I�V�K�I�R�G�I �S�J �G�S�Q�T�S��
�W�M�X�M�S�R�E�P�M�X�] �M�R �X�L�I �&�E�]�I�W�M�E�R �M�X�I�V�E�X�I�H
�P�I�E�V�R�M�R�K �Q�S�H�I�P �S�J �+�V�M�¾�X�L�W �E�R�H
�/�E�P�M�W�L ���X�Z�Z�Y�
�� �3�R �X�L�I �P�I�J�X�� �X�L�I �P�E�R��
�K�Y�E�K�I �Y�W�I�H �M�R �I�Z�I�V�] �K�I�R�I�V�E�X�M�S�R �[�M�X�L
�, �S�R�I �S�J �X�V�X �L�S�P�M�W�X�M�G �P�E�R�K�Y�E�K�I�W �E�R�H
�'�^�•�W �X�L�I �G�S�Q�T�S�W�M�X�M�S�R�E�P �P�E�R�K�Y�E�K�I�W��
�3�R �X�L�I �V�M�K�L�X �X�L�I �V�I�P�E�X�M�Z�I �J�V�I�U�Y�I�R�G�]
�S�J �I�Z�I�V�] �P�E�R�K�Y�E�K�I �Y�T �X�S �E �G�I�V�X�E�M�R
�X�M�Q�I�U�� �8�L�I�W�I �V�I�P�E�X�M�Z�I �J�V�I�U�Y�I�R�G�M�I�W
�G�S�R�Z�I�V�K�I �X�S �X�L�I �T�V�M�S�V ���S�V�E�R�K�I�
��
�0�E�V�K�I�V �F�S�X�X�P�I�R�I�G�O�W ���W�Y�F�¼�K�Y�V�I�W
�%�•�'�
 �W�P�S�[ �H�S�[�R �G�S�R�Z�I�V�K�I�R�G�I��

�å�á�Z�^�;�I�F�4�4�0 �W�M�Q�Y�P�E�X�M�S�R �[�M�X�L
�[ = ��.�����_= ��.������ �E�R�H �W�E�Q�T�P�I�V�W
���a= ���
��

�U�P �C�F �V�T�F�E �N�V�D�I �N�P�S�F �G�S�F�R�V�F�O�U�M�Z�
 �X�I�J�D�I �J�T �D�P�O���S�N�F�E �C�Z �U�I�F �Q�M�P�U�T �P�O �U�I�F �S�J�H�I�U�� ���F�S�F
�X�F �T�F�F �U�I�F �S�F�M�B�U�J�W�F �G�S�F�R�V�F�O�D�Z �P�G �F�W�F�S�Z �M�B�O�H�V�B�H�F �V�Q �U�P �T�F�W�F�S�B�M �Q�P�J�O�U�T�U�J�O �U�I�F �T�J�N�V�M�B�U�J�P�O��
���F�T�F �Q�M�P�U�T �J�O�E�J�D�B�U�F �U�I�B�U �U�I�F �S�F�M�B�U�J�W�F �G�S�F�R�V�F�O�D�J�F�T �D�P�O�W�F�S�H�F �U�P �U�I�F �Q�S�J�P�S�
 �T�I�P�X�O �J�O �P�S��
�B�O�H�F�� �4�J�O�D�F �U�I�F �D�P�N�Q�P�T�J�U�J�P�O�B�M �M�B�O�H�V�B�H�F�T �I�B�W�F �B �I�J�H�I�F�S �Q�S�J�P�S �Q�S�P�C�B�C�J�M�J�U�Z �U�I�B�O �F�B�D�I �P�G
�U�I�F �I�P�M�J�T�U�J�D �M�B�O�H�V�B�H�F�T�
 �U�I�F�Z �B�S�F �N�P�S�F �G�S�F�R�V�F�O�U�� ���F �D�P�O�W�F�S�H�F�O�D�F �S�B�U�F �U�P�X�B�S�E�T �U�I�F �Q�S�J�P�S
�J�T �N�V�D�I �G�B�T�U�F�S �X�I�F�O �U�I�F �C�P�U�U�M�F�O�F�D�L �J�T �T�N�B�M�M �	�C= ���
 �T�V�C���H�V�S�F �"�
 �U�I�B�O �X�I�F�O �J�U �J�T �M�B�S�H�F
�	�C= �����
 �T�V�C���H�V�S�F �$�
�� �*�U �J�T �D�M�F�B�S �X�I�Z �U�I�J�T �I�B�Q�Q�F�O�T�� �U�I�F �N�P�S�F �E�B�U�B �J�T �U�S�B�O�T�N�J�U�U�F�E�
 �U�I�F
�H�S�F�B�U�F�S �U�I�F �Q�S�P�C�B�C�J�M�J�U�Z �U�I�B�U �U�I�F �D�I�J�M�E �D�B�O �S�F�D�P�O�T�U�S�V�D�U �U�I�F �M�B�O�H�V�B�H�F�� ���F �S�F�T�V�M�U �J�T �U�I�B�U
�M�B�O�H�V�B�H�F�T �X�J�M�M �C�F �T�U�B�C�M�F �U�I�S�P�V�H�I�P�V�U �N�V�M�U�J�Q�M�F �H�F�O�F�S�B�U�J�P�O�T�
 �B�T �T�F�F�O �G�S�P�N �U�I�F �M�J�O�F�T �J�O ���H��
�V�S�F�Š���‹�0�� �/�F�W�F�S�U�I�F�M�F�T�T�
 �F�W�F�O �X�J�U�I �B �M�B�S�H�F �C�P�U�U�M�F�O�F�D�L �U�I�F �S�F�M�B�U�J�W�F �G�S�F�R�V�F�O�D�J�F�T �T�F�F�N �U�P
�D�P�O�W�F�S�H�F �U�P �U�I�F �Q�S�J�P�S�
 �C�F �J�U �W�F�S�Z �T�M�P�X�M�Z�� �8�F �X�J�M�M �E�J�T�D�V�T�T �B�M�M �U�I�F�T�F ���O�E�J�O�H�T �J�O �N�P�S�F �E�F�U�B�J�M
�M�B�U�F�S�� �'�J�S�T�U�
 �X�I�B�U �E�J�T�D�V�T�T �U�I�F �P�C�T�F�S�W�F�E �A�D�P�O�W�F�S�H�F�O�D�F �U�P �U�I�F �Q�S�J�P�S����

�'�S�R�Z�I�V�K�I�R�G�I �X�S �X�L�I �T�V�M�S�V
�-�F�U �N�F �C�S�J�F���Z �T�V�N�N�B�S�J�T�F �X�I�B�U �X�F �I�B�W�F �T�F�F�O �T�P �G�B�S�� �#�B�Z�F�T�J�B�O �B�H�F�O�U�T �P�C�T�F�S�W�F �V�U�U�F�S�B�O�D�F�T
�Y�U−�� �Q�S�P�E�V�D�F�E �C�Z �U�I�F �Q�S�F�W�J�P�V�T �B�H�F�O�U�
 �B�O�E �U�I�F�O �V�T�F �#�B�Z�F�T�� �S�V�M�F �U�P �J�O�G�F�S �B �M�B�O�H�V�B�H�F�� ���J�T
�M�B�O�H�V�B�H�F �J�T�b�J�T �E�S�B�X�O �G�S�P�N�Q�a(�b�U| �Y�U−��) = �Q(�b�U|= �Y)�a�
 �X�I�F�S�F�a�J�O�U�F�S�Q�P�M�B�U�F�T �C�F�U�X�F�F�O
�B �T�B�N�Q�M�J�O�H�� �B�O�E�:�.�=���T�U�S�B�U�F�H�Z �G�P�S�a= �� �B�O�E�a= ∞ �S�F�T�Q�F�D�U�J�W�F�M�Z�� �"�M�M �U�I�J�T �S�F�T�V�M�U�T �J�O �B
�D�I�B�J�O �P�G �U�I�F �G�P�S�N

�Y�� −→ �b�� −→ �Y�� −→ �b�� −→ �Y�� · · · . �	�Š���•�


�(�S�J���U�I�T �B�O�E �,�B�M�J�T�I �	�Š�ˆ�ˆ�•�
 �O�P�U�F�E �U�I�B�U �T�F�W�F�S�B�M �.�B�S�L�P�W �D�I�B�J�O�T �D�B�O �C�F �E�J�T�D�F�S�O�F�E �J�O �F�R���Š���•�

�P�G �X�I�J�D�I �U�I�F �M�P�O�H���U�F�S�N �C�F�I�B�W�J�P�V�S �J�T �X�F�M�M���T�U�V�E�J�F�E�� ���F�Z �P���F�O �D�P�O�W�F�S�H�F �U�P �B �T�P �D�B�M�M�F�E �T�U�B��
�U�J�P�O�B�S�Z �E�J�T�U�S�J�C�V�U�J�P�O�� ���J�T �D�I�B�S�B�D�U�F�S�J�T�F�E �U�I�F �M�P�O�H���U�F�S�N �C�F�I�B�W�J�P�V�S �P�G �U�I�F �J�U�F�S�B�U�F�E �M�F�B�S�O��
�J�O�H �N�P�E�F�M��

�"�Q�Q�F�O�E�J�Y�" �J�O�U�S�P�E�V�D�F�T �U�I�F �S�F�M�F�W�B�O�U �D�P�O�W�F�S�H�F�O�D�F �S�F�T�V�M�U�T �G�P�S �.�B�S�L�P�W �$�I�B�J�O�T�� �* �P�O�M�Z
�T�V�N�N�B�S�J�T�F �U�I�F�N �I�F�S�F�� �$�P�O�T�J�E�F�S �B �T�Z�T�U�F�N �X�J�U�I �B �T�F�U �P�G �Q�P�T�T�J�C�M�F �T�U�B�U�F�T�4�� �*�G �U�I�F �W�B�S�J��

�Š�‰



�¬�� �*�U�F�S�B�U�F�E �-�F�B�S�O�J�O�H

�*�ã�å�×�Ú�( �X���W�(�M�J�J�I�V�I�R�X �1�E�V�O�S�Z �G�L�E�M�R�W
�L�M�H�H�I�R �M�R �X�L�I �&�E�]�I�W�M�E�R �M�X�I�V�E�X�I�H
�P�I�E�V�R�M�R�K �Q�S�H�I�P�� �E�R�H �X�S �[�L�M�G�L �W�X�E��
�X�M�S�R�E�V�] �H�M�W�X�V�M�F�Y�X�M�S�R �X�L�I�] �G�S�R�Z�I�V�K�I
���V�M�K�L�X�
��

�*�M�K�Y�V�I �E�H�E�T�X�I�H �J�V�S�Q �+�V�M�¾�X�L�W �E�R�H
�/�E�P�M�W�L ���X�Z�Z�Y�
��

�Y�� �b�� �Y�� �b�� �Y��
�Q�à�3(�b| �Y) �Q�Ü�3(�Y| �b) �Q�à�3(�b| �Y) �Q�Ü�3(�Y| �b)

�b�� �b�� �Q(�b)

∑
�Y�Q�à�3(�b| �Y) · �Q�Ü�3(�Y| �b)

�Y�� �Y�� �Y�� �Q(�Y)

∑
�b�Q�Ü�3(�Y| �b) · �Q�à�3(�b| �Y)

∑
�b�Q�Ü�3(�Y| �b) · �Q�à�3(�b| �Y)

�b��, �Y�� �b��, �Y�� �Q(�b, �Y)
�Q�à�3(�b| �Y) · �Q�Ü�3(�Y| �b)

�B�C�M�F�T�Y��, �Y��, �Y��, . . . �J�O�E�J�D�B�U�F �U�I�F �T�U�B�U�F �B�U �F�W�F�S�Z �U�J�N�F �T�U�F�Q�
 �U�I�F�Z �G�P�S�N �B �.�B�S�L�P�W �D�I�B�J�O
�J�G �U�I�F �Q�S�P�C�B�C�J�M�J�U�Z �P�G �N�P�W�J�O�H �U�P �B�O�P�U�I�F�S �T�U�B�U�F �P�O�M�Z �E�F�Q�F�O�E�T �P�O �U�I�F �M�B�T�U �T�U�B�U�F���Q(�Y�U |
�Y��, . . . , �Y�U−��) = �Q(�Y�U| �Y�U−��)�� �*�G �U�I�F �O�V�N�C�F�S �P�G �T�U�B�U�F�T �J�T ���O�J�U�F�
 �U�I�F�T�F�U�S�B�O�T�J�U�J�P�O �Q�S�P�C��
�B�C�J�M�J�U�J�F�T�D�B�O �C�F �D�P�M�M�F�D�U�F�E �J�O �U�I�F �U�S�B�O�T�J�U�J�P�O �N�B�U�S�J�Y�5�� �4�V�Q�Q�P�T�F �U�I�F �J�O�J�U�J�B�M �E�J�T�U�S�J�C�V�U�J�P�O
�P�W�F�S �T�U�B�U�F�T �J�T �H�J�W�F�O �C�Z �W�F�D�U�P�S�@�
 �U�I�F�O �U�I�F �O�F�Y�U �E�J�T�U�S�J�C�V�U�J�P�O �J�T�Q(�Y�� = �J) = (�5�@)�J�B�O�E
�B���F�S�U�T�U�F�Q�T�
�Q(�Y�U= �J) = (�5�U�@)�J�� ���F�T�F �Q�S�P�C�B�C�J�M�J�U�J�F�T �D�B�O �D�P�O�W�F�S�H�F �U�P �U�I�F �T�P �D�B�M�M�F�E
�T�U�B�U�J�P�O�B�S�Z �E�J�T�U�S�J�C�V�U�J�P�O�@⋆ �X�I�J�D�I �N�V�T�U �C�F �B�O �F�J�H�F�O�W�F�D�U�P�S �P�G�5�T�J�O�D�F�5�@⋆ = �@⋆�� �*�G �U�I�F
�.�B�S�L�P�W �D�I�B�J�O �J�T�F�S�H�P�E�J�D�J�U �J�T �H�V�B�S�B�O�U�F�F�E �U�P �I�B�W�F �B �V�O�J�R�V�F �T�U�B�U�J�P�O�B�S�Z �E�J�T�U�S�J�C�V�U�J�P�O �U�P
�X�I�J�D�I �J�U �D�P�O�W�F�S�H�F�T���Q(�Y�U= �J) → �@⋆�J �B�T�U→ ∞�� �&�S�H�P�E�J�D�J�U�Z�
 �C�S�J�F���Z�
 �F�O�T�V�S�F�T �U�I�B�U �U�I�F
�D�I�B�J�O �L�F�F�Q�T �S�F�W�J�T�J�U�J�O�H �U�I�F �F�O�U�J�S�F �T�U�B�U�F �T�Q�B�D�F �B�O�E �I�B�T �B �Q�P�T�J�U�J�W�F �Q�S�P�C�B�C�J�M�J�U�Z �P�G �S�F�B�D�I�J�O�H
�B�O�Z �P�U�I�F�S �T�U�B�U�F �G�S�P�N �B�O�Z �H�J�W�F�O �T�U�B�U�F �J�O �B ���O�J�U�F �O�V�N�C�F�S �P�G �T�U�F�Q�T�� �)�P�X �P���F�O �J�U �W�J�T�J�U�T �F�W�F�S�Z
�T�U�B�U�F �J�T �H�J�W�F�O �C�Z �U�I�F �T�U�B�U�J�P�O�B�S�Z �E�J�T�U�S�J�C�V�U�J�P�O�
 �J�O �U�I�F �T�F�O�T�F �U�I�B�U �U�I�F �S�F�M�B�U�J�W�F �G�S�F�R�V�F�O�D�J�F�T �P�G
�W�J�T�J�U�F�E �T�U�B�U�F�T �D�P�O�W�F�S�H�F�T �U�P �U�I�F �T�U�B�U�J�P�O�B�S�Z �E�J�T�U�S�J�C�V�U�J�P�O��

�Ü�Ú�Ý�Ý�æ �Ý�æ �Ø�ä�( �1�Ý�Þ�Ö�(�Ú�å�(�Þ�1�( �Ø�Ý �Ø�ä�( �Ü�Ú�ã�Ý�Ú�(�S�J���U�I�T �B�O�E �,�B�M�J�T�I �	�Š�ˆ�ˆ�•�
 �O�P�U�F�E �U�I�B�U �C�Z
�N�B�S�H�J�O�B�M�J�T�J�O�H �P�V�U �U�I�F �Q�S�P�E�V�D�U�J�P�O�T�Y�U�J�O �F�R���Š���•�P�O�F �P�C�U�B�J�O�T �U�I�F �G�P�M�M�P�X�J�O�H �.�B�S�L�P�W �D�I�B�J�O
�	�T�F�F �B�M�T�P ���H�V�S�F�Š���Œ�
��

�Q(�b�U| �b�U−��) =
∑
�Y�U−��

�Q�9�.(�b�U| �Y�U−��) · �Q�=�.(�Y�U−�� | �b�U−��). �	�Š���•�


�8�F �I�J�U�I�F�S�U�P �B�T�T�V�N�F�E �U�I�B�U �U�I�F �U�S�B�O�T�J�U�J�P�O �Q�S�P�C�B�C�J�M�J�U�J�F�T �S�F�N�B�J�O �D�P�O�T�U�B�O�U �P�W�F�S �U�J�N�F�
 �U�I�B�U
�J�T�
 �X�F �M�P�P�L�F�E �B�U �U�J�N�F���I�P�N�P�H�F�O�F�P�V�T �D�I�B�J�O�T�� ���F �.�B�S�L�P�W �D�I�B�J�O �J�O �F�R���Š���•�J�T �P�O�M�Z �I�P�N�P��
�H�F�O�F�P�V�T �J�G �B�M�M �B�H�F�O�U�T �V�T�F �U�I�F �T�B�N�F �Q�S�P�E�V�D�U�J�P�O �B�O�E �M�B�O�H�V�B�H�F �B�M�H�P�S�J�U�I�N�T�� �*�O �Q�B�S�U�J�D�V�M�B�S�

�U�I�F�Z �T�I�P�V�M�E �B�M�M �V�T�F �U�I�F �T�B�N�F �Q�S�J�P�S�� �8�F �X�J�M�M �M�B�U�F�S �E�J�T�D�V�T�T �U�I�F �W�B�M�J�E�J�U�Z �P�G �U�I�J�T �B�T�T�V�N�Q��
�U�J�P�O�� �*�G �U�I�F�T�F �B�T�T�V�N�Q�U�J�P�O�T �I�P�M�E �B�O�E �U�I�F �D�I�B�J�O �J�T �N�P�S�F�P�W�F�S �F�S�H�P�E�J�D�
�U�I�F�O�U�I�F �M�P�O�H���U�F�S�N
�C�F�I�B�W�J�P�V�S �P�G �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H �J�T �L�O�P�X�O�� �D�P�O�W�F�S�H�F�O�D�F �U�P �U�I�F �T�U�B�U�J�P�O�B�S�Z �E�J�T�U�S�J�C�V�U�J�P�O�

�J�O�E�F�Q�F�O�E�F�O�U �P�G �U�I�F �J�O�J�U�J�B�M �E�J�T�U�S�J�C�V�U�J�P�O��

���F �T�U�B�U�J�P�O�B�S�Z �E�J�T�U�S�J�C�V�U�J�P�O�@⋆ �P�G �U�I�J�T �E�J�T�U�S�J�C�V�U�J�P�O �I�B�Q�Q�F�O�T �U�P �C�F �U�I�F �Q�S�J�P�S�R(�b) :=

�Q(�b)�� �5�P �T�I�P�X �U�I�J�T�
 �P�O�F �I�B�T �U�P �T�F�F �U�I�B�U

�R(�b�U+��) =
∑

�b�U

�Q(�b�U+�� | �b�U) · �R(�b�U) �	�Š���‘�


�* �I�B�W�F �X�S�J�U�U�F�O�R�G�P�S �U�I�F �Q�S�J�P�S �U�P �I�J�H�I�M�J�H�I�U �U�I�B�U �X�F �E�P �O�P�U �L�O�P�X �X�I�F�U�I�F�S�R(�b�U+��) �J�T �B
�N�B�S�H�J�O�B�M �E�J�T�U�S�J�C�V�U�J�P�O �P�G�Q(�b�U+��, �b�U)�� �*�O �U�I�B�U �D�B�T�F�
 �U�I�F �F�R�V�B�M�J�U�Z �X�P�V�M�E �I�P�M�E �U�S�J�W�J�B�M�M�Z�� �0�U�I��

�Š�Š



�¬���­�� �$�P�O�W�F�S�H�F�O�D�F �U�P �U�I�F �Q�S�J�P�S

�F�S�X�J�T�F�
 �U�I�F �G�P�M�M�P�X�J�O�H �E�F�S�J�W�B�U�J�P�O �T�I�P�X�T �U�I�B�U �F�R���Š���‘�I�P�M�E�T��∑
�b�U

�R(�b�U) · �Q(�b�U+�� | �b�U) =
∑

�b�U

�R(�b�U) ·
∑

�Y�U

�Q�9�.(�b�U+�� | �Y�U) · �Q�=�.(�Y�U| �b�U) �	�Š���‰�ˆ�


=
∑

�Y�U

�Q�9�.(�b�U+�� | �Y�U) ·
∑

�b�U

�R(�b�U) · �Q�=�.(�Y�U| �b�U) �	�Š���‰�‰�


=
∑

�Y�U

�Q�9�.(�b�U+�� | �Y�U) · �Q�=�.(�Y�U)

(⋆)
=

∑
�Y�U

�Q�=�.(�Y�U| �b�U+��) · �R(�b�U+��)

�Q�=�.(�Y�U)
· �Q�=�.(�Y�U)

= �R(�b�U+��)
∑

�Y�U

�Q�=�.(�Y�U| �b�U+��)

= �R(�b�U+��)

�X�I�F�S�F(⋆) �I�P�M�E�T �C�Z �E�F���O�J�U�J�P�O �P�G�Q�9�.(�b�U+�� | �Y�U) �B�O�E �C�F�D�B�V�T�F �X�F �V�T�F �T�B�N�Q�M�F�S�T �	�a= ���
��
�'�P�S �N�B�Y�J�N�J�T�F�S�T�
 �U�I�F �Q�S�P�P�G �C�S�F�B�L�T �E�P�X�O �B�U �U�I�J�T �Q�P�J�O�U��
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 �T�B�N�Q�M�F�T �G�S�P�N �U�I�F �U�B�S�H�F�U �E�J�T�U�S�J�C�V�U�J�P�O�� ���J�T �J�T �U�I�F �C�B�T�J�D �J�E�F�B �C�F�I�J�O�E �N�B�O�Z�.�B�S�L�P�W
�$�I�B�J�O �.�P�O�U�F �$�B�S�M�P�	�:�0�:�0�
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�Q(�b�U+�� | �Y�U+��)�
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�U�P�Q(�b, �Y) �	�T�F�F �(�S�J���U�I�T �B�O�E �,�B�M�J�T�I�Š�ˆ�ˆ�•�G�P�S �B �M�P�O�H�F�S �E�J�T�D�V�T�T�J�P�O�
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�F�T�U�J�N�B�U�F�T�
 �P�S�
 �J�O �P�V�S �D�B�T�F�
�:�.�= �F�T�U�J�N�B�U�F�T�� ���F �U�S�J�D�L �J�T �U�P �V�T�F �U�I�F �D�V�S�S�F�O�U �Q�B�S�B�N�F�U�F�S�T �U�P
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 �J�U �D�B�O �C�F �B�Q�Q�S�P�Y�J�N�B�U�F�E �C�Z �E�S�B�X�J�O�H �T�F�W�F�S�B�M �T�B�N�Q�M�F�T�� ���F
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 �J�O �U�I�B�U �X�B�Z �T�J�H�O�B�M�M�J�O�H
�X�I�F�U�I�F�S �D�P�N�N�V�O�J�D�B�U�J�P�O �X�B�T �T�V�D�D�F�T�T�G�V�M��

�Œ���#�P�U�I �U�I�F �T�Q�F�B�L�F�S �B�O�E �I�F�B�S�F�S �D�B�O �V�Q�E�B�U�F �U�I�F�J�S �J�O�W�F�O�U�P�S�J�F�T��

���F �T�D�S�J�Q�U �J�T �B �C�S�P�B�E �P�V�U�M�J�O�F �B�O�E �D�P�O�D�S�F�U�F �J�N�Q�M�F�N�F�O�U�B�U�J�P�O�T �B�S�F �N�P�S�F �T�Q�F�D�J���D�� �)�P�X�
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 �E�P�F�T �U�I�F �T�Q�F�B�L�F�S �T�F�M�F�D�U �B �X�P�S�E �J�O �T�U�F�Q �‰� ���F �U�Z�Q�J�D�B�M �B�T�T�V�N�Q�U�J�P�O �J�T �U�I�B�U
�U�I�F �T�Q�F�B�L�F�S �V�T�F�T �I�F�S �P�X�O �F�Y�Q�F�S�J�F�O�D�F �B�T �B �Q�S�P�Y�Z �P�G �U�I�F �I�F�B�S�F�S���T �J�O�W�F�O�U�P�S�Z �B�O�E �P�Q�U�T �G�P�S
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�V�Q�E�B�U�F �U�I�F�J�S �M�F�Y�J�D�P�O�T �B���F�S �U�I�F �F�O�D�P�V�O�U�F�S� �)�F�S�F�
 �U�I�F �T�L�Z �J�T �U�I�F �M�J�N�J�U�� �%�P�F�T �U�I�F �T�Q�F�B�L�F�S
�V�Q�E�B�U�F �I�F�S �M�F�Y�J�D�P�O�
 �P�S �U�I�F �I�F�B�S�F�S�
 �P�S �C�P�U�I� �8�I�B�U �I�B�Q�Q�F�O�T �B���F�S �T�V�D�D�F�T�T�G�V�M �D�P�N�N�V�O�J�D�B��
�U�J�P�O�T�
 �X�I�B�U �B���F�S �G�B�J�M�V�S�F� �*�O �Z�F�B�S�T �P�G �S�F�T�F�B�S�D�I�
 �P�O�F �Q�B�S�U�J�D�V�M�B�S �T�D�S�J�Q�U �F�N�F�S�H�F�E�
 �X�I�J�D�I �J�T
�E�J�T�D�V�T�T�F�E �C�F�M�P�X�� �*�U �B�M�T�P �C�F�D�B�N�F �D�M�F�B�S �U�I�B�U �X�I�J�D�I�F�W�F�S �V�Q�E�B�U�F �T�U�S�B�U�F�H�Z �J�T �V�T�F�E�
 �J�U �N�V�T�U �J�N��
�Q�S�P�W�F �U�I�F�B�M�J�H�O�N�F�O�U�C�F�U�X�F�F�O �U�I�F �M�F�Y�J�D�P�O�T �4�U�F�F�M�T �	�Š�ˆ�‰�‰�
�� ���B�U �N�F�B�O�T �U�I�B�U �U�I�F �Q�S�P�C�B�C�J�M��
�J�U�Z �U�I�B�U �B �G�V�U�V�S�F �F�O�D�P�V�O�U�F�S �X�J�M�M �C�F �T�V�D�D�F�T�T�G�V�M �J�T �J�O�D�S�F�B�T�F�E�� �4�V�D�I �T�U�S�B�U�F�H�J�F�T �U�I�V�T �S�F�J�O�G�P�S�D�F
�T�V�D�D�F�T�T�G�V�M�M�Z �D�P�N�N�V�O�J�D�B�U�F�E �X�P�S�E�T �B�O�E �U�I�J�T �P���F�O �J�O�T�U�B�M�M�T �B �X�J�O�O�F�S���U�B�L�F�T �B�M�M �E�Z�O�B�N�J�D�T
�X�I�J�D�I�
 �J�O �U�I�F �F�O�E�
 �M�F�B�E�T �U�P �B �	�V�O�J�R�V�F�
 �T�I�B�S�F�E �D�P�O�W�F�O�U�J�P�O�� ���J�T �J�T �C�F�T�U �T�F�F�O �J�O �U�I�F �T�P
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 �J�U �B�T�T�V�N�F�T �U�I�B�U �I�P�N�P�O�Z�N�Z �D�B�O�O�P�U �P�D�D�V�S�� �)�P�N�P�O�Z�N�Z �D�B�O �P�O�M�Z �C�F �J�O�U�S�P��
�E�V�D�F�E �X�I�F�O �B �T�Q�F�B�L�F�S �J�O�W�F�O�U�T �B�O�F�X�X�P�S�E �G�P�S �B�O �P�C�K�F�D�U �U�I�B�U �I�B�Q�Q�F�O�T �U�P �I�B�W�F �C�F�F�O �V�T�F�E
�B�M�S�F�B�E�Z �U�P �O�B�N�F �B�O�P�U�I�F�S �P�C�K�F�D�U�� �*�G �U�I�F �T�Q�B�D�F �P�G �Q�P�T�T�J�C�M�F �O�F�X �X�P�S�E�T �J�T �M�B�S�H�F �F�O�P�V�H�I�
 �X�F
�D�B�O �T�B�G�F�M�Z �B�T�T�V�N�F �U�I�B�U �J�O�W�F�O�U�F�E �X�P�S�E�T �B�S�F �V�O�J�R�V�F �B�O�E �I�P�N�P�O�Z�N�Z �X�J�M�M �C�F �B�C�T�F�O�U�� �4�F�D��
�P�O�E�M�Z�
 �P�O�F �D�B�O �B�T�T�V�N�F�
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 �U�I�B�U �U�I�F�S�F �J�T �P�O�M�Z �P�O�F �P�C�K�F�D�U�� �*�G �U�I�F�S�F
�J�T �O�P �I�P�N�P�O�Z�N�Z�
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�t �4�V�D�D�F�T�T���*�G �U�I�F �I�F�B�S�F�S �L�O�P�X�T �U�I�F �X�P�S�E�
 �D�P�N�N�V�O�J�D�B�U�J�P�O �J�T �T�V�D�D�F�T�T�G�V�M�� �#�P�U�I �I�F�B�S�F�S
�B�O�E �T�Q�F�B�L�F�S �S�F�N�P�W�F �B�M�M�P�U�I�F�S�X�P�S�E�T �G�S�P�N �U�I�F�J�S �J�O�W�F�O�U�P�S�J�F�T�
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�t �6�O�J�R�V�F �X�P�S�E �D�P�V�O�U�/ �V�O�J�R�V�F(�U)�� ���F �O�V�N�C�F�S �P�G �V�O�J�R�V�F �X�P�S�E�T �V�T�F�E �J�O �U�I�F �Q�P�Q�V��
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�S�F�H�V�M�B�S�J�U�J�F�T �U�I�B�U �E�P �O�P�U �H�F�O�F�S�B�M�J�T�F�� �'�P�S �U�I�B�U �S�F�B�T�P�O�
 �X�F �T�U�V�E�Z �U�I�F �B�W�F�S�B�H�F �C�F�I�B�W�J�P�V�S �P�G
�U�I�F �H�B�N�F�T�
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 �N�P�T�U �J�O�U�F�S�B�D�U�J�O�H �B�H�F�O�U�T �X�J�M�M �I�B�W�F �F�N�Q�U�Z
�W�P�D�B�C�V�M�B�S�J�F�T �B�O�E �U�I�V�T �J�O�W�F�O�U �O�F�X �X�P�S�E�T�� ���J�T �S�F�T�V�M�U�T �J�O �B �T�I�B�S�Q �J�O�D�S�F�B�T�F �P�G �U�I�F �O�V�N�C�F�S
�P�G �V�O�J�R�V�F �X�P�S�E�T�/ �V�O�J�R�V�F�J�O �U�I�F �Q�P�Q�V�M�B�U�J�P�O�� �*�O �U�I�F �T�F�D�P�O�E �Q�I�B�T�F�
 �O�P �O�F�X �X�P�S�E�T �B�S�F
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�B�O�E �X�P�S�E�T �X�J�M�M �S�B�S�F �S�B�S�F�M�Z �C�F �F�M�J�N�J�O�B�U�F�E�
 �T�P�/ �U�P�U�B�M�L�F�F�Q�T �H�S�P�X�J�O�H�� �*�O �U�I�F �U�I�J�S�E �Q�I�B�T�F�

�B���F�S �U�I�F �Q�F�B�L �P�G�/ �U�P�U�B�M�
 �U�I�J�T �D�I�B�O�H�F�T�� �*�O�U�F�S�B�D�U�J�P�O�T �B�S�F �J�O�D�S�F�B�T�J�O�H�M�Z �M�J�L�F�M�Z �U�P �C�F �T�V�D�D�F�T�T�G�V�M�

�M�F�B�E�J�O�H �U�P �B �T�I�B�S�Q �J�O�D�S�F�B�T�F �J�O �D�P�N�N�V�O�J�D�B�U�J�W�F �T�V�D�D�F�T�T �B�O�E �B �E�S�P�Q �J�O�/ �U�P�U�B�M�B�T �N�P�S�F �B�O�E
�N�P�S�F �X�P�S�E�T �B�S�F �F�M�J�N�J�O�B�U�F�E�� ���J�T �B�M�T�P �S�F�T�V�M�U�T �J�O �U�I�F �D�I�B�S�B�D�U�F�S�J�T�U�J�D �4���T�I�B�Q�F�E �D�V�S�W�F �P�G
�Q�T�V�D�D�F�T�T�� �&�W�F�O�U�V�B�M�M�Z �U�I�F �Q�P�Q�V�M�B�U�J�P�O �S�F�B�D�I�F�T �D�P�I�F�S�F�O�D�F �J�O �U�I�F �B�C�T�P�S�C�J�O�H �T�U�B�U�F �X�I�F�S�F �B�M�M
�B�H�F�O�U�T �T�I�B�S�F �P�O�F �V�O�J�R�V�F �X�P�S�E �B�O�E �S�F�B�D�I �Q�F�S�G�F�D�U �D�P�N�N�V�O�J�D�B�U�J�W�F �T�V�D�D�F�T�T �	�/ �V�O�J�R�V�F= ���

�/ �U�P�U�B�M= �/ �B�O�E�Q�T�V�D�D�F�T�T= ���
��

���F �H�B�N�F �I�B�T �U�X�P �J�N�Q�P�S�U�B�O�U �Q�S�P�Q�F�S�U�J�F�T�
 �U�I�B�U �P�O�F �N�J�H�I�U �D�B�M�M�F���F�D�U�J�W�F�O�F�T�T�B�O�E�F����
�D�J�F�O�D�Z�� ���F �S�F�T�V�M�U�J�O�H �D�P�N�N�V�O�J�D�B�U�J�P�O �T�Z�T�U�F�N �J�T�F���F�D�U�J�W�F�C�F�D�B�V�T�F �B�H�F�O�U�T �M�F�B�S�O �U�P �D�P�N��
�N�V�O�J�D�B�U�F �T�V�D�D�F�T�T�G�V�M�M�Z�
 �B�O�E�F���D�J�F�O�U�J�O �U�I�F �T�F�O�T�F �U�I�B�U �B�H�F�O�U�T �E�P �O�P�U �N�F�N�P�S�J�T�F �N�P�S�F
�X�P�S�E�T �U�I�B�O �T�U�S�J�D�U�M�Z �O�F�D�F�T�T�B�S�Z �	�P�O�F�
 �J�O �U�I�J�T �D�B�T�F�
�� �" �T�J�N�Q�M�F �B�S�H�V�N�F�O�U �T�I�P�X�T �U�I�B�U �U�I�F
�N�J�O�J�N�B�M �O�B�N�J�O�H �H�B�N�F �B�M�N�P�T�U �B�M�X�B�Z�T �S�F�B�D�I�F�T �B�O �F���D�J�F�O�U �B�O�E �F���F�D�U�J�W�F �T�U�B�C�M�F �T�U�B�U�F �	�#�B�S�P�O�D�I�F�M�M�J�

�'�F�M�J�D�J�
 �F�U �B�M���Š�ˆ�ˆ�Ž�
�� �"�U �B�O�Z �Q�P�J�O�U �J�O �U�I�F �H�B�N�F�
 �U�I�F�S�F �J�T �B �Q�P�T�J�U�J�W�F �Q�S�P�C�B�C�J�M�J�U�Z �P�G �S�F�B�D�I�J�O�H
�D�P�I�F�S�F�O�D�F �J�O��(�/ − ��) �T�U�F�Q�T�� �Q�J�D�L �P�O�F �T�Q�F�B�L�F�S �B�O�E �M�F�U �I�F�S �T�Q�F�B�L �U�P �B�M�M �P�U�I�F�S�/ − ��
�B�H�F�O�U�T �U�X�J�D�F�� ���F ���S�T�U �U�J�N�F�
 �B �I�F�B�S�F�S �N�J�H�I�U �T�U�J�M�M �I�B�W�F �U�P �B�E�P�Q�U �U�I�F �X�P�S�E�
 �C�V�U �B���F�S �U�I�F
�T�F�D�P�O�E �J�O�U�F�S�B�D�U�J�P�O �P�O�M�Z �P�O�F �X�P�S�E �X�J�M�M �S�F�N�B�J�O �J�O �I�J�T �J�O�W�F�O�U�P�S�Z�� �*�G�Q�J�T �U�I�F �Q�S�P�C�B�C�J�M�J�U�Z
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A.     Unique and total word count

Nuniqe(t)

Ntotal(t)
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B.     Communicative success �*�ã�å�×�Ú�( �U���X�8�L�I �H�]�R�E�Q�M�G�W �S�J �X�L�I

�Q�M�R�M�Q�E�P �R�E�Q�M�R�K �K�E�Q�I�� �%�R �W�L�E�V�T
�X�V�E�R�W�M�X�M�S�R �P�I�E�H�W �X�S �G�S�R�Z�I�V�K�I�R�G�I �E�R�H
�X�L�I �I�Q�I�V�K�I�R�G�I �S�J �G�S�R�W�I�R�W�Y�W��

�ß�Þ�å�Z�^�6�I�W�Y�P�X�W �W�L�S�[�R �J�S�V�/ = ��������
�E�Z�K�� �S�J �U�Z�Z �V�Y�R�W�� �^ �W�X�H�� �W�L�E�H�I�H��

�P�G �U�I�J�T �	�V�O�M�J�L�F�M�Z�
 �T�F�R�V�F�O�D�F �P�G �J�O�U�F�S�B�D�U�J�P�O�T�
 �U�I�F �Q�S�P�C�B�C�J�M�J�U�Z �U�I�B�U �J�U �I�B�T �O�P�U �P�D�D�V�S�S�F�E �B�G��
�U�F�S�L· ��(�/ − ��) �T�U�F�Q�T �J�T �M�F�T�T �U�I�B�O(�� − �Q)�L�
 �X�I�J�D�I �E�F�D�S�F�B�T�F�T �F�Y�Q�P�O�F�O�U�J�B�M�M�Z �J�O�L�� �8�J�U�I
�Q�S�P�C�B�C�J�M�J�U�Z �‰�
 �U�I�F �Q�P�Q�V�M�B�U�J�P�O �X�J�M�M �U�I�V�T �S�F�B�D�I �D�P�I�F�S�F�O�D�F �B�T�L→ ∞�� ���F �B�S�H�V�N�F�O�U �J�T
�T�P�N�F�X�I�B�U �V�O�T�B�U�J�T�G�B�D�U�P�S�Z �B�T �J�U �E�P�F�T �O�P�U �S�F�W�F�B�M �B�O�Z�U�I�J�O�H �B�C�P�V�U �U�I�F �E�Z�O�B�N�J�D�T�� �I�P�X �G�B�T�U
�J�T �U�I�F �D�P�O�W�F�S�H�F�O�D�F�
 �G�P�S �F�Y�B�N�Q�M�F� 

�Ù�1�3�à�ã�Þ�å �Ú�(�à�3�Ø�ã�Ý�Þ�Ù �3�Þ�0 �Þ�(�Ø�Õ�Ý�Ú�á �Ù�Ø�Ú�×�1�Ø�×�Ú�(�5�P �P�C�U�B�J�O �B �C�F�U�U�F�S �J�O�T�J�H�I�U �J�O �U�I�F �E�Z�O�B�N��
�J�D�T�
 �P�O�F �D�B�O �B�E�P�Q�U �B �N�F�U�I�P�E�P�M�P�H�Z �D�P�N�N�P�O�M�Z �V�T�F�E �J�O �T�U�B�U�J�T�U�J�D�B�M �Q�I�Z�T�J�D�T �B�O�E �M�P�P�L �B�U
�T�D�B�M�J�O�H �S�F�M�B�U�J�P�O�T�� ���F �R�V�F�T�U�J�P�O �J�T �U�I�F�O �I�P�X �D�F�S�U�B�J�O �R�V�B�O�U�J�U�J�F�T�
 �M�J�L�F �D�P�O�W�F�S�H�F�O�D�F �U�J�N�F�

�T�D�B�M�F�X�J�U�I �U�I�F �T�J�[�F �P�G �U�I�F �T�Z�T�U�F�N�
 �J���F�� �U�I�F �O�V�N�C�F�S �P�G �B�H�F�O�U�T�� �5�P �U�I�B�U �F�O�E�
 �U�X�P �D�S�J�U�J�D�B�M
�Q�P�J�O�U�T �B�S�F �J�E�F�O�U�J���F�E�� �U�I�F �U�J�N�F�U�D�P�O�W�X�I�F�S�F �U�I�F �H�B�N�F �S�F�B�D�I�F�T �D�P�I�F�S�F�O�D�F �B�O�E �U�I�F �U�J�N�F
�U�N�B�Y�B�U �X�I�J�D�I �Q�P�J�O�U�/ �U�P�U�B�M(�U) �S�F�B�D�I�F�T �J�U�T �N�B�Y�J�N�V�N�� �*�U �U�V�S�O�T �P�V�U �U�I�B�U �U�I�F�T�F �R�V�B�O�U�J�U�J�F�T �E�F��
�Q�F�O�E �P�O �U�I�F �Q�P�Q�V�M�B�U�J�P�O �T�J�[�F�/ �J�O �B �Q�P�X�F�S���M�B�X �G�B�T�I�J�P�O �	�#�B�S�P�O�D�I�F�M�M�J�
 �'�F�M�J�D�J�
 �F�U �B�M���Š�ˆ�ˆ�Ž��
�-�P�S�F�U�P �F�U �B�M���Š�ˆ�‰�‰�
��

�U�D�P�O�W, �U�N�B�Y, �/ �U�P�U�B�M(�U�N�B�Y) ∝ �/ �[ �X�I�F�S�F�[ ≈ ��.�� �	�‹���‰�


�/�P�X �O�P�U�F �U�I�B�U�/ �U�P�U�B�M(�U�N�B�Y)/�/ �J�T �U�I�F �N�B�Y�J�N�V�N �O�V�N�C�F�S �P�G �X�P�S�E�T �F�B�D�I �B�H�F�O�U �I�B�T �U�P �T�U�P�S�F
�P�O �B�W�F�S�B�H�F �‰ �U�I�F �N�B�Y�J�N�V�N �N�F�N�P�S�Z �M�P�B�E�
 �Q�F�S�I�B�Q�T�� �#�B�S�P�O�D�I�F�M�M�J �	�Š�ˆ�‰�•�
 �D�P�O�D�M�V�E�F�T �U�I�B�U
�i�U�I�F �D�P�H�O�J�U�J�W�F �F���P�S�U �B�O �B�H�F�O�U �I�B�T �U�P �U�B�L�F�
 �J�O �U�F�S�N�T �P�G �N�B�Y�J�N�V�N �J�O�W�F�O�U�P�S�Z �T�J�[�F�
�E�F�Q�F�O�E�T
�P�O �U�I�F �T�Z�T�U�F�N �T�J�[�F�B�O�E�
 �J�O �Q�B�S�U�J�D�V�M�B�S�
 �E�J�W�F�S�H�F�T �B�T �U�I�F �Q�P�Q�V�M�B�U�J�P�O �H�F�U�T �M�B�S�H�F�S�w �	�#�B�S�P�O�D�I�F�M�M�J
�Š�ˆ�‰�•�
 �J�U�B�M�J�D�T �J�O �P�S�J�H�J�O�B�M�
�� �"�M�U�I�P�V�H�I �J�O�U�F�S�F�T�U�J�O�H�
 �* �X�P�V�M�E �C�F �I�F�T�J�U�B�O�U �U�P �D�P�O�D�F�E�F �U�I�B�U
�M�J�O�H�V�J�T�U�J�D �B�D�U�J�W�J�U�Z �J�O �B �T�N�B�M�M �M�B�O�H�V�B�H�F �D�P�N�N�V�O�J�U�Z �S�F�R�V�J�S�F�T �M�F�T�T �D�P�H�O�J�U�J�W�F �F���P�S�U �U�I�B�O �U�I�F
�T�B�N�F �B�D�U�J�W�J�U�Z �J�O �B �M�B�S�H�F�S �D�P�N�N�V�O�J�U�Z��

�#�F�T�J�E�F�T �U�I�F �T�D�B�M�J�O�H �F���F�D�U�T�
 �U�I�F �S�P�M�F �P�G �U�I�F �O�F�U�X�P�S�L �T�U�S�V�D�U�V�S�F �P�G �U�I�F �Q�P�Q�V�M�B�U�J�P�O �I�B�T
�C�F�F�O �T�U�V�E�J�F�E �F�Y�U�F�O�T�J�W�F�M�Z �	�T�F�F �#�B�S�P�O�D�I�F�M�M�J�Š�ˆ�‰�•�
 �G�P�S �B�O �P�W�F�S�W�J�F�X�
�� �*�O �U�I�F �D�M�B�T�T�J�D�B�M �O�B�N��
�J�O�H �H�B�N�F �B�O�Z �U�X�P �B�H�F�O�U�T �D�B�O �J�O�U�F�S�B�D�U �‰ �U�I�F�S�F �J�T�I�P�N�P�H�F�O�F�P�V�T �N�J�Y�J�O�H�‰ �D�P�S�S�F�T�Q�P�O�E��
�J�O�H �U�P �B �G�V�M�M�Z �D�P�O�O�F�D�U�F�E �T�P�D�J�B�M �O�F�U�X�P�S�L�� �7�B�S�Z�J�O�H �U�I�F �U�P�Q�P�M�P�H�Z �	�U�P �F���H�� �N�P�S�F �S�F�B�M�J�T�U�J�D
�T�N�B�M�M���X�P�S�M�E �O�F�U�X�P�S�L�T�
 �%�B�M�M���"�T�U�B �F�U �B�M���Š�ˆ�ˆ�Ž�
 �T�U�S�P�O�H�M�Z �J�O���V�F�O�D�F�T �U�I�F �E�Z�O�B�N�J�D�T�� ���J�T �J�T
�S�F���F�D�U�F�E �C�Z �E�J���F�S�F�O�U �T�D�B�M�J�O�H �S�F�M�B�U�J�P�O�T�
 �C�V�U �O�P�U �C�Z �D�P�O�W�F�S�H�F�O�D�F �Q�F�S �T�F�� �U�I�F �Q�P�Q�V�M�B�U�J�P�O
�T�U�J�M�M �O�F�H�P�U�J�B�U�F�T �B �V�O�J�R�V�F �X�P�S�E �‰ �B�T �M�P�O�H �B�T �U�I�F �O�F�U�X�P�S�L�T �S�F�N�B�J�O�T �D�P�O�O�F�D�U�F�E�
 �P�G �D�P�V�S�T�F��
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�8�3�2�à�( �U���^�4�E�V�E�Q�I�X�I�V �W�I�X�X�M�R�K�W �J�S�V
�J�S�Y�V �H�M�J�J�I�V�I�R�X �W�X�V�E�X�I�K�M�I�W�� �[�L�S�W�I �F�I��
�L�E�Z�M�S�Y�V �M�W �W�L�S�[�R �M�R �¼�K�Y�V�I�U���U�� �2�S�X�I
�X�L�E�X �I�U�Y�M�Z�E�P�I�R�X �T�E�V�E�Q�I�X�V�M�W�E�X�M�S�R�W
�E�P�W�S �I�\�M�W�X�� �W�I�I �Q�E�M�R �X�I�\�X �J�S�V �H�I�X�E�M�P�W��

� �̂M�R�G � �̂M�R�L � �̂H�I�G �T�M�R�M�X�T�Q�E�\
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�0�E�X�I�V�E�P �M�R�L�M�F�M�X�M�S�R �W�X�V�E�X�I�K�M�I�W
���F �N�J�O�J�N�B�M �T�U�S�B�U�F�H�Z �J�T �T�P�N�F�X�I�B�U �P�Q�Q�P�S�U�V�O�J�T�U�J�D �J�O �U�I�B�U �J�U �G�P�S�H�F�U�T �B�M�M �P�U�I�F�S �X�P�S�E�T �B���F�S �B
�T�V�D�D�F�T�T�G�V�M �F�O�D�P�V�O�U�F�S�� �*�U �I�B�T �C�F�F�O �T�V�H�H�F�T�U�F�E �U�I�B�U �T�V�C�U�M�F�S �B�M�J�H�O�N�F�O�U �N�F�D�I�B�O�J�T�N�T �N�J�H�I�U
�Z�J�F�M�E �G�B�T�U�F�S �D�P�O�W�F�S�H�F�O�D�F �U�J�N�F�T�� �T�P �D�B�M�M�F�E�M�B�U�F�S�B�M �J�O�I�J�C�J�U�J�P�O �T�U�S�B�U�F�H�J�F�T�	�T�F�F �8�F�M�M�F�O�T�Š�ˆ�‰�Š
�D�I�� �Š�
 �G�P�S �B�O �P�W�F�S�W�J�F�X�
�� ���F �O�B�N�F �J�T �V�M�U�J�N�B�U�F�M�Z �E�F�S�J�W�F�E �G�S�P�N �C�J�P�M�P�H�Z�
 �X�I�F�S�F �F�Y�D�J�U�F�E
�O�F�V�S�P�O�T �D�B�O �C�F �G�P�V�O�E �U�P�J�O�I�J�C�J�U�O�F�J�H�I�C�P�V�S�J�O�H �O�F�V�S�P�O�T�� �4�J�N�J�M�B�S�M�Z�
 �M�B�U�F�S�B�M �J�O�I�J�C�J�U�J�P�O
�T�U�S�B�U�F�H�J�F�T �E�F�D�S�F�B�T�F �U�I�F �D�I�B�O�D�F �P�G �V�T�J�O�H �D�P�N�Q�F�U�J�O�H �X�P�S�E�T �B�H�B�J�O�� �5�P �U�I�B�U �F�O�E�
 �U�I�F�Z �B�T�T�J�H�O
�B�T�D�P�S�F�U�P �F�W�F�S�Z �X�P�S�E�� �*�G �B �X�P�S�E �J�T �D�P�N�N�V�O�J�D�B�U�F�E �T�V�D�D�F�T�T�G�V�M�M�Z�
 �J�U�T �T�D�P�S�F �J�T �J�O�D�S�F�B�T�F�E�
 �B�O�E
�U�I�F �T�D�P�S�F�T �P�G �D�P�N�Q�F�U�J�U�P�S�T �B�S�F �E�F�D�S�F�B�T�F�E �P�S�J�O�I�J�C�J�U�F�E�� ���F �Q�S�P�E�V�D�U�J�P�O �N�F�D�I�B�O�J�T�N �N�V�T�U
�B�M�T�P �B�D�D�P�V�O�U�T �G�P�S �U�I�F �T�D�P�S�F�T�
 �U�Z�Q�J�D�B�M�M�Z �C�Z �Q�S�P�E�V�D�J�O�H �U�I�F �I�J�H�I�F�T�U���T�D�P�S�J�O�H �X�P�S�E��

���F �	�C�B�T�J�D�
 �M�B�U�F�S�B�M �J�O�I�J�C�J�U�J�P�O �T�U�S�B�U�F�H�Z �X�B�T ���S�T�U �G�P�S�N�V�M�B�U�F�E �J�O �4�U�F�F�M�T �B�O�E �#�F�M�Q�B�F�N�F
�	�Š�ˆ�ˆ�•�
 �B�O�E �J�T �E�F�T�D�S�J�C�F�E �C�Z ���W�F �O�P�O�O�F�H�B�U�J�W�F �Q�B�S�B�N�F�U�F�S�T �	�8�F�M�M�F�O�T�Š�ˆ�‰�Š�
�•

�Y�;�I�P�P�I�R�W ���X�Z�^�X�
 �S�R�P�] �Y�W�I�W� �̂…�W �M�R
(��, ��)�� �F�Y�X �X�L�M�W �K�I�R�I�V�E�P �J�S�V�Q�Y�P�E��
�X�M�S�R �E�P�P�S�[�W �X�L�I �M�R�G�P�Y�W�M�S�R �S�J �X�L�I
�J�V�I�U�Y�I�R�G�] �W�X�V�E�X�I�K�]��

� �̂J�O�D, � �̂J�O�I, � �̂E�F�D, �T�J�O�J�U, �T�N�B�Y. �	�‹���Š�


�"���F�S �B �T�V�D�D�F�T�T�
 �C�P�U�I �B�H�F�O�U�T �J�O�D�S�F�B�T�F �U�I�F �T�D�P�S�F �P�G �U�I�F �D�P�N�N�V�O�J�D�B�U�F�E �X�P�S�E �C�Z� �̂J�O�D�B�O�E
�E�F�D�S�F�B�T�F �T�D�P�S�F�T �P�G �D�P�N�Q�F�U�J�U�P�S�T �C�Z� �̂J�O�I�� �"���F�S �B �G�B�J�M�V�S�F�
 �U�I�F �I�F�B�S�F�S �B�E�P�Q�U�T �U�I�F �X�P�S�E �X�J�U�I
�T�D�P�S�F�T�J�O�J�U�B�O�E �U�I�F �T�Q�F�B�L�F�S �E�F�D�S�F�B�T�F�T �U�I�F �T�D�P�S�F �C�Z� �̂E�F�D�� �8�I�F�O�F�W�F�S �B �T�D�P�S�F �E�S�P�Q�T �C�F�M�P�X
�	�P�S �F�R�V�B�M�T�
 �ˆ �U�I�F �X�P�S�E �J�T �S�F�N�P�W�F�E�
 �B�O�E �T�D�P�S�F�T �D�B�O �O�F�W�F�S �H�S�P�X �M�B�S�H�F�S �U�I�B�O�T�N�B�Y�� �0�U�I�F�S
�J�O�I�J�C�J�U�J�P�O �T�U�S�B�U�F�H�J�F�T �I�B�W�F �B�M�T�P �C�F�F�O �V�T�F�E �B�O�E �X�J�M�M �C�F �E�J�T�D�V�T�T�F�E �J�O �D�I�B�Q�U�F�S�•��

���F �N�J�O�J�N�B�M �T�U�S�B�U�F�H�Z �J�T �B �T�Q�F�D�J�B�M �D�B�T�F �P�G �U�I�F �M�B�U�F�S�B�M �J�O�I�J�C�J�U�J�P�O �T�U�S�B�U�F�H�Z�
 �G�P�S� �̂J�O�D=

� �̂E�F�D= �� �B�O�E� �̂J�O�I= �T�J�O�J�U= �� �	�T�F�F �B�M�T�P �U�B�C�M�F�‹���‰�
�� �8�J�U�I �U�I�P�T�F �Q�B�S�B�N�F�U�F�S�T �O�F�X �X�P�S�E�T �H�F�U
�T�D�P�S�F �‰ �B�O�E �U�I�J�T �T�D�P�S�F �J�T �O�F�W�F�S �G�V�S�U�I�F�S �J�O�D�S�F�B�T�F�E�� �*�U�D�B�O�C�F �J�O�I�J�C�J�U�F�E�
 �C�Z �‰�
 �X�I�J�D�I �M�F�B�E�T
�U�P �U�P �J�N�N�F�E�J�B�U�F �S�F�N�P�W�B�M�� �*�O �U�I�J�T �T�U�S�B�U�F�H�Z�
 �U�I�F �T�D�P�S�F�T �U�I�V�T �Q�M�B�Z �B �Q�V�S�F�M�Z �B�E�N�J�O�J�T�U�S�B�U�J�W�F
�S�P�M�F�� �" �T�U�S�B�U�F�H�Z �X�I�F�S�F �T�D�P�S�F�T �Q�M�B�Z �B �M�B�S�H�F�S �S�P�M�F�
 �J�T �U�I�F�G�S�F�R�V�F�O�D�Z �T�U�S�B�U�F�H�Z�X�I�J�D�I �D�P�V�O�U�T
�I�P�X �P���F�O �F�W�F�S�Z �X�P�S�E �I�B�T �C�F�F�O �F�O�D�P�V�O�U�F�S�F�E�� ���J�T �T�U�S�B�U�F�H�Z �I�P�X�F�W�F�S �F�Y�I�J�C�J�U�T �O�P �G�P�S�N
�P�G �M�B�U�F�S�B�M �J�O�I�J�C�J�U�J�P�O�� ���F �N�J�O�J�N�B�M �T�U�S�B�U�F�H�Z �B�O�E �G�S�F�R�V�F�O�D�Z �T�U�S�B�U�F�H�Z �U�I�V�T �N�B�S�L �U�X�P �F�Y��
�U�S�F�N�F�T�� �U�I�F �G�P�S�N�F�S �I�B�T �U�I�F �T�U�S�P�O�H�F�T�U �Q�P�T�T�J�C�M�F �G�P�S�N �P�G �M�B�U�F�S�B�M �J�O�I�J�C�J�U�J�P�O�
 �U�I�F �M�B�U�U�F�S �O�P�O�F��
�#�F�U�X�F�F�O �U�I�F�T�F �F�O�E�Q�P�J�O�U�T �M�J�F �U�I�F �Q�S�P�Q�F�S �M�B�U�F�S�B�M �J�O�I�J�C�J�U�J�P�O �T�U�S�B�U�F�H�J�F�T��

�* �X�B�O�U �U�P �E�J�T�D�V�T�T �U�I�S�F�F �G�B�J�S�M�Z �E�J���F�S�F�O�U�9�6�T�U�S�B�U�F�H�J�F�T �I�F�S�F���9�6�T�U�S�B�U�F�H�Z �‰ �J�T �B �T�U�S�B�U�F�H�Z �U�I�B�U
�S�F�U�V�S�O�T �J�O �D�I�B�Q�U�F�S�Ž�� �T�U�S�B�U�F�H�Z �Š �J�T �U�B�L�F�O �G�S�P�N �8�F�M�M�F�O�T �	�Š�ˆ�‰�Š�
�� �B�O�E �T�U�S�B�U�F�H�Z �‹ �J�T �B �W�B�S�J�B��
�U�J�P�O �U�I�F�S�F�P�G�� ���F �Q�B�S�B�N�F�U�F�S�T �B�S�F �M�J�T�U�F�E �J�O �U�B�C�M�F�‹���‰�B�O�E ���H�V�S�F�‹���‹�T�I�P�X�T �U�I�F �E�Z�O�B�N�J�D�T��
�'�J�S�T�U �P�G �B�M�M �O�P�U�F �U�I�B�U �U�I�F �E�Z�O�B�N�J�D�T �P�G�/ �V�O�J�R�V�F�D�B�O �T�U�S�P�O�H�M�Z �E�J���F�S �G�P�S �E�J���F�S�F�O�U �T�U�S�B�U�F�H�J�F�T
�	�T�V�C���H�V�S�F�.�
�� �*�G �G�P�S �F�Y�B�N�Q�M�F� �̂J�O�I= � �̂E�F�D�B�T �J�O�9�6�T�U�S�B�U�F�H�Z �‹�
 �N�B�O�Z �N�P�S�F �X�P�S�E�T �D�B�O
�C�F �J�O�W�F�O�U�F�E�� �#�V�U �F�W�F�O�U�V�B�M�M�Z �U�I�J�T �T�U�S�B�U�F�H�Z �H�J�W�F�T �S�J�T�F �U�P �B�O �F���D�J�F�O�U �M�B�O�H�V�B�H�F�� �4�P �E�P �B�M�M
�P�U�I�F�S �T�U�S�B�U�F�H�J�F�T�
 �F�Y�D�F�Q�U �U�I�B�U �U�I�F �G�S�F�R�V�F�O�D�Z �T�U�S�B�U�F�H�Z �S�F�T�V�M�U�T �J�O �B �N�B�Y�J�N�B�M�M�Z �J�O�F���D�J�F�O�U �M�B�O��
�H�V�B�H�F�T �X�I�F�S�F �B�M�M �B�H�F�O�U�T �L�O�P�X �B�M�M �X�P�S�E�T�� �4�J�O�D�F �B�H�F�O�U�T �P�O�M�Z �V�T�F �U�I�F �N�P�T�U �G�S�F�R�V�F�O�U �X�P�S�E�

�Q�F�S�G�F�D�U �D�P�N�N�V�O�J�D�B�U�J�W�F �B�D�D�V�S�B�D�Z �J�T �T�U�J�M�M �B�U�U�B�J�O�F�E�
 �B�T �J�T �U�I�F �D�B�T�F �G�P�S �U�I�F �P�U�I�F�S �T�U�S�B�U�F�H�J�F�T��
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�*�ã�å�×�Ú�( �U���U�'�S�Q�T�E�V�M�W�S�R �S�J �X�L�I �J�S�Y�V
�R�E�Q�M�R�K �K�E�Q�I �W�X�V�E�X�I�K�M�I�W �M�R �X�E�F�P�I
�U���^�� �8�L�I �X�L�I �Y�R�M�U�Y�I �[�S�V�H �G�S�Y�R�X �E�R�H
�G�S�Q�Q�Y�R�M�G�E�X�M�Z�I �W�Y�G�G�I�W�W �W�L�S�[ �X�L�E�X
�E�P�P �W�X�V�E�X�I�K�M�I�W �V�I�E�G�L �G�S�Q�Q�Y�R�M�G�E�X�M�Z�I
�W�Y�G�G�I�W�W�� �8�L�I �W�X�E�F�P�I �P�E�R�K�Y�E�K�I
�J�S�V �X�L�I �J�V�I�U�Y�I�R�G�] �W�X�V�E�X�I�K�] �M�W �R�S�X
�I�¾�G�M�I�R�X��

�à�ã�Þ�å�Z�^�6�I�W�Y�P�X�W �W�L�S�[�R �J�S�V�/ = ��������
�E�Z�K�� �S�J �U�Z�Z �V�Y�R�W���Q�W�Y�G�G�I�W�W�M�W �E �V�S�P�P�M�R�K
�E�Z�I�V�E�K�I �S�Z�I�V �E �G�I�R�X�I�V�I�H �[�M�R�H�S�[ �S�J
�^�Z�Z�Z �M�X�I�V�E�X�M�S�R�W��

���F�T�F �B�S�F �K�V�T�U ���W�F �T�U�S�B�U�F�H�J�F�T�
 �C�V�U �X�I�B�U �E�P�F�T �U�I�F �S�F�T�U �P�G �U�I�F �T�U�S�B�U�F�H�Z �T�Q�B�D�F �M�P�P�L �M�J�L�F� 
�*�O �B�Q�Q�F�O�E�J�Y�# �* �T�Z�T�U�F�N�B�U�J�D�B�M�M�Z �F�Y�Q�M�P�S�F �B �M�B�S�H�F�S �Q�B�S�U �P�G �U�I�F �T�Q�B�D�F�
 �G�P�M�M�P�X�J�O�H �8�F�M�M�F�O�T
�	�Š�ˆ�‰�Š�
�� �* �J�O�E�F�F�E ���O�E �U�I�B�U� �̂J�O�I�J�O�U�F�S�Q�P�M�B�U�F�T �C�F�U�X�F�F�O �U�I�F �N�J�O�J�N�B�M �B�O�E �G�S�F�R�V�F�O�D�Z �T�U�S�B�U�F�H�Z��
�'�V�S�U�I�F�S�
 �S�F�M�B�U�J�W�F�M�Z �M�B�S�H�F� �̂J�O�D�D�B�O �M�F�B�E �U�P �U�F�N�Q�P�S�B�S�Z �T�U�B�C�J�M�J�T�B�U�J�P�O �B�U �B �O�P�O���F�R�V�J�M�J�C�S�J�V�N
�T�U�B�U�F�
 �V�O�U�J�M �J�O�I�J�C�J�U�J�P�O �U�B�L�F�T �P�W�F�S �U�I�F �T�U�B�C�M�F �T�U�B�U�F �J�T �S�F�B�D�I�F�E�� �)�P�X�F�W�F�S�
 �* �T�I�P�V�M�E �O�P�U�F �U�I�B�U
�* �E�P �O�P�U �S�F�Q�M�J�D�B�U�F �8�F�M�M�F�O�T���T ���O�E�J�O�H �U�I�B�U �U�I�F �G�S�F�R�V�F�O�D�Z �D�P�O�W�F�S�H�F�T �G�B�T�U�F�S �U�I�B�O �U�I�F �N�J�O�J�N�B�M
�T�U�S�B�U�F�H�Z �	�T�F�F �B�M�T�P ���H�V�S�F�‹���‹�
�
 �B�O�E �I�B�W�F �O�P�U �C�F�F�O �B�C�M�F �U�P �S�F�D�P�O�T�U�S�V�D�U �X�I�Z�� �"�M�U�I�P�V�H�I �U�I�F
�C�F�I�B�W�J�P�V�S �N�J�H�I�U �W�B�S�Z �J�O�J�U�J�B�M�M�Z�
 �U�I�F �M�P�O�H���U�F�S�N �C�F�I�B�W�J�P�V�S �J�T �V�O�B���F�D�U�F�E�� �D�P�O�W�F�S�H�F�O�D�F �U�P
�B �T�J�O�H�M�F���X�P�S�E �M�B�O�H�V�B�H�F��

�*�O �T�V�N�
 �B�M�M �T�U�S�B�U�F�H�J�F�T �E�J�T�D�V�T�T�F�E �B�M�M�P�X �U�I�F �Q�P�Q�V�M�B�U�J�P�O �U�P �T�P�M�W�F�T �U�I�F �O�B�N�J�O�H �Q�S�P�C�M�F�N
�B�O�E �M�F�B�E�T �U�P �F���F�D�U�J�W�F �D�P�N�N�V�O�J�D�B�U�J�P�O �X�J�U�I�J�O �U�I�F �Q�P�Q�V�M�B�U�J�P�O�� �"�O�Z �G�P�S�N �P�G �M�B�U�F�S�B�M �J�O��
�I�J�C�J�U�J�P�O �E�B�N�Q�F�O�T �D�P�N�Q�F�U�J�O�H �X�P�S�E�T�
 �B �S�F�T�V�M�U �P�G �X�I�J�D�I �B�H�F�O�U�T �F�W�F�O�U�V�B�M�M�Z �G�P�S�H�F�U �B�M�M �C�V�U
�P�O�F �X�P�S�E�� ���F �G�S�F�R�V�F�O�D�Z �T�U�S�B�U�F�H�Z �J�T �U�I�F �P�O�M�Z �E�J�T�D�V�T�T�F�E �T�U�S�B�U�F�H�Z �U�I�B�U �J�T �O�P�U�F���D�J�F�O�U�J�O
�U�I�J�T �T�F�O�T�F�� �'�P�S �E�J���F�S�F�O�U �Q�B�S�B�N�F�U�F�S �T�F�U�U�J�O�H�T �D�P�N�N�V�O�J�D�B�U�J�W�F �T�V�D�D�F�T�T �D�B�O �J�O�D�S�F�B�T�F �F�B�S�M�J�F�S�

�M�B�U�F�S �P�S �F�W�F�O �T�U�B�C�J�M�J�T�F �U�F�N�Q�P�S�B�S�J�M�Z�
 �C�V�U �X�J�M�M �F�W�F�O�U�V�B�M�M�Z �C�F �S�F�B�D�I�F�E �O�P�O�F�U�I�F�M�F�T�T�� �*�O�E�F�F�E�

�J�U �T�F�F�N�T �U�I�B�U �i�B�E�E�J�O�H �B �T�D�P�S�J�O�H �N�F�D�I�B�O�J�T�N �Z�J�F�M�E�T �P�O�M�Z �N�B�S�H�J�O�B�M �J�N�Q�S�P�W�F�N�F�O�U�T �J�O �U�F�S�N�T
�P�G �D�P�N�N�V�O�J�D�B�U�J�W�F �B�O�E �B�M�J�H�O�N�F�O�U �T�V�D�D�F�T�T�w �	�8�F�M�M�F�O�T�Š�ˆ�‰�Š�
 �Q�� �Š�‹�
�•

�] �8�L�E�X �M�W�� �J�S�V �X�L�I �F�E�W�M�G �R�E�Q�M�R�K
�K�E�Q�I�� �W�M�R�G�I �;�I�P�P�I�R�W ���X�Z�^�X�
 �¼�R�H�W
�X�L�E�X �M�R �Q�S�V�I �G�S�Q�T�P�M�G�E�X�I�H �K�E�Q�I�W��
�W�Y�F�X�P�I �Y�T�H�E�X�I �Q�I�G�L�E�R�M�W�Q�W�G�E�R
�F�I �F�I�R�I�¼�G�M�E�P��

�8�I�Z�
 �P�O�F �X�P�O�E�F�S�T�

�J�T �U�I�F �D�P�O�W�F�S�H�F�O�D�F �T�P �S�P�C�V�T�U� 

�4�V�S�S�J �S�J �G�S�R�Z�I�V�K�I�R�G�I
�5�P �U�I�F �C�F�T�U �P�G �N�Z �L�O�P�X�M�F�E�H�F�
 �%�F �7�Z�M�E�F�S �B�O�E �5�V�Z�M�T �	�Š�ˆ�ˆ�Ž�
 �Q�S�P�W�J�E�F�E �U�I�F �P�O�M�Z �B�O�B�M�Z�U�J�D�B�M
�S�F�T�V�M�U �J�O�E�J�D�B�U�J�O�H �U�I�B�U �O�P�O���N�J�O�J�N�B�M �O�B�N�J�O�H �H�B�N�F�T �D�P�O�W�F�S�H�F �U�P �B �T�I�B�S�F�E�
 �T�J�O�H�M�F���X�P�S�E
�M�B�O�H�V�B�H�F�� ���F �S�F�T�V�M�U�T �B�Q�Q�M�Z �U�P �B �W�B�S�J�B�O�U �P�G �U�I�F �H�B�N�F�
 �X�I�J�D�I �N�B�L�F�T �T�J�N�J�M�B�S �T�J�N�Q�M�J���D�B��
�U�J�P�O�T �B�T �U�I�F �N�J�O�J�N�B�M �O�B�N�J�O�H �H�B�N�F�� �U�I�F�S�F �J�T �O�P �I�P�N�P�O�Z�N�Z �B�O�E �P�O�M�Z �B �T�J�O�H�M�F �P�C�K�F�D�U�� �*�U
�N�P�S�F�P�W�F�S �T�U�B�S�U�T �A�M�B�U�F�S�� �J�O �U�I�F �H�B�N�F�
 �X�I�F�O �B�M�M �B�H�F�O�U�T �I�B�W�F �B�M�S�F�B�E�Z �F�O�H�B�H�F�E �J�O �B�O �J�O�U�F�S�B�D��
�U�J�P�O �B�O�E �O�P �O�F�X �X�P�S�E�T �B�S�F �J�O�W�F�O�U�F�E�� �"�U �U�I�J�T �Q�P�J�O�U�
 �U�I�F�S�F �B�S�F�, �V�O�J�R�V�F �X�P�S�E�T�X��, . . . �X�,

�J�O �U�I�F �H�B�N�F �B�O�E �U�I�F �B�V�U�I�P�S�T �B�T�T�V�N�F �O�P�O�F �P�G �U�I�F�T�F �J�T �F�W�F�S �S�F�N�P�W�F�E �‰ �W�F�S�Z �N�V�D�I �M�J�L�F �U�I�F
�G�S�F�R�V�F�O�D�Z �T�U�S�B�U�F�H�Z�� �4�J�N�J�M�B�S�M�Z�
 �T�Q�F�B�L�F�S�T �V�T�F �P�C�T�F�S�W�F�E �G�S�F�R�V�F�O�D�J�F�T �U�P �E�F�U�F�S�N�J�O�F �X�I�J�D�I
�X�P�S�E �U�I�F�Z �X�J�M�M �Q�S�P�E�V�D�F�� �'�P�S �Q�S�P�E�V�D�U�J�P�O �T�U�S�B�U�F�H�J�F�T �U�I�B�U �S�F�J�O�G�P�S�D�F �P�S �B�N�Q�M�J�G�Z �U�I�F �N�P�T�U
�G�S�F�R�V�F�O�U �X�P�S�E�
 �U�I�F �B�V�U�I�P�S�T �B�S�F �B�C�M�F �U�P �Q�S�P�W�F �D�P�O�W�F�S�H�F�O�D�F �U�P �B �T�J�O�H�M�F���X�P�S�E �M�B�O�H�V�B�H�F��
�)�P�X�F�W�F�S�
 �U�I�F�J�S �Q�S�P�P�G �B�Q�Q�M�J�F�T �U�P �B�E�F�U�F�S�N�J�O�J�T�U�J�D�N�P�E�F�M�
 �U�I�F�T�B�N�Q�M�J�O�H���S�F�T�Q�P�O�T�F �N�P�E�F�M�

�B�O�E �%�F �7�Z�M�E�F�S �B�O�E �5�V�Z�M�T �V�T�F �T�J�N�V�M�B�U�J�P�O�T �‰ �O�P�U �B �Q�S�P�P�G �‰ �U�P�€�B�S�H�V�F �U�I�B�U �U�I�F�J�S �S�F�T�V�M�U�T

�‹�•
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�*�ã�å�×�Ú�( �U���W�% �H�M�W�G�V�I�X�I �H�M�W�X�V�M�F�Y�X�M�S�R�æ
�S�Z�I�V �X�L�V�I�I �Z�E�P�Y�I�W �G�S�V�V�I�W�T�S�R�H�W �X�S �E
�T�S�M�R�X �M�R �X�L�I�����W�M�Q�T�P�I�\�� �E �X�V�M�E�R�K�Y�P�E�V
�W�P�M�G�I �S�JR�� ���P�I�J�X�
�� �8�L�I �W�M�Q�T�P�I�\ �G�E�R
�F�I �I�Q�F�I�H�H�I�H �M�R �X�L�I �T�P�E�R�I ���Q�M�H�H�P�I�
��
�W�S �X�L�E�X �I�Z�I�V�] �T�S�M�R�X �M�R �X�L�I �X�V�M�E�R�K�P�I
�H�I�X�I�V�Q�M�R�I�W �E �H�M�W�X�V�M�F�Y�X�M�S�R ���V�M�K�L�X�
��

�b��

�b��

�b��

�‰

�‰

�‰

�æ= (��.��, ��.��, ��.��)

(��, ��, ��) (��, ��, ��)

(��, ��, ��)

�b�� = ��.��
�b�� = ��.��

�b�� �b�� �b��
�b�� �b�� �b��

�H�F�O�F�S�B�M�J�T�F �U�P �U�I�F �B�D�U�V�B�M�T�U�P�D�I�B�T�U�J�D�
�U�V�S�O���C�B�T�F�E �N�P�E�F�M�� �* �X�J�M�M �Q�S�F�T�F�O�U �U�I�F �E�F�U�F�S�N�J�O�J�T�U�J�D�

�T�B�N�Q�M�J�O�H���S�F�T�Q�P�O�T�F�N�P�E�F�M �J�O �T�P�N�F �E�F�U�B�J�M�
 �Q�B�S�U�M�Z �C�F�D�B�V�T�F �J�U �J�T �U�I�F �T�U�F�Q�Q�J�O�H �T�U�P�O�F �G�P�S �U�I�F
�O�F�Y�U �D�I�B�Q�U�F�S��

�Ü�Ú�(�à�ã�ß�ã�Þ�3�Ú�ã�(�Ù�'�J�S�T�U �P�G �B�M�M�
 �X�F �O�F�F�E �U�P �J�O�U�S�P�E�V�D�F �U�I�F�T�J�N�Q�M�F�Y�� �U�I�F �T�Q�B�D�F �P�G �E�J�T�D�S�F�U�F
�Q�S�P�C�B�C�J�M�J�U�Z �E�J�T�U�S�J�C�V�U�J�P�O�T�� �" �Q�S�P�C�B�C�J�M�J�U�Z �E�J�T�U�S�J�C�V�U�J�P�O �P�W�F�S�, �X�P�S�E�T �J�T �E�F�T�D�S�J�C�F�E �C�Z �B
�W�F�D�U�P�S�æ= (�b��, . . . , �b�, ) �T�V�D�I �U�I�B�U �B�M�M�b�L �B�S�F �Q�P�T�J�U�J�W�F�
 �B�O�E �U�I�F�Z �U�P�H�F�U�I�F�S �T�V�N �U�P �‰�
 �J���F��∑

�L�b�L = ���� �/�P�U�F �U�I�B�U �U�I�F �M�B�T�U �F�O�U�S�Z�
�b�, �
 �J�T �E�F�U�F�S�N�J�O�F�E �C�Z �U�I�F �P�U�I�F�S�T �B�O�E �D�P�O�T�U�S�B�J�O�U∑
�L�b�L= ���� �1�S�P�C�B�C�J�M�J�U�Z �W�F�D�U�P�S�T �U�I�F�S�F�G�P�S�F �M�J�F �J�O �B(�, − ��)���E�J�N�F�O�T�J�P�O�B�M �T�M�J�D�F �P�GR�, �� ���J�T

�T�M�J�D�F �J�T �L�O�P�X�O �B�T �U�I�F(�, − ��)���T�J�N�Q�M�F�Y�E�,−���
 �P�S �T�J�N�Q�M�Z�E�J�G �O�P �D�P�O�G�V�T�J�P�O �D�B�O �B�S�J�T�F�� ���F
�Š���T�J�N�Q�M�F�Y �D�P�S�S�F�T�Q�P�O�E�T �U�P �B �U�S�J�B�O�H�M�F�
 �B�T �J�M�M�V�T�U�S�B�U�F�E �J�O ���H�V�S�F�‹���Œ��

���F �N�P�E�F�M �Q�S�P�Q�P�T�F�E �C�Z �%�F �7�Z�M�E�F�S �B�O�E �5�V�Z�M�T �	�Š�ˆ�ˆ�Ž�
 �D�P�O�T�J�E�F�S�T �B �Q�P�Q�V�M�B�U�J�P�O �P�G�/
�B�H�F�O�U�T �X�I�P �L�F�F�Q �B �R�V�F�V�F �P�G �U�I�F �M�B�T�U�2 �X�P�S�E�T �U�I�F�Z �I�B�W�F �P�C�T�F�S�W�F�E���‘

�\ �8�L�I �R�S�X�E�X�M�S�R �S�J �(�I �:�]�P�H�I�V �E�R�H
�8�Y�]�P�W ���X�Z�Z�[�
 �Q�E�T�W �X�S �S�Y�V�W �E�W �J�S�P��
�P�S�[�W���O⇝ �, ���, ⇝ �2���N�J⇝ �D�J��
�Y�J⇝ �R�J���T(�L)⇝ �b�L �S⇝ �E��
�k⇝ �æ���Q�S�W�X�P�]�
�� �E�R�H�l⇝ �̄@��

�" �T�Q�F�B�L�F�S �X�J�M�M �V�U�U�F�S
�B �X�P�S�E �C�B�T�F�E �P�O �U�I�F �S�F�M�B�U�J�W�F �G�S�F�R�V�F�O�D�J�F�T �P�G �U�I�F �X�P�S�E�T �J�O �I�F�S �R�V�F�V�F�� �'�P�S�N�B�M�M�Z�
 �X�F �X�S�J�U�F
�D= (�D��, . . . , �D�, ) �G�P�S �U�I�F �W�F�D�U�P�S �P�G�D�P�V�O�U�T�
 �J���F���D�L�U�I�F �U�I�F �O�V�N�C�F�S �P�G�L���T �J�O �U�I�F �R�V�F�V�F�� ���F
�D�P�V�O�U�T �D�P�S�S�F�T�Q�P�O�E �U�P �	�S�F�M�B�U�J�W�F�
 �G�S�F�R�V�F�O�D�J�F�T�æ= (�b��, . . . , �b�, ) �X�I�F�S�F�b�L = �D�L/�2�� ���F
�Q�P�J�O�U�æ= (��.��, ��.��, ��.��) �J�O ���H�V�S�F�‹���Œ�G�P�S �F�Y�B�N�Q�M�F �E�F�Q�J�D�U�T �U�I�F �G�S�F�R�V�F�O�D�J�F�T �P�G�, = ��
�X�P�S�E�T �J�O �B �R�V�F�V�F �P�G �M�F�O�H�U�I�2 = ���� �X�J�U�I �Š �P�D�D�V�S�S�F�O�D�F�T �P�G�X���
 �‹ �P�G�X�� �B�O�E �• �P�G�X����
�#�Z �A�G�S�F�R�V�F�O�D�J�F�T���æ�X�F �G�S�P�N �O�P�X �P�O �N�F�B�O�S�F�M�B�U�J�W�F�G�S�F�R�V�F�O�D�J�F�T �B�O�E �X�F �B�M�T�P �D�B�M�M�æ�U�I�F
�M�B�O�H�V�B�H�F�P�G �B�O �B�H�F�O�U�� ���F �G�S�F�R�V�F�O�D�J�F�T �M�J�F �J�O �B �E�J�T�D�S�F�U�F �T�V�C�T�F�U�E�2 �P�G �U�I�F �T�J�N�Q�M�F�Y �X�I�J�D�I
�E�F�Q�F�O�E�T �P�O �U�I�F �T�J�[�F �P�G �U�I�F �R�V�F�V�F�2 �	�T�F�F ���H�V�S�F�‹���•�
��

�(�J�W�F�O �B �M�B�O�H�V�B�H�F�
 �B�S�F�T�Q�P�O�T�F �G�V�O�D�U�J�P�O�S�E�F�U�F�S�N�J�O�F�T �X�J�U�I �X�I�B�U �Q�S�P�C�B�C�J�M�J�U�Z �F�B�D�I �X�P�S�E
�J�T �V�U�U�F�S�F�E�� �$�P�O�T�J�E�F�S �G�P�S �F�Y�B�N�Q�M�F �U�I�F �S�F�T�Q�P�O�T�F �G�V�O�D�U�J�P�O�S�U�I�B�U �Q�V�U�T �B�M�M �N�B�T�T �P�O �U�I�F �N�P�T�U
�G�S�F�R�V�F�O�U �X�P�S�E�� �*�O �P�V�S �F�Y�B�N�Q�M�F �X�J�U�I�æ= (��.��, ��.��, ��.��) �U�I�J�T �N�F�B�O�T �U�I�B�U�S(�æ) = (��, ��, ��)�

�T�P �U�I�F �Q�S�P�C�B�C�J�M�J�U�Z �P�G �V�U�U�F�S�J�O�H�X�� �J�T�Q(�Y= �X�� | �æ) = ���� �.�P�S�F �H�F�O�F�S�B�M�M�Z�
�S: �E→ �E�N�B�Q�T
�U�I�F �M�B�O�H�V�B�H�F�æ�" �P�G �B�H�F�O�U�" �U�P �B�X�P�S�E �E�J�T�U�S�J�C�V�U�J�P�O�@�" := �S(�[�")�
 �T�V�D�I �U�I�B�U �U�I�F �Q�S�P�C�B�C�J�M�J�U�Z
�P�G �V�U�U�F�S�J�O�H �X�P�S�E�Y= �X�L�J�T

�Q(�Y= �X�L | �") = �b�",�L, �X�I�F�S�F�b�",�L=
[
�S(�æ�")

]
�L �	�‹���‹�
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�I�P�X �U�I�F �M�B�O�H�V�B�H�F�æ�P�G �B �I�F�B�S�F�S �D�I�B�O�H�F�T �E�V�S�J�O�H �B�O �J�O�U�F�S�B�D�U�J�P�O�� ���F �P�O�M�Z �U�I�J�O�H �U�I�B�U
�N�B�U�U�F�S�T �J�T �U�I�F �Q�S�P�C�B�C�J�M�J�U�Z �P�G �I�F�B�S�J�O�H �B �X�P�S�E�
 �O�P�U �X�I�J�D�I �T�Q�F�B�L�F�S �V�U�U�F�S�F�E �J�U�� �8�F �P�C�U�B�J�O
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�^�Z�- �G�S�Y�R�X�I�H �V�I�J�I�V�I�R�G�I�W �X�S �T�E��
�T�I�V�W �G�S�Q�M�R�K �J�V�S�Q �X�L�I �K�V�S�Y�T �S�J
�I�M�X�L�I�V �/�M�V�F�] ���ã�à�
 �S�V �7�X�I�I�P�W ���Þ�å�
��
�%�P�P �W�I�V�M�S�Y�W �T�E�T�I�V�W �M�R �I�M�X�L�I�V �X�V�E��
�H�M�X�M�S�R �G�M�X�I �I�\�X�I�R�W�M�Z�I�P�] �J�V�S�Q �X�L�I
�[�S�V�O �S�J �X�L�I �V�I�W�T�I�G�X�M�Z�I �K�V�S�Y�T�W��

�" �Q�B�Q�F�S �C�Z �-�V�D �4�U�F�F�M�T �	�Š�ˆ�‰�Ž�
 �X�J�U�I
�U�I�F �J�O�D�M�V�T�J�W�F �U�J�U�M�F�"�H�F�O�U���C�B�T�F�E �N�P�E�F�M�T �G�P�S �U�I�F �F�N�F�S�H�F�O�D�F �B�O�E �F�W�P�M�V�U�J�P�O �P�G �M�B�O�H�V�B�H�F�T�D�J�U�F�T
�B �H�S�B�O�E �U�P�U�B�M �P�G �[�F�S�P �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H �Q�B�Q�F�S�T�� �4�P�N�F �Z�F�B�S�T �F�B�S�M�J�F�S�
 �4�U�F�F�M�T �	�Š�ˆ�‰�‰�
 �T�D�P�S�F�T
�‹���‰�Š�ˆ �J�O �B �S�F�W�J�F�X �D�B�M�M�F�E�.�P�E�F�M�M�J�O�H �U�I�F �D�V�M�U�V�S�B�M �F�W�P�M�V�U�J�P�O �P�G �M�B�O�H�V�B�H�F�� �"�U �M�F�B�T�U �U�I�F �U�S�B��
�E�J�U�J�P�O�T �N�F�F�U �J�O �N�V�U�V�B�M �O�F�H�M�F�D�U�����F �D�V�M�U�V�S�B�M �F�W�P�M�V�U�J�P�O �P�G �M�B�O�H�V�B�H�F�	�5�B�N�B�S�J�[ �B�O�E �,�J�S�C�Z
�Š�ˆ�‰�Ž�
 �T�D�P�S�F�T�‰�‰

�^� �̂%�H�Q�M�X�X�I�H�P�]�� �8�E�Q�E�V�M�^ �E�R�H �/�M�V�F�]
���X�Z�^�[�
 �H�S�I�W�G�M�X�I �X�L�I �I�\�T�I�V�M�Q�I�R��
�X�E�P �W�I�Q�M�S�X�M�G�W �P�M�X�I�V�E�X�Y�V�I�� �&�Y�X
�X�L�I�R �E�K�E�M�R�� �M�X �H�S�I�W�R�S�X�M�R�G�P�Y�H�I
�7�X�I�I�P�W �Y�R�H�I�V �X�L�I �L�I�E�H�M�R�K �„�R�E�Q�M�R�K
�K�E�Q�I�W�… ���X�E�F�P�I �^�
�� �Y�R�H�I�V �[�L�M�G�L �[�I
�H�S �¼�R�H �W�S�Q�I �T�E�T�I�V�W �J�V�S�Q �/�M�V�F�]�…�W
�K�V�S�Y�T��

�‰���•�‹ �B�O�E �,�J�S�C�Z�
 �(�S�J���U�I�T�
 �B�O�E �4�N�J�U�I �	�Š�ˆ�‰�Œ�
 �Š���Ž�ˆ�� �#�V�U �U�I�F�O �B�H�B�J�O�
 �U�I�F
�M�B�U�U�F�S �Q�B�Q�F�S �J�T �D�B�M�M�F�E�*�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H �B�O�E �U�I�F �F�W�P�M�V�U�J�P�O �P�G �M�B�O�H�V�B�H�F��

�" �D�B�T�F �P�G �J�O�D�P�N�N�F�O�T�V�S�B�C�M�F �Q�B�S�B�E�J�H�N�T� �*�O �U�I�J�T �D�I�B�Q�U�F�S�
 �* �X�J�M�M �B�S�H�V�F �U�I�F �P�Q�Q�P�T�J�U�F��
�'�B�S �G�S�P�N �C�F�J�O�H �J�O�D�P�N�N�F�O�T�V�S�B�C�M�F�
 �#�B�Z�F�T�J�B�O �N�P�E�F�M�T �P�G �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H �B�O�E �O�B�N�J�O�H
�H�B�N�F�T �O�B�U�V�S�B�M�M�Z �N�F�F�U �J�O �B �N�P�E�F�M �* �X�J�M�M �D�B�M�M �U�I�F�#�B�Z�F�T�J�B�O �M�B�O�H�V�B�H�F �H�B�N�F�� ���J�T �X�J�M�M �C�F
�U�I�F �F�Y�U�F�O�T�J�P�O �P�G �B �#�B�Z�F�T�J�B�O�O�B�N�J�O�H�H�B�N�F�
 �U�P �C�F �J�O�U�S�P�E�V�D�F�E ���S�T�U�� �4�F�W�F�S�B�M �D�M�P�T�F�M�Z �S�F�M�B�U�F�E
�N�P�E�F�M�T �D�B�O �C�F �G�P�V�O�E �J�O �U�I�F �M�J�U�F�S�B�U�V�S�F�
 �C�V�U�
 �U�P �U�I�F �C�F�T�U �P�G �N�Z �L�O�P�X�M�F�E�H�F�
 �I�B�W�F �O�F�W�F�S �C�F�F�O
�V�T�F�E �U�P �D�P�O�O�F�D�U �U�I�F �U�X�P �U�S�B�E�J�U�J�P�O�T�� �* �S�F�W�J�F�X �S�F�M�B�U�F�E �X�P�S�L �B�U �U�I�F �F�O�E �P�G �U�I�J�T �D�I�B�Q�U�F�S �B�O�E
�X�P�V�M�E �M�J�L�F �U�P �T�U�B�S�U �X�I�F�S�F �X�F �M�F�� �P�� �J�O �U�I�F �Q�S�F�W�J�P�V�T �D�I�B�Q�U�F�S�� �U�I�F �D�P�O�W�F�S�H�F�O�D�F �Q�S�P�P�G �P�G
�U�I�F �O�B�N�J�O�H �H�B�N�F��

�8�L�I �&�E�]�I�W�M�E�R �R�E�Q�M�R�K �K�E�Q�I
���F �#�B�Z�F�T�J�B�O �O�B�N�J�O�H �H�B�N�F�D�B�O �C�F �T�F�F�O �B�T �B�O �F�Y�U�F�O�T�J�P�O �P�G �U�I�F �O�B�N�J�O�H �H�B�N�F �T�U�V�E�J�F�E �C�Z
�%�F �7�Z�M�E�F�S �B�O�E �5�V�Z�M�T �	�Š�ˆ�ˆ�Ž�
�� �8�F �N�B�L�F �T�J�N�J�M�B�S �T�J�N�Q�M�J���D�B�U�J�P�O�T �B�O�E �B�T�T�V�N�F �B�M�M�/ �B�H�F�O�U�T
�B�M�S�F�B�E�Z �L�O�P�X �X�P�S�E�T�X��, . . . , �X�, �
 �B�O�E �O�F�F�E �U�P �O�F�H�P�U�J�B�U�F �X�I�J�D�I �P�G �U�I�F�T�F �X�P�S�E�T �U�P �V�T�F �G�P�S
�U�I�F �T�J�O�H�M�F �P�C�K�F�D�U �B�U �I�B�O�E�� �&�B�D�I �B�H�F�O�U �I�B�T �B�O �J�O�U�F�S�O�B�M �M�B�O�H�V�B�H�F�æ�
 �B �E�J�T�U�S�J�C�V�U�J�P�O �P�W�F�S �U�I�F
�, �X�P�S�E�T�
 �C�B�T�F�E �P�O �X�I�J�D�I �J�U �Q�S�P�E�V�D�F�T �X�P�S�E�T�Y�V�T�J�O�H �T�P�N�F �Q�S�P�E�V�D�U�J�P�O �T�U�S�B�U�F�H�Z�� �* �V�T�F
�U�I�J�T �O�B�N�J�O�H �H�B�N�F �J�O�U�F�S�Q�S�F�U�B�U�J�P�O �U�I�S�P�V�H�I�P�V�U �U�I�F �D�I�B�Q�U�F�S�
 �C�V�U �J�U �T�I�P�V�M�E �C�F �O�P�U�F�E �U�I�B�U
�U�I�F �M�B�O�H�V�B�H�F�æ�I�B�T �B�M�T�P �C�F �J�O�U�F�S�Q�S�F�U�F�E �B�T �B �E�J�T�U�S�J�C�V�U�J�P�O �P�W�F�S �W�B�S�J�P�V�T �M�J�O�H�V�J�T�U�J�D �W�B�S�J�B�O�U�T��
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�G�S�F�R�V�F�O�D�J�F�T �P�G �W�B�S�J�B�O�U�T �P�G �B �M�J�O�H�V�J�T�U�J�D �G�P�S�N �B�U �W�B�S�J�P�V�T �M�F�W�F�M�T �P�G �S�F�Q�S�F�T�F�O�U�B�U�J�P�O�
 �J�O�D�M�V�E��
�J�O�H �Q�I�P�O�P�M�P�H�Z�
 �N�P�S�Q�I�P�M�P�H�Z�
 �B�O�E �T�Z�O�U�B�Y�w�� �'�F�S�E�J�O�B�O�E �B�O�E �;�V�J�E�F�N�B �	�Š�ˆ�ˆ�‘�
 �S�F�Q�S�F�T�F�O�U
�M�B�O�H�V�B�H�F�T �J�O �B �T�J�N�J�M�B�S �G�B�T�I�J�P�O��
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 �A�M�F�B�S�O�F�E�� �U�I�F�J�S �M�B�O�H�V�B�H�F �C�Z �D�P�N��
�Q�V�U�J�O�H �U�I�F �S�F�M�B�U�J�W�F �G�S�F�R�V�F�O�D�J�F�T �P�G �P�C�T�F�S�W�F�E �X�P�S�E�T�� �)�F�S�F�
 �U�I�F �#�B�Z�F�T�J�B�O �O�B�N�J�O�H �H�B�N�F
�U�B�L�F�T �B �E�J���F�S�F�O�U �U�V�S�O�� �'�P�M�M�P�X�J�O�H �#�B�Z�F�T�J�B�O �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H �N�P�E�F�M�T�
 �J�U �B�T�T�V�N�F�T �U�I�B�U
�B�H�F�O�U�T �B�S�F �#�B�Z�F�T�J�B�O �S�F�B�T�P�O�F�S�T �V�Q�E�B�U�J�O�H �U�I�F�J�S �M�B�O�H�V�B�H�F �V�T�J�O�H �#�B�Z�F�T�� �S�V�M�F�� �*�O �P�U�I�F�S �X�P�S�E�T�

�U�I�F�Z �V�T�F �#�B�Z�F�T�J�B�O �V�Q�E�B�U�J�O�H �B�T �B�O�B�M�J�H�O�N�F�O�U �T�U�S�B�U�F�H�Z�� �"���F�S �P�C�T�F�S�W�J�O�H �V�U�U�F�S�B�O�D�F�T�Y�
 �U�I�F
�B�H�F�O�U �J�O�G�F�S�T �U�I�F �Q�P�T�U�F�S�J�P�S �E�J�T�U�S�J�C�V�U�J�P�O �P�W�F�S �M�B�O�H�V�B�H�F�T

�Q(�æ| �Y) ∝ �Q(�Y| �æ) · �Q(�æ), �	�Œ���‰�


�B�O�E�T�B�N�Q�M�F�T�B �M�B�O�H�V�B�H�F �B�D�D�P�S�E�J�O�H�M�Z �	�P�U�I�F�S �T�U�S�B�U�F�H�J�F�T �B�S�F �E�J�T�D�V�T�T�F�E �M�B�U�F�S�
�� �+�V�T�U �M�J�L�F �J�U�F�S��
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 �U�I�F �C�J�B�T�F�T �P�G �U�I�F �B�H�F�O�U �F�O�U�F�S �U�I�F �N�P�E�F�M �F�Y�Q�M�J�D�J�U�M�Z �J�O �U�I�F �G�P�S�N �P�G
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�*�ã�å�×�Ú�( �W���^�8�L�I �(�M�V�M�G�L�P�I�X �H�M�W�X�V�M�F�Y�X�M�S�R
�J�S�V �Z�E�V�M�S�Y�W �T�E�V�E�Q�I�X�I�V �W�I�X�X�M�R�K�W�� �8�L�I
�(�M�V�M�G�L�P�I�X �G�E�R �F�I �T�E�V�E�Q�I�X�V�M�W�I�H �F�] �E
�T�S�M�R�X�ê�M�R �X�L�I �W�M�Q�T�P�I�\ �E�R�H �E �W�G�E�P�E�V
�\�� �8�L�I �Q�I�E�R �S�J �X�L�I �H�M�W�X�V�M�F�Y�X�M�S�R �M�W
�H�I�X�I�V�Q�M�R�I�H �F�]�ê�E�R�H�\ �M�R�½�Y�I�R�G�I�W
�X�L�I �Z�E�V�M�E�R�G�I�� �8�L�I �¼�V�W�X �V�S�[ ���%�•�(�

�H�I�Q�S�R�W�X�V�E�X�I�W �X�L�I �I�J�J�I�G�X �S�J�\ �[�L�M�P�I
�¼�\�M�R�K�ê= (��/��, ��/��, ��/��)�� �X�L�I �W�I�G�S�R�H
�V�S�[ ���)�•�,�
 �X�L�I �I�J�J�I�G�X �S�J�ê�[�L�M�P�I
�O�I�I�T�M�R�K�\ = ���� �¼�\�I�H�� �2�S�X�I �X�L�E�X
�[�M�X�L�\ · �ê= (��, ��, ��) ���W�Y�F�¼�K�Y�V�I �&�

�S�R�I �K�I�X�W �E �Y�R�M�J�S�V�Q �H�M�W�X�V�M�F�Y�X�M�S�R �S�Z�I�V
�X�L�I �W�M�Q�T�P�I�\��

�æ�ã�å�Z�X�*�M�K�Y�V�I �T�V�S�H�Y�G�I�H �Y�W��
�M�R�K �G�S�H�I �F�] �8�L�S�Q�E�W �&�S�K�K�W �E�X
�K�M�W�X���K�M�X�L�Y�F���G�S�Q���X�F�S�K�K�W���]�Y�Y�]�\�W�V

�B �Q�S�J�P�S�Q(�æ)�� �#�V�U �U�I�F�S�F �J�T �B�O �J�N�Q�P�S�U�B�O�U �E�J���F�S�F�O�D�F�� �"�H�F�O�U�T �F�O�H�B�H�F �J�O �N�V�M�U�J�Q�M�F �F�O�D�P�V�O��
�U�F�S�T �B�O�E �F�W�F�S�Z �U�J�N�F �B �I�F�B�S�F�S �J�O�U�F�S�B�D�U�
 �J�U�T�C�F�M�J�F�G�T�B�C�P�V�U �U�I�F �M�B�O�H�V�B�H�F �J�U �T�I�P�V�M�E �V�T�F�
 �I�B�W�F
�U�P �C�F �V�Q�E�B�U�F�E�� ���F �U�I�F �Q�P�T�U�F�S�J�P�S �C�F�M�J�F�G�T�Q(�æ| �Y�U) �J�O�G�F�S�S�F�E �E�V�S�J�O�H �J�O�U�F�S�B�D�U�J�P�O�U�T�I�P�V�M�E
�U�I�V�T �T�F�S�W�F �B�T �U�I�F �Q�S�J�P�S �C�F�M�J�F�G�T�Q�U+��(�æ) �J�O �S�P�V�O�E�U+ ���� �4�U�S�J�D�U�M�Z �T�Q�F�B�L�J�O�H�
 �* �V�T�F �A�Q�S�J�P�S�� �B�T
�B �U�F�D�I�O�J�D�B�M �U�F�S�N �G�P�S �U�I�F �E�J�T�U�S�J�C�V�U�J�P�O�Q�U(�æ)�� �*�U �D�B�O �C�F�J�O�U�F�S�Q�S�F�U�F�E�B�T �U�I�F �A�C�F�M�J�F�G�T�� �P�G �U�I�F
�B�H�F�O�U�� �*�O �U�I�F ���S�T�U �S�P�V�O�E�
 �U�I�F �Q�S�J�P�S �F�O�D�P�E�F�T �U�I�F�	�J�O�O�B�U�F�
 �C�J�B�T�F�T�
 �C�V�U �M�B�U�F�S �J�O �U�I�F �H�B�N�F�
 �J�U
�F�O�D�P�E�F�T �C�P�U�I �J�O�O�B�U�F �C�J�B�T�F�T �B�O�E�Q�B�T�U �F�Y�Q�F�S�J�F�O�D�F�� �'�P�S �T�J�N�Q�M�J�D�J�U�Z�
 �* �D�P�O�T�J�T�U�F�O�U�M�Z �T�Q�F�B�L �P�G
�J�O�O�B�U�F�C�J�B�T�F�T�
 �C�V�U �B �N�P�S�F �N�P�S�F �Q�S�F�D�J�T�F �S�F�B�E�J�O�H �X�P�V�M�E �C�F �i�F�W�F�S�Z�U�I�J�O�H �U�I�B�U �U�I�F �M�F�B�S�O�F�S
�C�S�J�O�H�T �U�P �U�I�F �U�B�T�L �J�O�E�F�Q�F�O�E�F�O�U �P�G �U�I�F �E�B�U�B�w �	�,�J�S�C�Z�
 �4�N�J�U�I�
 �B�O�E �#�S�J�H�I�U�P�O�Š�ˆ�ˆ�Œ�
�� ���F
�E�J�T�U�J�O�D�U�J�P�O �C�F�D�P�N�F�T �S�F�M�F�W�B�O�U �J�O �D�I�B�Q�U�F�S�Ž��

�*�O �H�F�O�F�S�B�M �U�F�S�N�T�
 �S�P�V�O�E�U�J�O �U�I�F �#�B�Z�F�T�J�B�O �O�B�N�J�O�H �H�B�N�F �I�B�T �U�I�F �G�P�M�M�P�X�J�O�H �T�D�S�J�Q�U��

�t �" �I�F�B�S�F�S�) �B�O�E �T�Q�F�B�L�F�S�4�B�S�F �S�B�O�E�P�N�M�Z �T�F�M�F�D�U�F�E �G�S�P�N �U�I�F �Q�P�Q�V�M�B�U�J�P�O��
�t ���F �T�Q�F�B�L�F�S �T�B�N�Q�M�F�T �B �M�B�O�H�V�B�H�F�æ�U�G�S�P�N �I�F�S �Q�S�J�P�S �E�J�T�U�S�J�C�V�U�J�P�O�Q�4,�U(�æ)�� ���J�T �J�T

�U�I�F �Q�P�T�U�F�S�J�P�S�Q�4(�æ| �Y�U′) �J�O�G�F�S�S�F�E �E�V�S�J�O�H �U�I�F �M�B�T�U �J�O�U�F�S�B�D�U�J�P�O�U′ �T�I�F �F�O�H�B�H�F�E �J�O
�B�T �B �I�F�B�S�F�S�� ���F �T�F�M�F�D�U�F�E �M�B�O�H�V�B�H�F �E�F���O�F�T �B �E�J�T�U�S�J�C�V�U�J�P�O�Q(�Y| �æ�U) �P�W�F�S �X�P�S�E�T��
�4�I�F �T�B�N�Q�M�F�T�C�X�P�S�E�T�Y�U= (�Y��, . . . , �Y�C) �G�S�P�N �U�I�B�U �E�J�T�U�S�J�C�V�U�J�P�O �B�O�E �D�P�N�N�V�O�J�D�B�U�F�T
�U�I�P�T�F �U�P �U�I�F �I�F�B�S�F�S��

�t ���F �I�F�B�S�F�S �V�Q�E�B�U�F�T �I�J�T �C�F�M�J�F�G�T�Q�) ,�U+��(�æ) := �Q�) (�æ| �Y�U) �U�P �U�I�F �Q�P�T�U�F�S�J�P�S�
 �X�I�J�D�I
�J�T �Q�S�P�Q�P�S�U�J�P�O�B�M �U�P�Q(�Y�U| �æ) · �Q�) ,�U(�æ)�� �"�M�M �P�U�I�F�S �B�H�F�O�U�T�"�
 �J�O�D�M�V�E�J�O�H �U�I�F �T�Q�F�B�L�F�S�

�N�B�J�O�U�B�J�O �U�I�F�J�S �D�V�S�S�F�O�U �C�F�M�J�F�G�T���Q�",�U+��(�æ) := �Q�",�U(�æ)��

���J�T �T�D�S�J�Q�U �P�V�U�M�J�O�F�T �B �H�F�O�F�S�B�M �G�S�B�N�F�X�P�S�L �G�P�S �#�B�Z�F�T�J�B�O �O�B�N�J�O�H �H�B�N�F�T�� ���J�T �D�I�B�Q�U�F�S �E�J�T��
�D�V�T�T�F�T �P�O�F �T�Q�F�D�J���D �J�O�T�U�B�O�U�J�B�U�J�P�O�
 �B�%�J�S�J�D�I�M�F�U���D�B�U�F�H�P�S�J�D�B�M �O�B�N�J�O�H �H�B�N�F�
 �C�V�U �J�U �T�I�P�V�M�E �C�F
�O�P�U�F�E �U�I�B�U �U�I�F �Q�S�P�Q�P�T�F�E �G�S�B�N�F�X�P�S�L �J�T �N�P�S�F �H�F�O�F�S�B�M��

�0�O �B �Q�S�B�D�U�J�D�B�M �O�P�U�F�
 �B �N�B�U�I�F�N�B�U�J�D�B�M �E�F�W�F�M�P�Q�N�F�O�U �P�G �U�I�F �N�P�E�F�M �J�T �J�O�D�M�V�E�F�E �J�O �B�Q��
�Q�F�O�E�J�Y�$�� ���F �U�S�F�B�U�N�F�O�U �J�O �U�I�F �N�B�J�O �U�F�Y�U �J�T �J�O�G�P�S�N�B�M �B�O�E �U�P �L�F�F�Q �U�I�F �O�P�U�B�U�J�P�O �V�O�D�M�V�U��
�U�F�S�F�E�
 �E�F�M�J�C�F�S�B�U�F�M�Z �T�M�P�Q�Q�Z�� �* �E�P �O�P�U �E�F�D�P�S�B�U�F �W�B�S�J�B�C�M�F�T �X�J�U�I �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �B�H�F�O�U�

�U�J�N�F �P�S �J�O�E�F�Y�
 �V�O�M�F�T�T �T�U�S�J�D�U�M�Z �O�F�D�F�T�T�B�S�Z��

�Œ�‹
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�®�� �#�B�Z�F�T�J�B�O �-�B�O�H�V�B�H�F �(�B�N�F�T

�8�L�I �(�M�V�M�G�L�P�I�X���G�E�X�I�K�S�V�M�G�E�P �R�E�Q�M�R�K �K�E�Q�I
�'�P�M�M�P�X�J�O�H �%�F �7�Z�M�E�F�S �B�O�E �5�V�Z�M�T �	�Š�ˆ�ˆ�Ž�
�
 �U�I�F �J�O�U�F�S�O�B�M �M�B�O�H�V�B�H�F�æ�P�G �B�O �B�H�F�O�U �J�T �B �D�B�U�F��
�H�P�S�J�D�B�M �E�J�T�U�S�J�C�V�U�J�P�O�T �P�W�F�S �X�P�S�E�T�
 �C�V�U �X�I�B�U �T�I�P�V�M�E �U�I�F �Q�S�J�P�S �E�J�T�U�S�J�C�V�U�J�P�O �P�W�F�S �M�B�O�H�V�B�H�F�T
�M�P�P�L �M�J�L�F� ���F �P�C�W�J�P�V�T �D�B�O�E�J�E�B�U�F �J�T �U�I�F�%�J�S�J�D�I�M�F�U �E�J�T�U�S�J�C�V�U�J�P�O�
 �C�F�D�B�V�T�F �J�U �J�T �U�I�F�D�P�O�K�V�H�B�U�F
�Q�S�J�P�S�P�G �U�I�F �D�B�U�F�H�P�S�J�D�B�M�� ���J�T �N�F�B�O�T �U�I�B�U �U�I�F �Q�P�T�U�F�S�J�P�S �E�J�T�U�S�J�C�V�U�J�P�O �I�B�T �U�I�F �T�B�N�F �Q�B�S�B��
�N�F�U�S�J�D �G�P�S�N �B�T �U�I�F �Q�S�J�P�S�
 �J���F�� �U�I�F �Q�P�T�U�F�S�J�P�S �X�J�M�M �B�M�T�P �C�F �B �%�J�S�J�D�I�M�F�U�� �*�G �U�I�F �Q�S�J�P�S �B�U �U�J�N�F�U
�J�T �Q�B�S�B�N�F�U�S�J�T�F�E �C�Z �T�P�N�F �Q�B�S�B�N�F�U�F�S �W�F�D�U�P�S�ß�U�
 �U�I�F�I�Z�Q�F�S�Q�B�S�B�N�F�U�F�S�
 �U�I�F�O �Q�P�T�U�F�S�J�P�S �J�O�G�F�S��
�F�O�D�F �B�N�P�V�O�U�T �U�P �E�F�U�F�S�N�J�O�J�O�H �U�I�F �O�F�X �I�Z�Q�F�S�Q�B�S�B�N�F�U�F�S�ß�U+���
 �X�I�J�D�I �D�B�O �P���F�O �C�F �E�P�O�F
�B�O�B�M�Z�U�J�D�B�M�M�Z�� �4�P �J�O �U�F�S�N�T �P�G �U�I�F �#�B�Z�F�T�J�B�O �O�B�N�J�O�H �H�B�N�F�
 �I�F�B�S�F�S�T �P�O�M�Z �O�F�F�E �U�P �D�I�B�O�H�F �U�I�F
�I�Z�Q�F�S�Q�B�S�B�N�F�U�F�S �B���F�S �B�O �J�O�U�F�S�B�D�U�J�P�O �U�P �V�Q�E�B�U�F �U�I�F�J�S �C�F�M�J�F�G�T��

���F �%�J�S�J�D�I�M�F�U �E�J�T�U�S�J�C�V�U�J�P�O �J�T �E�F���O�F�E �P�W�F�S �U�I�F�F�O�U�J�S�F�T�J�N�Q�M�F�Y �‰ �O�P�U �K�V�T�U �P�W�F�S �U�I�F ���O�J�U�F
�T�V�C�T�F�U�E�2�
 �B�T �X�J�U�I �U�I�F �N�V�M�U�J�O�P�N�J�B�M �J�O �%�F �7�Z�M�E�F�S �B�O�E �5�V�Z�M�T �	�Š�ˆ�ˆ�Ž�
 �‰ �B�O�E �U�I�V�T �B�T�T�J�H�O�T
�B �Q�S�P�C�B�C�J�M�J�U�Z �U�P�F�W�F�S�Z�M�B�O�H�V�B�H�F�
�F�W�F�S�Z�E�J�T�U�S�J�C�V�U�J�P�O �P�W�F�S�, �X�P�S�E�T�� �*�U �J�T �Q�B�S�B�N�F�U�S�J�T�F�E �C�Z �B
�W�F�D�U�P�S�ß= (�[��, . . . , �[�, )�
 �C�V�U �J�U �J�T �P���F�O �D�P�O�W�F�O�J�F�O�U �U�P �T�Q�M�J�U �U�I�J�T �J�O�U�P �B �O�P�S�N�B�M�J�T�F�E �W�F�D�U�P�S
�ê�B�O�E �B �T�D�B�M�B�S �Q�B�S�B�N�F�U�F�S�\ > �� �B�O�E �V�T�F�ß= �\ · �ê�� ���F �W�F�D�U�P�S�ê�
 �T�J�O�D�F �J�U �T�V�N�T �U�P �‰�

�M�J�F�T �J�O �U�I�F �T�J�N�Q�M�F�Y �B�O�E �E�F�U�F�S�N�J�O�F�T �U�I�F �N�F�B�O �P�G �U�I�F �E�J�T�U�S�J�C�V�U�J�P�O���\ �J�T �B �L�J�O�E �P�G �J�O�W�F�S�T�F
�W�B�S�J�B�O�D�F�
 �X�J�U�I �M�B�S�H�F�S �W�B�M�V�F�T �P�G�\ �S�F�T�V�M�U�J�O�H �J�O �T�N�B�M�M�F�S �W�B�S�J�B�O�D�F�� �'�J�H�V�S�F�Œ���‰�J�M�M�V�T�U�S�B�U�F�T
�T�F�W�F�S�B�M �E�J���F�S�F�O�U �Q�B�S�B�N�F�U�F�S�J�T�B�U�J�P�O�T��

�8�J�U�I �U�I�J�T �D�P�O�K�V�H�B�U�F �Q�S�J�P�S�
 �Q�P�T�U�F�S�J�P�S �J�O�G�F�S�F�O�D�F �B�N�P�V�O�U�T �U�P �V�Q�E�B�U�J�O�H �U�I�F �I�Z�Q�F�S�Q�B�S�B�N��
�F�U�F�S�ß�‰ �C�V�U �I�P�X� �4�V�Q�Q�P�T�F �U�I�F �I�F�B�S�F�S �S�F�D�F�J�W�F�T �X�P�S�E�T�Y�U= (�Y��, . . . , �Y�C) �‰ �I�F�S�F�C�J�T �U�I�F
�C�P�U�U�M�F�O�F�D�L �T�J�[�F�‰ �B�O�E �M�F�U�D�U= (�D��, . . . , �D�, ) �E�F�O�P�U�F �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �W�F�D�U�P�S �P�G �D�P�V�O�U�T�

�T�V�D�I �U�I�B�U�D�L �J�T �U�I�F �O�V�N�C�F�S �P�G�L���T �J�O�Y�� �*�G�ß�U�J�T �U�I�F �Q�S�F�W�J�P�V�T �I�Z�Q�F�S�Q�B�S�B�N�F�U�F�S�
 �U�I�F�O �U�I�F
�Q�P�T�U�F�S�J�P�S �P�G �U�I�F �I�F�B�S�F�S �J�T

�Q(�æ| �Y�U) = �%�J�S�J�D�I�M�F�U(�æ| �ß�U+ �D�U), �	�Œ���Š�


�B�O�E �U�I�F �C�F�M�J�F�G �V�Q�E�B�U�F �B�N�P�V�O�U�T �O�P�U�I�J�O�H �N�P�S�F �U�I�B�O�ß�U+�� := �ß�U+ �D�U�� ���F �%�J�S�J�D�I�M�F�U��
�D�B�U�F�H�P�S�J�D�B�M�	�1�0�
 �O�B�N�J�O�H �H�B�N�F �X�F �I�B�W�F �E�F���O�F�E �D�B�O �O�P�X �C�F �T�V�N�N�B�S�J�T�F�E �B�T

�@�=�2�.�8�2�?

{
�æ�U| �ß�U−�� ∼ �%�J�S�J�D�I�M�F�U

(
�ß�U−��

)
�Y�J| �æ�U ∼ �$�B�U�F�H�P�S�J�D�B�M

(
�æ�U
)
, �J= ��, . . . , �C.

�	�Œ���‹�


�5�2�.�?�2�? �ß�U+�� := �ß�U+ �D�U �	�Œ���Œ�


�/�P�U�F �U�I�B�U �U�I�F �T�Q�F�B�L�F�S �T�U�J�M�M�T�B�N�Q�M�F�T�C�P�U�I �M�B�O�H�V�B�H�F�T �B�O�E �Q�S�P�E�V�D�U�J�P�O�T�� �0�U�I�F�S �T�U�S�B�U�F�H�J�F�T
�B�S�F �E�J�T�D�V�T�T�F�E �M�B�U�F�S��

�Ü�Ú�ã�Ý�Ú�Ù�� �2�(�à�ã�(�æ�Ù�� �ã�Þ�Þ�3�Ø�( �2�ã�3�Ù�(�Ù�� �3�Þ�0 �Ü�3�Ù�Ø �(�Ô�Ü�(�Ú�ã�(�Þ�1�(�"�O �B�E�E�J�U�J�P�O�B�M �C�F�O�F���U �P�G �U�I�F�1�0
�O�B�N�J�O�H �H�B�N�F �J�T �U�I�B�U �J�U �U�S�B�O�T�Q�B�S�F�O�U�M�Z �S�F�Q�S�F�T�F�O�U�T �T�F�W�F�S�B�M �J�N�Q�P�S�U�B�O�U �D�P�O�D�F�Q�U�T�
 �X�I�J�D�I �J�T
�W�J�T�V�B�M�J�[�F�E �J�O ���H�V�S�F�Œ���Š�� �'�J�S�T�U �P�G �B�M�M�
 �X�F �D�B�O �T�F�Q�B�S�B�U�F �C�F�M�J�F�G�T �G�S�P�N �U�I�F �Q�S�J�P�S�� �* �X�J�M�M �D�B�M�M �U�I�F
�I�Z�Q�F�S�Q�B�S�B�N�F�U�F�S�ß�U�U�I�F�C�F�M�J�F�G�T�
 �T�J�O�D�F �U�I�P�T�F �B�S�F �V�Q�E�B�U�F�E �B���F�S �F�W�F�S�Z �J�O�U�F�S�B�D�U�J�P�O�
 �B�O�E �U�I�F
�E�J�T�U�S�J�C�V�U�J�P�O �%�J�S�J�D�I�M�F�U(�ß�U) �U�I�F�Q�S�J�P�S�� �3�F�D�B�M�M �U�I�B�U �U�I�F �Q�S�J�P�S �B�U�U= �� �F�O�D�P�E�F�T �U�I�F �J�O�O�B�U�F
�C�J�B�T�F�T�
 �C�V�U �J�O �M�B�U�F�S �F�O�D�P�V�O�U�F�S�T �D�B�Q�U�V�S�F�T �Q�B�T�U �F�Y�Q�F�S�J�F�O�D�F �B�T �X�F�M�M�� �6�O�S�B�W�F�M�J�O�H �T�V�D�D�F�T�T�J�W�F
�V�Q�E�B�U�F�T �P�G �U�I�F �C�F�M�J�F�G�T �C�S�J�O�H�T �U�I�J�T �G�B�D�U �U�P �U�I�F �G�P�S�F��

�ß�U+�� = �ß�� + �D�� + �D�� + · · ·+ �D�U= �ß�� + �D−�U, �	�Œ���•�
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�®���¬�� ���F �%�J�S�J�D�I�M�F�U���D�B�U�F�H�P�S�J�D�B�M �O�B�N�J�O�H �H�B�N�F

�Ù�Ü�(�3�á�(�Ú

�ß�U�D−�U�ß�� =+ �æ�U �Y�U
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B.     Coherence and reflectance
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�� ���F �T�B�N�F �T�U�S�B�U�F�H�J�F�T �D�B�O �C�F �J�O�U�S�P�E�V�D�F�E �J�O �#�B�Z�F�T�J�B�O �O�B�N�J�O�H �H�B�N�F�T�
 �V�T�J�O�H
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�&�Y�Q�P�O�F�O�U�J�B�U�J�P�O �T�I�J���T �U�I�F �E�J�T�U�S�J�C�V�U�J�P�O �U�P�X�B�S�E�T �J�U�T �N�P�E�F�
 �U�I�F �Q�P�J�O�U �X�J�U�I �I�J�H�I�F�T�U �Q�S�P�C�B��
�C�J�M�J�U�Z�
 �B�O�E �N�P�S�F�P�W�F�S �T�I�S�J�O�L�T �U�I�F �W�B�S�J�B�O�D�F�
 �B�T �J�M�M�V�T�U�S�B�U�F�E �J�O ���H�V�S�F�Œ���•�� �8�F �B�T�T�V�N�F �U�I�B�U
�B�H�F�O�U�T �P�O�M�Z �V�T�F �U�I�F �F�Y�Q�P�O�F�O�U�J�B�U�F�E �Q�P�T�U�F�S�J�P�S �E�V�S�J�O�H�Q�S�P�E�V�D�U�J�P�O�
 �B�O�E �V�T�F �U�I�F �O�P�S�N�B�M
�	�V�O���F�Y�Q�P�O�F�O�U�J�B�U�F�E�
 �Q�P�T�U�F�S�J�P�S �B�T �U�I�F �Q�S�J�P�S �J�O �U�I�F �O�F�Y�U �S�P�V�O�E�� �*�O �P�U�I�F�S �X�P�S�E�T�
 �B �I�F�B�S�F�S
�V�Q�E�B�U�F�T �J�U�T �C�F�M�J�F�G�T �U�P�ß�U+�� := �ß�U+ �D�U�
 �B�O�E�O�P�U�U�P�a(�ß�U− ��) + �� + �D�U�� ���J�T �N�F�B�O�T �U�I�B�U
�B�H�F�O�U�T �X�J�M�M �V�T�F �U�I�F �	�J�O�U�F�S�O�B�M�
 �M�B�O�H�V�B�H�F �U�I�F�Z �B�S�F �N�P�T�U �D�P�O���E�F�O�U �B�C�P�V�U�
 �C�V�U �S�F�N�F�N�C�F�S
�I�P�X �V�O�D�F�S�U�B�J�O �U�I�F�Z �X�F�S�F �B�C�P�V�U �P�U�I�F�S �M�B�O�H�V�B�H�F�T�� �"���F�S �B�M�M�
 �J�G �B�O �B�H�F�O�U �X�F�S�F �U�P �V�T�F �U�I�F
�F�Y�Q�P�O�F�O�U�J�B�U�F�E �Q�P�T�U�F�S�J�P�S �B�T �U�I�F �Q�S�J�P�S �J�O �U�I�F �O�F�Y�U �S�P�V�O�E�
 �J�U �X�P�V�M�E �F���F�D�U�J�W�F�M�Z �B�T�T�V�N�F �U�I�B�U
�U�I�F �M�B�O�H�V�B�H�F �J�U �M�B�T�U �F�O�D�P�V�O�U�F�S�F�E �X�J�M�M �G�S�P�N �O�P�X �P�O �C�F �V�T�F�E �C�Z �B�M�M �P�U�I�F�S �B�H�F�O�U�T�� �'�P�S �U�I�B�U
�S�F�B�T�P�O�a�S�F�B�M�M�Z �E�F�U�F�S�N�J�O�F�T �B �Q�S�P�E�V�D�U�J�P�O �T�U�S�B�U�F�H�Z�
 �B�O�E �O�P�U �B�M�F�B�S�O�J�O�H �T�U�S�B�U�F�H�Z�	�U�I�F �O�B�N�F
�D�P�N�N�P�O�M�Z �V�T�F�E �J�O�6�9�
�� �* �I�B�W�F �D�B�M�M�F�E �J�U �U�I�F�M�B�O�H�V�B�H�F�T�U�S�B�U�F�H�Z �U�P �E�J�T�U�J�O�H�V�J�T�I �J�U �G�S�P�N �U�I�F
�B�D�U�V�B�M �Q�S�P�E�V�D�U�J�P�O �T�U�S�B�U�F�H�Z �	�T�F�F �C�F�M�P�X�
 �B�O�E �B�M�T�P ���H�V�S�F�Œ���Š�
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 �E�J���F�S�F�O�U �T�U�S�B�U�F�H�J�F�T �G�P�S �Q�J�D�L�J�O�H�X�P�S�E�T�D�B�O
�C�F �E�F���O�F�E �C�Z �T�B�N�Q�M�J�O�H �G�S�P�N
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�0�O�F �S�F�B�T�P�O �G�P�S �J�O�U�S�P�E�V�D�J�O�H �U�I�F�:�.�=���T�U�S�B�U�F�H�Z �G�P�S �T�F�M�F�D�U�J�O�H �V�U�U�F�S�B�O�D�F�T �	�J���F���
�` = ∞�
 �J�T
�U�I�B�U �J�U �N�J�S�S�P�S�T �U�I�F �Q�S�P�E�V�D�U�J�P�O �T�U�S�B�U�F�H�Z �V�T�F�E �J�O �O�B�N�J�O�H �H�B�N�F�T�� ���F�S�F�
 �B�H�F�O�U�T �U�Z�Q�J�D�B�M�M�Z
�Q�S�P�E�V�D�F �U�I�F �X�P�S�E �X�J�U�I �U�I�F �I�J�H�I�F�T�U �T�D�P�S�F�� �#�V�U �J�G �X�F �B�T�T�V�N�F�
 �G�P�M�M�P�X�J�O�H �(�S�J���U�I�T �B�O�E
�,�B�M�J�T�I �	�Š�ˆ�ˆ�•�
�
 �U�I�B�U �B�H�F�O�U�T �B�S�F �#�B�Z�F�T�J�B�O �B�O�E �I�B�W�F �B�D�D�V�S�B�U�F �L�O�P�X�M�F�E�H�F �P�G �U�I�F �Q�S�P�E�V�D�U�J�P�O
�T�U�S�B�U�F�H�Z�
 �U�I�F�Z �T�I�P�V�M�E �J�O�G�F�S �B �E�J���F�S�F�O�U �Q�P�T�U�F�S�J�P�S �E�J�T�U�S�J�C�V�U�J�P�O���Q(�æ| �Y) ∝ �Q�=�.(�Y| �æ)·�Q(�æ)��
���J�T �E�J�T�U�S�J�C�V�U�J�P�O �J�T �O�P �M�P�O�H�F�S �B �%�J�S�J�D�I�M�F�U �E�J�T�U�S�J�C�V�U�J�P�O �	�T�F�F �B�Q�Q�F�O�E�J�Y�$�
 �B�O�E �B �S�F�T�V�M�U�
 �Q�P�T��
�U�F�S�J�P�S �J�O�G�F�S�F�O�D�F �D�B�O�O�P�U �U�B�L�F �U�I�F �G�P�S�N �P�G �V�Q�E�B�U�J�O�H�ß�� ���J�T �T�J�H�O�J���D�B�O�U�M�Z �D�P�N�Q�M�J�D�B�U�F�T �U�I�F
�H�B�N�F �B�O�E �Q�B�S�U�M�Z �G�P�S �U�I�B�U �S�F�B�T�P�O �X�F �B�T�T�V�N�F �U�I�B�U �B�H�F�O�U�T �V�Q�E�B�U�F �U�I�F�J�S �Q�P�T�U�F�S�J�P�S�X�J�U�I�P�V�U
�U�B�L�J�O�H �J�O�U�P �B�D�D�P�V�O�U� �̀� �'�P�S�` > �� �B�H�F�O�U�T �B�S�F �U�I�F�S�F�G�P�S�F �O�P�U �	�Q�F�S�G�F�D�U�
 �#�B�Z�F�T�J�B�O �S�F�B�T�P�O��
�F�S�T�����J�T�
 �* �X�P�V�M�E �B�S�H�V�F�
 �J�T �O�P�U �U�P�P �Q�S�P�C�M�F�N�B�U�J�D�
 �T�J�O�D�F �U�I�F �Q�B�S�B�N�F�U�F�S�` �J�T �Q�S�J�N�B�S�J�M�Z
�J�O�U�S�P�E�V�D�F�E �U�P �S�F�Q�S�P�E�V�D�F �U�I�F �O�B�N�J�O�H �H�B�N�F�
 �X�I�J�D�I �J�U�T�F�M�G �E�P�F�T �O�P�U �V�T�F �#�B�Z�F�T�J�B�O �B�H�F�O�U�T��
�.�P�S�F�P�W�F�S�
 �U�F�D�I�O�J�D�B�M �D�P�O�T�J�E�F�S�B�U�J�P�O�T �T�V�H�H�F�T�U �U�I�B�U �#�B�Z�F�T�J�B�O �B�H�F�O�U�T �U�I�B�U�E�P�U�B�L�F �J�O�U�P �B�D��
�D�P�V�O�U�`�X�P�V�M�E �B���F�S �B �T�J�O�H�M�F �P�C�T�F�S�W�B�U�J�P�O �E�F�F�N �B�M�M �M�B�O�H�V�B�H�F�T �U�P �C�F �B�C�T�V�S�E�
 �J�G �U�I�F�Z �E�P �O�P�U
�B�T�T�J�H�O �U�I�F �I�J�H�I�F�T�U �Q�S�P�C�B�C�J�M�J�U�Z �U�P �U�I�F �P�C�T�F�S�W�F�E �X�P�S�E�� ���B�U �B�M�T�P �T�F�F�N�T �V�O�S�F�B�M�J�T�U�J�D���‰�•
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�F�P�] �L�E�T�T�I�R�W �F�I�G�E�Y�W�I �E�K�I�R�X�W
�H�S �R�S�X �X�E�O�I �M�R�X�S �E�G�G�S�Y�R�X �X�L�E�X
�X�L�I �P�E�R�K�Y�E�K�I �G�S�Q�I�W �J�V�S�Q �Q�Y�P��
�X�M�T�P�I �W�S�Y�V�G�I�W ���G�J �*�I�V�H�M�R�E�R�H �E�R�H
�>�Y�M�H�I�Q�E�X�Z�Z�\�� �7�Q�M�X�L�X�Z�Z�\�
 �E�R�H
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 �B �S�P�V�O�E �J�O �U�I�F �%�J�S�J�D�I�M�F�U���D�B�U�F�H�P�S�J�D�B�M �O�B�N�J�O�H�
 �X�J�U�I �M�B�O�H�V�B�H�F �B�O�E �Q�S�P�E�V�D�U�J�P�O
�T�U�S�B�U�F�H�J�F�T �Q�B�S�B�N�F�U�S�J�T�F�E �C�Z�a�B�O�E� �̀
 �U�B�L�F�T �U�I�F �G�P�M�M�P�X�J�O�H �G�P�S�N
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 �æ�U| �ß�U−�� ∼ �%�J�S�J�D�I�M�F�U
(

�a(�ß�U−�� − ��) + ��
)

�Y�J| �æ�U ∼ �$�B�U�F�H�P�S�J�D�B�M
(
�æ�`/�S(�æ�`)

)
, �J= ��, . . . , �C.
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�X�I�F�S�F�S(�æ�`) := �b�`�� + . . . �b�`�, �E�F�O�P�U�F�T �U�I�F �T�V�N �P�G �U�I�F �F�O�U�S�J�F�T �P�G �B �W�F�D�U�P�S��
�*�O �D�P�O�D�M�V�T�J�P�O�
 �#�B�Z�F�T�J�B�O �O�B�N�J�O�H �H�B�N�F�T �D�B�O �V�T�F �E�J���F�S�F�O�U �M�B�O�H�V�B�H�F �B�O�E �Q�S�P�E�V�D�U�J�P�O

�T�U�S�B�U�F�H�J�F�T �C�Z �J�N�Q�P�S�U�J�O�H �Q�B�S�B�N�F�U�F�S�T�a�B�O�E�` �G�S�P�N �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H �B�O�E �O�B�N�J�O�H �H�B�N�F�T
�S�F�T�Q�F�D�U�J�W�F�M�Z�� �8�F �X�J�M�M �F�W�B�M�V�B�U�F �B�M�M �U�I�F�T�F �T�U�S�B�U�F�H�J�F�T �F�N�Q�J�S�J�D�B�M�M�Z �B�O�E�
 �J�O �T�P�N�F �D�B�T�F�T�
 �B�O�B��
�M�Z�U�J�D�B�M�M�Z�� �#�V�U �J�U �J�T �C�F�U�U�F�S �U�P �E�P �U�I�B�U �M�B�U�F�S�
 �J�O �U�B�O�E�F�N �X�J�U�I �B �O�F�X �Q�P�Q�V�M�B�U�J�P�O �T�U�S�V�D�U�V�S�F �U�I�B�U
�D�P�O�O�F�D�U�T �U�I�F �#�B�Z�F�T�J�B�O �O�B�N�J�O�H �H�B�N�F �U�P �#�B�Z�F�T�J�B�O �N�P�E�F�M�T �P�G �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H��

�&�E�]�I�W�M�E�R �P�E�R�K�Y�E�K�I �K�E�Q�I�W
���F �#�B�Z�F�T�J�B�O �O�B�N�J�O�H �H�B�N�F �X�B�T �E�J�S�F�D�U�M�Z �J�O�T�Q�J�S�F�E �C�Z �#�B�Z�F�T�J�B�O �N�P�E�F�M�T �P�G �J�U�F�S�B�U�F�E �M�F�B�S�O��
�J�O�H�� ���F �T�U�S�B�U�F�H�J�F�T�
 �X�F �I�B�W�F �K�V�T�U �T�F�F�O�
 �D�B�O �B�M�T�P �C�F �D�P�O�O�F�D�U�F�E �U�P �T�U�S�B�U�F�H�J�F�T �V�T�F�E �J�O �U�I�F
�O�B�N�J�O�H �H�B�N�F�� �8�F �O�P�X �U�B�L�F �U�I�F �B�O�B�M�P�H�J�F�T �P�O�F �T�U�F�Q �G�V�S�U�I�F�S �B�O�E �F�Y�Q�M�J�D�J�U�M�Z �D�P�O�O�F�D�U �U�I�F
�U�X�P �Q�B�S�B�E�J�H�N�T�� �* �S�F�T�F�S�W�F �U�I�F �O�B�N�F�#�B�Z�F�T�J�B�O �O�B�N�J�O�H �H�B�N�F�G�P�S �U�I�F �H�B�N�F �T�U�V�E�J�F�E �B�C�P�W�F�

�B�O�E �S�F�G�F�S �U�P �U�I�F �F�Y�U�F�O�T�J�P�O �U�I�B�U �X�F �X�J�M�M �E�F���O�F �I�F�S�F �B�T �U�I�F�#�B�Z�F�T�J�B�O �M�B�O�H�V�B�H�F �H�B�N�F�
 �T�J�O�D�F
�J�U �J�O�D�M�V�E�F�T �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H���U�Z�Q�F �N�P�E�F�M�T�� �5�P �D�P�O�O�F�D�U �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H �U�P �U�I�F �#�B�Z�F�T�J�B�O
�O�B�N�J�O�H �H�B�N�F�
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 ���Y�F�E �M�J�G�F���T�Q�B�O�� ���J�T �T�F�F�N�T �B �C�F�U�U�F�S �B�Q�Q�S�P�Y��
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 �* �I�B�W�F �J�O�E�F�F�E �V�T�F�E �B �E�F�H�F�O�F�S�B�U�F �N�P�E�F�M �X�J�U�I �B ���Y�F�E �M�J�G�F���F�Y�Q�F�D�U�B�O�D�Z
�P�G�]�
 �J���F�� �F�W�F�S�Z �B�H�F�O�U �E�J�F�T �B���F�S�] �J�O�U�F�S�B�D�U�J�P�O�T �B�T �B �T�Q�F�B�L�F�S���‰�•

�^�] �,�I�V�I �X�S�S�� �- �L�E�Z�I �X�S �P�I�E�Z�I �M�X �X�S
�J�Y�X�Y�V�I �[�S�V�O �X�S�W�]�W�X�I�Q�E�X�M�G�E�P�P�]�E�W��
�W�I�W�W �X�L�I �M�Q�T�E�G�X �S�J �X�L�I �H�M�J�J�I�V�I�R�X
�Q�S�H�I�P�W �S�J �T�S�T�Y�P�E�X�M�S�R �X�Y�V�R�S�Z�I�V��

�'�L�E�V�E�G�X�I�V�M�W�M�R�K �&�E�]�I�W�M�E�R �P�E�R�K�Y�E�K�I �K�E�Q�I�W
���F �#�B�Z�F�T�J�B�O �M�B�O�H�V�B�H�F �H�B�N�F�J�T �T�J�N�Q�M�Z �U�I�F �#�B�Z�F�T�J�B�O �O�B�N�J�O�H �H�B�N�F �F�Y�U�F�O�E�F�E �X�J�U�I �U�I�F
�S�B�O�E�P�N �X�B�M�L �B�O�E �Q�P�Q�V�M�B�U�J�P�O �U�V�S�O�P�W�F�S �P�V�U�M�J�O�F�E �B�C�P�W�F�� �*�U �D�B�O �S�F�Q�S�P�E�V�D�F �W�B�S�J�P�V�T �E�J���F�S��
�F�O�U �N�P�E�F�M�T�
 �E�F�Q�F�O�E�J�O�H �P�O �U�I�S�F�F �Q�B�S�B�N�F�U�F�S�T��

�t �-�B�O�H�V�B�H�F �T�U�S�B�U�F�H�Z�a�� �%�F�U�F�S�N�J�O�F�T �U�P �X�I�B�U �F�Y�U�F�O�E �U�I�F �B�H�F�O�U�T �G�B�W�P�V�S �N�P�S�F �M�J�L�F�M�Z
�M�B�O�H�V�B�H�F�T���a= �� �Z�J�F�M�T �T�B�N�Q�M�F�S�T�
�a=∞ �N�B�Y�J�N�J�T�F�S�T��

�t �1�S�P�E�V�D�U�J�P�O �T�U�S�B�U�F�H�Z� �̀� �3�F�H�V�M�B�U�F�T �U�I�F �U�F�O�E�F�O�D�Z �U�P �Q�S�P�E�V�D�F �N�P�S�F �M�J�L�F�M�Z �Q�S�P�E�V�D��
�U�J�P�O�T���`= �� �G�P�S �T�B�N�Q�M�F�S�T �B�O�E�`=∞ �G�P�S �N�B�Y�J�N�J�T�F�S�T��

�t �-�J�G�F �F�Y�Q�F�D�U�B�O�D�Z�]�����F �B�W�F�S�B�H�F �M�J�G�F �F�Y�Q�F�D�U�B�O�D�Z �P�G �B�O �B�H�F�O�U �J�O �U�F�S�N�T �P�G �U�I�F �O�V�N�C�F�S
�P�G �S�P�V�O�E�T �J�U �D�B�O �Q�M�B�Z �B�T �B �T�Q�F�B�L�F�S�� �'�P�S�] = �� �G�P�S �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H���] = ∞ �G�P�S �B
�O�B�N�J�O�H �H�B�N�F��

�0�G �D�P�V�S�T�F�
 �U�I�F �Q�P�Q�V�M�B�U�J�P�O �T�J�[�F�
 �O�V�N�C�F�S �P�G �X�P�S�E�T �B�O�E �C�P�U�U�M�F�O�F�D�L �T�J�[�F �B�S�F �B�M�T�P �P�G �J�O�U�F�S�F�T�U�

�C�V�U�a, �` �B�O�E�] �N�P�T�U �E�J�S�F�D�U�M�Z �E�F�U�F�S�N�J�O�F �U�I�F �U�Z�Q�F �P�G �H�B�N�F�� ���F �O�F�Y�U �R�V�F�T�U�J�P�O �J�T �T�J�N�Q�M�F��
�I�P�X� �8�I�B�U �L�J�O�E �P�G �C�F�I�B�W�J�P�V�S �D�B�O �X�F �F�Y�Q�F�D�U �G�P�S �E�J���F�S�F�O�U �Q�B�S�B�N�F�U�F�S �T�F�U�U�J�O�H�T� �5�P ���O�E
�P�V�U�
 �B�O �F�Y�Q�F�S�J�N�F�O�U �X�B�T �T�F�U �V�Q �U�P �F�Y�Q�M�P�S�F �B �M�B�S�H�F�S �Q�B�S�U �P�G �U�I�F �Q�B�S�B�N�F�U�F�S �T�Q�B�D�F(�a, � ,̀ �]) �J�O
�B �T�Z�T�U�F�N�B�U�J�D �G�B�T�I�J�P�O�� ���F �Q�B�S�B�N�F�U�F�S�T �B�Q�Q�F�B�S �U�P �J�O�U�F�S�Q�P�M�B�U�F �S�F�M�B�U�J�W�F�M�Z �T�N�P�P�U�I�M�Z �C�F�U�X�F�F�O
�U�I�F �F�Y�U�S�F�N�F �D�B�T�F�T �X�I�F�S�F�a, �`�B�O�E�] �B�S�F �F�J�U�I�F�S�� �P�S∞�� ���F �F�Y�U�S�F�N�F �D�B�T�F�T �B�S�F�
 �* �C�F�M�J�F�W�F�

�N�P�T�U �D�M�F�B�S�M�Z �J�M�M�V�T�U�S�B�U�F�E �C�Z �U�I�F �P�V�U�D�P�N�F�T �P�G �T�J�O�H�M�F �S�V�O�T�� ���F �N�B�J�O �U�F�Y�U �E�J�T�D�V�T�T�F�T �U�I�P�T�F�

�B�O�E �* �S�F�G�F�S �U�P �B�Q�Q�F�O�E�J�Y�%�G�P�S �B �N�P�S�F �T�Z�T�U�F�N�B�U�J�D �F�Y�Q�M�P�S�B�U�J�P�O �P�G �U�I�F �Q�B�S�B�N�F�U�F�S �T�Q�B�D�F
�D�P�O���S�N�J�O�H �U�I�F ���O�E�J�O�H�T �E�J�T�D�V�T�T�F�E �I�F�S�F��

���F �D�F�O�U�S�B�M ���H�V�S�F �J�T�Œ���‰�ˆ�� �*�U �T�I�P�X�T �P�O�F �S�V�O �P�G �U�I�F �%�J�S�J�D�I�M�F�U���D�B�U�F�H�P�S�J�D�B�M �M�B�O�H�V�B�H�F
�H�B�N�F �G�P�S �G�P�V�S �E�J���F�S�F�O�U �M�J�G�F �F�Y�Q�F�D�U�B�O�D�J�F�T���] = �� �	�J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H�
�
�] = ∞ �	�O�B�N�J�O�H
�H�B�N�F�
 �B�O�E �U�I�F �J�O�U�F�S�N�F�E�J�B�U�F�] = ���� �B�O�E�] = �������� �'�P�S �F�W�F�S�Z�] �U�I�F �G�P�V�S �A�F�Y�U�S�F�N�F��
�M�B�O�H�V�B�H�F���Q�S�P�E�V�D�U�J�P�O �T�U�S�B�U�F�H�J�F�T(�a, � )̀ �B�S�F �T�I�P�X�O�� �T�B�N�Q�M�F���T�B�N�Q�M�F�
 �T�B�N�Q�M�F���:�.�=�
�:�.�=�o
�T�B�N�Q�M�F �B�O�E�:�.�=�o�:�.�=�� �/�P�U�F �U�I�B�U �U�I�F �C�M�V�F �C�B�S�T �T�I�P�X �U�I�F �F�Y�U�F�S�O�B�M �M�B�O�H�V�B�H�F�
 �O�P�U �U�I�F
�C�J�B�T�� �"�M�M �S�V�O�T �V�T�F �U�I�F �T�B�N�F �C�J�B�T�� �U�I�F �C�Z �O�P�X �G�B�N�J�M�J�B�S �A�Q�Z�S�B�N�J�E���� �* ���S�T�U �E�J�T�D�V�T�T �U�I�F �F���F�D�U
�P�G �Q�P�Q�V�M�B�U�J�P�O �U�V�S�O�P�W�F�S �	�]�
 �B�O�E �U�I�F�O �U�V�S�O �U�P �U�I�F �E�J���F�S�F�O�U �T�U�S�B�U�F�H�J�F�T��

�Ö�3�Ú�Ó�ã�Þ�å �à�ã�æ�( �(�Ô�Ü�(�1�Ø�3�Þ�1�Ó�� �2�(�Ø�Õ�(�(�Þ �ã�à �3�Þ�0 �Þ�å�…�Ù���F �S�F�T�V�M�U�T �G�P�S �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H �	�T�V�C��
���H�V�S�F�.�
�
 �B�S�F �F�B�T�J�M�Z �N�J�T�J�O�U�F�S�Q�S�F�U�F�E�� �"�U �F�W�F�S�Z �Q�P�J�O�U�
 �P�O�M�Z �P�O�F �B�H�F�O�U �I�B�T �T�P�N�F �Q�B�T�U �F�Y�Q�F��
�S�J�F�O�D�F�� �U�I�F �D�V�S�S�F�O�U �T�Q�F�B�L�F�S�� ���B�U �T�Q�F�B�L�F�S �D�P�S�S�F�T�Q�P�O�E�T �U�P �U�I�F �U�I�J�O �M�J�O�F �E�F�W�J�B�U�J�O�H �G�S�P�N
�U�I�F �B�H�H�S�F�H�B�U�F �M�B�O�H�V�B�H�F�� ���F �F�Y�Q�F�D�U�F�E �M�B�O�H�V�B�H�F �P�G �B�M�M �P�U�I�F�S �B�H�F�O�U�T �J�T �F�Y�B�D�U�M�Z �U�I�F�J�S �C�J�B�T��
���S�P�V�H�I �U�I�F �M�F�O�T �P�G �U�I�F �#�B�Z�F�T�J�B�O �M�B�O�H�V�B�H�F �H�B�N�F�
 �X�F �T�F�F �B�O �B�M�N�P�T�U �Q�F�S�G�F�D�U�M�Z �I�P�N�P��
�H�F�O�F�P�V�T �Q�P�Q�V�M�B�U�J�P�O�
 �X�I�J�D�I �F�Y�Q�M�B�J�O�T �X�I�Z �U�I�F �B�H�H�S�F�H�B�U�F �M�B�O�H�V�B�H�F�̄@�J�T �U�I�F �T�B�N�F �G�P�S �B�M�M
�T�U�S�B�U�F�H�J�F�T�� ���J�T �B�M�T�P �N�F�B�O�T �U�I�B�U �U�I�F �D�P�I�F�S�F�O�D�F �J�T �O�F�B�S���N�B�Y�J�N�B�M�
 �C�V�U �U�I�J�T �D�P�V�M�E �C�F �T�F�F�O
�B�T �B�O �B�S�U�F�G�B�D�U�� �"���F�S �B�M�M�
 �D�P�O�T�J�E�F�S�J�O�H �U�I�F �F�Y�U�F�S�O�B�M �M�B�O�H�V�B�H�F �S�F�W�F�B�M�T �B�O �J�N�Q�P�S�U�B�O�U �E�J�T��
�D�S�F�Q�B�O�D�Z �G�P�S �O�P�O���T�B�N�Q�M�J�O�H �T�U�S�B�U�F�H�J�F�T�� ���F �J�O�U�F�S�O�B�M �M�B�O�H�V�B�H�F �P�G �B�H�F�O�U�T�
 �B�T �T�F�F�O �G�S�P�N
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A.     Iterated learning ( = 1)
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D.     Medium turnover ( = 100)
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�U�I�F �B�H�H�S�F�H�B�U�F �M�B�O�H�V�B�H�F�
 �J�T �J�O �T�U�S�P�O�H �E�J�T�B�H�S�F�F�N�F�O�U �X�J�U�I �U�I�F �F�Y�U�F�S�O�B�M �M�B�O�H�V�B�H�F �	�P�S�B�O�H�F�
��
���B�U �N�F�B�O�T �U�I�B�U �O�P �B�H�F�O�U�
 �O�P�U �F�W�F�O �U�I�F �T�Q�F�B�L�F�S�
 �I�B�T �B �G�B�J�U�I�G�V�M �J�O�U�F�S�O�B�M �S�F�Q�S�F�T�F�O�U�B�U�J�P�O
�P�G �U�I�F �M�B�O�H�V�B�H�F �B�D�U�V�B�M�M�Z �V�T�F�E�� �8�J�U�I �N�P�S�F �F�Y�Q�F�S�J�F�O�D�F �U�I�F �E�J�T�D�S�F�Q�B�O�D�Z �E�J�T�B�Q�Q�F�B�S�T�� �J�O
�O�B�N�J�O�H �H�B�N�F �	�T�V�C���H�V�S�F�/�
 �U�I�F �F�Y�U�F�S�O�B�M �B�O�E �J�O�U�F�S�O�B�M �M�B�O�H�V�B�H�F�T �B�S�F �J�O �G�B�J�S �B�H�S�F�F�N�F�O�U��
�.�P�S�F �F�Y�Q�F�S�J�F�O�D�F �D�B�O �B�M�T�P �S�F�T�V�M�U �G�S�P�N �M�B�S�H�F�S �C�P�U�U�M�F�O�F�D�L�T�
 �X�I�J�D�I �X�P�V�M�E �S�F�T�V�M�U �J�O �P�O�M�Z �U�I�F
�T�Q�F�B�L�F�S �I�B�W�J�O�H �B �C�F�U�U�F�S �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�G �U�I�F �M�B�O�H�V�B�H�F��

�"�O�P�U�I�F�S �J�O�U�F�S�F�T�U�J�O�H �P�C�T�F�S�W�B�U�J�P�O �J�T �T�V�H�H�F�T�U�F�E �C�Z �U�I�F �U�X�P �N�J�Y�F�E �T�U�S�B�U�F�H�J�F�T�
�:�.�=�o�T�B�N�Q�M�F
�B�O�E �T�B�N�Q�M�F�o�:�.�=�� �#�P�U�I �F�Y�B�H�H�F�S�B�U�F �U�I�F �C�J�B�T�
 �C�V�U �J�O �E�J���F�S�F�O�U �X�B�Z�T�� �.�B�Y�J�N�J�T�J�O�H �P�O�M�Z �U�I�F
�M�B�O�H�V�B�H�F �B�Q�Q�F�B�S�T �U�P�Q�S�V�O�F�M�P�X���Q�S�P�C�B�C�J�M�J�U�Z �M�B�O�H�V�B�H�F�T�
 �X�I�F�S�F�B�T �N�B�Y�J�N�J�T�J�O�H �P�O�M�Z �Q�S�P��
�E�V�D�U�J�P�O�T �T�F�F�N�T �U�P�F�Y�Q�P�O�F�O�U�J�B�U�F�U�I�F �M�B�O�H�V�B�H�F�� ���J�T �X�P�V�M�E �F�Y�Q�M�B�J�O �U�I�F �T�I�B�Q�F �P�G �U�I�F �M�J�N��
�J�U�J�O�H �M�B�O�H�V�B�H�F �V�O�E�F�S �B�:�.�=�o�T�B�N�Q�M�F �T�U�S�B�U�F�H�Z �J�O �U�I�F �O�B�N�J�O�H �H�B�N�F�� ���B�U �B�Q�Q�F�B�S�T �U�P �D�P�O��
�T�J�T�U�F�O�U�M�Z �E�F�W�J�B�U�F �G�S�P�N �B�O �F�Y�Q�P�O�F�O�U�J�B�U�F�E �E�J�T�U�S�J�C�V�U�J�P�O �B�O�E �J�O�E�F�F�E �N�P�S�F �D�M�P�T�F�M�Z �S�F�T�F�N�C�M�F�T
�B �Q�S�V�O�F�E �E�J�T�U�S�J�C�V�U�J�P�O�� �/�F�F�E�M�F�T�T �U�P �T�B�Z�
 �N�P�S�F �X�P�S�L �J�T �O�F�F�E�F�E �U�P �D�P�O���S�N �U�I�J�T �A�Q�S�V�O�J�O�H��
�W�T���F�Y�Q�P�O�F�O�U�J�B�U�J�O�H�� �I�Z�Q�P�U�I�F�T�J�T�� ���F �N�P�T�U �T�U�S�J�L�J�O�H �E�J���F�S�F�O�D�F �C�F�U�X�F�F�O �U�I�F �#�B�Z�F�T�J�B�O �J�U�F�S��
�B�U�F�E �M�F�B�S�O�J�O�H �N�P�E�F�M �B�O�E �U�I�F �O�B�N�J�O�H �H�B�N�F �J�T �U�I�F �A�Q�S�F�E�J�D�U�B�C�J�M�J�U�Z�� �P�G �D�V�M�U�V�S�B�M �F���F�D�U�T �X�J�U�I
�U�I�F �G�P�S�N�F�S�� �&�W�F�O �N�B�Y�J�N�J�T�J�O�H �T�U�S�B�U�F�H�J�F�T �B�Q�Q�F�B�S �U�P �S�F�T�V�M�U �J�O �M�B�O�H�V�B�H�F�T �U�I�B�U �B�S�F �E�F�U�F�S��
�N�J�O�F�E �C�Z �U�I�F �C�J�B�T�
 �B�O�E �T�P�N�F �T�J�N�Q�M�F �P�Q�F�S�B�U�J�P�O �	�Q�P�T�T�J�C�M�Z �Q�S�V�O�J�O�H �P�S �F�Y�Q�P�O�F�O�U�J�B�U�J�O�H�
��
���F�Z �B�S�F �T�F�F�N�J�O�H�M�Z �V�O�J�O���V�F�O�D�F�E �C�Z �U�I�F �D�P�O�U�J�O�H�F�O�D�J�F�T �P�G �U�I�F �D�V�M�U�V�S�B�M �Q�S�P�D�F�T�T�
 �J�O �T�I�B�S�Q
�D�P�O�U�S�B�T�U �U�P �U�I�F �#�B�Z�F�T�J�B�O �O�B�N�J�O�H �H�B�N�F�� ���J�T �T�V�H�H�F�T�U�T �U�I�B�U �F�W�F�O �N�B�Y�J�N�J�T�J�O�H �T�U�S�B�U�F�H�J�F�T
�J�O �#�B�Z�F�T�J�B�O �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H �S�F�T�V�M�U �F�Y�I�J�C�J�U �G�B�J�S�M�Z �i�V�O�J�O�U�F�S�F�T�U�J�O�H�w �	�D�G�� �%�F�E�J�V�Š�ˆ�ˆ�‘�
 �C�F��
�I�B�W�J�P�V�S��

���F �#�B�Z�F�T�J�B�O �O�B�N�J�O�H �H�B�N�F �B�S�H�V�B�C�M�Z �F�Y�I�J�C�J�U�T �N�P�S�F �i�J�O�U�F�S�F�T�U�J�O�H�w �C�F�I�B�W�J�P�V�S�
 �T�J�O�D�F
�U�I�F �S�F�T�V�M�U�J�O�H �M�B�O�H�V�B�H�F�T �B�S�F �D�M�F�B�S�M�Z �T�I�B�Q�F�E �C�Z �B �U�I�F �D�P�O�U�J�O�H�F�O�D�J�F�T �P�G �B �S�P�V�H�I�
 �T�U�P�D�I�B�T�U�J�D
�Q�S�P�D�F�T�T �P�G �D�V�M�U�V�S�B�M �F�W�P�M�V�U�J�P�O�� ���F �J�O�U�F�S�N�F�E�J�B�U�F �M�J�G�F �F�Y�Q�F�D�U�B�O�D�J�F�T �T�F�F�N �U�P �J�O�U�F�S�Q�P�M�B�U�F
�C�F�U�X�F�F�O�6�9�B�O�E�;�4�C�F�I�B�W�J�P�V�S�� ���F �M�P�O�H�F�S �U�I�F �B�H�F�O�U�T �M�J�W�F�
 �U�I�F �‰ �Z�F�T �‰ �A�T�U�S�P�O�H�F�S �B�O�E
�T�U�B�C�M�F�S�� �U�I�F �D�V�M�U�V�S�B�M �F���F�D�U�T �C�F�D�P�N�F�
 �B�O�E �U�I�F �N�P�S�F �M�B�O�H�V�B�H�F�T �D�B�O �N�P�W�F �B�X�B�Z �G�S�P�N �U�I�F
�C�J�B�T�F�T�� �'�P�S �J�O�U�F�S�N�F�E�J�B�U�F �M�B�O�H�V�B�H�F�T�
 �W�B�S�J�B�C�J�M�J�U�Z �D�B�O �C�F �M�B�S�H�F �T�J�O�D�F �O�F�X �B�H�F�O�U�T �D�B�O �B�M��
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�*�ã�å�×�Ú�( �W���^�^�+�V�E�H�Y�E�P �P�E�R�K�Y�E�K�I
�G�L�E�R�K�I �M�R �X�L�I �&�E�]�I�W�M�E�R �P�E�R�K�Y�E�K�I
�K�E�Q�I �J�S�V �E �T�E�V�X�M�G�Y�P�E�V �G�L�S�M�G�I �S�J �T�E��
�V�E�Q�I�X�I�V�W�� �8�L�I �I�J�J�I�G�X �W�I�I�Q�W �F�V�M�X�X�P�I��
�W�P�M�K�L�X�P�] �H�M�J�J�I�V�I�R�X �T�E�V�E�Q�I�X�I�V �W�I�X��
�X�M�R�K�W �G�E�R �K�M�Z�I �X�L�I �O�M�R�H �S�J �F�I�L�E�Z�M�S�Y�V
�W�L�S�[�R �[�L�I�R�] = ∞��

�æ�ã�å�^�^�, = �������/ = �������C= ����
�\ = �������] = ���������a= �����` = ����
�H�I�X�I�V�Q�M�R�M�W�X�M�G �L�E�^�E�V�H��

�X�B�Z�T �C�F �J�O�U�S�P�E�V�D�F�E�� �"�O �J�O�U�F�S�F�T�U�J�O�H �R�V�F�T�U�J�P�O �J�G �U�I�F �#�B�Z�F�T�J�B�O �M�B�O�H�V�B�H�F �H�B�N�F �D�B�O �B�M�T�P
�S�F�Q�S�P�E�V�D�F �H�S�B�E�V�B�M �M�B�O�H�V�B�H�F �D�I�B�O�H�F �X�I�J�M�F �N�B�J�O�U�B�J�O�J�O�H �B �G�B�J�S �T�U�B�C�J�M�J�U�Z�� �1�S�F�M�J�N�J�O�B�S�Z �F�Y��
�Q�F�S�J�N�F�O�U�T �T�V�H�H�F�T�U �U�I�J�T �J�T �U�I�F �D�B�T�F �	�T�F�F ���H�V�S�F�Œ���‰�‰�
 �B�M�U�I�P�V�H�I �U�I�F�Z �B�M�T�P �T�V�H�H�F�T�U �U�I�B�U �U�I�F
�F���F�D�U �J�T �C�S�J�U�U�M�F �J�O �U�I�F �T�F�O�T�F �U�I�B�U �G�P�S �F�Y�B�N�Q�M�F �J�O�D�S�F�B�T�J�O�H�] �R�V�J�D�L�M�Z �T�F�F�N�T �U�P �S�F�T�V�M�U �J�O
�C�F�I�B�W�J�P�V�S �N�P�S�F �T�J�N�J�M�B�S �U�P�] =∞��

�(�Ô�Ø�Ú�(�ß�( �Ù�Ø�Ú�3�Ø�(�å�ã�(�Ù �æ�Ý�Ú �Ø�ä�( �2�3�Ó�(�Ù�ã�3�Þ �Þ�3�ß�ã�Þ�å �å�3�ß�(���F �#�B�Z�F�T�J�B�O�O�B�N�J�O�H�H�B�N�F �J�N��
�Q�M�F�N�F�O�U�T �B �L�J�O�E �P�G �M�B�U�F�S�B�M �J�O�I�J�C�J�U�J�P�O �J�O �U�I�F �G�P�S�N �P�G �#�B�Z�F�T�J�B�O �V�Q�E�B�U�J�O�H�� �4�P �E�P �P�U�I�F�S
�T�U�S�B�U�F�H�J�F�T �D�P�S�S�F�T�Q�P�O�E �U�P �U�I�F �E�J���F�S�F�O�U �B�M�J�H�O�N�F�O�U �T�U�S�B�U�F�H�J�F�T �J�O �U�I�F �O�B�N�J�O�H �H�B�N�F� �* �E�J�T��
�D�V�T�T �B�M�M �T�U�S�B�U�F�H�J�F�T �C�F�M�P�X�
 �B�M�T�P�] <∞��

�t �4�B�N�Q�M�F�o�T�B�N�Q�M�F �	�@�o�@�
�a= �`= ∞�
�����J�T �J�T �U�I�F �A�E�F�G�B�V�M�U�� �T�U�S�B�U�F�H�Z �J�O �U�I�F �#�B�Z�F�T�J�B�O
�O�B�N�J�O�H �H�B�N�F �B�O�E �D�P�S�S�F�T�Q�P�O�E�T �U�P �U�I�F �T�B�N�Q�M�F�S���T�U�S�B�U�F�H�Z �J�O �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H�� ���J�T
�T�U�S�B�U�F�H�Z �F�Y�I�J�C�J�U�T �M�B�U�F�S�B�M �J�O�I�J�C�J�U�J�P�O�
 �J�O �U�I�F �T�F�O�T�F �U�I�B�U �U�I�F �A�T�D�P�S�F�� �P�G �B�O �P�C�T�F�S�W�F�E
�X�P�S�E �J�O�D�S�F�B�T�F�T�
 �X�I�J�M�F �U�I�F �T�D�P�S�F �P�G �P�U�I�F�S �X�P�S�E�T �E�F�D�S�F�B�T�F�� �#�Z�T�D�P�S�F�U�I�F �Q�S�P�C�B�C�J�M�J�U�Z
�P�G �U�I�F �X�P�S�E �V�O�E�F�S �U�I�F �F�Y�Q�F�D�U�F�E �M�B�O�H�V�B�H�F�T�U(�Y) := �Q(�Y| �ß�U) �J�T �N�F�B�O�U�� �"���F�S
�P�C�T�F�S�W�J�O�H�Y�U�J�U �D�B�O �C�F �T�I�P�X�O �	�T�F�F �F�R���•���Œ�Š�
 �U�P �D�I�B�O�H�F �U�P

�T�U+��(�Z) =
�S(�ß�U)

�S(�ß�U) + ��
· �T�U(�Z) +

J�Z= �YK
�S(�ß�U) + ��

, �	�Œ���‰�Ž�


�X�I�F�S�FJ �D�P�O�E�J�U�J�P�OK �J�T �U�I�F �J�O�E�J�D�B�U�P�S �G�V�O�D�U�J�P�O �F�W�B�M�V�B�U�J�O�H �U�P �‰ �J�G �U�I�F �D�P�O�E�J�U�J�P�O
�I�P�M�E�T�
 �B�O�E �ˆ �P�U�I�F�S�X�J�T�F�� ���F �V�Q�E�B�U�F �E�J���F�S�T �G�S�P�N �U�I�F �C�B�T�J�D �M�B�U�F�S�B�M �J�O�I�J�C�J�U�J�P�O �T�U�S�B�U�F��
�H�J�F�T �	�F���H�� �8�F�M�M�F�O�T�Š�ˆ�‰�Š�
�� �'�J�S�T�U�
 �U�I�F �J�O�I�J�C�J�U�J�P�O �X�P�S�L�T �C�Z �T�D�B�M�J�O�H �S�B�U�I�F�S �U�I�B�O �T�V�C��
�U�S�B�D�U�J�P�O �P�G �B ���Y�F�E �Q�B�S�B�N�F�U�F�S� �̂J�O�I�� �4�F�D�P�O�E�
 �U�I�F �F���F�D�U �P�G �U�I�F �V�Q�E�B�U�F�T �E�F�D�S�F�B�T�F�T
�X�J�U�I �U�J�N�F �T�J�O�D�F�S(�ß�U) �J�O�D�S�F�B�T�F�T �P�W�F�S �U�J�N�F�� �/�P�U�F �U�I�B�U �U�I�J�T �Q�S�P�W�F�T �U�I�B�U �U�I�F �F�Y��
�Q�F�D�U�F�E �M�B�O�H�V�B�H�F �P�G �P�O�F �Q�B�S�U�J�D�V�M�B�S �B�H�F�O�U �X�J�M�M �D�P�O�W�F�S�H�F�
 �T�J�O�D�F �U�I�F �V�Q�E�B�U�F�T �W�B�O�J�T�I��
���F �T�J�N�V�M�B�U�J�P�O�T �F�B�S�M�J�F�S �U�I�J�T �D�I�B�Q�U�F�S �T�V�H�H�F�T�U �U�I�B�U �B�M�M �B�H�F�O�U�T �N�P�S�F�P�W�F�S �D�P�O�W�F�S�H�F
�U�P �U�I�F �T�B�N�F �M�B�O�H�V�B�H�F�
 �X�I�J�D�I �S�F���F�D�U�T �U�I�F �C�J�B�T�� ���J�T �J�T �B�M�T�P �X�I�B�U �X�F �T�F�F �J�O ���H�V�S�F
�Œ���‰�ˆ�/ �	�@�o�@�
��

�t �:�.�=�o�T�B�N�Q�M�F �	�:�o�@�
 �a = ∞, �` = ���
�� ���J�T �T�U�S�B�U�F�H�Z �J�T �V�T�F�E �C�Z �N�B�Y�J�N�J�T�F�S�T �J�O
�J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H�� ���F �M�B�U�F�S�B�M �J�O�I�J�C�J�U�J�P�O �N�F�D�I�B�O�J�T�N �U�B�L�F�T �B �W�F�S�Z �T�J�N�J�M�B�S �G�P�S�N
�B�T �J�O �U�I�F �T�B�N�Q�M�F���T�B�N�Q�M�F �T�U�S�B�U�F�H�Z�� �*�O �Q�B�S�U�J�D�V�M�B�S�
 �U�I�F �V�Q�E�B�U�F�T �F�W�F�O�U�V�B�M�M�Z �B�M�T�P �W�B�O��
�J�T�I�
 �Q�S�P�W�J�O�H �A�J�O�E�J�W�J�E�V�B�M�� �D�P�O�W�F�S�H�F�O�D�F�� �4�J�N�V�M�B�U�J�P�O�T �T�V�H�H�F�T�U �U�I�B�U �D�P�I�F�S�F�O�D�F �B�M�X�B�Z�T
�F�N�F�S�H�F�T �B�O�E �U�I�F �T�U�B�C�M�F �M�B�O�H�V�B�H�F �B�Q�Q�F�B�S�T �U�P �S�F���F�D�U �B�O �B�N�Q�M�J���F�E �P�S �F�Y�B�H�H�F�S�B�U�F�E
�W�F�S�T�J�P�O �U�I�F �C�J�B�T�� ���F �F�Y�B�H�H�F�S�B�U�J�P�O �J�T �B�Q�Q�B�S�F�O�U �G�S�P�N ���H�V�S�F�Œ���‰�ˆ�/ �	�:�o�@�
�
 �X�I�F�S�F
�U�I�F �S�F�T�V�M�U�J�O�H �M�B�O�H�V�B�H�F �J�T �N�P�S�F �Q�F�B�L�F�E �U�I�B�O �U�I�F �C�J�B�T�� ���F �C�J�B�T �J�T �O�P�U �T�I�P�X�O�
 �C�V�U
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Results of Experiment 1. The results of our first experiment, involv-
ing 4 separate diffusion chains of 10 participants each, are shown in
Fig. 2. Each of these chains was initialized with a different random
language. There is a clear and statistically significant decrease in
transmission error between the initial and final generations (mean
decrease 0.748, SD ! 0.147; t (3) ! 8.656; P " 0.002). This decrease
confirms the first of our predictions: the language is adapting to
become increasingly transmissible from generation to generation.
Indeed, toward the end of some chains the language is transmitted
perfectly: these participants produced exactly the same strings for
every meaning as their predecessor, although they had not been
exposed to the strings associated with half of those meanings.

How is this adaptation possible? Is any structural evolution of the
language taking place as in the second of our 2 predictions? As
Table 1 shows, the number of distinct strings in each language
decreases rapidly. The initial random languages are completely
unambiguous: every meaning is expressed by a distinct signal. The
transmission process cumulatively introduces ambiguity as single
strings are re-used to express more and more meanings. In other
words, the languages gradually introduce underspecification of
meanings. Clearly, the reduction in the number of strings must
make a language easier for participants to learn, but the reduction
alone cannot account for the results we see. For example, the
reduction does not explain how, in some chains, participants are
able to produce the correct signal for every meaning, including
meanings drawn from the UNSEEN set.

The answer to this puzzle lies in the structure of the languages.
The initial random language is, by definition, unstructured: nothing
in the set of signals gives any systematic clue to the meanings being
conveyed. The only way to learn this language is by rote. Equally,
if a language is randomly underspecified, then rote learning is the
only way it can be acquired. For example, if the same signal is used
for a black spiraling triangle and a red bouncing square, then a
learner must see this signal used for both of these meanings to learn

it. Because we deliberately hold items back from the SEEN set, rote
learning for all meanings is impossible. For learners to be able to
generalize to unseen meanings successfully, there must be system-
atic underspecification.

We can observe exactly this kind of structure evolving by
examining a language as it develops in the experiment. For example,
by generation 4 in 1 of the diffusion chains, the string tuge is used
exclusively for all pictures with an object moving horizontally. The
distribution of the other strings in the language is more idiosyncratic
and unpredictable at this stage. By generation 6, poi is used to refer
to most spiraling pictures, but there are exceptions for triangles and
squares. Blue spiraling triangles or squares are referred to as tupin,
and red spiraling triangles or squares are tupim. In the following
generation, these exceptional cases are reduced to the blue spiraling
triangle and the red spiraling square. By generation 8 (shown in Fig.
3), and also for generations 9 and 10, the language has settled on
a simple system of regularities whereby everything that moves
horizontally is tuge, all spiraling objects are poi, and bouncing
objects are divided according to shape.

It is precisely because the language can be described by using this
simple set of generalizations that participants are able to label
correctly pictures that they have never previously seen. This gen-
eralization directly ensures the stable cultural transmission of the
language from generation to generation, even though each learner
of the language is exposed to incomplete training data.
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Fig. 2. Transmission error and a measure of structure by generation in 4 chains. a shows the increase in learnability (decrease in error) of languages over time. b shows
structure in the languages increasing. The dotted line in b gives the 95% confidence interval so that any result above this line demonstrates that there is a nonrandom
alignment of signals and meanings. In other words, structure in the set of signals reflects structure in the set of meanings. In 2 cases, this measure is not defined and
therefore is not plotted (see Methods). The language discussed in the paper is circled.

Table 1. Number of distinct words by generation in the
first experiment

Generation 0 1 2 3 4 5 6 7 8 9 10

! Chain 1 27 17 9 6 5 4 4 2 2 2 2
" Chain 2 27 17 15 8 7 6 6 6 5 5 4
‚ Chain 3 27 24 8 6 6 5 6 5 5 5 5
# Chain 4 27 23 9 10 9 11 7 5 5 4 4

Symbols correspond to those in Fig. 2.

tuge tuge tuge
tuge tuge tuge
tuge tuge tuge
tupim tupim tupim
miniku miniku miniku
tupin tupin tupin
poi poi poi
poi poi poi
poi poi poi

Fig. 3. An example evolved language in the first experiment. This language
exhibits systematic underspecification, enabling learners to reproduce the whole
language from a fragment.
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Our structure measure confirms that the languages evolve to
become more structured. As can be seen in Fig. 2b, significantly
nonrandom structure in the mapping from meanings to signals
emerges rapidly. Furthermore, the languages produced by the final
generation are significantly more structured than the initial lan-
guages (mean increase 5.578, SD ! 2.968, t (3) ! 3.7575, P " 0.02).

Languages in this experiment are evolving to be learnable, and
they are doing so by becoming structured. This development of
structure confirms our hypothesis regarding the cultural evolution
of language. However, we are interested in whether it would be
possible for a language to evolve that is learnable and structured but
also expressive, i.e., a language that would be able to label meanings
unambiguously. Such a language cannot rely on systematic under-
specification of meanings but instead must find some other means
of gaining structure.

Design of Experiment 2. Accordingly, in the second experiment we
made a single minor modification: we ‘‘filtered’’ the SEEN set
before each participant’s training. If any strings were assigned to
more than 1 meaning, all but 1 of those meanings (chosen at
random) was removed from the training data. This filtering effec-
tively removes the possibility of the language adapting to be
learnable by introducing underspecification: filtering ensures that
underspecification is an evolutionary dead-end. This process, al-
though artificial, is an analogue of a pressure to be expressive that
would come from communicative need in the case of real language
transmission.

Results of Experiment 2. As expected, under the modified regimen,
the overall number of words in participants’ output remains com-
paratively high throughout the experiment, as shown in Table 2. Fig.
4a shows how transmission error changes as the language evolves.
Once again, it is clear that the languages are becoming more
learnable over time (mean decrease 0.427, SD ! 0.106, t (3) !
8.0557, P " 0.002) although it is not possible to introduce the kind

of underspecification seen in Experiment 1. Furthermore, it is clear
from Fig. 4b that, as in Experiment 1, the languages are becoming
increasingly structured over time (mean increase, 6.805, SD !
5.390, t (3) ! 2.525, P " 0.05). Because filtering rules out the
generalizations that emerged in the previous experiment, a differ-
ent kind of structure that does not rely on underspecification must
be emerging.

If we examine the languages at particular stages in their cultural
evolution, we can see exactly what this structure is. For example,
Fig. 5 shows the language output by a participant at generation 9 in
1 of the diffusion chains. When one looks at this language, it
immediately becomes clear that there is structure within the signals.
We can analyze each signal as 3 morphemes expressing color, shape,
and movement, respectively, with 1 exceptional irregularity (renana
for a bouncing red circle). It turns out that this general structure
emerges by at least generation 6 and persists to the end of the
experiment, although the details change as some morphemes are
lost or are reanalyzed from generation to generation [see support-
ing information (SI) Tables S1–S8 for the complete set of
languages].

Discussion
What we have observed here under laboratory conditions is cu-
mulative cultural adaptation without intentional design. Just as

Table 2. Number of distinct words by generation in the
second experiment

Generation 0 1 2 3 4 5 6 7 8 9 10

! Chain 1 27 23 22 17 21 21 17 21 25 13 16
" Chain 2 27 26 13 10 10 16 16 12 12 13 12
‚ Chain 3 27 11 16 14 12 17 14 16 20 19 12
#Chain 4 27 19 19 17 19 17 22 23 21 27 23

Symbols correspond to those in Fig. 4.
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Fig. 4. Transmission error and structure by generation in the experiment in which ambiguous data were removed from the training set at each generation. a gives
error for the whole language; b gives structure. These results show that, despite the blocking of underspecification, structure still evolves that enables the languages
to become increasingly learnable. The language discussed in the paper is circled.

n-ere-ki l-ere-ki renana
n-ehe-ki l-aho-ki r-ene-ki
n-eke-ki l-ake-ki r-ahe-ki
n-ere-plo l-ane-plo r-e-plo
n-eho-plo l-aho-plo r-eho-plo
n-eki-plo l-aki-plo r-aho-plo
n-e-pilu l-ane-pilu r-e-pilu
n-eho-pilu l-aho-pilu r-eho-pilu
n-eki-pilu l-aki-pilu r-aho-pilu

Fig. 5. An example evolved language in the second experiment. The language
is structured: the string associated with a picture consists of substrings expressing
color, shape, and motion, respectively. The hyphens represent 1 way of analyzing
the substructure of these strings and are added purely for clarity; participants in
theexperimentalwaysproducedstringsofcharacterswithoutspacesoranyother
means of indicating substructure.
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or some. Numerically specific quantifiers, on the other hand, specify how many 
members of the respective class there are. They assign cardinalities to sets by in-
dicating the exact number of elements in a class irrespective of the extensional 
meaning of the quantified noun.2

2.2 Systemic vs. non-systemic

Cardinal numerals form an important set of numerically specific quantifiers. How-
ever, languages may contain additional expressions which have the same seman-
tic function as cardinal numerals (numerically specific quantification) and very 
similar, if not identical, morphosyntactic properties. Such are, for instance, simple 
expressions like dozen ‘12’ or score ‘20,’ but also complex expressions (which may 
have cardinal numerals as their constituents) like three tens, twice a hundred and 
also, I would argue, expressions of the type fourteen hundred.
 In spite of the obvious similarities between these quantifiers and cardinal nu-
merals, I would recommend excluding the former from the category ‘cardinal nu-
meral.’ In order to justify this delimitation, we need to define the difference be-

2. A detailed discussion of the range of quantifier types cannot be provided here. See, for in-
stance, the discussions in Langacker (1991: 81–89) or Gil (2001). As my focus is on cardinal nu-
merals, the distinction between numerically specific and numerically unspecific plays a more 
central role here than it does in the two descriptions just mentioned.

Quantification

Numerically unspecific Numerically specific
(assignment of cardinalities to sets)

Universal Other Existential

all
every
both
. . .

few
several
many
most
. . .

some
a(n)

Non-systemic

one
two

three
fourteen

twenty-three
one hundred and 

seventy-six
. . .

dozen
score

three twenties
twice a hundred

Systemic
(Cardinal numerals)

Figure 1. Types of quantifiers
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�X�P�V�M�E �C�F �T�V�S�Q�S�J�T�F�E �U�P ���O�E �B �C�P�P�L �G�P�S�U�I�S�F�F �G�P�V�S�T �B�O�E �T�F�W�F�O �F�V�S�P�T�‰ �U�I�B�U �O�V�N�C�F�S �J�T �D�B�M�M�F�E
�O�J�O�F�U�F�F�O�� ���F �E�F�H�S�F�F �P�G �T�U�B�O�E�B�S�E�J�T�B�U�J�P�O�
 �U�P �Q�V�U �J�U �E�J���F�S�F�O�U�M�Z�
 �J�T �S�F�N�B�S�L�B�C�M�Z �I�J�H�I �G�P�S �O�V��
�N�F�S�B�M�T�� �8�I�Z �T�P� �)�V�S�G�P�S�E �	�‰�‘�•�•�
 �X�P�O�E�F�S�T �X�I�F�U�I�F�S �U�I�F �T�U�B�O�E�B�S�E�J�T�B�U�J�P�O �D�P�V�M�E �C�F �U�I�F
�S�F�T�V�M�U �P�G �B �Q�S�P�D�F�T�T �P�G �T�P�D�J�B�M �J�O�U�F�S�B�D�U�J�P�O�� �*�O �I�J�T �B�D�D�P�V�O�U �P�G �U�I�F �F�W�P�M�V�U�J�P�O �P�G �O�V�N�F�S�B�M �T�Z�T��
�U�F�N�T�
 �M�J�O�H�V�J�T�U�J�D �J�O�O�P�W�B�U�P�S�T �Q�M�B�Z �B�O �J�N�Q�P�S�U�B�O�U �S�P�M�F�� ���F�T�F �S�B�S�F �J�O�E�J�W�J�E�V�B�M�T �P�D�D�B�T�J�P�O�B�M�M�Z
�J�O�W�F�O�U �O�F�X �M�J�O�H�V�J�T�U�J�D �D�P�O�T�U�S�V�D�U�J�P�O�T�
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�X�S �X�L�I �X�[�S �L�M�W �W�M�Q�Y�P�E�X�M�S�R�W �[�L�M�G�L
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�T�U�B�O�E�B�S�E�J�T�B�U�J�P�O �P�G �B �T�I�B�S�F�E �C�B�T�F �D�P�V�M�E �C�F �U�I�F �S�F�T�V�M�U �P�G �B �Q�S�P�D�F�T�T �P�G �T�P�D�J�B�M �O�F�H�P�U�J�B�U�J�P�O��
�*�O �M�J�O�F �X�J�U�I �D�V�S�S�F�O�U �U�F�S�N�J�O�P�M�P�H�Z�
 �* �I�B�W�F �C�B�Q�U�J�T�F�E �U�I�F �T�J�N�V�M�B�U�J�P�O�T �U�I�F�B�E�E�J�U�J�W�F�B�O�E�N�V�M��
�U�J�Q�M�J�D�B�U�J�W�F �#�B�T�F �(�B�N�F�	�/�4�
�� ���F �T�J�N�V�M�B�U�J�P�O�T �S�F�Q�S�F�T�F�O�U �U�X�P �T�V�D�D�F�T�T�J�W�F �A�T�U�B�H�F�T�� �J�O �F�W�P��
�M�V�U�J�P�O�B�S�Z �I�J�T�U�P�S�Z�
 �G�P�M�M�P�X�J�O�H �U�I�F �J�O�W�F�O�U�J�P�O �P�G �B�E�E�J�U�J�W�F �B�O�E �N�V�M�U�J�Q�M�J�D�B�U�J�W�F �D�P�O�T�U�S�V�D�U�J�P�O�T
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 �)�V�S�G�P�S�E �U�B�L�F�T �U�I�F �C�B�T�F �U�P �C�F �U�I�F
�M�B�S�H�F�T�U �P�G �U�I�F �D�P�O�T�U�J�U�V�F�O�U�T�� �U�I�F �C�B�T�F �P�G �C�P�U�I�B× �C�B�O�E�B× �C+ �D�J�T�N�B�Y(�B, �C)�� �4�P
��× ��, ��× ��+ �� �B�O�E��+ �� �B�M�M �V�T�F �C�B�T�F �•�� �/�P�U�F �U�I�B�U �U�I�F �T�V�N�N�B�O�E�D�J�O �B �N�V�M�U�J�Q�M�J�D�B�U�J�W�F
�D�P�O�T�U�S�V�D�U�J�P�O �D�B�O �U�I�V�T �C�F �M�B�S�H�F�S �U�I�B�O �U�I�F �C�B�T�F�� �8�F �S�F�U�V�S�O �U�P �U�I�F�T�F �B�T�T�V�N�Q�U�J�P�O�T �J�O �U�I�F
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�U�I�B�U �F�O�E �B�H�F�O�U�T �U�S�B�D�L �U�I�F �G�S�F�R�V�F�O�D�J�F�T �P�S �T�D�P�S�F�T�T(�C) �P�G �B�M�M �C�B�T�F�T�C�U�I�F�Z �F�O�D�P�V�O�U�F�S���Š�Œ

�X�W�-�R �X�L�M�W �G�L�E�T�X�I�V�C�H�S�I�W �R�S�X �H�I��
�R�S�X�I �X�L�I �F�S�X�X�P�I�R�I�G�O�� �F�Y�X �E �F�E�W�I��
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 �J���F�� �X�I�J�D�I �C�B�T�F�T �B�O �B�H�F�O�U �Q�S�F�G�F�S�T �U�P
�V�T�F�� �" �C�B�T�F�C�J�T�G�B�W�P�V�S�F�E�J�G

�T(�C) > �� �B�O�E �T(�C) ≥ �h· �N�B�Y
�C′

�T(�C′), �	�Ž���‰�


�G�P�S�� ≥ �h> �����Š�•

�X�V�,�Y�V�J�S�V�H �H�S�I�W �R�S�X �V�I�U�Y�M�V�I
�T(�C) > ���� �F�Y�X �X�L�M�W �W�M�Q�T�P�M�¼�I�W
�X�L�I �H�M�W�G�Y�W�W�M�S�R �E�R�H �H�S�I�W �R�S�X �E�P�X�I�V
�X�L�I �F�I�L�E�Z�M�S�Y�V �S�J �X�L�I �K�E�Q�I��

�+�V�T�U �M�J�L�F�`�J�O �U�I�F �U�I�F �#�B�Z�F�T�J�B�O �M�B�O�H�V�B�H�F �H�B�N�F�T�
 �U�I�F �Q�B�S�B�N�F�U�F�S�h�E�F�U�F�S�N�J�O�F�T �U�I�F �Q�S�P��
�E�V�D�U�J�P�O �T�U�S�B�U�F�H�Z�� �I�P�X �N�V�D�I �U�I�F �B�H�F�O�U �U�F�O�E�T �U�P�X�B�S�E�T �V�T�J�O�H �U�I�F �N�P�T�U �G�S�F�R�V�F�O�U �C�B�T�F�T��
�'�P�S�h= �� �U�I�F �C�B�T�F �X�J�U�I �Q�P�T�J�U�J�W�F �B�O�E �N�B�Y�J�N�B�M �G�S�F�R�V�F�O�D�Z �B�S�F �G�B�W�P�V�S�F�E�� ���F �T�N�B�M�M�F�S�h
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 �U�I�F �M�P�X�F�S �U�I�F �U�I�S�F�T�I�P�M�E �G�P�S �C�F�J�O�H �G�B�W�P�V�S�F�E�� ���J�T �T�M�P�X�T �E�P�X�O �D�P�O�W�F�S�H�F�O�D�F�
 �B�O�E �*
�I�B�W�F �V�T�F�E�h= �� �U�I�S�P�V�H�I�P�V�U �U�I�J�T �D�I�B�Q�U�F�S�� �"�Q�Q�F�O�E�J�Y�( �J�O�D�M�V�E�F�T �B �C�S�J�F�G �B�O�B�M�Z�T�J�T �P�G �U�I�F
�F���F�D�U�T �P�G�h�� ���F �T�F�U �P�G �C�B�T�F�T �G�B�W�P�V�S�F�E �C�Z �B�H�F�O�U�" �J�T �E�F�O�P�U�F�E�'(�")��
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�3�0�0�ã�Ø�ã�Ö�( �2�3�Ù�( �å�3�ß�(�*�U �X�J�M�M �C�F �D�P�O�W�F�O�J�F�O�U �U�P �S�F�G�P�S�N�V�M�B�U�F �)�V�S�G�P�S�E���T �N�P�E�F�M�T �J�O �B �N�P�S�F
�G�P�S�N�B�M �G�B�T�I�J�P�O�� �4�V�Q�Q�P�T�F �B�H�F�O�U�T �L�O�P�X �T�J�N�Q�M�F �O�V�N�F�S�B�M�T �G�P�S �U�I�F �O�V�N�C�F�S�TS = {��, . . . , �#=
���,}�
 �X�I�J�D�I �U�I�F�Z �D�B�O �D�P�N�C�J�O�F �J�O �B�E�E�J�U�J�W�F �D�P�O�T�U�S�V�D�U�J�P�O�T�� �8�F �B�T�T�V�N�F�#= ���, �U�P �C�F �F�W�F�O
�B�T �J�U �H�S�F�B�U�M�Z �T�J�N�Q�M�J���F�T �U�I�F �E�J�T�D�V�T�T�J�P�O�� �4�J�O�D�F �B�H�F�O�U�T �H�F�O�F�S�B�M�M�Z �Q�S�F�G�F�S �U�P �V�T�F �U�I�F �T�J�N�Q�M�F
�O�V�N�F�S�B�M�T �G�P�S �O�V�N�C�F�S�T �C�F�M�P�X�#�
 �U�I�F�Z �P�O�M�Z �G�P�S�N �D�P�N�Q�M�F�Y �O�V�N�F�S�B�M�T �G�P�S �U�I�F �O�V�N�C�F�S�T
N = {�#+ ��, . . . , �#+ �#}�
 �X�I�J�D�I �* �D�B�M�M �U�I�F�E�P�N�B�J�O�� ���J�T �J�N�Q�M�J�F�T �U�I�B�U �U�I�F �O�V�N�F�S�B�M�T
�O∈ S �G�P�S �X�I�J�D�I�O+ �O< �#+ �� �D�B�O�O�P�U �C�F �V�T�F�E �B�T �B �C�B�T�F�� �'�P�S �F�Y�B�N�Q�M�F�
 �J�G�#= �����
 �B�H�F�O�U�T
�L�O�P�X �T�J�N�Q�M�F �O�V�N�F�S�B�M�T{��, . . . , ����}�
 �D�P�N�N�V�O�J�D�B�U�F �B�C�P�V�U �U�I�F �E�P�N�B�J�O{����, . . . , ����} �V�T��
�J�O�H �C�B�T�F�T �J�O{��, . . . , ����}�� �/�P�U�F �U�I�B�U �C�B�T�F �‰�ˆ �J�T �N�P�T�U�F�Y�Q�S�F�T�T�J�W�F�T�J�O�D�F �J�U �D�B�O �C�F �V�T�F�E �U�P
�G�P�S�N �F�Y�Q�S�F�T�T�J�P�O�T �G�P�S �B�M�M �O�V�N�C�F�S�T �J�O �U�I�F �E�P�N�B�J�O�� �8�J�U�I �C�B�T�F �‘ �Z�P�V �D�B�O �P�O�M�Z �H�F�U �U�P �‰�•�

�X�J�U�I �• �V�Q �U�P �‰�Ž�
 �B�O�E �T�P �P�O�� �5�P �N�B�L�F �U�I�J�T �Q�S�F�D�J�T�F�
 �O�P�U�F �U�I�B�U �U�I�F�S�F �B�S�F�, �O�V�N�C�F�S�T �U�I�B�U
�D�P�V�M�E �C�F �V�T�F�E �B�T �B �C�B�T�F�
 �O�B�N�F�M�Z

�C�� := �, + ��, �C�� := �, + ��, . . . �C�, := �, + �, = �# �	�Ž���Š�


�'�P�S �U�I�F �T�F�U �P�G �O�V�N�C�F�S�T�O�U�I�B�U �B�S�F�F�Y�Q�S�F�T�T�J�C�M�F �C�Z �C�B�T�F�C�X�F �X�S�J�U�F

�&(�C) = {�O∈ N : �O≤ �C+ �C}, �	�Ž���‹�


�$�P�O�W�F�S�T�F�M�Z�&−��(�O) = {�C: �O∈ �&(�C)} �E�F�O�P�U�F�T �U�I�F �T�F�U �P�G �C�B�T�F�T �U�I�B�U �F�Y�Q�S�F�T�T�O��
�)�V�S�G�P�S�E �	�‰�‘�•�•�
 �P�O�M�Z �D�P�O�T�J�E�F�S�F�E �U�I�F �E�F�D�J�N�B�M �D�B�T�F�#= ������ �)�F �B�S�H�V�F�E �U�I�B�U �C�F�D�B�V�T�F

�‰�ˆ �J�T �N�P�T�U �F�Y�Q�S�F�T�T�J�W�F�
 �J�U �X�J�M�M �T�P�P�O �C�F�D�P�N�F �U�I�F �N�P�T�U �G�S�F�R�V�F�O�U �C�B�T�F�
 �S�F�T�V�M�U�J�O�H �J�O �U�I�F �T�U�B�O��
�E�B�S�E�J�T�B�U�J�P�O �P�G �U�I�F �F�Y�Q�S�F�T�T�J�P�O�T����+ ��, ����+ ��, . . . , ����+ ������ ���F �B�E�E�J�U�J�W�F �C�B�T�F �H�B�N�F �X�B�T
�Q�S�P�Q�P�T�F�E �U�P �U�F�T�U �U�I�F �D�P�O�T�J�T�U�F�O�D�Z �P�G �U�I�J�T �B�D�D�P�V�O�U �B�O�E �G�P�M�M�P�X�T �U�I�F �G�P�M�M�P�X�J�O�H �T�D�S�J�Q�U��

�‰���" �O�V�N�C�F�S�O∈ N �J�T �D�I�P�T�F�O �G�S�P�N �U�I�F �E�P�N�B�J�O��
�Š�����F �T�Q�F�B�L�F�S �D�P�O�T�J�E�F�S�T �U�I�F �T�F�U�$= �'(�4) ∩ �&−��(�O) �P�G �D�B�O�E�J�E�B�U�F �C�B�T�F�T�� �G�B�W�P�V�S�F�E

�C�B�T�F�T �U�I�B�U �N�P�S�F�P�W�F�S �F�Y�Q�S�F�T�T�O�� �4�I�F �S�B�O�E�P�N�M�Z �Q�J�D�L�T �B �C�B�T�F�C�G�S�P�N�$�J�G �J�U �J�T �O�P�O�F�N�Q�U�Z�

�P�S �G�S�P�N�&−��(�O) �P�U�I�F�S�X�J�T�F�� ���F �T�Q�F�B�L�F�S �F�Y�Q�S�F�T�T�F�T�O�B�T�C+ (�O− �C)��

�‹�� ���F �I�F�B�S�F�S�) �S�F�D�F�J�W�F�T �U�I�F �F�Y�Q�S�F�T�T�J�P�O�
 �E�F�U�F�S�N�J�O�F�T �U�I�F �C�B�T�F �V�T�F�E�
 �B�O�E �V�Q�E�B�U�F�T �U�I�F
�T�D�P�S�F�T�) (�C) �P�G�C�C�Z �‰��

�ß�×�à�Ø�ã�Ü�à�ã�1�3�Ø�ã�Ö�( �2�3�Ù�( �å�3�ß�(���F �T�F�D�P�O�E �H�B�N�F�
 �U�I�F�N�V�M�U�J�Q�M�J�D�B�U�J�W�F �C�B�T�F �H�B�N�F�
 �D�P�S�S�F�T�Q�P�O�E�T
�U�P �U�I�F �O�F�Y�U �T�U�B�H�F �J�O �U�I�F �F�W�P�M�V�U�J�P�O �P�G �O�V�N�F�S�B�M �T�Z�T�U�F�N�T�� �#�Z �U�I�J�T �U�J�N�F�
 �B�O �J�O�O�P�W�B�U�P�S �I�B�T �J�O��
�W�F�O�U�F�E �N�V�M�U�J�Q�M�J�D�B�U�J�W�F �D�P�O�T�U�S�V�D�U�J�P�O�T �P�G �U�I�F �G�P�S�N�B× �C+ �D�
 �X�I�J�D�I �I�B�W�F �C�F�D�P�N�F �B�W�B�J�M�B�C�M�F
�U�P �U�I�F �F�O�U�J�S�F �Q�P�Q�V�M�B�U�J�P�O�� �8�F �B�T�T�V�N�F �B�H�F�O�U�T �Q�S�F�G�F�S �U�I�F �T�J�N�Q�M�F�S �B�E�E�J�U�J�W�F �D�P�O�T�U�S�V�D�U�J�P�O�T
�G�P�S �U�I�F �O�V�N�C�F�S�T�#+ �� �V�Q �U�P�#+ �#�� ���F�S�F�G�P�S�F�
 �U�I�F �E�P�N�B�J�O �J�TN = {���#+ ��, . . . , �#��+ �#}
�B�O�E �U�I�F �O�V�N�C�F�S�T �F�Y�Q�S�F�T�T�J�C�M�F �C�Z�C�B�S�F�&(�C) = {�O∈ N : �O≤ �C�� + �#}�� �"�T �C�F�G�P�S�F�

�B�H�F�O�U�T �U�S�B�D�L �G�S�F�R�V�F�O�D�J�F�T �U�P �E�F�U�F�S�N�J�O�F �X�I�J�D�I �C�B�T�F�T �U�I�F�Z �G�B�W�P�V�S�� �#�V�U �U�I�F�S�F �J�T �B�O �B�E�E�J��
�U�J�P�O�B�M �D�S�J�U�F�S�J�P�O�� �8�I�F�O �B�O �B�H�F�O�U �G�B�W�P�V�S�T �T�F�W�F�S�B�M �C�B�T�F�T�
 �T�P�N�F �O�V�N�C�F�S�T �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E
�J�O �E�J���F�S�F�O�U �X�B�Z�T�� �'�P�S �F�Y�B�N�Q�M�F�
 �J�G �‰�ˆ�
 �‘�
 �• �B�O�E �• �B�S�F �B�M�M �G�B�W�P�V�S�F�E�
 �Š�‰ �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E
�B�T��× ���� + ���
 ��× �� + ���
 ��× �� + �� �B�O�E��× ���� �*�O �U�I�J�T �D�B�T�F �B�H�F�O�U�T �Q�S�F�G�F�S�T�J�N�Q�M�F�S
�F�Y�Q�S�F�T�T�J�P�O�T �‰ �I�F�S�F�� × �� �‰ �B�T �U�I�F �S�F�T�V�M�U �P�G �B �H�F�O�F�S�B�M �T�J�N�Q�M�J�D�J�U�Z �C�J�B�T �	�)�V�S�G�P�S�E�‰�‘�•�•�
��
�4�U�F�Q �Š �P�G �U�I�F �T�D�S�J�Q�U �J�T �D�I�B�O�H�F�E �U�P �B�D�D�P�N�N�P�E�B�U�F �U�I�J�T��

�Š�����F �T�Q�F�B�L�F�S �D�P�O�T�J�E�F�S�T �B�M�M �F�Y�Q�S�F�T�T�J�P�O�T �P�G �U�I�F �G�P�S�N�O= �B× �C+ �D�
 �X�I�F�S�F�C�J�T �B �C�B�T�F
�J�O�$�
 �P�S �P�U�I�F�S�X�J�T�F �J�O�&−��(�O) �X�I�F�O�$�J�T �F�N�Q�U�Z�� �*�G �U�I�F�S�F �B�S�F �A�T�J�N�Q�M�F�� �F�Y�Q�S�F�T�T�J�P�O�T
�O= �B× �C�
 �T�I�F �D�P�N�N�V�O�J�D�B�U�F�T �P�O�F �P�G �U�I�P�T�F�
 �P�S �P�U�I�F�S�X�J�T�F �B �S�B�O�E�P�N �P�U�I�F�S �P�O�F��

�•�‹



�°�� �&�N�F�S�H�F�O�U �O�V�N�F�S�B�M �T�Z�T�U�F�N�T

�*�ã�å�×�Ú�( �[���^�'�S�Q�T�E�V�M�W�S�R �F�I�X�[�I�I�R
�X�L�I �%�H�H�M�X�M�Z�I �&�E�W�I �+�E�Q�I ���F�P�E�G�O�

�E�R�H �X�L�I �1�Y�P�X�M�T�P�M�G�E�X�M�Z�I �&�E�W�I �+�E�Q�I
���S�V�E�R�K�I�
�� �8�L�I �H�]�R�E�Q�M�G�W �S�J �X�L�I
�X�[�S �K�E�Q�I�W �E�V�I �V�I�Q�E�V�O�E�F�P�] �W�M�Q�M�P�E�V��
�(�]�R�E�Q�M�G�W �E�V�I �Z�M�W�Y�E�P�M�^�I�H �Y�W�M�R�K�%��
�X�L�I �F�E�W�I �G�S�Y�R�X�W �S�J �E�P�P �T�S�W�W�M�F�P�I
�F�E�W�I�W �J�S�V �X�L�I �%�H�H�M�X�M�Z�I �&�E�W�I �+�E�Q�I
�S�R�P�] ���X�L�I �1�Y�P�X�M�T�P�M�G�E�X�M�Z�I �G�E�W�I �P�S�S�O�W
�I�\�X�V�I�Q�I�P�] �W�M�Q�M�P�E�V�
���&���X�L�I �X�S�X�E�P �F�E�W�I
�G�S�Y�R�X�W���'�� �X�L�I �Y�R�M�U�Y�I �F�E�W�I �G�S�Y�R�X��
�E�R�H�(���X�L�I �T�V�S�F�E�F�M�P�M�X�] �S�J �W�Y�G�G�I�W�W�J�Y�P
�G�S�Q�Q�Y�R�M�G�E�X�M�S�R�� �7�I�I �Q�E�M�R �X�I�\�X �J�S�V
�H�I�X�E�M�P�W��

�ä�×�Ú�Z�U�6�I�W�Y�P�X�W �W�L�S�[�R �J�S�V�/ = ��������
�#= �������h= ���� �E�Z�K�� �S�J �[�Z�Z �V�Y�R�W�� �^
�W�X�H�� �W�L�E�H�I�H��
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A.     Base counts for the Additive Base Game
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B.     Total base count
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C.     Unique base count
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D.     Probability of communicative success

�2�3�Ù�ã�1 �Ü�ä�(�Þ�Ý�ß�(�Þ�Ý�à�Ý�å�Ó�6�O�M�J�L�F �)�V�S�G�P�S�E �	�‰�‘�•�•�
�
 �X�F �I�B�W�F �U�X�F�O�U�Z �Z�F�B�S�T �P�G �B�H�F�O�U���C�B�T�F�E
�N�P�E�F�M�M�J�O�H �S�F�T�F�B�S�D�I �B�U �P�V�S �E�J�T�Q�P�T�B�M�� �* �U�I�F�S�F�G�P�S�F �S�F�B�O�B�M�Z�T�F �U�I�F �H�B�N�F�T �V�T�J�O�H �B �N�P�S�F �N�P�E��
�F�S�O �N�F�U�I�P�E�P�M�P�H�Z �B�O�E �B�O�B�M�Z�T�F �U�I�F �G�P�M�M�P�X�J�O�H �T�U�B�U�J�T�U�J�D�T

�t �	�1�S�P�C�B�C�J�M�J�U�Z �P�G�
 �D�P�N�N�V�O�J�D�B�U�J�W�F �T�V�D�D�F�T�T�Q�T(�U) �8�F �D�P�O�T�J�E�F�S �B�O �J�O�U�F�S�B�D�U�J�P�O �T�V�D��
�D�F�T�T�G�V�M �J�G �U�I�F �C�B�T�F �V�T�F�E �C�Z �U�I�F �T�Q�F�B�L�F�S �J�T �G�B�W�P�V�S�F�E �C�Z �U�I�F �I�F�B�S�F�S��

�t �#�B�T�F �D�P�V�O�U�/ �C�B�T�F(�C, �U)�����F �O�V�N�C�F�S �P�G �B�H�F�O�U�T �U�I�B�U �G�B�W�P�V�S �C�B�T�F�C�B�U �U�J�N�F�U��
�t �5�P�U�B�M �C�B�T�F �D�P�V�O�U�/ �U�P�U�B�M(�U)�� ���F �U�P�U�B�M �O�V�N�C�F�S �P�G �C�B�T�F�T �G�B�W�P�V�S�F�E �C�Z �B�H�F�O�U�T �J�O �U�I�F

�Q�P�Q�V�M�B�U�J�P�O�
 �J���F���/ �U�P�U�B�M(�U) =
∑

�C�/ �C�B�T�F(�C, �U)��
�t �6�O�J�R�V�F �C�B�T�F �D�P�V�O�U�/ �V�O�J�R�V�F(�U)�����F �O�V�N�C�F�S �P�G �V�O�J�R�V�F �C�B�T�F�T �G�B�W�P�V�S�F�E �J�O �U�I�F �Q�P�Q��

�V�M�B�U�J�P�O �B�U �U�J�N�F�U�
 �J���F���/ �V�O�J�R�V�F(�U) = |{�C: �/ �C�B�T�F(�C, �U) > ��}|��

�'�J�H�V�S�F�Ž���‰�T�V�N�N�B�S�J�T�F�T �U�I�F �E�Z�O�B�N�J�D�T �P�G �U�I�F �C�B�T�F �H�B�N�F�T�� �4�V�C���H�V�S�F�. �J�M�M�V�T�U�S�B�U�F�T �U�I�F
�U�Z�Q�J�D�B�M �T�U�B�H�F�T �F�W�F�S�Z �T�J�N�V�M�B�U�J�P�O �H�P�F�T �U�I�S�P�V�H�I�� �*�O�J�U�J�B�M�M�Z�
 �O�P�O�F �P�G �U�I�F �C�B�T�F�T �J�T �G�B�W�P�V�S�F�E
�B�O�E �C�B�T�F�T �B�S�F �V�T�F�E �X�J�U�I �S�P�V�H�I�M�Z �F�R�V�B�M �Q�S�P�C�B�C�J�M�J�U�Z�� ���J�T �J�T �G�P�M�M�P�X�F�E �C�Z �B �Q�I�B�T�F �J�O �X�I�J�D�I
�E�J���F�S�F�O�U �C�B�T�F�T �D�P�N�Q�F�U�F �G�P�S �B �T�I�B�S�F �P�G �U�I�F �Q�P�Q�V�M�B�U�J�P�O�� ���F �M�B�S�H�F�T�U �U�X�P �C�B�T�F�T �B�S�F �U�I�F �U�X�P
�C�J�H�H�F�T�U �D�P�N�Q�F�U�J�U�P�S�T�
 �C�V�U �C�B�T�F �‰�ˆ �T�P�P�O �U�B�L�F�T �P�W�F�S�
 �M�F�B�E�J�O�H �U�P �U�I�F �F�N�F�S�H�F�O�D�F �P�G �B �T�I�B�S�F�E�

�E�F�D�J�N�B�M �T�Z�T�U�F�N�� �4�V�C���H�V�S�F�/ �T�I�P�X�T �U�I�B�U �N�V�M�U�J�Q�M�F �C�B�T�F�T �D�P�N�Q�F�U�F �E�J�S�F�D�U�M�Z �G�P�S �F�B�D�I �B�H�F�O�U���T
�Q�S�F�G�F�S�F�O�D�F�� ���J�T �D�B�O �C�F �T�F�F�O �G�S�P�N �U�I�F �Q�F�B�L �P�G�/ �U�P�U�B�M�
 �X�I�J�D�I �D�S�P�T�T�F�T �U�I�F �Q�P�Q�V�M�B�U�J�P�O �T�J�[�F
�/ = �������
 �J�O�E�J�D�B�U�J�O�H �U�I�B�U �B�H�F�O�U�T �B�U �U�I�B�U �Q�P�J�O�U �P�O �B�W�F�S�B�H�F �G�B�W�P�V�S �N�P�S�F �U�I�B�O �P�O�F �C�B�T�F��
�&�W�F�O �X�I�F�O �C�B�T�F �‰�ˆ �J�T �B�M�S�F�B�E�Z �E�P�N�J�O�B�O�U�
 �J�U �D�B�O �U�B�L�F �B �M�P�O�H �U�J�N�F �U�P �F�M�J�N�J�O�B�U�F �B�M�M �P�U�I�F�S
�C�B�T�F�T �G�S�P�N �U�I�F �Q�P�Q�V�M�B�U�J�P�O�
 �B�T �T�F�F�O �G�S�P�N�0�� �#�V�U �J�O�1�P�O�F �T�F�F�T �U�I�B�U �Q�P�Q�V�M�B�U�J�P�O �F�W�F�O�U�V��
�B�M�M�Z �D�P�N�N�V�O�J�D�B�U�F�T �T�V�D�F�T�T�G�V�M�M�Z�� ���F �E�J���F�S�F�O�D�F �C�F�U�X�F�F�O �U�I�F �B�E�E�J�U�J�W�F �B�O�E �N�V�M�U�J�Q�M�J�D�B�U�J�W�F
�H�B�N�F�
 �J�O �U�F�S�N�T �P�G �E�Z�O�B�N�J�D�T�
 �B�Q�Q�F�B�S�T �U�P �C�F �T�N�B�M�M�� �.�P�T�U �J�N�Q�P�S�U�B�O�U�M�Z�
 �)�V�S�G�P�S�E���T �J�O�U�V�J�U�J�P�O
�B�C�P�V�U �U�I�F �F�N�F�S�H�F�O�D�F �P�G �B �E�F�D�J�N�B�M �T�Z�T�U�F�N�
 �J�T �D�P�O���S�N�F�E��
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�°���¬�� �%�P�N�B�J�O �B�E�B�Q�U�J�W�J�U�Z �J�O �U�I�F �C�B�T�F �H�B�N�F�T
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�*�ã�å�×�Ú�( �[���X�-�R �X�L�I �E�H�H�M�X�M�Z�I �F�E�W�I
�K�E�Q�I�� �X�L�I �T�V�S�F�E�F�M�P�M�X�] �S�J �Y�W�M�R�K �E
�F�E�W�I �[�M�X�L�S�Y�X �E�R�] �T�E�W�X �I�\�T�I�V�M�I�R�G�I
���M���I���� �R�S �T�V�I�J�I�V�I�R�G�I�W�
 �M�W �W�X�V�S�R�K�P�]
�W�O�I�[�I�H �X�S�[�E�V�H�W �X�L�I �L�M�K�L�I�W�X �F�E�W�I��
�8�L�I �K�E�Q�I �L�E�W �E �W�X�V�S�R�K �M�Q�T�P�M�G�M�X �T�V�M�S�V
�J�S�V �Y�W�M�R�K �L�M�K�L �F�E�W�I�W��

�æ�ã�å�^�Z�8�L�I �„�W�M�Q�Y�P�E�X�M�S�R�… �M�W �X�L�I �V�I�P��
�J�V�I�U�� �S�J �^�Z�Z �Z�Z�Z �W�E�Q�T�P�I�W��

�(�S�Q�E�M�R �E�H�E�T�X�M�Z�M�X�] �M�R �X�L�I �F�E�W�I �K�E�Q�I�W
���F �T�J�N�J�M�B�S�J�U�J�F�T �C�F�U�X�F�F�O �U�I�F �E�Z�O�B�N�J�D�T �P�G �U�I�F �C�B�T�F �H�B�N�F�T �	���H�V�S�F�Ž���‰�
 �B�O�E �U�I�F �E�Z�O�B�N�J�D�T
�P�G �U�I�F �O�B�N�J�O�H �H�B�N�F�T �	�F���H�� ���H�V�S�F�‹���‹�
 �B�S�F �T�U�S�J�L�J�O�H�� �*�O�E�F�F�E�
 �U�I�F �C�B�T�F �H�B�N�F�T �T�F�F�N �U�P
�C�F �O�B�N�J�O�H �H�B�N�F�T �J�O �E�J�T�H�V�J�T�F�� �3�B�U�I�F�S �U�I�B�O �O�F�H�P�U�J�B�U�J�O�H �B �O�B�N�F �G�P�S �B�O �P�C�K�F�D�U�
 �B�H�F�O�U�T
�O�F�H�P�U�J�B�U�F �B �C�B�T�F�� �X�I�J�D�I �P�G �U�I�F �A�X�P�S�E�T����, . . . , ���� �T�I�P�V�M�E �O�B�N�F �U�I�F �A�P�C�K�F�D�U���/�.�@�2�� �-�J�L�F �U�I�F
�#�B�Z�F�T�J�B�O �M�B�O�H�V�B�H�F �H�B�N�F�
 �U�I�F �A�W�P�D�B�C�V�M�B�S�Z�� �J�T ���Y�F�E �U�P�, = �� �C�B�T�F�T�
 �B�O�E �U�I�F �T�U�S�B�U�F�H�Z �V�T�F�E
�D�P�S�S�F�T�Q�P�O�E�T �E�J�S�F�D�U�M�Z �U�P �U�I�F�G�S�F�R�V�F�O�D�Z �T�U�S�B�U�F�H�Z�	�X�I�F�O�h= ���
��

�#�V�U �U�I�F�S�F �B�S�F �B�M�T�P �T�P�N�F �T�U�S�J�L�J�O�H �E�J�T�T�J�N�J�M�B�S�J�U�J�F�T�� �.�P�T�U �O�P�U�B�C�M�Z�
 �U�I�F �T�B�N�F �A�X�P�S�E�� �‰
�C�B�T�F �‰�ˆ �‰ �J�T �B�E�P�Q�U�F�E �J�O �F�W�F�S�Z �T�J�N�V�M�B�U�J�P�O�� ���F �C�B�T�F �H�B�N�F �T�F�F�N�T �U�P �C�F �C�J�B�T�F�E �U�P�X�B�S�E�T
�B�E�P�Q�U�J�O�H �U�I�F �I�J�H�I�F�T�U �C�B�T�F�� �)�V�S�G�P�S�E �S�F�D�P�H�O�J�T�F�T �U�I�J�T�
 �C�V�U �E�P�F�T �O�P�U �F�Y�Q�M�B�J�O �X�I�B�U �U�I�J�T
�J�N�Q�M�J�D�J�U �C�J�B�T �F�Y�B�D�U�M�Z �J�T�� �#�V�U �U�I�J�T �D�B�O �C�F �E�P�O�F�
 �G�P�S �U�I�F �B�E�E�J�U�J�W�F �C�B�T�F �H�B�N�F�
 �B�U �M�F�B�T�U�� �*�U �J�T
�B �O�J�D�F �N�B�U�I�F�N�B�U�J�D�B�M �Q�V�[�[�M�F �U�P �T�I�P�X �U�I�B�U �U�I�F �Q�S�P�C�B�C�J�M�J�U�Z �U�I�B�U �B �C�B�T�F �X�J�M�M �C�F �V�T�F�E �	�C�Z �B�O
�B�H�F�O�U �X�J�U�I �O�P �Q�B�T�U �F�Y�Q�F�S�J�F�O�D�F�
 �J�T

�Q(�C�K) =
��
�,

(
�) �, − �) �,−�K

)
, �	�Ž���Œ�


�X�I�F�S�F�) �O= ��/�� + · · ·+ ��/�O�J�T �U�I�F�O���U�I �I�B�S�N�P�O�J�D �O�V�N�C�F�S �	�T�F�F �B�Q�Q�F�O�E�J�Y�( �G�P�S �B �Q�S�P�P�G�
��
���F �E�J�T�U�S�J�C�V�U�J�P�O �J�T �Q�M�P�U�U�F�E �J�O ���H�V�S�F�Ž���Š�
 �G�P�S�# = ����, ���� �B�O�E������ ���F ���H�V�S�F �D�M�F�B�S�M�Z
�E�F�N�P�O�T�U�S�B�U�F�T �U�I�B�U �U�I�F �B�E�E�J�U�J�W�F �C�B�T�F �H�B�N�F �I�B�T �B �T�U�S�P�O�H�J�N�Q�M�J�D�J�U �C�J�B�T�U�P�X�B�S�E�T �V�T�J�O�H �U�I�F
�M�B�S�H�F�T�U �C�B�T�F��

�ã�ß�Ü�à�ã�1�ã�Ø �2�ã�3�Ù�(�Ù �3�Þ�0 �(�Ô�Ø�(�Ú�Þ�3�à �1�Ý�Þ�Ù�Ø�Ú�3�ã�Þ�Ø�Ù�* �I�B�W�F �D�B�M�M�F�E �U�I�F �C�J�B�T�J�N�Q�M�J�D�J�U�T�J�O�D�F �U�I�F
�C�J�B�T �T�F�F�N�T �U�P �C�F �U�I�F �S�F�T�V�M�U �P�G �D�F�S�U�B�J�O �D�P�O�T�U�S�B�J�O�U�T �C�V�J�M�U �J�O�U�P �U�I�F �N�P�E�F�M�� �*�O �U�I�J�T �D�B�T�F�
 �U�I�F
�D�P�O�T�U�S�B�J�O�U�T �B�S�F �B�S�J�U�I�N�F�U�J�D �J�O �O�B�U�V�S�F �B�O�E �F�O�T�V�S�F �U�I�B�U �C�B�T�F �‰�ˆ �J�T �N�V�D�I �N�P�S�F �F�Y�Q�S�F�T�T�J�W�F
�U�I�B�O �C�B�T�F �Ž�� ���F �D�P�O�T�U�S�B�J�O�U�T �N�P�S�F�P�W�F�S �B�Q�Q�F�B�S �U�P �C�F�F�Y�U�F�S�O�B�M�U�P �U�I�F �B�H�F�O�U �‰ �Q�S�P�Q�F�S�U�J�F�T �P�G
�U�I�F �E�P�N�B�J�O�
 �S�B�U�I�F�S �U�I�B�O �Q�S�P�Q�F�S�U�J�F�T �P�G �U�I�F �B�H�F�O�U���Š�Ž

�X�[�6�I�E�H�I�V�W �S�F�N�I�G�X�M�R�K �X�S �Q�E�X�L�I��
�Q�E�X�M�G�E�P �G�S�R�W�X�V�E�M�R�X�W �F�I�M�R�K �W�S�Q�I��
�L�S�[ �I�\�X�I�V�R�E�P �X�S �X�L�I �E�K�I�R�X�W
�W�L�S�Y�P�H �R�S�X�I �X�L�E�X �X�L�M�W �H�S�I�W �R�S�X
�Y�R�H�I�V�Q�M�R�I �X�L�I �Q�E�M�R �T�S�M�R�X �X�L�E�X
�F�M�E�W�W�I�W �G�E�R �H�M�J�J�I�V �M�R �O�M�R�H��

���J�T �S�B�J�T�F�T �U�I�F �R�V�F�T�U�J�P�O �X�I�F�U�I�F�S �U�I�F
�J�N�Q�M�J�D�J�U �C�J�B�T�F�T�B�S�J�T�J�O�H �G�S�P�N �F�Y�U�F�S�O�B�M �D�P�O�T�U�S�B�J�O�U�T �	�i���� > ��+ ���w�
 �T�I�P�V�M�E �C�F �E�J�T�U�J�O�H�V�J�T�I�F�E
�G�S�P�N �U�I�F �C�J�B�T�F�T �T�P�N�F�I�P�X �J�O�U�F�S�O�B�M �U�P �U�I�F �B�H�F�O�U �	�i�* �I�B�W�F �U�F�O ���O�H�F�S�T�w�
�� �*�G �U�I�F �E�J���F�S�F�O�U
�C�J�B�T�F�T �J�O���V�F�O�D�F �U�I�F �C�F�I�B�W�J�P�V�S �J�O �R�V�B�M�J�U�B�U�J�W�F�M�Z �E�J���F�S�F�O�U �X�B�Z�T�
 �U�I�B�U �J�T �B �D�M�F�B�S �J�O�E�J�D�B�U�J�P�O
�U�I�B�U �U�I�F �U�X�P �T�I�P�V�M�E �C�F �E�J�T�U�J�O�H�V�J�T�I�F�E�� ���F �O�F�Y�U �F�Y�Q�F�S�J�N�F�O�U �T�I�P�X�T �U�I�B�U �U�I�J�T �J�T �J�O�E�F�F�E
�U�I�F �D�B�T�F��

�$�P�O�T�J�E�F�S �B �Q�P�Q�V�M�B�U�J�P�O �X�I�F�S�F �F�W�F�S�Z �B�H�F�O�U �I�B�T �B�O �J�O�U�F�S�O�B�M �C�J�B�T �U�P�X�B�S�E�T �V�T�J�O�H �B �D�F�S�U�B�J�O
�C�B�T�F�� �'�P�S �F�Y�B�N�Q�M�F �C�B�T�F �‰�ˆ�
 �C�F�D�B�V�T�F �U�I�F �U�F�O ���O�H�F�S�T �B�S�F �Q�B�S�U�J�D�V�M�B�S�M�Z �T�B�M�J�F�O�U�� �8�F �N�P�E�F�M
�U�I�J�T �C�Z �J�O�J�U�J�B�M�M�Z �B�T�T�J�H�O�J�O�H �B �T�D�P�S�F�T�� �U�P �P�O�F �Q�B�S�U�J�D�V�M�B�S �C�B�T�F�C���� ���F�T�F �J�O�J�U�J�B�M �T�D�P�S�F�T �B�D�U
�B�T �Q�T�F�V�E�P���P�C�T�F�S�W�B�U�J�P�O�T�
 �J�O �U�I�F �T�B�N�F �X�B�Z �B�T �U�I�F �C�J�B�T�F�T �X�P�S�L �J�O �U�I�F �#�B�Z�F�T�J�B�O �M�B�O�H�V�B�H�F
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�°�� �&�N�F�S�H�F�O�U �O�V�N�F�S�B�M �T�Z�T�U�F�N�T

�*�ã�å�×�Ú�( �[���U�8�L�I �E�H�H�M�X�M�Z�I �F�E�W�I �K�E�Q�I
�M�R �T�S�T�Y�P�E�X�M�S�R�W �F�M�E�W�I�H �X�S�[�E�V�H�W �Y�W��
�M�R�K �F�E�W�I �Y ���P�I�J�X�
 �S�V �F�E�W�I �] ���V�M�K�L�X�
��
�[�M�X�L �Z�E�V�]�M�R�K �M�R�M�X�M�E�P �W�G�S�V�I�T�� ���L�M�K�L�I�V
�W�G�S�V�I�W �M�R�H�M�G�E�X�I �W�X�V�S�R�K�I�V �F�M�E�W�
�� �8�L�I
�¼�K�Y�V�I �M�P�P�Y�W�X�V�E�X�I�W �X�L�E�X �X�L�I �F�M�E�W�I�W
�M�Q�T�P�M�G�M�X �M�R �X�L�I �H�S�Q�E�M�R �E�R�H �X�L�I �F�M��
�E�W�I�W �S�J �X�L�I �E�K�I�R�X�W �[�S�V�O �H�M�J�J�I�V�I�R�X�P�]��
�E�K�I�R�X�W �G�E�R�R�S�X �S�Z�I�V�G�S�Q�I �X�L�I �J�S�V�Q�I�V
���W�I�I �Q�E�M�R �X�I�\�X �J�S�V �H�I�X�E�M�P�W�
�� �2�S�X�I��
�E�Z�I�V�E�K�I�W �S�Z�I�V �U�Z�Z �V�Y�R�W �E�V�I �W�L�S�[�R
�E�R�H �J�S�V�T�� = ��.�� �M�R�H�M�Z�M�H�Y�E�P �V�Y�R�W
�G�S�R�Z�I�V�X �X�S �I�M�X�L�I�V �F�E�W�I �^�Z �S�V �F�E�W�I �]��

�ä�×�Ú�Z�V�6�I�W�Y�P�X�W �W�L�S�[�R �J�S�V�/ = ��������
�a= �����O�Q�E�\= ������ �E�Z�K�� �S�J �U�Z�Z �V�Y�R�W��
�^ �W�X�H�� �W�L�E�H�I�H��
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A.     Base count of 7 (and 10) when b0 = 7
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B.     Base count of 8 (and 10) when b0 = 8
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A.     Simulation result: estimate distribution over outcomes (adopted bases) for every nmax
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B.     Implicit bias: probability of drawing a base-n expressions from all expressions in I(nmax)
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 �X�J�U�I �E�P�N�B�J�O�*(�O�N�B�Y) = {����, . . . , �O�N�B�Y}���Š�•

�X�Y�-�R �,�Y�V�J�S�V�H�…�W �K�E�Q�I��
�E�K�I�R�X�W �G�S�Q�Q�Y�R�M�G�E�X�I �E�F�S�Y�X
{����, . . . , ������}�� �F�Y�X �J�S�V �X�L�M�W �I�\�T�I�V��
�M�Q�I�R�X �X�L�I �H�S�Q�E�M�R �[�E�W �I�\�X�I�R�H�I�H��

�*�O
�F�B�D�I �T�J�N�V�M�B�U�J�P�O�
 �P�O�F �Q�B�S�U�J�D�V�M�B�S �C�B�T�F �N�J�H�I�U �C�F �B�E�P�Q�U�F�E�� ���F �F�Y�Q�F�S�J�N�F�O�U �B�J�N�T �U�P �R�V�B�O��
�U�J�G�Z �U�I�F �Q�S�P�C�B�C�J�M�J�U�Z �U�I�B�U �B �C�B�T�F �J�T �B�E�P�Q�U�F�E �P�O �B �D�F�S�U�B�J�O �E�P�N�B�J�O�
 �C�Z �B�W�F�S�B�H�J�O�H �P�W�F�S �Ž�ˆ�ˆ
�S�V�O�T���Š�•

�X�]�1�S�V�I �T�V�I�G�M�W�I�P�]�� �[�I �V�I�G�S�V�H�I�H
�X�L�I �¼�R�E�P �H�M�W�X�V�M�F�Y�X�M�S�R �S�Z�I�V �F�E�W�I�W��
�W�M�R�G�I �M�X �W�S�Q�I�X�M�Q�I�W �L�E�T�T�I�R�I�H
�X�L�E�X �X�L�I �T�S�T�Y�P�E�X�M�S�R �L�E�H �R�S�X �]�I�X
�G�S�R�Z�I�V�K�I�H �E�J�X�I�V �V�Z�Z�Z �M�X�I�V�E�X�M�S�R�W��

�* �X�J�M�M �D�B�M�M �U�I�F �E�J�T�U�S�J�C�V�U�J�P�O �P�W�F�S �B�E�P�Q�U�F�E �C�B�T�F�T �U�I�F�E�J�T�U�S�J�C�V�U�J�P�O �P�W�F�S �P�V�U�D�P�N�F�T��
�'�J�H�V�S�F�Ž���Œ�. �T�I�P�X�T �U�I�F �S�F�T�V�M�U�T�� �&�W�F�S�Z �Q�P�J�O�U �P�O �U�I�F�Y���B�Y�J�T �D�P�S�S�F�T�Q�P�O�E�T �U�P �B �E�P�N�B�J�O

�*(�O�N�B�Y)�� �"�C�P�W�F�U�I�B�U �Q�P�J�O�U�
 �U�I�F �E�J�T�U�S�J�C�V�U�J�P�O �P�W�F�S �P�V�U�D�P�N�F�T �J�T �Q�M�P�U�U�F�E�� ���F ���H�V�S�F �U�I�V�T
�T�I�P�X�T������− ���� = ���� �E�J�T�U�S�J�C�V�U�J�P�O�T�� �*�U �J�O�E�J�D�B�U�F�T �U�I�B�U �E�J���F�S�F�O�U �C�B�T�F�T �B�S�F �N�P�S�F �M�J�L�F�M�Z �U�P
�C�F �B�E�P�Q�U�F�E �P�O �E�J���F�S�F�O�U �E�P�N�B�J�O�T�*(�O�N�B�Y)�� �8�I�F�O �B�H�F�O�U�T �D�P�N�N�V�O�J�D�B�U�F �B�C�P�V�U�*(����)�
 �C�B�T�F
�� �J�T �B�E�P�Q�U�F�E �N�P�T�U �G�S�F�R�V�F�O�U�M�Z�
 �X�I�F�O �D�P�N�N�V�O�J�D�B�U�J�O�H �B�C�P�V�U�*(����)�
 �C�B�T�F�� �J�T �N�P�T�U �M�J�L�F�M�Z
�U�P �F�N�F�S�H�F�
 �F�U�D�� ���F �Q�B�U�U�F�S�O �J�T �T�P�N�F�X�I�B�U �K�V�N�Q�Z�
 �C�V�U �Q�S�P�C�B�C�M�Z �O�P�U �C�F�D�B�V�T�F �P�G �S�B�O�E�P�N
�O�P�J�T�F�� ���F �F�T�U�J�N�B�U�F�T �T�F�F�N �U�P �C�F �S�F�M�J�B�C�M�F�
 �T�J�O�D�F �B�W�F�S�B�H�J�O�H �P�O�M�Z �‰�•�ˆ �S�V�O�T �Z�J�F�M�E�T �B �T�J�N�J�M�B�S
�Q�B�U�U�F�S�O �B�T �U�I�F �B�W�F�S�B�H�F�T �P�G �Ž�ˆ�ˆ �S�V�O�T �T�I�P�X�O �I�F�S�F�� ���F�S�F �T�F�F�N�T �U�P �C�F �B�T�U�S�V�D�U�V�S�B�M�S�F�B�T�P�O
�G�P�S �U�I�F �K�V�N�Q�J�O�F�T�T�
 �B �C�J�B�T �J�N�Q�M�J�D�J�U �J�O �U�I�F �T�U�S�V�D�U�V�S�F �P�G �U�I�F �E�P�N�B�J�O�
 �U�P �X�I�J�D�I �U�I�F �M�B�O�H�V�B�H�F
�B�E�B�Q�U�T��

�*�O �U�I�F �B�E�E�J�U�J�W�F �C�B�T�F �H�B�N�F�
 �X�F �T�Q�F�D�J���F�E �U�I�F �C�J�B�T �F�Y�Q�M�J�D�J�U�M�Z�� �*�O �U�I�J�T �D�B�T�F�
 �X�F �X�J�M�M �B�Q��
�Q�S�P�Y�J�N�B�U�F �J�U �X�J�U�I �U�I�F �S�F�M�B�U�J�W�F �G�S�F�R�V�F�O�D�Z �P�G �C�B�T�F���C�F�Y�Q�S�F�T�T�J�P�O�T�� �)�P�X �N�B�O�Z �X�B�Z�T �U�I�F�S�F
�B�S�F �U�P �F�Y�Q�S�F�T�T �B �O�V�N�C�F�S�O�V�T�J�O�H �C�B�T�F�C� �$�P�O�T�J�E�F�S�O= ���� �B�O�E�C= ���� ���F �P�O�M�Z �Q�P�T�T�J�C�M�F

�•�•



�°�� �&�N�F�S�H�F�O�U �O�V�N�F�S�B�M �T�Z�T�U�F�N�T

�F�Y�Q�S�F�T�T�J�P�O�T �J�O �U�I�F �N�V�M�U�J�Q�M�J�D�B�U�J�W�F �C�B�T�F �H�B�N�F �B�S�F��× ��+ �� �B�O�E��× ��+ ���� �.�P�S�F �H�F�O�F�S�B�M�M�Z�

�U�I�F �P�O�M�Z �U�X�P �Q�P�T�T�J�C�M�F �C�B�T�F�C���F�Y�Q�S�F�T�T�J�P�O�T �B�S�F��

�B× �C+ �D �B�O�E(�B− ��)× �C+ (�C+ �D). �	�Ž���•�


�"���F�S �B�M�M�
 �G�P�S �B�O�Z �M�P�X�F�S �G�B�D�U�P�S�B− ���
 �U�I�F �S�F�N�B�J�O�E�F�S �X�P�V�M�E �C�F �B�U �M�F�B�T�U�C+ �C+ �D> ���C>
�#�
 �B�O�E �U�I�F�S�F�G�P�S�F �J�O�F�Y�Q�S�F�T�T�J�C�M�F �J�O �U�I�F �H�B�N�F�� �4�P �I�P�X �N�B�O�Z �C�B�T�F���C�F�Y�Q�S�F�T�T�J�P�O�T �E�P�F�T �B
�O�V�N�C�F�S�O�I�B�W�F� �8�F �E�F�O�P�U�F �U�I�J�T �R�V�B�O�U�J�U�Z �C�Z�/ �C(�O)�� �*�G�O> �C�� + �#�
 �J�U �T�J�N�Q�M�Z �D�B�O�O�P�U �C�F
�F�Y�Q�S�F�T�T�F�E �B�O�E�/ �C(�O) = ���� �/�P�X �M�F�U�D:= �O�N�P�E�C�� �*�G�C+ �D> �#�U�I�F�O �F�R���Ž���•�T�I�P�X�T �U�I�B�U
�/ �O(�C) �N�V�T�U �C�F �‰�� ���F �T�B�N�F �I�P�M�E�T �X�I�F�O�D= ���
 �T�J�O�D�F �Q�S�F�G�F�S�F�O�D�F �J�T �U�I�F�O �H�J�W�F�O �U�P �U�I�F �U�I�F
�T�J�N�Q�M�F�S�Y× �C+ ���� �*�O �B�M�M �P�U�I�F�S �D�B�T�F�T�
 �U�I�F�S�F �B�S�F �Š �F�Y�Q�S�F�T�T�J�P�O�T�
 �T�P �J�O �T�V�N�


�/ �C(�O) =


�� �J�G�O> �C�� + �#

�� �J�G�C+ �D> �#�P�S �J�G�D= ��

�� �P�U�I�F�S�X�J�T�F.

, �D:= �O�N�P�E�C �	�Ž���Ž�


���F �U�P�U�B�M �O�V�N�C�F�S �P�G �C�B�T�F���C�F�Y�Q�S�F�T�T�J�P�O�T �G�P�S �O�V�N�C�F�S�T �J�O �U�I�F �J�O�U�F�S�W�B�M�*(�O�N�B�Y) �J�T �U�I�F �T�V�N
�/ �C(�*(�O�N�B�Y)) :=

∑�O�N�B�Y
�O=�O�N�J�O

�/ �C(�O)�
 �B�O�E �U�I�F �S�F�M�B�U�J�W�F �G�S�F�R�V�F�O�D�Z �P�G �C�B�T�F���C�F�Y�Q�S�F�T�T�J�P�O�T �B�N�P�O�H�T�U
�B�M�M �F�Y�Q�S�F�T�T�J�P�O�T �J�O �U�I�F �J�O�U�F�S�W�B�M�*(�O�N�B�Y) �J�T

�G(�C, �O�N�B�Y) :=
�/ �C( �*(�O�N�B�Y) )∑
�C′ �/ �C′( �*(�O�N�B�Y) )

. �	�Ž���•�


�'�J�H�V�S�F�Ž���Œ�/ �T�I�P�X�T �U�I�F �S�F�M�B�U�J�W�F �G�S�F�R�V�F�O�D�J�F�T �G�P�S �B�M�M �C�B�T�F�T �B�O�E �‘�‘ �W�B�M�V�F�T �P�G�O�N�B�Y�
 �D�P�S��
�S�F�T�Q�P�O�E�J�O�H �U�P �T�V�C���H�V�S�F�.�� ���F ���H�V�S�F �T�V�H�H�F�T�U�T �U�I�B�U �U�I�F �S�F�M�B�U�J�W�F �G�S�F�R�V�F�O�D�Z�G(�C, �O�N�B�Y) �J�T
�B �H�P�P�E ���S�T�U �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�G �U�I�F �J�N�Q�M�J�D�J�U �C�J�B�T �J�N�Q�M�J�D�J�U �J�O �U�I�F �E�P�N�B�J�O�
 �B�O�E �U�I�F �N�V�M�U�J��
�Q�M�J�D�B�U�J�W�F �C�B�T�F �H�B�N�F �T�F�F�N�T �U�P �I�B�W�F �F�Y�B�H�H�F�S�B�U�F�E �U�I�J�T �C�J�B�T�� ���F �N�B�U�D�I �J�T �G�B�S �G�S�P�N �Q�F�S�G�F�D�U�

�T�J�O�D�F �X�F �I�B�W�F �O�P�U �B�D�D�P�V�O�U�F�E �G�P�S �B�M�M �D�P�N�Q�M�F�Y�J�U�J�F�T �P�G �U�I�F �H�B�N�F�� �'�J�S�T�U�
 �U�I�F �Q�F�B�L�T �J�O �U�I�F
�J�N�Q�M�J�D�J�U �C�J�B�T �	�T�V�C���H�V�S�F�/�
 �I�B�W�F �T�I�J���F�E �U�P �U�I�F �M�F�� �J�O �U�I�F �T�J�N�V�M�B�U�J�P�O �S�F�T�V�M�U�T �	�T�V�C���H�V�S�F
�.�
�� �$�P�O�T�J�E�F�S �U�I�F �J�N�Q�M�J�D�J�U �C�J�B�T �U�P�X�B�S�E�T �C�B�T�F �Ž �J�O�*(����)�� �*�O �B�O �B�D�U�V�B�M �H�B�N�F �X�J�U�I �U�I�J�T
�E�P�N�B�J�O�
 �U�I�F �C�B�T�F �X�P�V�M�E �O�F�W�F�S �C�F �B�E�P�Q�U�F�E�
 �T�J�O�D�F �N�P�S�F �U�I�B�O �I�B�M�G �P�G �U�I�B�U �E�P�N�B�J�O �J�T �O�P�U
�F�Y�Q�S�F�T�T�J�C�M�F �C�Z �C�B�T�F �Ž�� �8�F �I�B�W�F �O�P�U �B�D�D�P�V�O�U�F�E �G�P�S �U�I�B�U�
 �C�V�U �U�I�F �H�B�N�F�
 �P�G �D�P�V�S�T�F�
 �E�P�F�T
�B�O�E �B�D�D�P�S�E�J�O�H�M�Z �A�T�I�J���T�� �U�I�F �J�N�Q�M�J�D�J�U �C�J�B�T �U�P �U�I�F �M�F�� �	�F���H�� �Ž �I�B�T �M�P�X�F�S �Q�S�P�C�B�C�J�M�J�U�Z �U�I�F�S�F�
��
�4�F�D�P�O�E�
 �U�I�F �H�B�N�F �T�F�F�N�T �U�P �F�Y�B�H�H�F�S�B�U�F �U�I�F �J�N�Q�M�J�D�J�U �C�J�B�T �J�O �U�I�F �T�F�O�T�F �U�I�B�U �C�B�T�F�T �X�J�U�I �W�F�S�Z
�M�P�X �S�F�M�B�U�J�W�F �G�S�F�R�V�F�O�D�Z �B�S�F �O�F�W�F�S �B�E�P�Q�U�F�E�
 �B�O�E �N�P�T�U �Q�S�P�C�B�C�J�M�J�U�Z �N�B�T�T �J�T �N�P�W�F�E �U�P �U�I�F
�N�P�T�U �G�S�F�R�V�F�O�U �C�B�T�F�� ���J�T �J�T �J�O �M�J�O�F �X�J�U�I �F�B�S�M�J�F�S ���O�E�J�O�H�T �B�C�P�V�U �G�S�F�R�V�F�O�D�Z �T�U�S�B�U�F�H�J�F�T �J�O
�D�I�B�Q�U�F�S�Œ�
 �C�V�U �E�P�F�T �O�P�U �T�F�F�N �U�P �D�P�S�S�F�T�Q�P�O�E �U�P �F�Y�Q�P�O�F�O�U�J�B�U�J�P�O �B�M�P�O�F��

�&�W�F�O �U�I�P�V�H�I �U�I�F �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�G �U�I�F �J�N�Q�M�J�D�J�U �C�J�B�T�F�T �J�T �G�B�S �G�S�P�N �Q�F�S�G�F�D�U�
 �U�I�F �F�Y�Q�F�S�J��
�N�F�O�U �T�U�S�P�O�H�M�Z �T�V�H�H�F�T�U�T �U�I�B�U �U�I�F�S�F �D�B�O �C�F �B�S�F �P�U�I�F�S �C�J�B�T�F�T �B�U �Q�M�B�Z�
 �C�F�T�J�E�F�T �U�I�F �F�Y�Q�S�F�T�T�J�W�F
�B�E�W�B�O�U�B�H�F�� �*�O �U�I�J�T �D�B�T�F �U�I�F �T�I�F�F�S �O�V�N�C�F�S �P�G �F�Y�Q�S�F�T�T�J�P�O�T �G�P�S �B �H�J�W�F�O �O�V�N�C�F�S �B�Q�Q�F�B�S�T
�U�P �H�J�W�F �S�J�T�F �U�P �B �D�P�N�Q�M�F�Y �C�J�B�T �U�I�B�U �N�B�L�F�T �E�J���F�S�F�O�U �C�B�T�F�T �N�P�S�F �M�J�L�F�M�Z �U�P �C�F �B�E�P�Q�U�F�E �P�O
�E�J���F�S�F�O�U �E�P�N�B�J�O�T�� ���F �M�B�O�H�V�B�H�F�
 �O�V�N�F�S�B�M �T�Z�T�U�F�N�
 �J�O �U�I�J�T �T�F�O�T�F �F�Y�I�J�C�J�U�T �B �L�J�O�E �P�G�E�P��
�N�B�J�O �B�E�B�Q�U�J�W�J�U�Z�� ���F �D�V�M�U�V�S�B�M �Q�S�P�D�F�T�T �N�P�S�F�P�W�F�S �T�F�F�N�T �U�P �F�Y�B�H�H�F�S�B�U�F �U�I�F �T�U�S�V�D�U�V�S�F �P�G
�U�I�F �J�N�Q�M�J�D�J�U �C�J�B�T�
 �B�O�E �U�I�F �V�O�E�F�S�M�Z�J�O�H �S�F�B�T�P�O �N�J�H�I�U �C�F �U�I�F �B�N�Q�M�J�G�Z�J�O�H �D�I�B�S�B�D�U�F�S �P�G �U�I�F
�G�S�F�R�V�F�O�D�Z �T�U�S�B�U�F�H�Z�� �*�O �U�I�F ���O�B�M �T�F�D�U�J�P�O �P�G �U�I�J�T �D�I�B�Q�U�F�S �X�F �G�V�S�U�I�F�S �E�J�T�D�V�T�T �U�I�F �J�N�Q�M�J�D�J�U
�C�J�B�T�F�T��

�•�•
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 �B�T �J�O �B �O�B�N�J�O�H �H�B�N�F�� �'�P�S
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 �U�I�J�T �T�F�R�V�F�O�D�F �N�J�H�I�U �J�O�J�U�J�B�M�M�Z �C�F �B �T�F�R�V�F�O�D�F �P�G �G�P�S
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�S�B�U�I�F�S �U�I�B�O �T�J�O�H�M�F �X�P�S�E�T�� ���J�T �D�B�O �C�F �E�P�O�F �J�O �W�B�S�J�P�V�T �X�B�Z�T�
 �B�O�E �* �F�Y�Q�F�S�J�N�F�O�U�F�E �X�J�U�I
�U�I�S�F�F �T�M�J�H�I�U�M�Z �E�J���F�S�F�O�U �T�D�S�J�Q�U�T �	�- �E�F�O�P�U�F�T �U�I�F�M�J�N�J�U�P�G �U�I�F �T�Z�T�U�F�N�
��

�‰���6�O�C�P�V�O�E�F�E �D�P�V�O�U�J�O�H �H�B�N�F���4�U�B�S�U�J�O�H �G�S�P�N�Y�� = �@�A�.�?�A�
 �U�I�F �T�Q�F�B�L�F�S �J�U�F�S�B�U�J�W�F�M�Z
�D�I�P�P�T�F�T �U�I�F �O�F�Y�U �Q�B�J�S(�Y�J, �Y�J+��) �X�J�U�I �U�I�F �I�J�H�I�F�T�U �T�D�P�S�F�
�H�F�O�F�S�B�U�J�O�H �B�T �N�B�O�Z �O�F�X
�Q�B�J�S�T �B�T �O�F�D�F�T�T�B�S�Z�
 �V�O�U�J�M �J�U �S�F�B�D�I�F�T �B �S�B�O�E�P�N�M�Z �E�S�B�X�O �O�V�N�C�F�S�O≤ �-�� ���F �T�F��
�R�V�F�O�D�F(�@�A�.�?�A, �Y��, �Y��, . . . , �Y�-) �J�T �Q�S�F�T�F�O�U�F�E �U�P �U�I�F �I�F�B�S�F�S�
 �X�I�P �V�Q�E�B�U�F�T �U�I�F �T�D�P�S�F
�P�G �F�W�F�S�Z �Q�B�J�S(�Y�J, �Y�J+��) �B�D�D�P�S�E�J�O�H �U�P �U�I�F �B�M�J�H�O�N�F�O�U �T�U�S�B�U�F�H�Z�� �	�8�J�U�I�- = �� �U�I�J�T �J�T
�B �O�P�S�N�B�M �O�B�N�J�O�H �H�B�N�F���


�Š���*�O�T�U�S�V�D�U�J�P�O�B�M �D�P�V�O�U�J�O�H �H�B�N�F���4�J�N�J�M�B�S �U�P �U�I�F �V�O�C�P�V�O�E�F�E �W�F�S�T�J�P�O�
 �C�V�U �O�P�X �U�I�F
�T�Q�F�B�L�F�S �D�B�O �J�O�W�F�O�U �B�U �N�P�T�U �‰ �O�F�X �Q�B�J�S�
�X�I�P�T�F �T�D�P�S�F �S�F�N�B�J�O�T �ª�
 �B�O�E �B�M�X�B�Z�T �U�S�J�F�T
�U�P �D�P�V�O�U �V�Q �U�P�- �	�S�B�U�I�F�S �U�I�B�O �U�P�O≤ �-�
�� �*�O �U�I�J�T �H�B�N�F�
 �B�H�F�O�U�T �D�B�O �U�I�F�S�F�G�P�S�F �P�O�M�Z
�B�D�R�V�J�S�F �O�F�X �O�V�N�F�S�B�M�T �J�G �B�O�P�U�I�F�S �B�H�F�O�U �J�O�T�U�S�V�D�U�F�E �U�I�F�N �I�P�X �U�P �D�P�V�O�U �P�O��

�‹�� �+�P�J�O�U �D�P�V�O�U�J�O�H �H�B�N�F���4�U�B�S�U�J�O�H �X�J�U�I�@�A�.�?�A�
 �U�I�F �T�Q�F�B�L�F�S �V�U�U�F�S�T �U�I�F ���S�T�U �X�P�S�E�� �#�P�U�I
�B�H�F�O�U�T �Q�F�S�G�P�S�N �U�I�F �V�T�V�B�M �V�Q�E�B�U�F�T���0�O�M�Z �J�G �U�I�F �I�F�B�S�F�S �L�O�P�X�T �U�I�F �X�P�S�E�
 �J���F�� �J�G �D�P�N��
�N�V�O�J�D�B�U�J�P�O �X�B�T �T�V�D�D�F�T�T�G�V�M�
 �U�I�F�Z �D�P�O�U�J�O�V�F �X�J�U�I �U�I�F �O�F�Y�U �X�P�S�E�� ���F �S�P�V�O�E �H�P�F�T
�P�O �J�O �U�I�J�T �G�B�T�I�J�P�O �V�O�U�J�M �D�P�N�N�V�O�J�D�B�U�J�P�O �C�S�F�B�L�T �E�P�X�O �P�S �U�I�F�Z �S�F�B�D�I�-��

�5�P �N�F�B�T�V�S�F �U�I�F �E�Z�O�B�N�J�D�T �P�G �U�I�F�T�F �H�B�N�F�T�
 �C�F�T�J�E�F�T �U�I�F �V�T�V�B�M �T�U�B�U�J�T�U�J�D�T �U�I�F�	�D�P�V�O�U�J�O�H
�T�F�R�V�F�O�D�F�
 �M�F�O�H�U�Iℓ(�U) �J�T �N�F�B�T�V�S�F�E�� �U�I�F �M�F�O�H�U�I �P�G �U�I�F �J�O�J�U�J�B�M �T�F�H�N�F�O�U �P�G �U�I�F �D�P�V�O�U�J�O�H �T�F��
�R�V�F�O�D�F �B�C�P�V�U �X�I�J�D�I �U�I�F �F�O�U�J�S�F �Q�P�Q�V�M�B�U�J�P�O �B�H�S�F�F�T �B�U �U�J�N�F�U�� �*�U �T�I�P�V�M�E �B�M�T�P �C�F �O�P�U�F�E �U�I�B�U
�B �D�P�N�Q�M�J�D�B�U�J�P�O �B�S�J�T�F�T �X�I�F�O �Q�B�J�S�T �B�S�F �S�F�N�P�W�F�E�� �*�G �P�O�F �U�I�J�O�L�T �P�G �U�I�F �Q�B�J�S�T �B�T �E�F�T�D�S�J�C�J�O�H �B
�U�S�F�F �X�J�U�I�@�A�.�?�A�B�U �U�I�F �S�P�P�U�
 �U�I�F �S�F�N�P�W�B�M �P�G �B �Q�B�J�S �D�B�O �S�F�O�E�F�S �B�O �F�O�U�J�S�F �C�S�B�O�D�I �J�O�B�D�D�F�T�T�J��
�C�M�F�� �5�P �L�F�F�Q �T�U�B�U�J�T�U�J�D�T �M�J�L�F�/ �U�P�U�B�M�	�X�I�J�D�I �O�P�X �D�P�V�O�U�T �Q�B�J�S�T�
 �J�O�G�P�S�N�B�U�J�W�F�
 �B�M�M �J�O�B�D�D�F�T�T�J�C�M�F
�Q�B�J�S�T �B�S�F �S�F�N�P�W�F�E �C�F�G�P�S�F �D�P�M�M�F�D�U�J�O�H �U�I�F �T�U�B�U�J�T�U�J�D�T�� �'�J�O�B�M�M�Z�
 �U�I�F �D�P�N�N�V�O�J�D�B�U�J�W�F �T�V�D�D�F�T�T
�J�T �O�P �M�P�O�H�F�S �C�P�P�M�F�B�O �C�V�U �B�W�F�S�B�H�F�E �P�W�F�S �B�M�M �X�P�S�E�T �J�O �B �S�P�V�O�E��

���F �E�Z�O�B�N�J�D�T �P�G �U�I�F �U�I�S�F�F �H�B�N�F�T �J�T �W�J�T�V�B�M�J�T�F�E �J�O ���H�V�S�F�Ž���Ž�� �"�M�M �U�I�S�F�F �H�B�N�F�T �B�M�M�P�X
�U�I�F �Q�P�Q�V�M�B�U�J�P�O �U�P �O�F�H�P�U�J�B�U�F �B �T�I�B�S�F�E �D�P�V�O�U�J�O�H �T�F�R�V�F�O�D�F�
 �C�V�U �J�O �R�V�J�U�F �E�J���F�S�F�O�U �X�B�Z�T�� �*�O

�•�ˆ
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A.     Unbounded counting game
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B.     Instructional counting game
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C.     Joint counting game
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�*�ã�å�×�Ú�( �[���[�(�]�R�E�Q�M�G�W �S�J �X�L�I �X�L�V�I�I
�G�S�Y�R�X�M�R�K �K�E�Q�I�W �Q�I�E�W�Y�V�I�H �F�] �X�L�I
�R�Y�Q�F�I�V �S�J �Y�R�M�U�Y�I �T�E�M�V�W �E�R�H �X�L�I
�M�R�M�X�M�E�P �W�I�K�Q�I�R�X �P�I�R�K�X�L�� �-�R �E�P�P �G�E�W�I�W
�X�L�I �T�S�T�Y�P�E�X�M�S�R �H�I�Z�I�P�S�T�W �E �G�S�Y�R�X�M�R�K
�W�I�U�Y�I�R�G�I�� �F�Y�X �X�L�I �H�]�R�E�Q�M�G�W �E�V�I
�W�X�V�M�O�M�R�K�P�] �H�M�J�J�I�V�I�R�X�� �7�I�I �Q�E�M�R �X�I�\�X
�J�S�V �H�I�X�E�M�P�W��

�6�I�W�Y�P�X�W �W�L�S�[�R �J�S�V�/ = �������� �E�Z�K�� �S�J
�[�Z�Z �V�Y�R�W�� �^ �W�X�H�� �W�L�E�H�I�H��

�U�I�F �V�O�C�P�V�O�E�F�E �D�P�V�O�U�J�O�H �H�B�N�F �	�.�
 �D�P�O�W�F�S�H�F�O�D�F �U�J�N�F �E�P�F�T �O�P�U �E�F�Q�F�O�E �P�O �U�I�F �M�J�N�J�U�-��
�O�F�H�P�U�J�B�U�J�O�H �‰�ˆ�
 �Š�ˆ �P�S �‹�ˆ �T�J�N�Q�M�F �O�V�N�F�S�B�M�T �U�B�L�F�T �F�R�V�B�M�M�Z �M�P�O�H�� �$�M�P�T�F�S �J�O�T�Q�F�D�U�J�P�O �S�F�W�F�B�M�T
�U�I�B�U �U�I�F �Q�P�Q�V�M�B�U�J�P�O �I�B�T �A�G�P�V�O�E�� �B �T�J�N�Q�M�F �U�S�J�D�L�� �.�Z �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �I�B�Q�Q�F�O�T �U�P �S�F�Q�S�F�T�F�O�U
�X�P�S�E�T �C�Z �T�V�D�D�F�T�T�J�W�F �J�O�U�F�H�F�S�T �	�S�B�U�I�F�S �U�I�B�O�
 �T�B�Z�
 �T�U�S�J�O�H�T�
�� �" �U�Z�Q�J�D�B�M�‹�ˆ

�U�Z�- �L�E�Z�I �G�L�I�G�O�I�H �E�P�P �X�L�M�W �F�]
�G�S�Q�T�Y�X�M�R�K �X�L�I �H�M�W�X�V�M�F�Y�X�M�S�R �S�J
�J�V�E�K�Q�I�R�X �P�I�R�K�X�L�W �J�S�V �I�Z�I�V�]�-��

�D�P�V�O�U�J�O�H �T�F�R�V�F�O�D�F
�B�U �U�I�F �F�O�E �P�G �U�I�F �H�B�N�F �U�V�S�O�T �P�V�U �U�P �C�F �P�G �U�I�F �G�P�S�N

�@�A�.�?�A, ������, ������, ������︸ ︷︷ ︸
�G�S�B�H�N�F�O�U �‰

, ������, ������, ������, ������︸ ︷︷ ︸
�G�S�B�H�N�F�O�U �Š

, ������, ������, ������︸ ︷︷ ︸
�G�S�B�H�N�F�O�U �‹

.

�X�I�F�S�F �U�I�F �O�V�N�C�F�S�T �B�S�F �A�X�P�S�E�T�� �B�O�E �F�W�F�S�Z �G�S�B�H�N�F�O�U �J�T �H�F�O�F�S�B�U�F�E �C�Z �B �T�J�O�H�M�F �T�Q�F�B�L�F�S��
�*�U �T�F�F�N�T �U�I�B�U �U�I�F �Q�P�Q�V�M�B�U�J�P�O �I�B�T �A�B�E�B�Q�U�F�E�� �U�P �B �I�J�H�I�F�S�- �C�Z �D�P�N�N�V�O�J�D�B�U�J�O�H�G�S�B�H�N�F�O�U�T
�S�B�U�I�F�S �U�I�B�O �Q�B�J�S�T�� �4�J�O�D�F �G�S�B�H�N�F�O�U�T �C�F�D�P�N�F �M�B�S�H�F�S �X�I�F�O�- �E�P�F�T�
 �D�P�O�W�F�S�H�F�O�D�F �U�J�N�F�T �S�F��
�N�B�J�O �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z �T�U�B�C�M�F��

�*�O �U�I�F �J�O�T�U�S�V�D�U�J�P�O�B�M �H�B�N�F �U�I�J�T �D�B�O�O�P�U �I�B�Q�Q�F�O�
 �T�J�O�D�F �J�O �F�W�F�S�Z �F�O�D�P�V�O�U�F�S �B�U �N�P�T�U �P�O�F
�X�P�S�E �D�B�O �C�F �J�O�W�F�O�U�F�E�� �#�V�U �U�I�F �H�B�N�F �E�P�F�T �F�Y�I�J�C�J�U �T�P�N�F �G�V�O�O�Z �C�F�I�B�W�J�P�V�S�� �*�G �B �Q�P�Q�V�M�B�U�J�P�O
�G�P�S �F�Y�B�N�Q�M�F �I�B�T �U�P �D�P�V�O�U �V�Q �U�P�- = �����
 �U�I�F�Z �D�B�O �E�P �T�P �F�B�S�M�J�F�S �U�I�B�O �X�I�F�O �U�I�F�Z �I�B�W�F �U�P
�D�P�V�O�U �V�Q �U�P�- = ������ ���J�T �D�B�O �C�F �T�F�F�O �G�S�P�N �U�I�F �M�F�O�H�U�Iℓ(�U) �J�O ���H�V�S�F�Ž���Ž�/ �B�O�E �J�T�
 �P�G
�D�P�V�S�T�F�
 �N�J�M�E�M�Z �B�C�T�V�S�E�� �*�O�U�F�S�F�T�U�J�O�H�M�Z�
 �U�I�F �K�P�J�O�U �D�P�V�O�U�J�O�H �H�B�N�F �S�F�T�V�M�U�T �J�O �Q�F�S�G�F�D�U�M�Z �M�J�O�F�B�S
�C�F�I�B�W�J�P�V�S�� �U�I�F �Q�P�Q�V�M�B�U�J�P�O �J�T �B�M�X�B�Z�T �F�Y�B�D�U�M�Z �P�O �U�I�F �T�B�N�F �Q�B�H�F�� �"���F�S �B�M�M�
 �B �T�Q�F�B�L�F�S �D�B�O
�P�O�M�Z �D�P�V�O�U �P�O �J�G �U�I�F �I�F�B�S�F�S �B�H�S�F�F�E �B�C�P�V�U �U�I�F �T�F�R�V�F�O�D�F �T�P �G�B�S��

�Ù�ã�ß�Ü�à�( �Þ�×�ß�(�Ú�3�à�Ù�� �3�Þ�0 �2�(�Ó�Ý�Þ�0�#�1�P�Q�V�M�B�U�J�P�O�T �P�G �D�P�V�O�U�J�O�H �B�H�F�O�U�T �D�B�O �O�F�H�P�U�J�B�U�F �B �D�P�V�O�U��
�J�O�H �T�F�R�V�F�O�D�F�
 �T�P �D�B�O �U�I�F�Z �H�P �P�O �B�O�E �O�F�H�P�U�J�B�U�F �B �S�F�D�V�S�T�J�W�F �O�V�N�F�S�B�M �T�Z�T�U�F�N� ���F �J�E�F�B
�X�B�T �B�H�B�J�O �U�P �B�H�B�J�O �U�B�L�F �J�O�T�Q�J�S�B�U�J�P�O �G�S�P�N �U�I�F �F�W�P�M�V�U�J�P�O�B�S�Z �B�D�D�P�V�O�U �J�O �D�I�B�Q�U�F�S�• �B�O�E
�T�F�F �J�G �B �Q�S�B�D�U�J�D�F �P�G �A�H�S�P�V�Q�J�O�H�� �D�P�V�M�E �H�J�W�F �S�J�T�F �U�P �T�F�S�J�B�M�J�T�B�U�J�P�O�
 �P�S�
 �T�J�N�Q�M�Z �Q�V�U�
 �B�E�E�J�U�J�W�F
�D�P�O�T�U�S�V�D�U�J�P�O�T�� �U�F�O �T�U�P�O�F�T �B�O�E �B�O�P�U�I�F�S �‹ �	�)�V�S�G�P�S�E�Š�ˆ�ˆ�•�
�� �8�I�F�O �D�P�V�O�U�J�O�H �B�H�F�O�U�T �D�P�V�M�E
�B�U �T�P�N�F �Q�P�J�O�U �E�F�D�J�E�F �U�P �H�S�P�V�Q �X�I�B�U �U�I�F�Z �I�B�E �D�P�V�O�U�F�E �T�P �G�B�S�� ���J�T �N�F�B�O�T �U�I�B�U �B�H�F�O�U�T
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�� × �� + �� ���T�� �X�\�W�
�� �[�L�M�G�L �P�I�E�Z�I
�Q�I �X�S �G�S�R�G�P�Y�H�I �X�L�E�X �L�I �H�M�H �R�S�X
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�4�V�D�I�P�W�F�S��
�S�V�O�O�J�O�H�J�T �S�B�S�F�M�Z �G�P�V�O�E �J�O �B�D�U�V�B�M �O�V�N�F�S�B�M �T�Z�T�U�F�N�T�
 �B�T �E�J�T�D�V�T�T�F�E �J�O �U�I�F �Q�S�F�W�J�P�V�T �D�I�B�Q�U�F�S��
���B�U �B�E�B�Q�U�J�W�J�U�Z �P�G �U�I�F �N�V�M�U�J�Q�M�J�D�B�U�J�W�F �C�B�T�F �H�B�N�F �	���H�V�S�F�Ž���Œ�
 �J�T �U�I�F�S�F�G�P�S�F �B�O �B�S�U�F�G�B�D�U �P�G
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�B �Q�P�Q�V�M�B�U�J�P�O �N�J�H�I�U �F�W�P�M�W�F �B �C�B�T�F �Ž �T�Z�T�U�F�N�
 �X�I�F�S�F �C�P�U�I �U�I�F �F�Y�Q�S�F�T�T�J�P�O�T��× �� + �� �B�O�E
��× ��+ �� �X�P�V�M�E �C�F �Q�F�S�G�F�D�U�M�Z �A�T�U�B�O�E�B�S�E���� ���J�T �J�T �O�P�U �P�O�M�Z �V�O�E�F�T�J�S�B�C�M�F �G�P�S �B �N�P�E�F�M �P�G �T�U�B�O��
�E�B�S�E�J�T�B�U�J�P�O�
 �J�U �B�M�T�P �I�B�T �D�P�O�T�F�R�V�F�O�D�F�T �G�P�S �U�I�F �Q�B�D�L�J�O�H �T�U�S�B�U�F�H�Z�
 �X�I�J�D�I �)�V�S�G�P�S�E���T �T�J�N��
�V�M�B�U�J�P�O�T �Q�B�S�U�M�Z �B�J�N�F�E �U�P �F�Y�Q�M�B�J�O�� ���F ���S�T�U �P�G �U�I�F�T�F �F�Y�Q�S�F�T�T�J�P�O�T�
 �B���F�S �B�M�M�
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�Q�B�D�L�J�O�H �T�U�S�B�U�F�H�Z��
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 �U�I�F �N�P�E�F�M�T �T�V�H�H�F�T�U �U�I�B�U �T�U�B�O�E�B�S�E�J�T�B�U�J�P�O �B�S�J�T�F�T �C�F�D�B�V�T�F �Q�F�P�Q�M�F �Q�S�F�G�F�S �U�P �V�T�F
�U�I�F �N�P�T�U �G�S�F�R�V�F�O�U�M�Z �P�C�T�F�S�W�F�E �C�B�T�F�T�� �*�O�U�F�S�F�T�U�J�O�H�M�Z �)�V�S�G�P�S�E �I�J�N�T�F�M�G �T�V�H�H�F�T�U�T �B �W�F�S�Z
�E�J���F�S�F�O�U �F�Y�Q�M�B�O�B�U�J�P�O �C�F�G�P�S�F �J�O�U�S�P�E�V�D�J�O�U �I�J�T �T�J�N�V�M�B�U�J�P�O�T�
 �B�S�H�V�J�O�H �U�I�B�U �T�U�B�O�E�B�S�E�J�T�B�U�J�P�O
�X�P�V�M�E �B�S�J�T�F �C�F�D�B�V�T�F �i�U�I�F �P�C�W�J�P�V�T �D�P�N�N�V�O�J�D�B�U�J�W�F �B�E�W�B�O�U�B�H�F�T �P�G �T�U�B�O�E�B�S�E�J�T�F�E�
 �D�B�O�P�O�J��
�D�B�M �G�P�S�N�T�
 �B�O�E �C�F�D�B�V�T�F �O�P �D�P�N�N�V�O�J�D�B�U�J�W�F �B�E�W�B�O�U�B�H�F �J�T �M�P�T�U �C�Z �T�V�D�I �B �T�U�B�O�E�B�S�E�J�T�B�U�J�P�O�
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�� �4�P�N�F�U�I�J�O�H �B�M�P�O�H �U�I�P�T�F
�M�J�O�F�T �J�O�E�F�F�E �T�F�F�N�T �Q�M�B�V�T�J�C�M�F�
 �C�V�U �T�V�D�I �F�Y�Q�M�B�O�B�U�J�P�O�T �B�S�F �O�P�U �T�V�Q�Q�P�S�U�F�E �C�Z �U�I�F �N�P�E�F�M�T��
�* �U�I�J�O�L �U�I�J�T �I�J�H�I�M�J�H�I�U�T �B �T�F�S�J�P�V�T �E�J���D�V�M�U�Z �G�P�S �U�I�F �V�T�F �P�G �N�P�E�F�M�T�� �U�I�F �N�F�D�I�B�O�J�T�N �B�O�E
�U�I�F �J�O�U�F�S�Q�S�F�U�B�U�J�P�O �O�F�F�E �O�P�U �C�F �B�M�J�H�O�F�E�� ���B�U �J�T�
 �U�I�F �N�B�U�I�F�N�B�U�J�D�B�M �F�Y�Q�M�B�O�B�U�J�P�O �P�G �X�I�Z �B
�N�P�E�F�M �F�Y�I�J�C�J�U�T �U�I�F �C�F�I�B�W�J�P�V�S �J�U �E�P�F�T�
 �J�T �P���F�O �O�P�U �J�O �M�J�O�F �X�J�U�I �U�I�F �J�O�U�F�S�Q�S�F�U�B�U�J�P�O �H�J�W�F�O �U�P
�U�I�F �N�P�E�F�M�
 �T�J�O�D�F �U�I�B�U �J�T �U�Z�Q�J�D�B�M�M�Z �C�B�T�F�E �P�O�M�Z �P�O �U�I�F �C�F�I�B�W�J�P�V�S �P�C�T�F�S�W�F�E �J�O �T�J�N�V�M�B�U�J�P�O�T��
�"�O�E �J�O�T�P�G�B�S �U�I�F �J�O�U�F�S�Q�S�F�U�B�U�J�P�O �B�O�E �U�I�F �N�F�D�I�B�O�J�T�N �B�S�F �N�J�T�B�M�J�H�O�F�E�
 �N�P�E�F�M�M�J�O�H �E�P�F�T �O�P�U
�D�P�O�U�S�J�C�V�U�F �N�V�D�I �U�P �T�I�P�X�J�O�H �U�I�F �D�P�O�T�J�T�U�F�O�D�Z �P�G �B�O �J�O�G�P�S�N�B�M �B�D�D�P�V�O�U �F�J�U�I�F�S�� �0�O�F �X�B�Z
�U�P �S�F�T�P�M�W�F �T�V�D�I �E�J�T�D�S�F�Q�B�O�D�J�F�T �J�T �C�Z �F�W�B�M�V�B�U�J�O�H �N�P�E�F�M�T �B�H�B�J�O�T�U �F�N�Q�J�S�J�D�B�M �E�B�U�B�� �C�Z �U�F�T�U�J�O�H
�U�I�F �V�O�E�F�S�M�Z�J�O�H �N�F�D�I�B�O�J�T�N�T �B�O�E �U�I�F �Q�S�F�E�J�D�U�J�P�O�T �U�I�F�Z �N�B�L�F��

�8�I�F�O �J�U �D�P�N�F�T �U�P �U�I�B�U�
 �U�I�F �C�B�T�F �H�B�N�F�T �E�P �O�P�U �B�X�B�J�U �B �W�F�S�Z �C�S�J�H�I�U �G�V�U�V�S�F�� ���F�Z �G�P�S
�F�Y�B�N�Q�M�F �Q�S�F�E�J�D�U �U�I�B�U �I�J�H�I�F�S �C�B�T�F�T �B�S�F �N�P�S�F �M�J�L�F�M�Z �U�P �C�F �B�E�P�Q�U�F�E�
 �X�I�J�M�F �J�O �G�B�D�U �C�B�T�F�T
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 �O�V�N�F�S�B�M �T�Z�T�U�F�N�T �V�T�F �N�V�M�U�J�Q�M�F
�C�B�T�F�T �U�P �D�P�V�O�U�F�S �F�Y�Q�S�F�T�T�J�W�F �S�F�T�U�S�J�D�U�J�P�O�T�
 �T�P �U�I�F �E�J�T�B�E�W�B�O�U�B�H�F �P�G �B �C�B�T�F���Ž �T�Z�T�U�F�N �J�O �U�I�F
�C�B�T�F �H�B�N�F�T �J�T �J�O �S�F�B�M�J�U�Z �B�N�F�M�J�P�S�B�U�F�E �C�Z �J�O�U�S�P�E�V�D�J�O�H �U�I�F �M�B�S�H�F�S �C�B�T�F �‹�Ž��
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�8�I�B�U �D�B�O �N�P�E�F�M�T �M�F�B�S�O �V�T �B�C�P�V�U �M�B�O�H�V�B�H�F �F�W�P�M�V�U�J�P�O� ���B�U �J�T �U�I�F �R�V�F�T�U�J�P�O �U�I�J�T �U�I�F�T�J�T �T�F�U
�P�V�U �U�P �B�E�E�S�F�T�T�� �8�J�U�I�P�V�U �B�O�Z �J�O�U�S�P�E�V�D�U�J�P�O�
 �J�U �T�V�H�H�F�T�U�T �B �G�B�J�S�M�Z �Q�I�J�M�P�T�P�Q�I�J�D�B�M �U�I�F�T�J�T�
 �C�V�U
�X�F �G�P�V�O�E �O�P�U�I�J�O�H �P�G �U�I�F �T�P�S�U �‰ �E�F�M�J�C�F�S�B�U�F�M�Z �T�P�� ���J�T �U�I�F�T�J�T �B�J�N�F�E �U�P �E�F�M�J�O�F�B�U�F �U�I�F �T�Q�B�D�F
�P�G �Q�P�T�T�J�C�M�F �N�P�E�F�M �C�F�I�B�W�J�P�V�S �B�O�E �J�O �U�I�B�U �X�B�Z �H�F�U �T�P�N�F �V�O�E�F�S�T�U�B�O�E�J�O�H �P�G �X�I�B�U �X�F �D�B�O
�F�Y�Q�F�D�U �U�P �M�F�B�S�O �G�S�P�N �U�I�F �N�P�E�F�M�T�� �0�G �D�P�V�S�T�F�
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 �C�Z �B�O�E �M�B�S�H�F�
 �D�P�N�F
�J�O �U�X�P ���B�W�P�V�S�T�� �U�I�F �I�P�S�J�[�P�O�U�B�M �O�B�N�J�O�H �H�B�N�F�T �B�O�E �W�F�S�U�J�D�B�M �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H �U�S�B�E�J�U�J�P�O��
���F �N�B�J�O �D�P�O�U�S�J�C�V�U�J�P�O �P�G �U�I�F �U�I�F�T�J�T �J�T �B�O �B�U�U�F�N�Q�U �U�P �V�O�J�G�Z �U�I�F�T�F �U�X�P �U�S�B�E�J�U�J�P�O�T �J�O �B �O�F�X
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���J�S�E�
 �U�I�F �H�B�N�F �E�F�W�F�M��
�P�Q�T �J�O �U�I�S�F�F �T�U�B�H�F�T�
 �N�F�U�B�Q�I�P�S�J�D�B�M�M�Z �D�B�M�M�F�E �A�J�O�G�B�O�D�Z���
 �A�Q�V�C�F�S�U�Z�� �B�O�E �A�B�E�V�M�U�I�P�P�E���� �*�O �U�I�F
���S�T�U �U�X�P �T�U�B�H�F�T �U�I�F �M�B�O�H�V�B�H�F �Q�S�J�N�B�S�J�M�Z �E�F�W�F�M�P�Q�T �J�U�T �D�I�B�S�B�D�U�F�S�J�T�U�J�D�
 �D�P�O�U�J�O�H�F�O�U �T�I�B�Q�F�

�B�O�E �E�V�S�J�O�H �A�B�E�V�M�U�I�P�P�E�� �J�U �T�U�B�C�J�M�J�T�F�T��

���F �#�B�Z�F�T�J�B�O �O�B�N�J�O�H �H�B�N�F �B�E�E�S�F�T�T�F�T �U�I�F �M�B�D�L �P�G �M�B�O�H�V�B�H�F �T�U�B�C�J�M�J�U�Z �J�O �U�I�F �#�B�Z�F�T�J�B�O
�J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H �N�P�E�F�M�T�
 �C�V�U �J�U �B�M�T�P �J�O�D�P�S�Q�P�S�B�U�F�T �P�O�F �P�G �U�I�F �N�B�J�O �J�O�O�P�W�B�U�J�P�O�T �P�G �U�I�F
�#�B�Z�F�T�J�B�O �N�P�E�F�M�T�� �U�I�F �F�Y�Q�M�J�D�J�U �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�G �J�O�O�B�U�F �C�J�B�T�F�T�	�1�‰�
�� �'�V�S�U�I�F�S�
 �J�O �U�I�J�T �H�B�N�F
�U�I�F �J�O�O�B�U�F �C�J�B�T�F�T �D�B�O �C�F �U�S�B�O�T�Q�B�S�F�O�U�M�Z �T�F�Q�B�S�B�U�F�E �G�S�P�N �Q�B�T�U �M�J�O�H�V�J�T�U�J�D �F�Y�Q�F�S�J�F�O�D�F�� �$�P�O��
�T�F�R�V�F�O�U�M�Z�
 �U�I�F �A�U�P�U�B�M�� �C�F�M�J�F�G�T �P�G �B�O �B�H�F�O�U �B�S�F�
 �R�V�J�U�F �M�J�U�F�S�B�M�M�Z�
 �U�I�F �T�V�N �P�G �J�O�O�B�U�F �C�J�B�T�F�T �B�O�E
�Q�B�T�U �F�Y�Q�F�S�J�F�O�D�F�� �"�O�P�U�I�F�S �J�O�O�P�W�B�U�J�P�O �P�G �U�I�F �#�B�Z�F�T�J�B�O �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H �N�P�E�F�M�T �X�B�T �U�I�F
�T�U�V�E�Z �P�G �E�J���F�S�F�O�U �T�U�S�B�U�F�H�J�F�T �B�H�F�O�U�T �V�T�F �G�P�S �T�F�M�F�D�U�J�O�H �M�B�O�H�V�B�H�F�T�� �V�T�J�O�H �U�I�F �N�P�T�U �M�J�L�F�M�Z
�M�B�O�H�V�B�H�F �V�O�E�F�S �U�I�F �Q�P�T�U�F�S�J�P�S �	�:�.�= �P�S �N�B�Y�J�N�J�T�J�O�H�
 �P�S �T�B�N�Q�M�J�O�H �B �M�B�O�H�V�B�H�F�� ���J�T �D�B�O
�C�F �E�J�S�F�D�U�M�Z �U�S�B�O�T�M�B�U�F�E �U�P �U�I�F �#�B�Z�F�T�J�B�O �O�B�N�J�O�H �H�B�N�F �J�O �U�I�F �G�P�S�N �P�G �B �Q�B�S�B�N�F�U�F�S�a�
 �U�P��
�H�F�U�I�F�S �X�J�U�I �B �Q�S�P�E�V�D�U�J�P�O �T�U�S�B�U�F�H�Z�
 �Q�B�S�B�N�F�U�S�J�T�F�E �C�Z� �̀
 �E�F�S�J�W�F�E �G�S�P�N �U�I�F �O�B�N�J�O�H �H�B�N�F
�M�J�U�F�S�B�U�V�S�F�� �"���F�S �B�M�M�
 �U�I�F �H�B�N�F �J�T �Q�S�J�N�B�S�J�M�Z �B�O�B�N�J�O�H�H�B�N�F �B�O�E �X�B�T �B�D�D�P�S�E�J�O�H�M�Z �T�I�P�X�O
�U�P �J�N�Q�M�F�N�F�O�U �B �L�J�O�E �P�G �M�B�U�F�S�B�M �J�O�I�J�C�J�U�J�P�O�
 �P�O�F �P�G �U�I�F �B�M�J�H�O�N�F�O�U �T�U�S�B�U�F�H�J�F�T �V�T�F�E �J�O �U�I�B�U
���F�M�E��

�2�3�Ó�(�Ù�ã�3�Þ �à�3�Þ�å�×�3�å�( �å�3�ß�(���F �#�B�Z�F�T�J�B�O�M�B�O�H�V�B�H�F�H�B�N�F �F�Y�U�F�O�E�F�E �U�I�F �#�B�Z�F�T�J�B�O�O�B�N��
�J�O�H�H�B�N�F �C�Z �D�I�B�O�H�J�O�H �U�I�F �Q�P�Q�V�M�B�U�J�P�O �T�U�S�V�D�U�V�S�F �T�P �U�I�B�U �J�U �D�B�O �F�J�U�I�F�S �U�B�L�F �U�I�F �G�P�S�N �P�G �B
�O�B�N�J�O�H �H�B�N�F�
 �P�S �U�I�F �G�P�S�N �P�G �B�O �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H �N�P�E�F�M�� ���F �M�B�O�H�V�B�H�F �H�B�N�F �Q�F�S�G�P�S�N�T
�B �S�B�O�E�P�N �X�B�M�L �U�I�S�P�V�H�I �B �Q�P�Q�V�M�B�U�J�P�O �P�G ���Y�F�E �T�J�[�F�� �*�U �N�P�S�F�P�W�F�S �B�E�E�T �B �M�J�G�F �F�Y�Q�F�D�U�B�O�D�Z�

�B�O�E �X�I�F�O �B�O �B�H�F�O�U �E�J�F�T �J�U �J�T �S�F�Q�M�B�D�F�E �C�Z �B �O�F�X�C�P�S�O �B�H�F�O�U�� ���F �S�B�O�E�P�N �X�B�M�L�
 �X�I�F�O
�V�O�S�B�W�F�M�F�E�
 �G�P�S�N�T �B �D�I�B�J�O �	�J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H�
�
 �C�V�U �T�J�O�D�F �J�U �J�T �S�B�O�E�P�N�
 �J�U �T�J�N�V�M�U�B�O�F�P�V�T�M�Z
�B�Q�Q�S�P�Y�J�N�B�U�F�T �I�P�N�P�H�F�O�F�P�V�T �N�J�Y�J�O�H �	�O�B�N�J�O�H �H�B�N�F�
�� ���F �D�S�V�D�J�B�M �Q�B�S�B�N�F�U�F�S �U�I�B�U �J�O��
�U�F�S�Q�P�M�B�U�F�T �C�F�U�X�F�F�O �O�B�N�J�O�H �H�B�N�F�T �B�O�E �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H �J�T �U�I�F �M�J�G�F �F�Y�Q�F�D�U�B�O�D�Z�]�� ���F
�#�B�Z�F�T�J�B�O �M�B�O�H�V�B�H�F �H�B�N�F �J�T �U�I�F�S�F�G�P�S�F �Q�B�S�B�N�F�U�S�J�T�F�E �C�Z �U�I�S�F�F �D�S�V�D�J�B�M �Q�B�S�B�N�F�U�F�S�T���a�G�P�S
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A.     Iterated learning ( = 1)
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B.     Naming Game ( = )
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C.     Quick turnover ( = 10)
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D.     Medium turnover ( = 100)
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�*�ã�å�×�Ú�( �Y���^�8�]�T�M�G�E�P �S�Y�X�G�S�Q�I�W �S�J
�X�L�I �(�M�V�M�G�L�P�I�X���'�E�X�I�K�S�V�M�G�E�P �P�E�R�K�Y�E�K�I
�R�E�Q�I �J�S�V �X�L�I �I�\�X�V�I�Q�I �W�X�V�E�X�I�K�M�I�W
���W�E�Q�T�P�I�•�W�E�Q�T�P�I���ß�3�Ü�•�W�E�Q�T�P�I��
�W�E�Q�T�P�I�•�ß�3�Ü���ß�3�Ü�•�ß�3�Ü�
 �M�R �T�S�T��
�Y�P�E�X�M�S�R�W �[�M�X�L �M�Q�Q�I�H�M�E�X�I �X�Y�V�R�S�Z�I�V
���3�� �M�X�I�V�E�X�I�H �P�I�E�V�R�M�R�K���] = ���
�� �R�S
�X�Y�V�R�S�Z�I�V ���2�� �R�E�Q�M�R�K �K�E�Q�I���] = ∞�

�E�R�H �X�[�S �M�R�X�I�V�Q�I�H�M�E�X�I �X�Y�V�R�S�Z�I�V�W ���1
�E�R�H�0�
��

�æ�ã�å�Z�]�, = �������/ = �������C= ����
�5= ����������

�U�I�F �M�B�O�H�V�B�H�F �T�U�S�B�U�F�H�Z�
�`�G�P�S �U�I�F �Q�S�P�E�V�D�U�J�P�O �T�U�S�B�U�F�H�Z �B�O�E�] �G�P�S �U�I�F �M�J�G�F �F�Y�Q�F�D�U�B�O�D�Z�� ���J�T�

�U�I�F�O�
 �J�T �U�I�F �A�T�Q�B�D�F �P�G �B�H�F�O�U���C�B�T�F�E �N�P�E�F�M�T�� �X�I�P�T�F �C�F�I�B�W�J�P�V�S �X�F �B�J�N�F�E �U�P �D�I�B�S�B�D�U�F�S�J�T�F��
�U�I�F �Q�B�S�B�N�F�U�F�S �T�Q�B�D�F(�a, � ,̀ �]) �P�G �U�I�F �#�B�Z�F�T�J�B�O �M�B�O�H�V�B�H�F �H�B�N�F��

���F �F�J�H�I�U �F�Y�U�S�F�N�F �D�B�T�F�T�
 �X�J�U�I�a, � ,̀ �] ∈ {��,∞} �B�S�F �P�G �T�Q�F�D�J�B�M �J�O�U�F�S�F�T�U�� �8�J�U�I�] =

�� �U�I�F �M�B�O�H�V�B�H�F �H�B�N�F �S�F�E�V�D�F�T �U�P �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H�
 �B�O�E �X�J�U�I�] = ∞ �J�U �S�F�E�V�D�F�T �U�P �B
�O�B�N�J�O�H �H�B�N�F�� ���F �Q�V�S�F �T�B�N�Q�M�J�O�H �T�U�S�B�U�F�H�Z �	�T�B�N�Q�M�F�o�T�B�N�Q�M�F�
 �D�P�S�S�F�T�Q�P�O�E�T �U�P�a= �` =
���� �U�I�F �N�J�Y�F�E �T�B�N�Q�M�J�O�H���N�B�Y�J�N�J�T�J�O�H �T�U�S�B�U�F�H�J�F�T �U�P�a = ��, �` = ∞ �	�T�B�N�Q�M�F�o�:�.�=�
 �B�O�E
�a=∞, �`= �� �	�:�.�=�o�T�B�N�Q�M�F�
�� �B�O�E �U�I�F �Q�V�S�F �N�B�Y�J�N�J�T�J�O�H �T�U�S�B�U�F�H�Z �U�P�a= �`=∞ �	�:�.�=�o
�:�.�=�
�� �" �T�Z�T�U�F�N�B�U�J�D �T�F�B�S�D�I �U�I�S�P�V�H�I �U�I�F �T�Q�B�D�F �T�V�H�H�F�T�U�F�E �U�I�B�U �U�I�F �C�F�I�B�W�J�P�V�S �P�G �U�I�F �H�B�N�F
�X�P�V�M�E �S�F�M�B�U�J�W�F�M�Z �T�N�P�P�U�I�M�Z �D�I�B�O�H�F �C�F�U�X�F�F�O �U�I�F�T�F �F�J�H�I�U �F�Y�U�S�F�N�F �D�B�T�F�T�� �$�I�B�S�B�D�U�F�S�J�T�J�O�H
�U�I�F�J�S �C�F�I�B�W�J�P�V�S �U�I�F�S�F�G�P�S�F �H�P�F�T �B �M�P�O�H �X�B�Z �U�P �D�I�B�S�U�J�O�H �U�I�F �C�F�I�B�W�J�P�V�S �P�O�F �D�B�O �F�Y�Q�F�D�U �G�S�P�N
�B�H�F�O�U���C�B�T�F�E �M�B�O�H�V�B�H�F �N�P�E�F�M�T�� ���F �S�F�T�V�M�U �P�G �D�V�M�U�V�S�B�M �F�W�P�M�V�U�J�P�O �J�O �U�I�F �F�Y�U�S�F�N�F �D�B�T�F�T �	�B�O�E
�U�X�P �J�O�U�F�S�N�F�E�J�B�U�F �Q�P�Q�V�M�B�U�J�P�O �U�V�S�O�P�W�F�S �S�B�U�F�T�
 �B�S�F �T�I�P�X�O �B�H�B�J�O �J�O ���H�V�S�F�•���‰�� ���F �N�B�J�O
�D�P�O�D�M�V�T�J�P�O�T �J�U �T�V�H�H�F�T�U�T �B�S�F��

�t �#�B�Z�F�T�J�B�O �O�B�N�J�O�H �H�B�N�F�T �S�F�T�V�M�U�T �J�O �M�B�O�H�V�B�H�F�T �S�F���F�D�U�J�O�H �U�I�F �C�J�B�T�
 �C�V�U �T�I�B�Q�F�E �C�Z
�D�V�M�U�V�S�B�M �F�W�P�M�V�U�J�P�O��

�t �*�O �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H �N�P�E�F�M�T�
 �O�P �B�H�F�O�U �G�B�J�U�I�G�V�M�M�Z �S�F�Q�S�F�T�F�O�U�T �U�I�F �F�Y�U�F�S�O�B�M �M�B�O�H�V�B�H�F��
�t �1�V�S�F �T�B�N�Q�M�J�O�H �T�U�S�B�U�F�H�J�F�T �T�U�B�Z �D�M�P�T�F �U�P �U�I�F �C�J�B�T�
 �F�J�U�I�F�S �Q�F�S�G�F�D�U�M�Z �	�J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H�
�


�P�S �J�N�Q�F�S�G�F�D�U�M�Z �	�O�B�N�J�O�H �H�B�N�F�

�t �.�J�Y�F�E �T�U�S�B�U�F�H�J�F�T �E�J���F�S�F�O�U�M�Z �A�F�Y�B�H�H�F�S�B�U�F�� �U�I�F �C�J�B�T�� �N�B�Y�J�N�J�T�J�O�H �M�B�O�H�V�B�H�F�T �S�F�T�V�M�U�T �J�O

�T�P�N�F �L�J�O�E �P�G �Q�S�V�O�J�O�H�
 �N�B�Y�J�N�J�T�J�O�H �Q�S�P�E�V�D�U�J�P�O�T �J�O �T�P�N�F �L�J�O�E �P�G �F�Y�Q�P�O�F�O�U�J�B�U�J�P�O��
�t �1�V�S�F �N�B�Y�J�N�J�T�J�O�H �T�U�S�B�U�F�H�J�F�T �S�F�T�V�M�U �J�O �E�F�H�F�O�F�S�B�U�F �M�B�O�H�V�B�H�F�T��
�t ���F �M�B�O�H�V�B�H�F �T�Q�P�L�F�O �J�O �B�O �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H �N�P�E�F�M �T�F�F�N�T �Q�S�F�E�J�D�U�B�C�M�Z �E�F�U�F�S�N�J�O�F�E

�C�Z �U�I�F �C�J�B�T�F�T �‰ �F�W�F�O �G�P�S �N�B�Y�J�N�J�T�J�O�H �T�U�S�B�U�F�H�J�F�T��
�t �*�O�U�F�S�N�F�E�J�B�U�F �M�J�G�F �F�Y�Q�F�D�U�B�O�D�J�F�T �J�O�U�F�S�Q�P�M�B�U�F �C�F�U�X�F�F�O �U�I�F�T�F �U�X�P �F�Y�U�S�F�N�F�T���‹�‹

�U�U�;�M�X�L �S�R�I �R�S�X�E�F�P�I �I�\�G�I�T�X�M�S�R��
�X�L�I�V�I �Q�M�K�L�X �F�I �W�X�E�F�P�I �P�E�R�K�Y�E�K�I
�G�L�E�R�K�I �M�R �F�I�X�[�I�I�R�� �F�Y�X �T�S�W�W�M�F�P�]
�S�R�P�] �J�S�V �E �Z�I�V�] �P�M�Q�M�X�I�H �T�E�V�E�Q�I�X�I�V
�V�E�R�K�I�����B�U�
 �J�O �T�I�P�S�U�
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�ß�3�Ø�ä�(�ß�3�Ø�ã�1�3�à �3�Þ�3�à�Ó�Ù�ã�Ù �Ý�æ �Ø�ä�( �2�3�Ó�(�Ù�ã�3�Þ �Þ�3�ß�ã�Þ�å �å�3�ß�(�4�J�N�V�M�B�U�J�P�O�T �J�O�E�J�D�B�U�F �U�I�B�U �D�P��
�I�F�S�F�O�D�F �F�N�F�S�H�F�T �J�O �U�I�F �#�B�Z�F�T�J�B�O �/�B�N�J�O�H �(�B�N�F�
 �C�V�U �* �I�B�W�F �O�P�U �Q�S�P�W�J�E�F�E �B �G�P�S�N�B�M �Q�S�P�P�G
�P�G �U�I�J�T�� �*�O �G�B�D�U�
 �U�I�F�S�F �B�S�F �U�X�P �T�F�Q�B�S�B�U�F �R�V�F�T�U�J�P�O�T�� �	�J�
 �E�P �B�M�M �B�H�F�O�U�T �D�P�O�W�F�S�H�F �U�P �U�I�F �T�B�N�F

�‘�‰



�±�� �$�P�O�D�M�V�T�J�P�O�T

�E�J�T�U�S�J�C�V�U�J�P�O� �"�O�E �	�J�J�
 �D�B�O �P�O�F �D�I�B�S�B�D�U�F�S�J�T�F �U�I�J�T �E�J�T�U�S�J�C�V�U�J�P�O �J�O �U�F�S�N�T �P�G �U�I�F �Q�B�S�B�N�F�U�F�S�T
�a, �` �B�O�E�]� �*�U �T�F�F�N�T �V�O�M�J�L�F�M�Z �U�I�B�U �U�I�J�T �J�T �B �T�J�N�Q�M�F �Q�S�P�C�M�F�N�
 �T�J�O�D�F �F�W�F�O �U�I�F �T�Q�F�D�J�B�M �D�B�T�F
�P�G �U�I�F �O�B�N�J�O�H �H�B�N�F �I�B�T �T�P �G�B�S �S�F�T�J�T�U�F�E �B�O�B�M�Z�U�J�D�B�M �T�D�S�V�U�J�O�Z �	�%�F �7�Z�M�E�F�S �B�O�E �5�V�Z�M�T �	�Š�ˆ�ˆ�Ž�

�P�O�M�Z �Q�S�P�W�J�E�F �B�O�B�M�Z�U�J�D�B�M �S�F�T�V�M�U�T �G�P�S �B �E�F�U�F�S�N�J�O�J�T�U�J�D �W�B�S�J�B�O�U �P�G �U�I�F �H�B�N�F�
�� �0�O�F �Q�P�T�T�J�C�M�F
�M�J�O�F �P�G �B�U�U�B�D�L �X�P�V�M�E �J�O�W�F�T�U�J�H�B�U�F �X�I�F�U�I�F�S �U�I�F �M�J�N�J�U�J�O�H �E�J�T�U�S�J�C�V�U�J�P�O �J�T �J�O�E�F�F�E �B �T�B�N�Q�M�F
�G�S�P�N �T�P�N�F �E�J�T�U�S�J�C�V�U�J�P�O �B�S�P�V�O�E �U�I�F �C�J�B�T�� �*�G �T�P�
 �B �D�I�B�S�B�D�U�F�S�J�[�B�U�J�P�O �P�G �U�I�B�U �E�J�T�U�S�J�C�V�U�J�P�O
�X�P�V�M�E �C�F �M�J�L�F�M�Z �U�P �Q�S�P�W�J�E�F �W�B�M�V�B�C�M�F �G�V�S�U�I�F�S �J�O�T�J�H�I�U�T �J�O�U�P �N�B�O�Z �N�P�E�F�M�T �P�G �D�V�M�U�V�S�B�M �M�B�O��
�H�V�B�H�F �F�W�P�M�V�U�J�P�O �T�J�N�V�M�U�B�O�F�P�V�T�M�Z��

�"�O�E �U�I�F �M�J�T�U �D�P�O�U�J�O�V�F�T�� �#�V�U �U�I�B�U���T �J�U �G�P�S �O�P�X��

�‘�Š



�%�T�T�I�R�H�M�G�I�W

�%�� �'�S�R�Z�I�V�K�M�R�K �1�E�V�O�S�Z �'�L�E�M�R�W�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ���‘�Œ
�&�� �0�E�X�I�V�E�P �-�R�L�M�F�M�X�M�S�R �7�X�V�E�X�I�K�M�I�W�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ���‘�•
�'�� �1�E�X�L�I�Q�E�X�M�G�E�P �H�I�X�E�M�P�W �S�J �(�M�V�M�G�L�P�I�X���G�E�X�I�K�S�V�M�G�E�P�Þ�å�� �� �� �� �� �� �� �� �� �� �� ���‘�•

�'���^�� �(�M�V�M�G�L�P�I�X �E�R�H �G�E�X�I�K�S�V�M�G�E�P �H�M�W�X�V�M�F�Y�X�M�S�R�W�� �� �� �� �� �� �� �� �� �� �� �� ���‘�‘
�'���X�� �)�\�T�S�R�I�R�X�M�E�X�I�H �H�M�W�X�V�M�F�Y�X�M�S�R�W�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ���‰�ˆ�‰
�'���U�� �1�I�E�W�Y�V�M�R�K �X�L�I �H�M�W�X�E�R�G�I �F�I�X�[�I�I�R �P�E�R�K�Y�E�K�I�W�� �� �� �� �� �� �� �� �� ���‰�ˆ�Š
�'���W�� �&�E�]�I�W�M�E�R �Y�T�H�E�X�M�R�K �E�R�H �P�E�X�I�V�E�P �M�R�L�M�F�M�X�M�S�R�� �� �� �� �� �� �� �� �� �� �� ���‰�ˆ�‹

�(�� �4�E�V�E�Q�I�X�I�V �W�T�E�G�I �S�J �X�L�I�0�1�P�E�R�K�Y�E�K�I �K�E�Q�I�� �� �� �� �� �� �� �� �� �� �� �� �� �� ���‰�ˆ�Œ
�)�� �% �H�M�W�G�V�I�X�I �;�I�M�F�Y�P�P �Q�S�H�I�P �S�J �T�S�T�Y�P�E�X�M�S�R �X�Y�V�R�S�Z�I�V�� �� �� �� �� �� �� �� �� �� �� ���‰�ˆ�•
�*�� �6�I�J�S�V�Q�Y�P�E�X�M�R�K �X�L�I �T�E�G�O�M�R�K �W�X�V�E�X�I�K�]�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ���‰�ˆ�‘
�+�� �&�E�W�I �K�E�Q�I�W�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ���‰�‰�‹

�+���^�� �-�Q�T�P�M�G�M�X �F�M�E�W�I�W �M�R �X�L�I �E�H�H�M�X�M�Z�I �R�E�Q�M�R�K �K�E�Q�I�� �� �� �� �� �� �� �� �� ���‰�‰�‹
�+���X�� �4�V�S�T�I�V�X�M�I�W �S�J �X�L�I �E�H�H�M�X�M�Z�I �F�E�W�I �K�E�Q�I�� �� �� �� �� �� �� �� �� �� �� �� ���‰�‰�•



�"�Q�Q�F�O�E�J�D�F�T

�%�'�S�R�Z�I�V�K�M�R�K �1�E�V�O�S�Z �'�L�E�M�R�W
�'�S�R�Z�I�V�K�I�R�G�I �V�I�W�Y�P�X�W �J�S�V �1�E�V�O�S�Z �G�L�E�M�R�W �E�V�I �O�I�] �X�S �Y�R�H�I�V�W�X�E�R�H�M�R�K �X�L�I �P�S�R�K���X�I�V�Q �F�I��
�L�E�Z�M�S�Y�V �S�J �&�E�]�I�W�M�E�R �M�X�I�V�E�X�I�H �P�I�E�V�R�M�R�K �Q�S�H�I�P�W�� �8�L�M�W �E�T�T�I�R�H�M�\ �M�R�X�V�S�H�Y�G�I�W �X�L�S�W�I �V�I�W�Y�P�X�W
�J�S�V �I�V�K�S�H�M�G �1�E�V�O�S�Z �G�L�E�M�R�W��

�Ú�3�ã�Þ�Ó �3�Þ�0 �Ù�×�Þ�Þ�Ó �0�3�Ó�Ù�-�F�U���T �D�P�O�T�J�E�F�S �B �A�T�J�N�Q�M�F���
 �O�P�O���M�J�O�H�V�J�T�U�J�D �T�D�F�O�B�S�J�P�� �U�I�F �X�F�B�U�I�F�S��
�4�V�Q�Q�P�T�F �T�V�O�O�Z �	�b�
 �B�O�E �S�B�J�O�Z �	� �̀
 �E�B�Z�T �B�S�F �F�R�V�B�M�M�Z �Q�S�P�C�B�C�M�F�
 �C�V�U �U�I�B�U �F�W�F�S�Z �T�V�O�O�Z �E�B�Z �J�T
�E�F�U�F�S�N�J�O�J�T�U�J�D�B�M�M�Z �G�P�M�M�P�X�F�E �C�Z �B �S�B�J�O�Z �E�B�Z���‹�•

�U�V�8�L�M�W �„�K�E�T�T�] �T�V�S�G�I�W�W�… �M�W
�E�H�E�T�X�I�H �J�V�S�Q �1�E�X�L�M�E�W �1�E�H�W�I�R�…�W
�R�S�X�I�W �S�R�6�E�R�H�S�Q �4�V�S�G�I�W�W�I�W �E�R�H
�)�V�K�S�H�M�G�M�X�]���1�E�H�W�I�R�X�Z�^�V�
�� �8�L�I
�T�V�I�W�I�R�X�E�X�M�S�R �S�J �X�L�I �J�S�V�Q�E�P�M�W�Q �M�W
�F�E�W�I�H �S�R �2�S�V�V�M�W ���^�\�\�Y�
��

�` �b

��/��

��

��/��

�	�•���‰�


���J�T �N�P�E�F�M �S�F�T�V�M�U�T �J�O �X�B�M�L�T �U�I�S�P�V�H�I �U�I�F �T�U�B�U�F �T�Q�B�D�F �P�G �U�I�F �G�P�S�N� �̀
� �̀
�b�
� �̀
�b�
� �̀
�b�
� �̀

� �̀
� �̀
�b�
� �̀
� �̀
�b�
 �B�O�E �T�P �P�O�� ���F �O�V�N�C�F�S�T �B�M�P�O�H �U�I�F �F�E�H�F�T �B�S�F �U�I�F�U�S�B�O�T�J�U�J�P�O �Q�S�P�C�B�C�J�M�J�U�J�F�T
�P�G �N�P�W�J�O�H �G�S�P�N �P�O�F �T�U�B�U�F �U�P �U�I�F �O�F�Y�U�� �*�N�Q�P�S�U�B�O�U�M�Z�
 �U�I�F�T�F �Q�S�P�C�B�C�J�M�J�U�J�F�T �E�P �O�P�U �D�I�B�O�H�F
�P�W�F�S �U�J�N�F�
 �B �Q�S�P�Q�F�S�U�Z �L�O�P�X�O �B�T�U�J�N�F���I�P�N�P�H�F�O�F�J�U�Z�
 �B�O�E �E�F�Q�F�O�E �P�O �U�I�F �D�V�S�S�F�O�U �T�U�B�U�F
�P�O�M�Z�� �8�I�B�U �I�B�Q�Q�F�O�F�E �J�O �U�I�F �Q�B�T�U �J�T �J�S�S�F�M�F�W�B�O�U�� ���J�T �A�N�F�N�P�S�Z�M�F�T�T�O�F�T�T�� �I�B�Q�Q�F�O�T �U�P �C�F �B
�E�F���O�J�O�H �D�I�B�S�B�D�U�F�S�J�T�U�J�D �P�G �.�B�S�L�P�W �D�I�B�J�O�T�� �*�G�Y��, �Y��, �Y��, . . . �E�F�O�P�U�F �U�I�F �T�U�B�U�F�T �	�S�B�J�O�Z �P�S
�T�V�O�O�Z�
 �B�U �E�B�Z��, ��, ��, . . . �
 �U�I�F�T�F �S�B�O�E�P�N �W�B�S�J�B�C�M�F�T �G�P�S�N �B �.�B�S�L�P�W �D�I�B�J�O �J�G

�Q(�Y�U| �Y��, . . . , �Y�U−��) = �Q(�Y�U| �Y�U−��), �U≥ ��, �	�•���Š�


�U�I�B�U �J�T�
 �J�G �U�I�F �Q�S�P�C�B�C�J�M�J�U�Z �P�G �C�F�J�O�H �J�O �T�U�B�U�F�Y�U�P�O�M�Z�E�F�Q�F�O�E�T �P�O �U�I�F �W�F�S�Z �M�B�T�U �T�U�B�U�F�Y�U−�� �U�I�F
�T�Z�T�U�F�N �X�B�T �J�O�� �8�I�B�U �B�C�P�V�U �U�I�F �W�F�S�Z ���S�T�U �T�U�B�U�F� ���F �Q�S�P�C�B�C�J�M�J�U�Z �U�I�B�U�Y�� = �J�J�T �T�F�Q�B�S�B�U�F�M�Z
�C�Z �B�J�O�J�U�J�B�M �E�J�T�U�S�J�C�V�U�J�P�O�@�
 �K�V�T�U �B �Q�S�P�C�B�C�J�M�J�U�Z �W�F�D�U�P�S �J�G �U�I�F �O�V�N�C�F�S �P�G �T�U�B�U�F�T �J�T ���O�J�U�F�� �*�O
�P�V�S �F�Y�B�N�Q�M�F�
 �U�I�F �T�U�B�U�F �T�Q�B�D�F�4= {� ,̀ �b} �J�T �J�O�E�F�F�E ���O�J�U�F�� ���F �U�S�B�O�T�J�U�J�P�O �Q�S�P�C�B�C�J�M�J�U�J�F�T
�D�B�O �U�I�F�O �C�F �D�P�M�M�F�D�U�F�E �J�O �B�U�S�B�O�T�J�U�J�P�O �N�B�U�S�J�Y

�5=

[
��/�� ��
��/�� ��

]
= [�U�J→�K]�K,�J∈�4 �	�•���‹�


�X�I�F�S�F �F�O�U�S�Z�U�J→�K�B�U �Q�P�T�J�U�J�P�O(�K, �J) �J�T �U�I�F �Q�S�P�C�B�C�J�M�J�U�Z �P�G �U�S�B�O�T�J�U�J�P�O�J�O�H �G�S�P�N �T�U�B�U�F�J�U�P�K�� ���F
�Q�S�P�C�B�C�J�M�J�U�Z �U�I�B�U�9�� = �J�J�T �H�J�W�F�O �C�Z �U�I�F �J�O�J�U�J�B�M �E�J�T�U�S�J�C�V�U�J�P�O�
 �C�V�U �X�I�B�U �J�T �U�I�F �Q�S�P�C�B�C�J�M�J�U�Z
�X�F �B�S�F �J�O�J�B�U �B �M�B�U�F�S �U�J�N�F�
 �T�B�Z�U= ��� �5�P ���O�E �P�V�U �X�F �D�P�N�Q�V�U�F �U�I�F �N�B�S�H�J�O�B�M �Q�S�P�C�B�C�J�M�J�U�Z

�Q(�9�� = �K) =
∑
�J∈�4

�Q(�9�� = �K| �9�� = �J) · �Q(�9�� = �J) =
∑
�K∈�4

�U�J→�K· �b�J= (�5�@)�K

�*�O �P�U�I�F�S �X�P�S�E�T�
 �U�I�F �N�B�S�H�J�O�B�M �E�J�T�U�S�J�C�V�U�J�P�O �P�W�F�S �T�U�B�U�F�T �B�U �U�J�N�F�U= �� �J�T �H�J�W�F�O �C�Z �U�I�F �W�F�D�U�P�S
�5�@�� �3�F�Q�F�B�U�J�O�H �U�I�J�T �U�S�J�D�L�
 �X�F ���O�E �U�I�B�U �B�U �U�J�N�F�U�U�I�J�T �Q�S�P�C�B�C�J�M�J�U�Z �J�T �H�J�W�F�O �C�Z�5�U�@�
 �X�I�F�S�F
�5�U�J�T �U�I�F�U���U�I �Q�P�X�F�S �P�G �U�I�F �U�S�B�O�T�J�U�J�P�O �N�B�U�S�J�Y��

�‘�Œ



�"�� �$�P�O�W�F�S�H�J�O�H �.�B�S�L�P�W �$�I�B�J�O�T

�à�ã�ß�ã�Ø�ã�Þ�å �3�Þ�0 �Ù�Ø�3�Ø�ã�Ý�Þ�3�Ú�Ó �0�ã�Ù�Ø�Ú�ã�2�×�Ø�ã�Ý�Þ�Ù�4�V�Q�Q�P�T�F �X�F �T�U�B�S�U �X�J�U�I �J�O�J�U�J�B�M �E�J�T�U�S�J�C�V�U�J�P�O�@=
(��/��, ��/��)�� ���F�O �U�I�F �N�B�S�H�J�O�B�M �E�J�T�U�S�J�C�V�U�J�P�O �B�U�U= �� �J�T�5�@= (��/��, ��/��)�
 �J�O �U�I�F �O�F�Y�U �U�J�N�F �T�U�F�Q
�5���@= (��/��, ��/��)�
 �U�I�F�O(����/����, ��/����)�
(����/����, ����/����)�
 �B�O�E �T�P �P�O�� ���F�T�F �E�J�T�U�S�J�C�V�U�J�P�O�T �D�P�O�W�F�S�H�F
�U�P �U�I�F�M�J�N�J�U�J�O�H �E�J�T�U�S�J�C�V�U�J�P�O�@⋆ = (��/��, ��/��)��

t = 0 t = 2 t = 4 t = 6 t = 8 t = 10 t = 12

1
3

2
3

p(xt = rainy)
p(xt = sunny)
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�"���F�S �B �X�I�J�M�F�
 �J�U �X�J�M�M �S�B�J�O �X�J�U�I �Q�S�P�C�B�C�J�M�J�U�Z��/�� �B�O�E �X�J�M�M �C�F �T�V�O�O�Z �X�J�U�I �Q�S�P�C�B�C�J�M�J�U�Z��/���

�S�F�H�B�S�E�M�F�T�T �P�G �U�I�F �J�O�J�U�J�B�M �D�P�O�E�J�U�J�P�O�
 �P�S �T�P �U�I�F �Q�M�P�U �P�O �U�I�F �S�J�H�I�U �T�V�H�H�F�T�U�T�� �-�P�P�L�J�O�H �B�U �U�I�F
�U�S�B�O�T�J�U�J�P�O �E�J�B�H�S�B�N�•���‰�
 �U�I�B�U �N�B�L�F�T �T�F�O�T�F�� �F�W�F�S�Z �T�V�O�O�Z �E�B�Z �O�F�D�F�T�T�B�S�J�M�Z �D�P�N�F�T �X�J�U�I �P�O�F
�F�Y�U�S�B �S�B�J�O�Z �E�B�Z�� �/�P�U�F �U�I�B�U �B �A�D�P�O�W�F�S�H�F�E�� �D�I�B�J�O �T�U�J�M�M �I�P�Q�T �C�F�U�X�F�F�O �T�U�B�U�F�T �	�J���F���
 �J�U �X�J�M�M �C�F
�F�J�U�I�F�S �S�B�J�O�Z �P�S �T�V�O�O�Z�
�
 �P�O�M�Z �U�I�F�Q�S�P�C�B�C�J�M�J�U�Z�X�J�U�I �X�I�J�D�I �J�U �J�T �P�O�F �P�G �U�I�F�T�F �T�U�B�C�J�M�J�[�F�T��

�/�P�X�
 �P�O�D�F �Q�S�P�C�B�C�J�M�J�U�J�F�T �P�G �C�F�J�O�H �J�O �T�U�B�U�F�` �B�O�E�b�B�S�F �F�Y�B�D�U�M�Z��/�� �B�O�E��/�� �S�F�T�Q�F�D�U�J�W�F�M�Z�

�U�I�B�U �T�I�P�V�M�E �S�F�N�B�J�O �U�S�V�F �J�O �U�I�F �O�F�Y�U �U�J�N�F �T�U�F�Q �‰ �U�I�F�Z �I�B�W�F �D�P�O�W�F�S�H�F�E�
 �B���F�S �B�M�M�� �"�O�E
�Z�F�T�
 �U�I�B�U �J�T �B�T �U�S�V�F �B�T �J�U �H�F�U�T�� ���F �E�J�T�U�S�J�C�V�U�J�P�O�@⋆ �J�T �U�I�F�S�F�G�P�S�F �B�M�T�P �D�B�M�M�F�E �U�I�F�T�U�B�U�J�P�O�B�S�Z
�E�J�T�U�S�J�C�V�U�J�P�O�� ���F �T�U�B�U�J�P�O�B�S�Z �E�J�T�U�S�J�C�V�U�J�P�O �J�T �M�F�� �V�O�D�I�B�O�H�F�E �C�Z �U�I�F �U�S�B�O�T�J�U�J�P�O �N�B�U�S�J�Y�
 �T�P
�5�@⋆ = �@⋆�
 �X�I�J�D�I �N�B�L�F�T �J�U �B�O�F�J�H�F�O�W�F�D�U�P�S�P�G �U�I�F �U�S�B�O�T�J�U�J�P�O �N�B�U�S�J�Y �X�J�U�I �U�I�F �F�J�H�F�O�W�B�M�V�F
���� �*�O �P�V�S �T�J�N�Q�M�F �F�Y�B�N�Q�M�F�
 �U�I�F �M�J�N�J�U�J�O�H �E�J�T�U�S�J�C�V�U�J�P�O �	�U�I�F �M�J�N�J�U �P�G�5�U�@�B�T�U→∞�
 �B�O�E �U�I�F
�T�U�B�U�J�P�O�B�S�Z �E�J�T�U�S�J�C�V�U�J�P�O �	�F�J�H�F�O�W�F�D�U�P�S �P�G�5�
 �B�S�F �U�I�F �T�B�N�F�� ���B�U �J�T �O�P�U �U�S�V�F �G�P�S �B�M�M �.�B�S�L�P�W
�D�I�B�J�O�T��

�3�Ü�(�Ú�ã�Ý�0�ã�1�ã�Ø�Ó �3�Þ�0 �ã�Ú�Ú�(�0�×�1�ã�2�ã�à�ã�Ø�Ó�5�B�L�F �U�I�J�T �.�B�S�L�P�W �$�I�B�J�O��
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�4�U�B�S�U�J�O�H �G�S�P�N�9�� = ���
 �J�U �X�J�M�M �C�F �J�O �T�U�B�U�F �‰ �B�U �B�M�M �F�W�F�O �U�J�N�F�T �B�O�E �J�O �T�U�B�U�F �Š �B�U �P�E�E �U�J�N�F�T
�‰ �U�I�J�T �D�I�B�J�O �J�T�Q�F�S�J�P�E�J�D�� �"�T �B �S�F�T�V�M�U�
�Q(�9�U= �J) �B�M�U�F�S�O�B�U�F�T �C�F�U�X�F�F�O �ˆ �B�O�E �‰ �B�O�E �E�P�F�T
�O�P�U �D�P�O�W�F�S�H�F �P�W�F�S �U�J�N�F�� �#�V�U �F�W�F�O �U�I�P�V�H�I �J�U �I�B�T �O�P �M�J�N�J�U�J�O�H �E�J�T�U�S�J�C�V�U�J�P�O�
 �J�U �E�P�F�T �I�B�W�F �B
�T�U�B�U�J�P�O�B�S�Z �E�J�T�U�S�J�C�V�U�J�P�O�@⋆ = (��/��, ��/��)�
 �B�T �J�T �F�B�T�J�M�Z �W�F�S�J���F�E��

�)�F�S�F �N�P�S�F �N�P�S�F �D�P�N�N�P�O �U�I�J�O�H �U�I�B�U �D�B�O �H�P �A�X�S�P�O�H���� �T�J�O�L�T �D�B�O �M�F�B�E �U�P �N�V�M�U�J�Q�M�F �T�U�B��
�U�J�P�O�B�S�Z �E�J�T�U�S�J�C�V�U�J�P�O�T�� �$�P�O�T�J�E�F�S �U�X�P �D�P�O�O�F�D�U�F�E �D�P�Q�J�F�T �P�G �P�V�S �X�F�B�U�I�F�S �N�P�E�F�M��
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�"�Q�Q�F�O�E�J�D�F�T

�*�G �U�I�F �D�I�B�J�O �B�U �T�P�N�F �Q�P�J�O�U �S�F�B�D�I�F�T �O�P�E�F�� �J�U �X�J�M�M �L�F�F�Q �K�V�N�Q�J�O�H �C�F�U�X�F�F�O �‰ �B�O�E �Š �B�G��
�U�F�S�X�B�S�E�T��{��, ��} �U�I�V�T �B�D�U�T �M�J�L�F �B �A�T�J�O�L�� �G�S�P�N �X�I�J�D�I �U�I�F�S�F �J�T �O�P �F�T�D�B�Q�F�� ���F �T�F�U{��, ��}
�J�T �B�O�P�U�I�F�S �T�V�D�I �T�J�O�L�� �#�P�U�I �T�J�O�L�T �I�B�W�J�O�H �U�I�F�J�S �A�P�X�O�� �T�U�B�U�J�P�O�B�S�Z �E�J�T�U�S�J�C�V�U�J�P�O�T �B�O�E �E�F��
�Q�F�O�E�J�O�H �P�O �U�I�F �J�O�J�U�J�B�M �D�P�O�E�J�U�J�P�O�
 �U�I�F �D�I�B�J�O �D�P�O�W�F�S�H�F�T �U�P �P�O�F �P�G �U�I�F�N �‰ �P�S �B �N�J�Y�U�V�S�F��
�$�P�O�D�S�F�U�F�M�Z�
 �X�S�J�U�F� �̂J�G�P�S �E�F�H�F�O�F�S�B�U�F �B�O�E �E�F�U�F�S�N�J�O�J�T�U�J�D �E�J�T�U�S�J�C�V�U�J�P�O �X�J�U�I �B�M�M �N�B�T�T �P�O �T�U�B�U�F
�J�� �*�G �X�F �T�U�B�S�U �X�J�U�I �U�I�F �J�O�J�U�J�B�M �E�J�T�U�S�J�C�V�U�J�P�O�@�� = � �̂��
 �U�I�F �D�I�B�J�O �D�P�O�W�F�S�H�F�T �U�P �U�I�F �T�U�B�U�J�P�O�B�S�Z
�E�J�T�U�S�J�C�V�U�J�P�O(��/��, ��/��, ��, ��, ��)�� �#�V�U �J�G �X�F �T�U�B�S�U �P�O �U�I�F �P�U�I�F�S �T�J�E�F �X�J�U�I�@�� = � �̂��
 �U�I�F�O �J�U
�D�P�O�W�F�S�H�F�T �U�P(��, ��, ��, ��/��, ��/��)�� �'�J�O�B�M�M�Z�
 �T�U�B�S�U�J�O�H �J�O �U�I�F �N�J�E�E�M�F �X�J�U�I�@�� = � �̂� �S�F�T�V�M�U�T �J�O �B
�N�J�Y�U�V�S�F �P�G �C�P�U�I��(��/����, ��/����, ��, ��/����, ��/����)�� �"�M�M �P�G �U�I�F�T�F �B�S�F �T�U�B�U�J�P�O�B�S�Z �E�J�T�U�S�J�C�V�U�J�P�O�T�� �	�"�O�E
�T�P �B�S�F �B�M�M �U�I�F �D�P�O�W�F�Y �D�P�N�C�J�O�B�U�J�P�O�T �P�G(��/��, ��/��, ��, ��, ��) �B�O�E(��, ��, ��, ��/��, ��/��)���


�*�O �U�I�J�T �D�B�T�F�
 �U�I�F�S�F �J�T �O�P �V�O�J�R�V�F �T�U�B�U�J�P�O�B�S�Z �E�J�T�U�S�J�C�V�U�J�P�O �C�F�D�B�V�T�F �U�I�F �H�S�B�Q�I �I�B�T �T�F�W�F�S�B�M
�T�J�O�L�T �G�S�P�N �X�I�J�D�I �P�O�F �D�B�O�O�P�U �S�F�B�D�I �U�I�F �P�U�I�F�S �Q�B�S�U�T �P�G �U�I�F �H�S�B�Q�I�� �*�G�F�W�F�S�Z�T�U�B�U�F �J�T �S�F�B�D�I��
�B�C�M�F �G�S�P�N �F�W�F�S�Z �P�U�I�F�S �T�U�B�U�F �X�J�U�I �Q�P�T�J�U�J�W�F �Q�S�P�C�B�C�J�M�J�U�Z �J�O �B ���O�J�U�F �O�V�N�C�F�S �P�G �T�U�F�Q�T�
 �U�I�F�O
�J�U �J�T �D�B�M�M�F�E�J�S�S�F�E�V�D�J�C�M�F�� �4�V�D�I �B �.�B�S�L�P�W �D�I�B�J�O �I�B�T �O�P �T�J�O�L�T �B�O�E �F�W�F�S�Z �T�U�B�U�F �X�J�M�M �B�M�N�P�T�U
�T�V�S�F�M�Z �C�F �W�J�T�J�U�F�E �B�H�B�J�O �B�O�E �B�H�B�J�O���‹�Ž

�U�[�8�L�M�W �M�W �K�I�R�I�V�E�P�P�] �R�S�X �X�V�Y�I �J�S�V
�M�R�¼�R�M�X�I �W�X�E�X�I �W�T�E�G�I�W�� �F�Y�X �M�R�X�V�S��
�H�Y�G�I�H �E�W �E�R �E�H�H�M�X�M�S�R�E�P �G�S�R�H�M�X�M�S�R
���V�I�G�Y�V�V�I�R�G�I�


�*�U �	�B�M�N�P�T�U�
 �O�F�W�F�S �T�U�P�Q�T �W�J�T�J�U�J�O�H �U�I�F�F�O�U�J�S�F�T�U�B�U�F �T�Q�B�D�F��

�(�Ú�å�Ý�0�ã�1�ã�Ø�Ó�.�B�S�L�P�W �D�I�B�J�O�T �U�I�B�U �B�S�F �C�P�U�I �J�S�S�F�E�V�D�J�C�M�F �B�O�E �B�Q�F�S�J�P�E�J�D �B�S�F �T�B�J�E �U�P �C�F�F�S��
�H�P�E�J�D�� �5�P�H�F�U�I�F�S�
 �U�I�F �U�X�P �Q�S�P�Q�F�S�U�J�F�T �B�S�F �T�V���D�J�F�O�U �U�P �F�O�T�V�S�F �D�P�O�W�F�S�H�F�O�D�F �P�G �B �.�B�S�L�P�W
�D�I�B�J�O �U�P �B �V�O�J�R�V�F �T�U�B�U�J�P�O�B�S�Z �E�J�T�U�S�J�C�V�U�J�P�O�
 �K�V�T�U �B�T �J�O �P�V�S �X�F�B�U�I�F�S �N�P�E�F�M��

���F�P�S�F�N �‰�	�‰���•���‹ �J�O �/�P�S�S�J�T�‰�‘�‘�•�
�� �-�F�U(�Y��, �Y��, . . . ) �C�F �B�O �F�S�H�P�E�J�D �.�B�S�L�P�W �D�I�B�J�O �X�J�U�I
�J�O�J�U�J�B�M �E�J�T�U�S�J�C�V�U�J�P�O�@�
 �U�S�B�O�T�J�U�J�P�O �N�B�U�S�J�Y�5�B�O�E �T�U�B�U�J�P�O�B�S�Z �E�J�T�U�S�J�C�V�U�J�P�O�@⋆�� ���F�O

�Q(�Y�O= �J) −→ �b⋆�K �B�T�O−→∞ �	�•���Œ�


�G�P�S �B�M�M�J∈ �4��

�"�T �X�F �I�B�W�F �T�F�F�O�
 �B�O �F�S�H�P�E�J�D �.�B�S�L�P�W �D�I�B�J�O �P�W�F�S �U�J�N�F �U�S�B�W�F�S�T�F�T �U�I�F �F�O�U�J�S�F �T�U�B�U�F �T�Q�B�D�F �J�O
�B�O �B�Q�F�S�J�P�E�J�D �G�B�T�I�J�P�O�� �0�O�F �N�J�H�I�U �X�P�O�E�F�S �J�G �B�O�Z �S�F�H�V�M�B�S�J�U�Z �V�O�E�F�S�M�J�F�T �U�I�F �T�U�B�U�F�T �J�U �W�J�T�J�U�T��
�*�T �J�U �N�P�S�F �M�J�L�F�M�Z �U�P �W�J�T�J�U �I�J�H�I���Q�S�P�C�B�C�J�M�J�U�Z �T�U�B�U�F�T �V�O�E�F�S �U�I�F �T�U�B�U�J�P�O�B�S�Z �E�J�T�U�S�J�C�V�U�J�P�O�
 �G�P�S
�F�Y�B�N�Q�M�F� �*�O�E�F�F�E�
 �J�U �J�T�� ���F �S�F�M�B�U�J�W�F �G�S�F�R�V�F�O�D�J�F�T �P�G �W�J�T�J�U�F�E �T�U�B�U�F�T �J�O �G�B�D�U �D�P�O�W�F�S�H�F �U�P �U�I�F
�T�U�B�U�J�P�O�B�S�Z �E�J�T�U�S�J�C�V�U�J�P�O�� ���F �J�N�Q�P�S�U�B�O�U �Q�P�J�O�U �J�T �U�I�B�U �U�I�J�T �D�P�O�O�F�D�U�T �B �E�J�T�U�S�J�C�V�U�J�P�O�P�W�F�S
�U�J�N�F�‰ �U�I�F �W�J�T�J�U�F�E �T�U�B�U�F�T �‰ �X�J�U�I �B �E�J�T�U�S�J�C�V�U�J�P�O�P�W�F�S �U�I�F �T�U�B�U�F �T�Q�B�D�F�‰ �U�I�F �T�U�B�U�J�P�O�B�S�Z
�E�J�T�U�S�J�C�V�U�J�P�O���&�S�H�P�E�J�D �U�I�F�P�S�Z�T�U�V�E�J�F�T �U�I�J�T �S�F�M�B�U�J�P�O �C�F�U�X�F�F�O �U�J�N�F�� �B�O�E �T�Q�B�D�F���B�W�F�S�B�H�F�T �B�O�E
�* �X�B�O�U �U�P �T�U�B�U�F �P�O�F �S�F�T�V�M�U �I�F�S�F�� �5�P �E�P �T�P �X�F �E�F���O�F �U�I�F�T�F �B�W�F�S�B�H�F�T�
 �G�P�S �B�O�Z �C�P�V�O�E�F�E
�G�V�O�D�U�J�P�O�G: �4→ R�
 �B�T

�G�U�J�N�F:=
��
�O

�O−��∑
�L=��

�G(�9�L) �B�O�E�G�T�Q�B�D�F:=
∑
�J∈�4

�@⋆�J�G(�J) �	�•���•�


���F �S�F�T�V�M�U �J�T �B�T �G�P�M�M�P�X�T��

���F�P�S�F�N �Š�	�&�S�H�P�E�J�D ���F�P�S�F�N�� �‰���‰�ˆ���Š �J�O �/�P�S�S�J�T�‰�‘�‘�•�
�� �-�F�U(�Y�O)�O≥�� �C�F �B�T �J�O �U�I�F�P�S�F�N�«
�B�O�E �M�F�U�G: �4→ R �C�F �B�O�Z �C�P�V�O�E�F�E �G�V�O�D�U�J�P�O�� ���F�O �U�I�F �U�J�N�F���B�W�F�S�B�H�F �P�G�G�B�M�N�P�T�U �T�V�S�F�M�Z
�D�P�O�W�F�S�H�F�T �U�P �U�I�F �T�Q�B�D�F���B�W�F�S�B�H�F �P�G�G��

�Q
(
�G�U�J�N�F−→ �G�T�Q�B�D�F�B�T�O−→∞

)
= ��. �	�•���Ž�


�‘�Ž



�#�� �-�B�U�F�S�B�M �*�O�I�J�C�J�U�J�P�O �4�U�S�B�U�F�H�J�F�T

�* �P�N�J�U �U�I�F �Q�S�P�P�G�
 �C�V�U �X�B�O�U �U�P �E�S�B�X �B �Q�S�B�D�U�J�D�B�M �D�P�O�D�M�V�T�J�P�O�� �"�T �T�F�F�O�
 �P�O�F �D�B�O ���O�E �U�I�F
�T�U�B�U�J�P�O�B�S�Z �E�J�T�U�S�J�C�V�U�J�P�O �B�T �B�O �F�J�H�F�O�W�F�D�U�P�S �P�G �	�B�O �F�T�U�J�N�B�U�F �P�G�
 �U�I�F �U�S�B�O�T�J�U�J�P�O �N�B�U�S�J�Y�
 �C�V�U
�U�I�F �Q�S�F�W�J�P�V�T �U�I�F�P�S�F�N �T�I�P�X�T �B �N�P�S�F �J�O�U�V�J�U�J�W�F �P�Q�U�J�P�O�� �N�F�B�T�V�S�J�O�H �S�F�M�B�U�J�W�F �G�S�F�R�V�F�O�D�J�F�T�� �*�G
�7�J(�U) �J�T �U�I�F �O�V�N�C�F�S �P�G �W�J�T�J�U�T �U�P �T�U�B�U�F�J�C�F�G�P�S�F �U�J�N�F�U�
 �U�I�F�O�G�J(�U) = �7�J(�U)/�U�J�T �U�I�F �S�F�M�B�U�J�W�F
�G�S�F�R�V�F�O�D�Z�� �'�P�S �B�O �F�S�H�P�E�J�D �.�B�S�L�P�W �D�I�B�J�O�
 �U�I�J�T �D�P�O�W�F�S�H�F�T �U�P �U�I�F �T�U�B�U�J�P�O�B�S�Z �E�J�T�U�S�J�C�V�U�J�P�O�

�G�J(�U)→ �b�J�B�T�U→∞�
 �X�J�U�I �Q�S�P�C�B�C�J�M�J�U�Z �‰�� ���J�T �J�T �	�B �D�P�O�T�F�R�V�F�O�D�F �P�G�
 �U�I�F �&�S�H�P�E�J�D �U�I�F�P�S�F�N
�	�/�P�S�S�J�T�‰�‘�‘�•�
 �Q�� �‰���‰�ˆ���Š�
 �X�I�F�O�G�J�J�T �U�I�F �J�O�E�J�D�B�U�P�S �G�V�O�D�U�J�P�O�� �"�T �U�I�F �S�F�B�E�F�S �N�J�H�I�U �O�P�U�J�D�F�

�U�I�J�T �G�B�D�U �I�B�T �C�F�F�O �V�T�F�E �F�Y�U�F�O�T�J�W�F�M�Z��

�&�0�E�X�I�V�E�P �-�R�L�M�F�M�X�M�S�R �7�X�V�E�X�I�K�M�I�W
�-�R �G�L�E�T�X�I�V�U�[�I �I�\�T�P�S�V�I�H �¼�Z�I �H�M�J�J�I�V�I�R�X �P�E�X�I�V�E�P �M�R�L�M�F�M�X�M�S�R �W�X�V�E�X�I�K�M�I�W�� �E�R�H �G�S�R�G�P�Y�H�I�H �X�L�E�X
�X�L�I�] �E�P�[�E�]�W �G�S�R�Z�I�V�K�I �X�S �E�R �I�J�J�I�G�X�M�Z�I�� �W�L�E�V�I�H �P�E�R�K�Y�E�K�I�� �(�S �X�L�I�W�I �G�S�R�G�P�Y�W�M�S�R�W �M�R�H�I�I�H
�K�I�R�I�V�E�P�M�^�I �X�S �X�L�I �V�I�W�X �S�J �X�L�I �[���H�M�Q�I�R�W�M�S�R�E�P�� �W�X�V�E�X�I�K�] �W�T�E�G�I�# �8�L�I �G�S�R�Z�I�V�K�I�R�G�I �T�V�S�S�J
�W�Y�K�K�I�W�X�W �W�S�� �F�Y�X �H�S�I�W �R�S�X �E�T�T�P�] �X�S �X�L�I �R�E�Q�M�R�K �K�E�Q�I�W �H�M�V�I�G�X�P�]�� �-�R �X�L�M�W �E�T�T�I�R�H�M�\ �T�E�V�X
�S�J �X�L�I �T�E�V�E�Q�I�X�I�V �W�T�E�G�I �M�W �X�L�I�V�I�J�S�V�I �I�\�T�P�S�V�I�H �W�]�W�X�I�Q�E�X�M�G�E�P�P�]�� �8�L�I �V�I�W�Y�P�X�W �M�R�H�M�G�E�X�I �X�L�E�X
�I�J�J�I�G�X�M�Z�I �P�E�R�K�Y�E�K�I�W �I�Z�I�R�X�Y�E�P�P�] �I�Q�I�V�K�I �J�S�V �E�P�P �W�X�V�E�X�I�K�M�I�W�� �E�P�X�L�S�Y�K�L �X�L�I �H�]�R�E�Q�M�G�W �F�I�J�S�V�I
�G�S�R�Z�I�V�K�I�R�G�I �G�E�R �Z�E�V�] �W�Y�F�W�X�E�R�X�M�E�P�P�]��

�3�F�D�B�M�M �U�I�B�U �U�I�F �T�Q�B�D�F �P�G �M�B�U�F�S�B�M �J�O�I�J�C�J�U�J�P�O �T�U�S�B�U�F�H�J�F�T �J�T �E�F���O�F�E �C�Z ���W�F �O�P�O�O�F�H�B�U�J�W�F �Q�B��
�S�B�N�F�U�F�S�T

� �̂J�O�D, � �̂J�O�I, � �̂E�F�D, �T�J�O�J�U, �T�N�B�Y. �	�•���•�


�* �I�B�W�F �O�P�U �C�F�F�O �B�C�M�F �U�P ���O�E �B �T�Z�T�U�F�N�B�U�J�D �B�O�B�M�Z�T�J�T �P�G �U�I�F �Q�B�S�B�N�F�U�F�S �T�Q�B�D�F�� �8�F�M�M�F�O�T �	�Š�ˆ�‰�Š�

�E�P�F�T �D�P�N�Q�B�S�F �T�F�W�F�S�B�M �T�U�S�B�U�F�H�J�F�T �B�O�E �T�V�H�H�F�T�U �U�I�B�U �U�I�F �U�I�F �W�B�M�V�F �P�G �U�I�F �Q�B�S�B�N�F�U�F�S�T �E�F�U�F�S��
�N�J�O�F�T �U�I�F �T�U�S�B�U�F�H�Z�� �'�P�S �F�Y�B�N�Q�M�F �D�P�O�D�M�V�E�J�O�H �U�I�B�U �i�B �I�J�H�I�F�S �W�B�M�V�F �<�P�G� �̂J�O�I�> �J�N�Q�S�P�W�F�T
�B�M�J�H�O�N�F�O�U�w�� �* �C�F�M�J�F�G �U�I�J�T �J�T �T�M�J�H�I�U�M�Z �J�O�B�D�D�V�S�B�U�F�
 �T�J�O�D�F �U�I�F �T�U�S�B�U�F�H�J�F�T �B�S�F �J�O�W�B�S�J�B�O�U �V�O�E�F�S
�T�D�B�M�J�O�H�� �*�O �P�U�I�F�S �X�P�S�E�T�
 �J�U �J�T �U�I�F�S�F�M�B�U�J�W�F�W�B�M�V�F �P�G �U�I�F �Q�B�S�B�N�F�U�F�S�T �U�I�B�U �N�B�U�U�F�S�T�� ���F�S�F �B�S�F
�N�B�O�Z �N�P�S�F �T�V�D�I �F�R�V�J�W�B�M�F�O�D�F�T�� �0�O�F �D�P�V�M�E �G�P�S �F�Y�B�N�Q�M�F �V�T�F �B�O�Z �P�U�I�F�S� �̂J�O�I≥ �T�J�O�J�U�X�J�U�I��
�P�V�U �B�M�U�F�S�J�O�H �U�I�F �N�J�O�J�N�B�M �T�U�S�B�U�F�H�Z�� �P�S ���Y�T�N�B�Y:= �T�J�O�J�U�B�O�E �V�T�F �B�O�Z� �̂J�O�D> ���� �4�J�N�J�M�B�S�M�Z�

�B �E�J���F�S�F�O�U� �̂J�O�D> �� �M�F�B�W�F�T �U�I�F �G�S�F�R�V�F�O�D�Z �T�U�S�B�U�F�H�Z �V�O�D�I�B�O�H�F�E�
 �T�J�O�D�F �T�D�P�S�F�T �H�S�F�B�U�F�S �U�I�B�O
�T�J�O�J�U�B�S�F �P�G �U�I�F �G�P�S�N�T�J�O�J�U+ �L· � �̂J�O�D�B�O�E �F�T�T�F�O�U�J�B�M�M�Z �U�S�B�D�L �U�I�F �G�S�F�R�V�F�O�D�Z�L�B�O�Z�X�B�Z��

�8�F �N�B�Q �U�X�P �T�M�J�D�F�T �P�G �U�I�F �T�U�S�B�U�F�H�Z �T�Q�B�D�F �C�Z ���Y�J�O�H �F�J�U�I�F�S �U�I�F �J�O�D�S�F�N�F�O�U�T �P�S �J�O�I�J�C�J��
�U�J�P�O �Q�B�S�B�N�F�U�F�S �B�O�E �W�B�S�Z�J�O�H �U�I�F �P�U�I�F�S �	�G�P�M�M�P�X�J�O�H �8�F�M�M�F�O�T�Š�ˆ�‰�Š�
�� �'�J�H�V�S�F�•���Š�S�F�Q�P�S�U�T �U�I�F
�S�F�T�V�M�U�T�� �'�J�Y�J�O�H� �̂J�O�D= �� �X�I�J�M�F �W�B�S�Z�J�O�H� �̂J�O�I�	���H�V�S�F�•���Š�.�
 �S�F�W�F�B�M�T �U�I�B�U �U�I�F �J�O�I�J�C�J�U�J�P�O �Q�B��
�S�B�N�F�U�F�S� �̂J�O�I�J�O�U�F�S�Q�P�M�B�U�F�T �C�F�U�X�F�F�O �U�I�F �N�J�O�J�N�B�M �T�U�S�B�U�F�H�Z �	� �̂J�O�I= ���� �P�S �M�B�S�H�F�S�� �Q�V�S�Q�M�F�

�B�O�E �B�O�E �U�I�F �G�S�F�R�V�F�O�D�Z �T�U�S�B�U�F�H�Z �	� �̂J�O�I= ���� �C�M�B�D�L�
�� �#�P�U�I �S�F�B�D�I �F�W�F�O�U�V�B�M�M�Z �S�F�B�D�I �Q�F�S�G�F�D�U
�D�P�N�N�V�O�J�D�B�U�J�W�F �T�V�D�D�F�T�T�
 �C�V�U �U�I�F �T�U�S�P�O�H�F�S �U�I�F �M�B�U�F�S�B�M �J�O�I�J�C�J�U�J�P�O�
 �U�I�F �G�B�T�U�F�S �T�P�� ���F �O�V�N��
�C�F�S �P�G �V�O�J�R�V�F �X�P�S�E�T�/ �V�O�J�R�V�F�J�O�J�U�J�B�M�M�Z �H�S�P�X�T �J�E�F�O�U�J�D�B�M�M�Z �G�P�S �B�M�M� �̂J�O�I�B�T �J�O�I�J�C�J�U�J�P�O �Q�M�B�Z�T
�I�B�S�E�M�Z �B�O�Z �S�P�M�F �B�U �U�I�F �T�U�B�S�U �P�G �U�I�F �H�B�N�F�� �*�O �U�I�F �G�S�F�R�V�F�O�D�Z �T�U�S�B�U�F�H�Z�
 �O�P �X�P�S�E�T �B�S�F �F�W�F�S
�S�F�N�P�W�F�E �B�O�E �U�I�F �S�F�T�V�M�U�J�O�H �W�P�D�B�C�V�M�B�S�Z �J�T �U�I�F�S�F�G�P�S�F �O�P�U�F���D�J�F�O�U�� �*�U �J�T �I�B�S�E �U�P �U�F�M�M �J�G �U�I�F

�‘�•



�"�Q�Q�F�O�E�J�D�F�T

�*�ã�å�×�Ú�( �Y���X�%���8�L�I �I�J�J�I�G�X �S�J� �̂M�R�L
�O�I�I�T�M�R�K� �̂M�R�G= �� �¼�\�I�H�� �-�X �M�R�X�I�V�T�S��
�P�E�X�I�W �F�I�X�[�I�I�R �X�L�I �Q�M�R�M�Q�E�P �W�X�V�E�X�I�K�]
�E�R�H �J�V�I�U�Y�I�R�G�] �W�X�V�E�X�I�K�]���&���X�L�I �I�J��
�J�I�G�X �S�J� �̂M�R�G�J�S�V� �̂M�R�L= �� �¼�\�I�H�� �*�S�V
�P�E�V�K�I� �̂M�R�G�� �X�L�I �M�R�L�M�F�M�X�M�S�R �M�W �V�I�R�H�I�V�I�H
�M�R�I�J�J�I�G�X�M�Z�I��

�à�ã�Þ�å�Z�U�6�I�W�Y�P�X�W �W�L�S�[�R �J�S�V�/ = ��������
� �̂H�I�G= �����T�M�R�M�X= �����T�Q�E�\= ∞�� �E�Z�K��
�S�J �U�Z�Z �V�Y�R�W���Q�W�Y�G�G�I�W�W�M�W �Q�S�V�I�S�Z�I�V
�E �V�S�P�P�M�R�K �E�Z�I�V�E�K�I �S�Z�I�V �E �G�I�R�X�I�V�I�H
�[�M�R�H�S�[ �S�J �^�Z�Z�Z �M�X�I�V�E�X�M�S�R�W��
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�B�N�P�V�O�U �P�G �M�B�U�F�S�B�M �J�O�I�J�C�J�U�J�P�O �N�B�U�U�F�S�T �J�O �U�I�F �M�P�O�H���U�F�S�N�� ���F �Q�M�P�U �T�F�F�N�T �U�P �T�V�H�H�F�T�U �U�I�B�U
�U�I�J�T �J�T �O�P�U �U�I�F �D�B�T�F�
 �B�O�E �F�W�F�O �U�I�F �T�M�J�H�I�U�F�T�U �M�B�U�F�S�B�M �J�O�I�J�C�J�U�J�P�O �X�J�M�M �	�B���F�S �B �T�J�H�O�J���D�B�O�U�M�Z
�M�P�O�H�F�S �U�J�N�F�
 �S�F�T�V�M�U �J�O �B �P�O�F���X�P�S�E �M�B�O�H�V�B�H�F��

���F �F���F�D�U �P�G �U�I�F �J�O�D�S�F�N�F�O�U� �̂J�O�D�J�T �T�I�P�X�O �J�O ���H�V�S�F�•���Š�/�� �0�O�F �D�B�O �T�F�F �U�I�B�U �U�I�F �N�J�O�J�N�B�M
�T�U�S�B�U�F�H�Z �D�P�S�S�F�T�Q�P�O�E�T �U�P� �̂J�O�D= ���
 �C�V�U �M�B�S�H�F�S �J�O�D�S�F�N�F�O�U�T �Z�J�F�M�E �E�J���F�S�F�O�U �E�Z�O�B�N�J�D�T�� �"���F�S
�U�I�F �Q�F�B�L �P�G�/ �V�O�J�R�V�F�
 �X�P�S�E�T �X�J�U�I �T�D�P�S�F� �̂J�O�J�U= �� �B�S�F �R�V�J�D�L�M�Z �S�F�N�P�W�F�E�
 �B�T �J�U �U�B�L�F�T �B �T�J�O�H�M�F
�J�O�I�J�C�J�U�J�P�O�� �#�V�U �X�P�S�E�T �U�I�B�U �I�B�W�F �C�F�F�O �I�F�B�S�E �N�V�M�U�J�Q�M�F �U�J�N�F�T �I�B�W�F �T�D�P�S�F�T �P�G �B�U �M�F�B�T�U� �̂J�O�J�U+

� �̂J�O�D�B�O�E �O�F�F�E �N�B�O�Z �N�P�S�F �J�O�I�J�C�J�U�J�P�O�T �U�P �C�F �S�F�N�P�W�F�E�� ���F�S�F �B�Q�Q�F�B�S �U�P �C�F �B�S�P�V�O�E�//��

�T�V�D�I �X�P�S�E�T�� ���F �S�F�T�V�M�U �J�T �B �U�F�N�Q�P�S�B�S�Z �T�U�B�C�J�M�J�T�B�U�J�P�O �P�G�/ �V�O�J�R�V�F�� �&�W�F�O�U�V�B�M�M�Z �J�O�I�J�C�J�U�J�P�O
�U�B�L�F�T �P�W�F�S �B�O�E �D�P�N�Q�F�U�J�O�H �X�P�S�E�T �T�U�B�S�U �E�J�T�B�Q�Q�F�B�S�J�O�H�� ���F �	�W�F�S�Z�
 �M�P�O�H���U�F�S�N �C�F�I�B�W�J�P�V�S
�U�I�V�T �B�Q�Q�F�B�S�T �U�P �C�F �U�I�F �T�B�N�F �B�T �C�F�G�P�S�F�� �D�P�O�W�F�S�H�F�O�D�F �U�P �B �T�J�O�H�M�F���X�P�S�E �M�B�O�H�V�B�H�F��

�' �1�E�X�L�I�Q�E�X�M�G�E�P �H�I�X�E�M�P�W �S�J
�(�M�V�M�G�L�P�I�X���G�E�X�I�K�S�V�M�G�E�P�Þ�å

�8�L�M�W �E�T�T�I�R�H�M�\ �H�I�Z�I�P�S�T�W �X�L�I �(�M�V�M�G�L�P�I�X���G�E�X�I�K�S�V�M�G�E�P �R�E�Q�M�R�K �K�E�Q�I �M�R �E �Q�S�V�I �V�M�K�S�V�S�Y�W �J�E�W�L��
�M�S�R�� �4�P�I�E�W�I �V�I�J�I�V �X�S �G�L�E�T�X�I�V�W�J�S�V �I�\�X�I�R�W�M�Z�I �Q�S�X�M�Z�E�X�M�S�R��

�'�J�S�T�U�
 �S�F�D�B�M�M �P�V�S �O�P�U�B�U�J�P�O�B�M �D�P�O�W�F�O�U�J�P�O�T�� ���F �N�P�T�U �Q�S�F�D�J�T�F �O�P�U�B�U�J�P�O �X�P�V�M�E �C�F �P�G �U�I�F
�G�P�S�N

�ß(�U)�" =
(

�[(�U)�",��, . . . , �[
(�U)
�",�,

)
∈ R�, , �	�•���•�


�‘�•



�$�� �.�B�U�I�F�N�B�U�J�D�B�M �E�F�U�B�J�M�T �P�G �%�J�S�J�D�I�M�F�U���D�B�U�F�H�P�S�J�D�B�M�;�4

�B�O�E �J�O�E�J�D�B�U�F�T �U�I�F �B�H�F�O�U�
 �U�I�F �U�J�N�F �B�O�E �J�O�E�J�D�F�T�� �* �O�F�B�S�M�Z �B�M�X�B�Z�T �Q�S�F�G�F�S �B �D�M�F�B�O�F�S �O�P�U�B�U�J�P�O
�B�O�E �P���F�O �E�S�P�Q �B�H�F�O�U�T�
 �P�S �F�W�F�O �U�J�N�F �J�O�E�J�D�F�T�
 �X�I�F�O�F�W�F�S �U�I�F�Z �B�S�F �J�S�S�F�M�F�W�B�O�U�� �"�M�T�P�
 �W�F�D�U�P�S�T
�	�C�P�M�E�G�B�D�F�
 �H�F�U �U�I�F�J�S �U�J�N�F �J�O�E�F�Y �J�O �U�I�F �T�V�C�T�D�S�J�Q�U�� �'�V�S�U�I�F�S �S�F�D�B�M�M �U�I�B�U�S(�ß) :=

∑
�L�[�L�B�O�E

�U�I�B�U �X�F �X�S�J�U�FJ �D�P�O�E�J�U�J�P�OK �G�P�S �U�I�F �J�O�E�J�D�B�U�P�S �G�V�O�D�U�J�P�O �F�W�B�M�V�B�U�J�O�H �U�P �‰ �J�G �U�I�F �D�P�O�E�J�U�J�P�O
�I�P�M�E�T �B�O�E �U�P �ˆ �P�U�I�F�S�X�J�T�F

�(�M�V�M�G�L�P�I�X �E�R�H �G�E�X�I�K�S�V�M�G�E�P �H�M�W�X�V�M�F�Y�X�M�S�R�W

���F �%�J�S�J�D�I�M�F�U �E�J�T�U�S�J�C�V�U�J�P�O �J�T �B �D�P�O�U�J�O�V�P�V�T �N�V�M�U�J�W�B�S�J�B�U�F �Q�S�P�C�B�C�J�M�J�U�Z �E�J�T�U�S�J�C�V�U�J�P�O �E�F���O�F�E
�P�W�F�S �U�I�F �J�O�U�F�S�J�P�S �P�G �U�I�F(�,−��)���T�J�N�Q�M�F�Y �X�I�J�D�I �X�F �E�F�O�P�U�F �B�T�E�,−�� = {�Y∈ R�, :

∑
�L�Y�L=

�� �B�O�E�� < �Y�J< ��}�� �8�F �X�J�M�M �P�O�M�Z �D�P�O�T�J�E�F�S �U�I�F(�, − ��)���T�J�N�Q�M�F�Y�
 �T�P �E�S�P�Q �U�I�F �T�V�Q�F�S�T�D�S�J�Q�U��
�4�B�N�Q�M�F�T �P�G �B �%�J�S�J�D�I�M�F�U �D�B�O �U�I�V�T �C�F �J�O�U�F�S�Q�S�F�U�F�E �B�T�, ���E�J�N�F�O�T�J�P�O�B�M �Q�S�P�C�B�C�J�M�J�U�Z���W�F�D�U�P�S�T��
���F �%�J�S�J�D�I�M�F�U �J�T �Q�B�S�B�N�F�U�S�J�T�F�E �C�Z �B�, ���W�F�D�U�P�S�ß�B�O�E �J�U�T �E�F�O�T�J�U�Z �J�T �H�J�W�F�O �C�Z

�Q(�æ| �ß) = �%(�ß)
�,∏

�L=��

�b�[�L−��
�L , �%(�ß) =

�D(�S(�[))∏�,
�L=�� �D(�[�L)

, �	�•���‘�


�X�I�F�S�F�%(�ß) �J�T �U�I�F �O�P�S�N�B�M�J�T�J�O�H �D�P�O�T�U�B�O�U�
 �D�P�N�Q�V�U�F�E �V�T�J�O�H �U�I�F �H�B�N�N�B �G�V�O�D�U�J�P�O�D�
 �B �D�P�O��
�U�J�O�V�P�V�T �F�Y�U�F�O�T�J�P�O �P�G �U�I�F �G�B�D�U�P�S�J�B�M �X�J�U�I�D(�O+ ��) = �O! �G�P�S�O∈ N�� �*�G�æ∼ �%�J�S�J�D�I�M�F�U(�ß)�

�U�I�F�O �J�U �I�B�T �U�I�F �G�P�M�M�P�X�J�O�H �Q�S�P�Q�F�S�U�J�F�T �	�F���H�� �#�J�T�I�P�Q�Š�ˆ�ˆ�Ž�


�&[�b�L] =
�[�L

�S(�[)
, �7�B�S[�b�L] =

�[�L(�S(�[)− �[�L)
�S(�[)��(�S(�[) + ��)

, �.�P�E�F[�b�L] =
�[�L− ��

�S(�[)− �,
.

�	�•���‰�ˆ�


�*�U �J�T �P���F�O �D�P�O�W�F�O�J�F�O�U �U�P �Q�B�S�B�N�F�U�S�J�T�F �U�I�F �%�J�S�J�D�I�M�F�U �E�J���F�S�F�O�U�M�Z�
 �B�T�ß:= �\ · �ê�X�J�U�I�\ ∈ R
�B�O�E�ê∈ �E�� �)�F�S�F�\ �J�T �U�I�F �D�P�O�D�F�O�U�S�B�U�J�P�O �Q�B�S�B�N�F�U�F�S�
 �B �L�J�O�E �P�G �J�O�W�F�S�T�F �W�B�S�J�B�O�D�F�
 �B�O�E�ê
�E�F�U�F�S�N�J�O�F�T �U�I�F �M�P�D�B�U�J�P�O �P�G �U�I�F �E�J�T�U�S�J�C�V�U�J�P�O�� ���J�T �U�S�B�O�T�M�B�U�F�T �J�O�U�P

�&[�b�L] = �f�L, �7�B�S[�b�L] =
�f�L(��− �f�L)

�\ + ��
�	�•���‰�‰�


�G�S�P�N �X�I�J�D�I �X�F �T�F�F �U�I�B�U �U�I�F �N�F�B�O �J�T �E�F�U�F�S�N�J�O�F�E �C�Z�ê�B�O�E �U�I�B�U �M�B�S�H�F�S�\ �M�F�B�E �U�P �T�N�B�M�M�F�S
�W�B�S�J�B�O�D�F�� �8�F �X�J�M�M �V�T�F �C�P�U�I �Q�B�S�B�N�F�U�S�J�T�B�U�J�P�O�T �J�O�U�F�S�D�I�B�O�H�F�B�C�M�Z��

���F �D�B�U�F�H�P�S�J�D�B�M �E�J�T�U�S�J�C�V�U�J�P�O �J�T �B �E�J�T�D�S�F�U�F �Q�S�P�C�B�C�J�M�J�U�Z �E�J�T�U�S�J�C�V�U�J�P�O �P�W�F�S�, �P�V�U�D�P�N�F�T�

�E�F�T�D�S�J�C�F�E �C�Z �B �Q�S�P�C�B�C�J�M�J�U�Z �W�F�D�U�P�S�æ∈ �E�� �3�F�D�B�M�M �U�I�B�U�D�L =

∑
�JJ�Y�J= �LK �D�P�V�O�U�T �U�I�F

�O�V�N�C�F�S �P�G�L���T �J�O�Y�� ���F �K�P�J�O�U �E�J�T�U�S�J�C�V�U�J�P�O �P�G�C�J���J���E�� �D�B�U�F�H�P�S�J�D�B�M �W�B�S�J�B�C�M�F�T�Y= (�Y��, . . . , �Y�C)
�J�T �U�I�F�O �H�J�W�F�O �C�Z

�Q(�Y| �æ) =
�C∏

�J=��

�,∏
�L=��

�bJ�Y�J=�LK
�L =

�,∏
�L=��

�b
∑

�JJ�Y�L=�LK
�L =

�,∏
�L=��

�b�D�L�L, �	�•���‰�Š�


�0�ã�Ú�ã�1�ä�à�(�Ø���1�3�Ø�(�å�Ý�Ú�ã�1�3�à �0�ã�Ù�Ø�Ú�ã�2�×�Ø�ã�Ý�Þ�5�P �T�I�P�X �U�I�B�U �U�I�F �%�J�S�J�D�I�M�F�U �J�T �U�I�F�D�P�O�K�V�H�B�U�F �Q�S�J�P�S
�P�G �U�I�F �D�B�U�F�H�P�S�J�D�B�M �E�J�T�U�S�J�C�V�U�J�P�O�
 �D�P�O�T�J�E�F�S �U�I�F �G�P�M�M�P�X�J�O�H �N�P�E�F�M

�æ∼ �%�J�S�J�D�I�M�F�U(�ß) �	�•���‰�‹�


�Y��, . . . , �Y�C∼ �$�B�U�F�H�P�S�J�D�B�M(�æ). �	�•���‰�Œ�


�‘�‘



�"�Q�Q�F�O�E�J�D�F�T

�*�O �U�I�J�T �D�B�T�F�
 �D�P�O�K�V�H�B�D�Z �N�F�B�O�T �U�I�B�U �U�I�F �Q�P�T�U�F�S�J�P�S �E�J�T�U�S�J�C�V�U�J�P�O�Q(�æ| �Y, �ß) �J�T �P�G �U�I�F �T�B�N�F
�Q�B�S�B�N�F�U�S�J�D �G�P�S�N �B�T �U�I�F �Q�S�J�P�S�Q(�æ| �ß)�
 �O�B�N�F�M�Z �B �%�J�S�J�D�I�M�F�U�� �.�P�S�F �Q�S�F�D�J�T�F�M�Z�
 �X�F �I�B�W�F

�Q(�æ| �Y, �ß) ∝ �Q(�æ| �ß) · �Q(�Y| �æ) �	�•���‰�•�


∝
�,∏

�L=��

�b�[�L−��
�L ·

�,∏
�L=��

�b�D�L�L �	�•���‰�Ž�


=
�,∏

�L=��

�b�[�L+�D�L−��
�L . �	�•���‰�•�


�*�O �U�I�F �M�B�T�U �M�J�O�F �P�O�F �D�B�O �S�F�D�P�H�O�J�T�F �B �%�J�S�J�D�I�M�F�U �E�F�O�T�J�U�Z �X�J�U�I �Q�B�S�B�N�F�U�F�S�T�ß+�D�� �8�F �D�P�O�D�M�V�E�F
�U�I�B�U �U�I�F �U�I�F �Q�P�T�U�F�S�J�P�S �J�T �%�J�S�J�D�I�M�F�U(�ß+ �D)���E�J�T�U�S�J�C�V�U�F�E�
 �P�S�
 �N�P�S�F �F�Y�Q�M�J�D�J�U�M�Z�


�æ| �Y, �ß∼ �%�J�S�J�D�I�M�F�U(�[�� + �D��, . . . , �[�, + �D�, ). �	�•���‰�•�


���J�T �S�F�T�V�M�U �B�M�T�P �J�M�M�V�T�U�S�B�U�F�T �U�I�F �X�P�S�L�J�O�H�T �P�G �U�I�F �I�Z�Q�F�S�Q�B�S�B�N�F�U�F�S�ß�� �*�U �J�T �B�T �J�G �U�I�F �N�P�E�F�M
�Q�S�F�U�F�O�E�T �U�P �I�B�W�F �P�C�T�F�S�W�F�E�[�L�N�P�S�F �J�O�T�U�B�O�D�F�T �P�G �D�B�U�F�H�P�S�Z�L�U�I�B�U �J�U �B�D�U�V�B�M�M�Z �I�B�T�� �'�P�S �U�I�B�U
�S�F�B�T�P�O�
 �U�I�F�[�L���T �B�S�F �P���F�O �D�B�M�M�F�E�Q�T�F�V�E�P���D�P�V�O�U�T��

�8�F �D�B�O �B�M�T�P �E�F�S�J�W�F �U�I�F �D�P�N�Q�P�V�O�E �E�J�T�U�S�J�C�V�U�J�P�O�Q(�Y| �ß) =
∫

�E�Q(�Y| �æ) · �Q(�æ| �ß) �E�æ
�C�Z �N�B�S�H�J�O�B�M�J�[�J�O�H �P�V�U �B�M�M �Q�S�P�C�B�C�J�M�J�U�Z �W�F�D�U�P�S�T�æ�� �5�P �E�P �U�I�J�T�
 �X�F �I�B�W�F �U�P �V�T�F �B �U�S�J�D�L�
 �X�I�J�D�I
�F�Y�Q�M�P�J�U�T �U�I�F �G�B�D�U �U�I�B�U �U�I�F �%�J�S�J�D�I�M�F�U �E�J�T�U�S�J�C�V�U�J�P�O �J�T �O�P�S�N�B�M�J�[�F�E�
∫

�E
�%(�ß)

�,∏
�L=��

�b�[�L−��
�L �E�æ= ��. �	�•���‰�‘�


�.�P�W�J�O�H �U�I�F �O�P�S�N�B�M�J�T�J�O�H �D�P�O�T�U�B�O�U �P�V�U �P�G �U�I�F �J�O�U�F�H�S�B�M�
 �X�F �T�F�F �U�I�B�U∫
�E

�,∏
�L=��

�b�[�L−��
�L �E�æ=

��
�%(�ß)

�	�•���Š�ˆ�


�6�T�J�O�H �U�I�B�U �U�S�J�D�L �X�F �D�B�O �D�P�N�Q�V�U�F �U�I�F �N�B�S�H�J�O�B�M �Q�S�P�C�B�C�J�M�J�U�Z �P�G�Y�B�T

�Q(�Y| �ß) =
∫

�E

�C∏
�J=��

�Q(�Y�J| �æ) · �Q(�æ| �ß) �E�æ �	�•���Š�‰�


=

∫
�E

�C∏
�J=��

�b�Y�J · �%(�ß) ·
�,∏

�L=��

�b�[�L−��
�L �E�æ �	�•���Š�Š�


= �%(�ß)
∫

�E

�,∏
�L=��

�b�[�L+�D�L−��
�L �E�æ �	�•���Š�‹�


=
�%(�ß)

�%(�ß+ �D)
�	�•���Š�Œ�


=
�D(�S(�ß))

�D(�S(�ß+ �D))

�,∏
�L=��

�D(�[�L+ �D�L)
�D(�[�L)

�	�•���Š�•�


�/�P�U�F �U�I�B�U �X�I�F�O�C= ���
 �I�F�O�D�F�Y= (�Y)�
 �U�I�F �	�B�M�N�P�T�U �E�F���O�J�O�H�
 �S�F�M�B�U�J�P�O�D(�O+ ��) = �O�D(�O)
�D�B�O �C�F �F�Y�Q�M�P�J�U�F�E �U�P �G�V�S�U�I�F�S �T�J�N�Q�M�J�G�Z �U�I�F �E�J�T�U�S�J�C�V�U�J�P�O�� �$�P�O�D�S�F�U�F�M�Z�
 �O�P�U�F �U�I�B�U�D(�S(�ß+

�‰�ˆ�ˆ



�$�� �.�B�U�I�F�N�B�U�J�D�B�M �E�F�U�B�J�M�T �P�G �%�J�S�J�D�I�M�F�U���D�B�U�F�H�P�S�J�D�B�M�;�4

�D)) = �D(�S(�ß) + ��) = �S(�[)�D(�S(�ß))�� ���J�T �T�J�N�Q�M�J���F�T �U�I�F ���S�T�U �U�F�S�N �J�O �F�R�V�B�U�J�P�O�•���Š�•�
 �T�P
�X�F �D�B�O �T�J�N�Q�M�J�G�Z �U�I�F �N�B�S�H�J�O�B�M �Q�S�P�C�B�C�J�M�J�U�Z �U�P

�Q(�Y| �ß) = ��
�S(�ß)

· �D(�[�Y+ ��)
�D(�[�Y)

·
∏
�L̸=�Y

�D(�[�L)
�D(�[�L)

�	�•���Š�Ž�


=
��

�S(�ß)
· �[�Y�D(�[�Y)

�D(�[�Y)
=

�[�Y
�S(�ß)

. �	�•���Š�•�


���J�T �B�M�T�P �H�J�W�F�T �U�I�F �Q�P�T�U�F�S�J�P�S �Q�S�F�E�J�D�U�J�W�F �E�J�T�U�S�J�C�V�U�J�P�O�Q(�Z| �Y, �ß)�
 �T�J�O�D�F �U�I�B�U �J�T �K�V�T�U�Q(�Z| �ß′)
�G�P�S �U�I�F �V�Q�E�B�U�F�E �Q�B�S�B�N�F�U�F�S�T�ß′ := �ß+ �D��

�Q(�Z| �Y, �ß) =
�[�Z+ �D�Z

�S(�ß+ �D)
�	�•���Š�•�


���J�T �J�T �B �S�F�N�B�S�L�B�C�M�Z �T�J�N�Q�M�F �S�F�T�V�M�U�
 �J�O�E�F�F�E�� �U�I�F �Q�S�P�C�B�C�J�M�J�U�Z �P�G �P�C�T�F�S�W�J�O�H�Z�J�T �Q�S�P�Q�P�S��
�U�J�P�O�B�M �U�P �U�I�F �O�V�N�C�F�S �P�G �U�J�N�F�T �J�U �I�B�T �C�F�F�O �P�C�T�F�S�W�F�E �B�M�S�F�B�E�Z�
 �J�O�D�M�V�E�J�O�H �U�I�F �Q�T�F�V�E�P��
�P�C�T�F�S�W�B�U�J�P�O�T��

�)�\�T�S�R�I�R�X�M�E�X�I�H �H�M�W�X�V�M�F�Y�X�M�S�R�W

�%�J���F�S�F�O�U �T�U�S�B�U�F�H�J�F�T �D�B�O �C�F �V�T�F�E �G�P�S �T�F�M�F�D�U�J�O�H �M�B�O�H�V�B�H�F�T �P�S �X�P�S�E�T �J�O �U�I�F �#�B�Z�F�T�J�B�O �/�B�N��
�J�O�H �(�B�N�F�� ���J�T �J�T �E�P�O�F �C�Z �F�Y�Q�P�O�F�O�U�J�B�U�J�O�H �U�I�F �E�J�T�U�S�J�C�V�U�J�P�O�T�Q
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=
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)
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�Ø�ä�( �0�ã�æ�æ�ã�1�×�à�Ø �1�3�Ù�(�` = ∞ �8�I�F�O�F�W�F�S�` ̸= ���
 �#�B�Z�F�T�J�B�O �B�H�F�O�U�T �B�S�F �G�B�D�J�O�H �B �E�J���F�S�F�O�U
�J�O�G�F�S�F�O�D�F �Q�S�P�C�M�F�N �B�O�E �T�I�P�V�M�E �J�O�G�F�S �U�I�F �Q�P�T�U�F�S�J�P�S �E�J�T�U�S�J�C�V�U�J�P�O�Q(�æ| �Y, �ß) ∝ �Q(�Y |
�æ)�` · �Q(�æ| �ß)�� �)�P�X�F�W�F�S�
 �U�I�J�T �J�T �O�P �M�P�O�H�F�S �B �%�J�S�J�D�I�M�F�U �E�J�T�U�S�J�C�V�U�J�P�O�� �5�P �T�F�F �U�I�J�T�
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�"�Q�Q�F�O�E�J�D�F�T

�*�ã�å�×�Ú�( �Y���U�8�L�I �T�S�W�X�I�V�M�S�V �H�M�W�X�V�M�F�Y��
�X�M�S�R�Q(�æ| �Y) �J�S�V �Z�E�V�M�S�Y�W�Y�M�J�`= ∞��
�X�L�E�X �M�W�� �M�J �E�K�I�R�X�W �E�P�[�E�]�W �T�M�G�O �X�L�I
�Q�S�W�X �P�M�O�I�P�] �[�S�V�H�� �8�L�I �T�S�W�X�I�V�M�S�V �V�I��
�W�X�V�M�G�X�W �X�L�I �T�V�M�S�V �X�S �X�L�I �E�V�I�E �S�J �X�L�I
�W�M�Q�T�P�I�\ �[�L�I�V�I�B�S�H �N�B�Y�L�b�L= �Y��

�æ�ã�å�Z�X

�"�M�U�I�P�V�H�I �U�I�J�T �J�T �S�F�N�J�O�J�T�D�F�O�U �P�G �U�I�F �%�J�S�J�D�I�M�F�U �E�F�O�T�J�U�Z�
 �J�U �J�T �O�P�U �Q�S�P�Q�P�S�U�J�P�O�B�M �U�P �J�U�
 �T�J�O�D�F
�U�I�F ���S�T�U �U�F�S�N �E�F�Q�F�O�E�T �P�O�æ�� �$�P�O�T�F�R�V�F�O�U�M�Z�
 �E�F�S�J�W�J�O�H �B �D�M�P�T�F�E���G�P�S�N �F�Y�Q�S�F�T�T�J�P�O �P�G �U�I�F
�Q�P�T�U�F�S�J�P�S �T�F�F�N�T �I�B�S�E�
 �B�T �J�U �J�O�W�P�M�W�F�T �T�P�M�W�J�O�H �U�I�F �J�O�U�F�H�S�B�M∫

�E

��
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∏
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�b�[�L+�`�D�L−��
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���F �S�F�D�J�Q�S�P�D�B�M �P�G �U�I�F �T�V�N �I�J�O�E�F�S�F�E �B�O�Z �Q�S�P�H�S�F�T�T �P�O �U�I�J�T �Q�P�J�O�U �B�O�E �B�M�M �T�V�H�H�F�T�U�J�P�O�T �X�P�V�M�E
�C�F �N�P�S�F �U�I�B�O �X�F�M�D�P�N�F���‹�•

�U�Y�- �E�P�W�S �T�S�W�X�I�H �X�L�I �T�V�S�F�P�I�Q �E�X
�Q�E�X�L���W�X�E�G�O�I�\�G�L�E�R�K�I���G�S�Q���U���X�U�[�Z�W�[�]��

���J�T �N�J�H�I�U �C�F �B�O �J�O�U�F�S�F�T�U�J�O�H �Q�S�P�C�M�F�N �J�O �J�U�T �P�X�O�
 �Q�B�S�U�M�Z �C�F�D�B�V�T�F �X�F�D�B�O�S�F�M�B�U�J�W�F�M�Z
�F�B�T�J�M�Z �J�E�F�O�U�J�G�Z �U�I�F �F�Y�U�S�F�N�F �D�B�T�F�T�� �8�I�F�O�`= �� �X�F �U�S�J�W�J�B�M�M�Z �H�F�U �U�I�F �O�P�S�N�B�M �Q�P�T�U�F�S�J�P�S�
 �C�V�U
�X�I�F�O�`=∞ �X�F �D�B�O �B�M�T�P �H�F�U �B�O �J�E�F�B �P�G �U�I�F �Q�P�T�U�F�S�J�P�S�� �"���F�S �P�C�T�F�S�W�J�O�H�Y�
 �U�I�F �M�B�O�H�V�B�H�F�æ
�V�T�F�E �U�P �H�F�O�F�S�B�U�F �J�U �D�B�O �P�O�M�Z �C�F �P�O�F �X�I�F�S�F�Y�H�F�U�T �N�B�Y�J�N�V�N �Q�S�P�C�B�C�J�M�J�U�Z�� �*�O �P�U�I�F�S �X�P�S�E�T�

�æ�N�V�T�U �I�B�W�F �C�F�F�O �J�O�E�Y:= {�æ∈ �E: �b�Y≥ �b�L�G�P�S �B�M�M�L}�� �$�P�O�T�F�R�V�F�O�U�M�Z�


�Q(�æ| �Y, �ß) = �Q(�æ| �æ∈ �E�Y, �ß) �	�•���‹�•�


=
J�æ∈ �E�YK · �%�J�S�J�D�I�M�F�U(�æ| �ß)∫

�E�Y
�%�J�S�J�D�I�M�F�U(�æ| �ß) �E�æ

�	�•���‹�‘�


���B�U �J�T�
 �U�I�F �Q�P�T�U�F�S�J�P�S �J�T �Q�S�P�Q�P�S�U�J�P�O�B�M �U�P �U�I�F �Q�S�J�P�S�
 �S�F�T�U�S�J�D�U�F�E �U�P �U�I�F �T�F�D�U�J�P�O�E�Y�P�G �U�I�F
�T�J�N�Q�M�F�Y �X�I�F�S�F �U�I�F �M�B�S�H�F�T�U �D�P�N�Q�P�O�F�O�U �J�T�Y�� �* �I�B�W�F �O�P�U �U�S�J�F�E �J�O�U�F�H�S�B�U�J�O�H �U�I�F �%�J�S�J�D�I�M�F�U
�P�W�F�S�E�Y�Z�F�U�
 �P�U�I�F�S �U�I�B�O �U�I�F �T�Z�N�N�F�U�S�J�D �D�B�T�F�
 �J���F���[ = �\/�, · ���
 �X�I�F�O �U�I�F �J�O�U�F�H�S�B�M �J�T �T�J�N�Q�M�Z
��/�, �� �*�O �B�O�Z �D�B�T�F�
 �P�O�F �J�N�N�F�E�J�B�U�F�M�Z �T�F�F�T �U�I�B�U �U�I�J�T �D�B�O�O�P�U �C�F �B �%�J�S�J�D�I�M�F�U �E�J�T�U�S�J�C�V�U�J�P�O�� �U�I�F
�Q�P�T�U�F�S�J�P�S �J�T �E�J�T�D�P�O�U�J�O�V�P�V�T �B�U �U�I�F �C�P�V�O�E�B�S�Z �P�G�E�Y�
 �P�S �B�U �M�F�B�T�U �B�U �U�I�F �Q�B�S�U �P�G �J�U �U�I�B�U �M�J�F�T
�J�O�T�J�E�F�E��

�"�M�M �U�I�J�T �J�T �J�M�M�V�T�U�S�B�U�F�E �J�O ���H�V�S�F�•���‹�� �*�U �T�I�P�V�M�E �C�F �D�M�F�B�S �G�S�P�N �U�I�B�U ���H�V�S�F �U�I�B�U �B�H�F�O�U�T �X�I�P
�V�Q�E�B�U�F �U�I�F�J�S �C�F�M�J�F�G�T �M�J�L�F �U�I�J�T �W�F�S�Z �R�V�J�D�L�M�Z �S�V�O �J�O�U�P �T�F�S�J�P�V�T �Q�S�P�C�M�F�N�T�� �"���F�S �P�C�T�F�S�W�J�O�H
�Y= �� �B�M�M �N�B�T�T �J�T �S�F�T�U�S�J�D�U�F�E �U�P�E�� �B�O�E �J�G �U�I�F �B�H�F�O�U �O�F�Y�U �P�C�T�F�S�W�F�T�Y= ���
 �J�U �I�B�T �U�I�F
�Q�S�P�C�M�F�N �U�I�B�U�Q(�� | �ß) =

∫
�E��

�Q(�æ, ��) �E�æ= ���� ���J�T �J�T �P�O�F �P�G �U�I�F �S�F�B�T�P�O�T �G�P�S �B�T�T�V�N�J�O�H
�U�I�B�U �B�H�F�O�U�T �V�T�F �F�Y�B�H�H�F�S�B�U�F�E �E�J�T�U�S�J�C�V�U�J�P�O�T �P�O�M�Z �E�V�S�J�O�H �Q�S�P�E�V�D�U�J�P�O�
 �B�O�E �E�P�O�P�U�B�D�D�P�V�O�U
�G�P�S �U�I�F�N �E�V�S�J�O�H �Q�P�T�U�F�S�J�P�S �J�O�G�F�S�F�O�D�F��

�1�I�E�W�Y�V�M�R�K �X�L�I �H�M�W�X�E�R�G�I �F�I�X�[�I�I�R �P�E�R�K�Y�E�K�I�W

�.�P�T�U �N�F�B�T�V�S�F�T �J�O�U�S�P�E�V�D�F�E �U�P �B�O�B�M�Z�T�F �U�I�F �%�J�S�J�D�I�M�F�U���D�B�U�F�H�P�S�J�D�B�M �O�B�N�J�O�H �H�B�N�F�
 �N�F�B��
�T�V�S�F �E�J�T�U�B�O�D�F�T �C�F�U�X�F�F�O �M�B�O�H�V�B�H�F�T�� �"�T �B �E�J�T�U�B�O�D�F �N�F�B�T�V�S�F �G�P�S �E�J�T�U�S�J�C�V�U�J�P�O�T�
 �U�I�F �+�F�O�T�F�O��
�4�I�B�O�O�P�O �E�J�W�F�S�H�F�O�D�F �	�7�@�1�
 �D�B�O �C�F �V�T�F�E�� ���F�7�@�1�J�T �B �T�Z�N�N�F�U�S�J�D �W�F�S�T�J�P�O �P�G �U�I�F �N�P�S�F
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�$�� �.�B�U�I�F�N�B�U�J�D�B�M �E�F�U�B�J�M�T �P�G �%�J�S�J�D�I�M�F�U���D�B�U�F�H�P�S�J�D�B�M�;�4

�*�ã�å�×�Ú�( �Y���W�8�L�I �H�M�Z�I�V�K�I�R�G�I �F�I��
�X�[�I�I�R �H�M�W�X�V�M�F�Y�X�M�S�R�W �M�R �X�L�I �X���W�M�Q�T�P�I�\
�E�R�H �X�L�I �Y�R�M�J�S�V�Q �H�M�W�X�V�M�F�Y�X�M�S�R
(��/��, ��/��, ��/��) ���M�R�H�M�G�E�X�I�H �F�] �E �H�S�X�

�Y�R�H�I�V �X�L�I �.�I�R�W�I�R���7�L�E�R�R�S�R �H�M�Z�I�V��
�K�I�R�G�I�� �4�S�M�R�X�W �S�R �X�L�I �W�S�P�M�H �P�M�R�I�W
�L�E�Z�I �X�L�I �W�E�Q�I �H�M�W�X�E�R�G�I �X�S �X�L�I �Y�R�M��
�J�S�V�Q

�æ�ã�å�Z�X�*�M�K�Y�V�I �M�R�W�T�M�V�I�H
�F�] �E �F�P�S�K�T�S�W�X �S�J �0�M�S�V �4�E�G�L�X�I�V
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�W�L�E�R�R�S�R���Q�I�X�V�M�G��

�D�P�N�N�P�O �,�V�M�M�C�B�D�L���-�F�J�C�M�F�S �E�J�W�F�S�H�F�O�D�F �B�O�E �N�F�B�T�V�S�F�T �U�I�F �T�J�N�J�M�B�S�J�U�Z �C�F�U�X�F�F�O �Q�S�P�C�B�C�J�M��
�J�U�Z �E�J�T�U�S�J�C�V�U�J�P�O�T�� �'�J�H�V�S�F�•���Œ�J�M�M�V�T�U�S�B�U�F�T �U�I�F�7�@�1�P�G �E�J���F�S�F�O�U �E�J�T�D�S�F�U�F �E�J�T�U�S�J�C�V�U�J�P�O�T �U�P �U�I�F
�V�O�J�G�P�S�N �E�J�T�U�S�J�C�V�U�J�P�O�� �'�P�S�N�B�M�M�Z�
 �J�G�@��, . . . , �@�/ �B�S�F �Q�S�P�C�B�C�J�M�J�U�Z �E�J�T�U�S�J�C�V�U�J�P�O�T�
 �U�I�F�J�S �E�J�W�F�S��
�H�F�O�D�F �J�T
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�X�I�F�S�F�) �J�T �U�I�F �4�I�B�O�O�P�O���F�O�U�S�P�Q�Z�
 �B �N�F�B�T�V�S�F �G�P�S �U�I�F �V�O�D�F�S�U�B�J�O�U�Z �J�O �B �E�J�T�U�S�J�C�V�U�J�P�O�� �"�T �P�O�F
�D�B�O �T�F�F�
 �U�I�F�7�@�1�N�F�B�T�V�S�F�T �U�I�F �E�J���F�S�F�O�D�F �C�F�U�X�F�F�O �U�I�F �F�O�U�S�P�Q�Z �P�G �U�I�F �B�W�F�S�B�H�F �E�J�T�U�S�J�C�V�U�J�P�O
�B�O�E �U�I�F �B�W�F�S�B�H�F �F�O�U�S�P�Q�Z�� �*�G �U�I�F �E�J�W�F�S�H�F�O�D�F �J�T �[�F�S�P�
 �U�I�F �E�J�T�U�S�J�C�V�U�J�P�O�T �B�S�F �J�E�F�O�U�J�D�B�M �T�J�O�D�F
�U�I�F�7�@�1�J�T �U�I�F �T�R�V�B�S�F �P�G �B �N�F�U�S�J�D �	�&�O�E�S�F�T �B�O�E �4�D�I�J�O�E�F�M�J�O�Š�ˆ�ˆ�‹�� �#�S�J�Ñ�U �B�O�E �)�B�S�S�F�N�P�Ñ�T
�Š�ˆ�ˆ�‘�
�� ���F �E�J�W�F�S�H�F�O�D�F �J�T �N�P�S�F�P�W�F�S �C�P�V�O�E�F�E�


�� ≤ �7�@�1(�@��, . . . , �@�/ ) ≤ �M�P�H��(�/ ) �	�•���Œ�‰�


�T�P �U�I�F �O�P�S�N�B�M�J�T�F�E �E�J�W�F�S�H�F�O�D�F�
 �C�F�U�X�F�F�O �ˆ �B�O�E �‰�
 �J�T �P�C�U�B�J�O�F�E �C�Z �E�J�W�J�E�J�O�H �C�Z�M�P�H��(�/ )��

�&�E�]�I�W�M�E�R �Y�T�H�E�X�M�R�K �E�R�H �P�E�X�I�V�E�P �M�R�L�M�F�M�X�M�S�R

�*�O�U�V�J�U�J�W�F�M�Z�
 �#�B�Z�F�T�J�B�O �V�Q�E�B�U�J�O�H �J�N�Q�M�F�N�F�O�U�T �B �L�J�O�E �P�G �M�B�U�F�S�B�M �J�O�I�J�C�J�U�J�P�O �‰ �C�V�U �I�P�X �F�Y��
�B�D�U�M�Z� �8�F �E�F�S�J�W�F �U�I�F �A�V�Q�E�B�U�F�� �S�V�M�F�T �J�O �U�I�F �%�J�S�J�D�I�M�F�U���D�B�U�F�H�P�S�J�D�B�M �O�B�N�J�O�H �H�B�N�F�� �3�F�D�B�M�M
�U�I�B�U �F�W�F�S�Z �X�P�S�E �J�T �B�T�T�J�H�O�F�E �B �T�D�P�S�F�T(�Y) = �Q(�Y| �ß)�� ���F �R�V�F�T�U�J�P�O �J�T �I�P�X �T�D�P�S�F �P�G �X�P�S�E
�Z�D�I�B�O�H�F�T �B���F�S �P�C�T�F�S�W�J�O�H�Y�� ���B�U �J�T�
 �X�I�B�U �J�T�T�U+��(�Y) �J�O �U�F�S�N�T �P�G�T�U(�Y)� �'�P�S �B �T�B�N�Q�M�F�S�

�U�I�J�T �G�P�M�M�P�X�T �E�J�S�F�D�U�M�Z �G�S�P�N �F�R���•���Š�•��

�T�U+��(�Z) = �Q(�Z| �Y, �ß) =
�[�Z+ J�Z= �YK

�S(�ß) + ��
�	�•���Œ�Š�


=
�[�Z

�S(�ß)
· �S(�ß)

�S(�ß) + ��
+

J�Z= �YK
�S(�ß) + ��

�	�•���Œ�‹�


= �T�U(�Z) ·
�S(�ß)

�S(�ß) + ��
+

J�Z= �YK
�S(�ß) + ��

�	�•���Œ�Œ�


�'�P�S �U�I�F�:�.�=�M�B�O�H�V�B�H�F �T�U�S�B�U�F�H�Z �	�a=∞�
�
 �U�I�F �B�H�F�O�U �B�M�X�B�Z�T �D�I�P�P�T�F�T �U�I�F �N�P�E�F�ë�P�G �U�I�F
�E�J�T�U�S�J�C�V�U�J�P�O �%�J�S�J�D�I�M�F�U(�ß)�
 �J���F���


�ë=
�ß− ��

�S(�ß)− �,
�	�•���Œ�•�


�‰�ˆ�‹

http://liorpachter.wordpress.com/tag/jensen-shannon-metric
http://liorpachter.wordpress.com/tag/jensen-shannon-metric


�"�Q�Q�F�O�E�J�D�F�T

���F �T�D�P�S�F�T(�Z) = �Q(�Z| �Y, �ß) �J�T �U�I�F�S�F�G�P�S�F �U�I�F�Z���U�I �D�P�N�Q�P�O�F�O�U �P�G �U�I�F �N�P�E�F�� �" �T�J�N�J�M�B�S
�B�S�H�V�N�F�O�U �B�T �B�C�P�W�F �T�I�P�X�T �U�I�B�U

�T�U+��(�Z) = �T�U(�Z) ·
�S(�ß)− �,

�S(�ß)− �, + ��
+

J�Z= �YK
�S(�ß)− �, + ��

. �	�•���Œ�Ž�


���J�T �J�T �B �T�J�N�J�M�B�S �M�B�U�F�S�B�M �J�O�I�J�C�J�U�J�P�O �N�F�D�I�B�O�J�T�N �B�T �U�I�F �P�O�F �V�T�F�E �C�Z �T�B�N�Q�M�F�S�T��

�( �4�E�V�E�Q�I�X�I�V �W�T�E�G�I �S�J �X�L�I�0�1
�P�E�R�K�Y�E�K�I �K�E�Q�I

�8�L�I �&�E�]�I�W�M�E�R �P�E�R�K�Y�E�K�I �K�E�Q�I �L�E�W �E �P�E�R�K�Y�E�K�I �W�X�V�E�X�I�K�] �T�E�V�E�Q�I�X�I�V�a�� �E �T�V�S�H�Y�G�X�M�S�R �W�X�V�E�X��
�I�K�] �T�E�V�E�Q�I�X�I�V�`�E�R�H �E �T�E�V�E�Q�I�X�I�V�] �J�S�V �X�L�I �P�M�J�I �I�\�T�I�G�X�E�R�G�]�� �,�S�[ �H�S �X�L�S�W�I �M�R�½�Y�I�R�G�I �X�L�I
�V�I�W�Y�P�X�M�R�K �F�I�L�E�Z�M�S�Y�V �S�J �X�L�I �Q�S�H�I�P�# �8�L�M�W �E�T�T�I�R�H�M�\ �V�I�T�S�V�X�W �E�R �I�\�T�I�V�M�Q�I�R�X �X�L�E�X �W�]�W�X�I�Q��
�E�X�M�G�E�P�P�] �E�R�E�P�]�W�I�H �X�L�I �F�I�L�E�Z�M�S�Y�V �M�R �E �P�E�V�K�I�V �T�E�V�X �S�J �X�L�I �W�T�E�G�I��

���F �F�Y�Q�F�S�J�N�F�O�U �N�F�B�T�V�S�F�T �U�I�S�F�F �O�F�X �R�V�B�O�U�J�U�J�F�T �C�F�T�J�E�F�T �D�P�I�F�S�F�O�D�F �B�O�E �S�F���F�D�U�B�O�D�F
���F ���S�T�U �D�P�O�D�F�S�O�T �U�I�F �B�N�P�V�O�U �P�G�T�Z�O�P�O�Z�N�Z�J�O �U�I�F �M�B�O�H�V�B�H�F�� �*�G �B �M�B�O�H�V�B�H�F �B�T�T�J�H�O�T �B�M�M
�X�P�S�E�T �U�I�F �T�B�N�F �Q�S�P�C�B�C�J�M�J�U�Z�
 �U�I�F �T�Z�O�P�O�Z�N�Z �J�T �N�B�Y�J�N�B�M�
 �C�V�U �J�G �P�O�F �X�P�S�E �U�B�L�F�T �B�M�M �Q�S�P�C�B��
�C�J�M�J�U�Z �N�B�T�T�
 �U�I�F�S�F �J�T �O�P �T�Z�O�P�O�Z�N�Z�� �4�Z�O�P�O�Z�N�Z �J�T �U�I�F �J�O�W�F�S�T�F �O�P�U�J�P�O �P�G �F���D�J�F�O�D�Z �J�O �U�I�F
�O�B�N�J�O�H �H�B�N�F�T �B�O�E �G�P�S�N�B�M�M�Z �E�F���O�F�E �B�T �U�I�F �S�F�M�B�U�J�W�F �4�I�B�O�O�P�O �F�O�U�S�P�Q�Z �P�G �U�I�F �B�H�H�S�F�H�B�U�F
�M�B�O�H�V�B�H�F�


�4(�U) :=
�) (�̄@�U)

�M�P�H��(�/ )
, �	�•���Œ�•�


�X�I�F�S�F�) �J�T �U�I�F �F�O�U�S�P�Q�Z���4(�U) = �� �J�O�E�J�D�B�U�F�T �N�B�Y�J�N�B�M �T�Z�O�P�O�Z�N�Z�
�4(�U) = �� �U�I�F �D�P�N��
�Q�M�F�U�F �B�C�T�F�O�D�F �P�G �T�Z�O�P�O�Z�N�Z�� �4�F�D�P�O�E�
 �U�I�F�E�J�T�D�S�F�Q�B�O�D�Z�C�F�U�X�F�F�O �U�I�F �J�O�U�F�S�O�B�M �B�O�E �F�Y�U�F�S�O�B�M
�M�B�O�H�V�B�H�F �J�T �N�F�B�T�V�S�F�E��

�%(�U) := �7�@�1(�̄@�U, �ô�U), �	�•���Œ�•�


�X�I�F�S�F �U�I�F �B�H�H�S�F�H�B�U�F �M�B�O�H�V�B�H�F �G�V�O�D�U�J�P�O�F�E �B�T �B �Q�S�P�Y�Z �P�G �B�M�M �J�O�U�F�S�O�B�M �M�B�O�H�V�B�H�F�T�� ���J�S�E�
 �X�F
�N�F�B�T�V�S�F �U�I�F�W�B�S�J�B�C�J�M�J�U�Z�P�G �U�I�F �B�H�H�S�F�H�B�U�F �M�B�O�H�V�B�H�F �B�T �J�U�T �T�U�B�O�E�B�S�E �E�F�W�J�B�U�J�P�O �P�W�F�S �U�J�N�F�


�7(�U) = �T�U�E(�̄@��, . . . , �̄@�U). �	�•���Œ�‘�


�*�G �U�I�F �M�B�O�H�V�B�H�F�T �V�T�F�E �J�O �U�I�F �Q�P�Q�V�M�B�U�J�P�O�T �X�F�S�F �S�F�M�B�U�J�W�F�M�Z �T�U�B�C�M�F �U�I�S�P�V�H�I�P�V�U �U�I�F �H�B�N�F�
 �U�I�F
�W�B�S�J�B�C�J�M�J�U�Z �T�I�P�V�M�E �C�F �M�P�X��

���F �F�Y�Q�F�S�J�N�F�O�U �T�J�N�V�M�B�U�F�E �Š�ˆ �S�V�O�T �P�G �U�I�F �%�J�S�J�D�I�M�F�U���D�B�U�F�H�P�S�J�D�B�M �M�B�O�H�V�B�H�F �H�B�N�F �G�P�S
�F�W�F�S�Z �D�P�N�C�J�O�B�U�J�P�O �P�G �U�I�F �Q�B�S�B�N�F�U�F�S�T�a∈ {��, ��, ��, ����,∞}�
�` ∈ {��, ��.��, ��, ��,∞} �B�O�E
�] ∈ {��, ����, ����, ����, ������, ��������,∞}���‹�•

�U�]�8�S �F�I �G�S�Q�T�P�I�X�I�P�] �G�P�I�E�V�� �X�L�E�X
�E�Q�S�Y�R�X�W �X�S �U�V�Z �Q�M�P�P�M�S�R �V�S�Y�R�H�W
�M�R �U�V�Z�Z �M�R�H�I�T�I�R�H�I�R�X �W�M�Q�Y�P�E�X�M�S�R�W��
�Y�W�M�R�K �^�Y�V �H�M�J�J�I�V�I�R�X �T�E�V�E�Q�I�X�I�V
�W�I�X�X�M�R�K�W�� �&�W�F�S�Z �S�V�O �I�B�E �B �E�V�S�B�U�J�P�O �P�G �‰�ˆ�ˆ �ˆ�ˆ�ˆ �J�U�F�S�B�U�J�P�O�T �B�O�E

�‰�ˆ�Œ



�&�� �" �E�J�T�D�S�F�U�F �8�F�J�C�V�M�M �N�P�E�F�M �P�G �Q�P�Q�V�M�B�U�J�P�O �U�V�S�O�P�W�F�S

�B�M�M �V�T�F�E �U�I�F �T�B�N�F�
 �S�F�M�B�U�J�W�F�M�Z ���B�U�
 �C�V�U �O�P�O�V�O�J�G�P�S�N�
 �Q�S�J�P�S�� �5�S�J�B�M �F�Y�Q�F�S�J�N�F�O�U�T �T�V�H�H�F�T�U�F�E
�U�I�B�U �U�I�F�T�F �Q�B�S�B�N�F�U�F�S �W�B�M�V�F�T �T�V���D�J�F�O�U�M�Z �J�M�M�V�T�U�S�B�U�F �H�B�N�F�T �J�O �E�J���F�S�F�O�U �Q�B�S�U�T �P�G �U�I�F �Q�B�S�B�N�F��
�U�F�S �T�Q�B�D�F�� �'�P�S �F�Y�B�N�Q�M�F�
�a> ������ �B�O�E�`> ������ �B�M�S�F�B�E�Z �Z�J�F�M�E �C�F�I�B�W�J�P�V�S �D�P�N�Q�B�S�B�C�M�F �U�P �U�I�F
�J�O���O�J�U�F �D�B�T�F �B�O�E �X�F�S�F �M�F�� �P�V�U�� ���F �D�P�I�F�S�F�O�D�F�
�‹�‘

�U�\�'�S�L�I�V�I�R�G�I �M�W �R�S�X �W�L�S�[�R�� �F�I��
�G�E�Y�W�I �E�P�P �W�M�Q�Y�P�E�X�M�S�R�W �E�T�T�I�E�V �X�S
�L�E�Z�I �V�I�E�G�L�I�H �G�S�L�I�V�I�R�G�I�� �8�L�M�W �M�W
�E�R �E�V�X�I�J�E�G�X �S�J �X�L�I �Q�I�E�W�Y�V�I �Y�W�I�H��
�[�L�M�G�L �W�L�S�Y�P�H �X�L�Y�W �F�I �M�Q�T�V�S�Z�I�H��
�T�S�T�Y�P�E�X�M�S�R�W �[�M�X�L �J�I�[ �S�F�W�I�V�Z�E��
�X�M�S�R�W�� �E�W �M�R �M�X�I�V�E�X�I�H �P�I�E�V�R�M�R�K�� �P�S�S�O
�T�I�V�J�I�G�X�P�] �G�S�L�I�V�I�R�X �X�S �S�Y�V �Q�I�E��
�W�Y�V�I�� �F�I�G�E�Y�W�I �X�L�I �W�L�E�V�I�H �F�M�E�W
�J�Y�P�P�] �H�I�X�I�V�Q�M�R�I�W �X�L�I�M�V �P�E�R�K�Y�E�K�I��

�S�F���F�D�U�B�O�D�F�
 �T�Z�O�P�O�Z�N�Z�
 �E�J�T�D�S�F�Q�B�O�D�Z�

�B�O�E �W�B�S�J�B�C�J�M�J�U�Z �X�F�S�F �N�F�B�T�V�S�F�E �B�U �U�I�F �F�O�E �P�G �F�W�F�S�Z �H�B�N�F�� �'�J�H�V�S�F�•���•�T�I�P�X�T �B�M�M �U�I�F �S�F�T�V�M�U�T��
�*�O�U�F�S�Q�S�F�U�J�O�H �U�I�F �S�F�T�V�M�U�T �J�T �U�S�J�D�L�Z�
 �B�O�E �J�U �I�F�M�Q�T �U�P �L�F�F�Q ���H�V�S�F�Œ���‰�ˆ�J�O �N�J�O�E�� ���F �D�P�S�O�F�S�T �P�G
�F�W�F�S�Z �I�F�B�U �N�B�Q �J�O ���H�V�S�F�•���•�N�B�S�L �U�I�F �F�Y�U�S�F�N�F �T�U�S�B�U�F�H�J�F�T �	�a, �`∈ {��,∞}�
�
 �X�I�J�D�I �X�F�S�F
�B�M�T�P �T�I�P�X�O �J�O ���H�V�S�F�Œ���‰�ˆ�� ���F �M�J�G�F �F�Y�Q�F�D�U�B�O�D�J�F�T �X�F �D�P�O�T�J�E�F�S�F�E �F�B�S�M�J�F�S �	�] = ��, ����, ������
�B�O�E∞�
 �D�B�O �B�M�T�P �C�F �G�P�V�O�E �J�O ���H�V�S�F�Œ���‰�ˆ�� �/�P�X�
 �U�I�F �N�B�J�O �D�P�O�D�M�V�T�J�P�O �J�T �C�F �U�I�B�U�P�V�S
�F�B�S�M�J�F�S ���O�E�J�O�H�T �B�S�F �M�B�S�H�F�M�Z �D�P�O���S�N�F�E �C�Z �U�I�F �D�V�S�S�F�O�U �F�Y�Q�F�S�J�N�F�O�U���'�P�S �J�O�U�F�S�N�F�E�J�B�U�F �Q�B��
�S�B�N�F�U�F�S �W�B�M�V�F�T�
 �X�F �P�C�T�F�S�W�F �B �S�F�M�B�U�J�W�F�M�Z �T�N�P�P�U�I �U�S�B�O�T�J�U�J�P�O �C�F�U�X�F�F�O �U�I�F �F�Y�U�S�F�N�F �D�B�T�F�T
�a, � ,̀ �] ∈ {��,∞}��

�8�F ���S�T�U �E�J�T�D�V�T�T �U�I�F �M�B�T�U �S�P�X�
 �X�I�J�D�I �D�P�S�S�F�T�Q�P�O�E�T �U�P �B �O�B�N�J�O�H �H�B�N�F�� ���F �S�F���F�D�U�B�O�D�F
�	�D�P�M�V�N�O�.�
 �J�T �N�V�D�I �I�J�H�I�F�S �G�P�S �T�B�N�Q�M�F�S�T�
 �B�O�E �E�F�D�S�F�B�T�F�T �R�V�J�D�L�M�Z �B�T �T�P�P�O �B�T �B�H�F�O�U�T �T�U�B�S�U
�U�P �N�B�Y�J�N�J�T�F �U�I�F�J�S �Q�S�P�E�V�D�U�J�P�O�T �T�M�J�H�I�U�M�Z �	�J���F���` > ���
�� ���F �T�Z�O�P�O�Z�N�Z �	�D�P�M�V�N�O�/�
 �T�V�H��
�H�F�T�U�T �X�I�Z�� �N�B�Y�J�N�J�T�J�O�H �Q�S�P�E�V�D�U�J�P�O �T�U�S�B�U�F�H�J�F�T �S�F�T�V�M�U �J�O �B �P�O�F���X�P�S�E �M�B�O�H�V�B�H�F�
 �U�I�B�U �J�T�
 �P�O�F
�X�J�U�I �O�P �T�Z�O�P�O�Z�N�Z�� ���J�T �F�Y�Q�M�B�J�O�T �X�I�Z �U�I�F �S�F���F�D�U�B�O�D�F �J�T �M�P�X �G�P�S �I�J�H�I� �̀� �U�I�F �C�J�B�T �B�M�M�P�X�T
�N�V�D�I �N�P�S�F �T�Z�O�P�O�Z�N�Z�� ���F �S�F���F�D�U�B�O�D�F �B�O�E �T�Z�O�P�O�Z�N�Z �B�M�T�P �T�V�H�H�F�T�U �U�I�B�U �U�I�F �M�B�O�H�V�B�H�F
�T�U�S�B�U�F�H�Z �	�a�
 �J�T �G�B�S �M�F�T�T �J�O���V�F�O�U�J�B�M �U�I�B�O �U�I�F �Q�S�P�E�V�D�U�J�P�O �T�U�S�B�U�F�H�Z �	� �̀
�� ���F �G�B�D�U �U�I�B�U �U�I�F
�D�I�B�O�H�F �J�O �W�F�S�U�J�D�B�M �E�J�S�F�D�U�J�P�O �J�T �T�N�B�M�M�F�S �U�I�B�O �U�I�F �D�I�B�O�H�F �J�O �I�P�S�J�[�P�O�U�B�M �E�J�S�F�D�U�J�P�O�
 �B�O�E �U�I�J�T
�T�F�F�N�T �U�P �H�F�O�F�S�B�M�J�T�F �U�P �P�U�I�F�S �M�J�G�F���T�Q�B�O�T �B�T �X�F�M�M�� �-�P�P�L�J�O�H �B�U �B�H�F�O�U�T �X�J�U�I �T�I�P�S�U�F�S �M�J�G�F�T�Q�B�O�T�

�X�F �G�V�S�U�I�F�S �T�F�F �U�I�B�U �U�I�F �S�F���F�D�U�B�O�D�F �B�O�E �T�Z�O�P�O�Z�N�Z �J�O�D�S�F�B�T�F �B�T�] �B�Q�Q�S�P�B�D�I�F�T �‰ �	�J�U�F�S�B�U�F�E
�M�F�B�S�O�J�O�H�
�� �"�T �C�F�G�P�S�F�
 �U�I�F �S�F�B�T�P�O �J�T �U�I�B�U �U�I�F �J�O�U�F�S�O�B�M �M�B�O�H�V�B�H�F �P�G �B�O �B�H�F�O�U�T �X�J�U�I �B �T�I�P�S�U
�M�J�G�F �T�Q�B�O �J�T �O�F�B�S�M�Z �D�P�N�Q�M�F�U�F�M�Z �E�F�U�F�S�N�J�O�F�E �C�Z �U�I�F �C�J�B�T�� �"�D�D�P�S�E�J�O�H�M�Z�
 �S�F���F�D�U�B�O�D�F �J�T �I�J�H�I
�B�O�E �T�J�O�D�F �U�I�F �C�J�B�T �J�T �G�B�J�S�M�Z ���B�U�
 �T�P �J�T �T�Z�O�P�O�Z�N�Z�� �#�V�U�
 �O�P�U�F �U�I�B�U �U�I�F �E�J�T�D�S�F�Q�B�O�D�Z �C�F��
�U�X�F�F�O �U�I�F �F�Y�U�F�S�O�B�M �M�B�O�H�V�B�H�F �B�O�E �U�I�F �J�O�U�F�S�O�B�M �J�O�D�S�F�B�T�F�T �T�I�B�S�Q�M�Z �G�P�S �N�P�S�F �N�B�Y�J�N�J�T�J�O�H
�T�U�S�B�U�F�H�J�F�T�� �'�J�O�B�M�M�Z �U�I�F �M�B�T�U �D�P�M�V�N�O �T�I�P�X�T �B�O �J�O�D�S�F�B�T�F �J�O �W�B�S�J�B�C�J�M�J�U�Z �X�J�U�I �J�O�U�F�S�N�F�E�J�B�U�F
�M�J�G�F�T�Q�B�O�T�� ���J�T �D�P�V�M�E �J�O�E�J�D�B�U�F �D�P�O�U�J�O�V�P�V�T �M�B�O�H�V�B�H�F �D�I�B�O�H�F �X�I�F�O �B�H�F�O�U�T �I�B�W�F �B�O �J�O�U�F�S��
�N�F�E�J�B�U�F �M�J�G�F�T�Q�B�O �P�G �B�S�P�V�O�E�] = �������� �J�O�U�F�S�B�D�U�J�P�O�T�
 �C�V�U �N�P�S�F �S�F�T�F�B�S�D�I �J�T �O�F�F�E�F�E �C�F�G�P�S�F
�T�V�D�I �D�P�O�D�M�V�T�J�P�O�T �B�S�F �X�B�S�S�B�O�U�F�E��

�) �% �H�M�W�G�V�I�X�I �;�I�M�F�Y�P�P �Q�S�H�I�P �S�J
�T�S�T�Y�P�E�X�M�S�R �X�Y�V�R�S�Z�I�V

�4�S�T�Y�P�E�X�M�S�R �X�Y�V�R�S�Z�I�V �M�W �G�S�Q�Q�S�R�P�] �Q�S�H�I�P�P�I�H �F�] �V�I�T�P�E�G�M�R�K �S�R�I �V�E�R�H�S�Q �E�K�I�R�X �M�R �I�Z�I�V�]
�V�S�Y�R�H�� �7�Y�G�L �E �G�S�R�W�X�E�R�X �Q�S�V�X�E�P�M�X�] �V�E�X�I �M�W �R�S�X �Z�I�V�] �V�I�E�P�M�W�X�M�G�� �E�R�H �X�L�M�W �E�T�T�I�R�H�M�\ �T�V�S�T�S�W�I�W
�E�R �E�P�X�I�V�R�E�X�M�Z�I�� �H�M�W�G�V�I�X�I �;�I�M�F�Y�P�P �Q�S�H�I�P�� �-�X �M�W �V�I�T�E�V�E�Q�I�X�V�M�W�I�H �W�Y�G�L �X�L�E�X �X�L�I �Q�I�E�R �P�M�J�I
�I�\�T�I�G�X�E�R�G�] �M�W �X�L�I �S�R�P�] �T�E�V�E�Q�I�X�I�V��
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�*�ã�å�×�Ú�( �Y���V�8�L�I �F�I�L�E�Z�M�S�Y�V �S�J �X�L�I
�(�M�V�M�G�L�P�I�X���G�E�X�I�K�S�V�M�G�E�P �P�E�R�K�Y�E�K�I
�K�E�Q�I �E�G�V�S�W�W �X�L�I �T�E�V�E�Q�I�X�I�V �W�T�E�G�I
(�], �a, � )̀�� �6�S�[�W �G�S�V�V�I�W�T�S�R�H�W �X�S
�P�M�J�I �I�\�T�I�G�X�E�R�G�M�I�W ���]�
�� �G�S�P�Y�Q�R�W
�W�L�S�[ �X�L�I �G�S�L�I�V�I�R�G�I�� �V�I�½�I�G�X�E�R�G�I��
�W�]�R�S�R�]�Q�] �E�R�H �Z�E�V�M�E�F�M�P�M�X�] �J�S�V �I�Z�I�V�]
�W�X�V�E�X�I�K�](�a, � )̀�� �7�I�I �¼�K�Y�V�I�W���^�Z
�J�S�V �X�L�I �X�]�T�M�G�E�P �V�I�W�Y�P�X�M�R�K �P�E�R�K�Y�E�K�I�W
�M�R �X�L�I �I�\�X�V�I�Q�I �G�E�W�I�W�], �a, �` ∈
{��,∞}��

�2�Þ�å�Z�[�)�Z�I�V�] �G�I�P�P �M�W �E�R �E�Z�I�V�E�K�I
�S�Z�I�V �X�Z �W�M�Q�Y�P�E�X�M�S�R �V�Y�R�W���, = ������
�/ = �������C= �����] = ∞���\ = ������
�7�M�Q�Y�P�E�X�M�S�R�W �Y�W�I�H �E �H�I�X�I�V�Q�M�R�M�W�X�M�G
�L�E�^�E�V�H �J�Y�R�G�X�M�S�R��
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�)�P�X �D�B�O �X�F �S�F�B�M�J�T�U�J�D�B�M�M�Z �N�P�E�F�M �U�I�F �N�P�S�U�B�M�J�U�Z���S�B�U�F �J�O �B �Q�P�Q�V�M�B�U�J�P�O� ���J�T �J�T �B �D�F�O�U�S�B�M
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�� �*�O �U�I�F �D�P�O�U�F�Y�U �P�G �B �N�P�E�F�M �P�G �M�B�O��
�H�V�B�H�F �F�W�P�M�V�U�J�P�O�
 �J�G �P�O�F �B�H�F�O�U �E�J�F�T �J�O �F�W�F�S�Z �J�U�F�S�B�U�J�P�O�
 �U�I�F �Q�S�P�C�B�C�J�M�J�U�Z �U�I�B�U �B�O�Z �H�J�W�F�O �B�H�F�O�U
�E�J�F�T �B�U �U�J�N�F�U�J�T �U�I�V�T�] �‰�H�J�W�F�O �U�I�B�U �J�U �X�B�T �T�U�J�M�M �B�M�J�W�F �B�U �U�J�N�F�U− ���� �*�G�5�J�T �U�I�F �S�B�O�E�P�N
�W�B�S�J�B�C�M�F �U�I�B�U �N�F�B�T�V�S�F�T �U�I�F �U�J�N�F �P�G �E�F�B�U�I �P�G �B�O �B�H�F�O�U�
 �U�I�J�T �N�F�B�O�T�Q(�5= �U| �5≥ �U) = �]��
���J�T �D�P�O�E�J�U�J�P�O�B�M �Q�S�P�C�B�C�J�M�J�U�Z �J�T �L�O�P�X�O �B�T �U�I�F�I�B�[�B�S�E �S�B�U�F�I(�U)�
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�I(�U) =
�G(�U)

��−�'(�U) �� �M�R �[�L�M�G�L �G�E�W�I

�M�X �M�W �R�S�X �E �G�S�R�H�M�X�M�S�R�E�P �T�V�S�F�E�F�M�P��
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�	�/�B�L�B�H�B�X�B �B�O�E �0�T�B�L�J�‰�‘�•�•�� �4�U�F�J�O �B�O�E �%�B�U�U�F�S�P�‰�‘�•�Œ�� �"�M�N�B�M�L�J �B�O�E �/�B�E�B�S�B�K�B�I�Š�ˆ�‰�Œ�
��
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 �J�T �B �D�P�O�U�J�O�V��
�P�V�T �E�J�T�U�S�J�C�V�U�J�P�O �Q�B�S�B�N�F�U�S�J�[�F�E �C�Z �B �T�D�B�M�F �Q�B�S�B�N�F�U�F�S�d> �� �B�O�E �B �T�I�B�Q�F �Q�B�S�B�N�F�U�F�S�e> ����
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 �N�F�B�O�J�O�H �U�I�B�U �N�P�T�U �B�H�F�O�U�T �E�J�F �B�S�P�V�O�E �U�I�F �T�B�N�F
�B�H�F�
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 �U�I�F �E�F�O�T�J�U�Z �P�G
�B �8�F�J�C�V�M�M���E�J�T�U�S�J�C�V�U�F�E �S�B�O�E�P�N �W�B�S�J�B�C�M�F�5�J�T
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�W��̂- �V�I�T�E�V�E�Q�I�X�V�M�^�I�H �X�L�I �H�M�W�X�V�M��
�F�Y�X�M�S�R �F�] �X�E�O�M�R�K�\ := �d�E�R�H
�R:= �I�\�T(−�e−�d)�� �[�L�M�G�L �M�W �F�S�X�L
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�Q�S�V�I �G�S�R�Z�I�R�M�I�R�X��
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(
−
(

�U/�e
)�d
)
− �F�Y�Q

(
−
(

�U+��/�e
)�d
)
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�I(�U) = �Q(�5= �U| �5≥ �U) =
�4(�U)− �4(�U+ ��)

�4(�U)
= ��− �F�Y�Q

((
�U/�e
)�d−

(
�U+��/�e

)�d
)
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A.     Effect of parameters of the Weibull (for k > 1)
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B.     Hazard function
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�E�F�S�M�Z �U�I�J�T �S�F�Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O�� �'�J�S�T�U�
 �U�I�F �U�F�S�N�D

(
��+ ��/�d(�])
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)
�� �4�F�D�P�O�E�
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�L�O�P�X�M�F�E�H�F �U�I�F �Q�B�D�L�J�O�H �T�U�S�B�U�F�H�Z �I�B�T �O�F�W�F�S �C�F�F�O�T�Z�T�U�F�N�B�U�J�D�B�M�M�Z�F�W�B�M�V�B�U�F�E �B�H�B�J�O�T�U �B �M�B�S�H�F
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 �T�J�N�J�M�B�S �U�P �U�I�F �#�B�Z�F�T�J�B�O �O�B�N�J�O�H �H�B�N�F�� ���F �Q�S�P�C�M�F�N�
 �* �U�I�J�O�L�

�C�F�D�P�N�F�T �N�V�D�I �N�P�S�F �J�O�U�V�J�U�J�W�F �J�G �Z�P�V �L�F�F�Q �U�I�F �G�P�M�M�P�X�J�O�H �E�J�B�H�S�B�N �J�O �N�J�O�E��

���F �E�J�B�H�S�B�N �J�M�M�V�T�U�S�B�U�F�T �U�I�F �E�F�D�J�N�B�M �D�B�T�F�# = �����
 �T�P�, = ���� �3�F�D�B�M�M �U�I�B�U�&(�C) �J�T
�U�I�F �T�F�U �P�G �B�M�M �O�V�N�C�F�S�T�O�J�O �U�I�F �E�P�N�B�J�O �U�I�B�U �B�S�F �F�Y�Q�S�F�T�T�J�C�M�F �X�J�U�I �C�B�T�F�C�� �U�I�F�T�F �T�F�U�T �B�S�F
�T�I�P�X�O �B�T �I�P�S�J�[�P�O�U�B�M �M�J�O�F�T �X�J�U�I �E�P�U�T �B�U �F�W�F�S�Z �O�V�N�C�F�S�O�� �8�F ���S�T�U �D�P�N�Q�V�U�F �U�I�F �Q�S�P�C�B�C�J�M�J�U�Z
�Q(�O∈ �&(�C�K)) �U�I�B�U �X�F �Q�J�D�L �B �O�V�N�C�F�S �F�Y�Q�S�F�T�T�J�C�M�F �C�Z �U�I�F�K���U�I �C�B�T�F�
 �B�O�E �U�I�F�O �U�I�F �Q�S�P�C�B�C�J�M�J�U�Z
�U�I�B�U �C�B�T�F�C�K�J�T �T�F�M�F�D�U�F�E�H�J�W�F�O�U�I�B�U �U�I�F �O�V�N�C�F�S �J�T �F�Y�Q�S�F�T�T�J�C�M�F�� �'�S�P�N �U�I�F �E�J�B�H�S�B�N �P�O�F
�E�J�S�F�D�U�M�Z �T�F�F�T �U�I�B�U

�Q
(

�O∈ �&(�C�K)
)
=
|�&(�C�K)|

�#
=

�K
�,
, �	�•���Ž�‹�
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�"�Q�Q�F�O�E�J�D�F�T

���� ���� ���� ���� ���� ���� ���� ���� ���� ����N

�1�� �1�� �1�� �1�� �1��

�&(�C�� = ����)

�&(�C�� = ��)

�&(�C�� = ��)

�&(�C�� = ��)

�&(�C�� = ��)

�X�I�J�D�I �J�T �U�I�F �S�F�M�B�U�J�W�F �M�F�O�H�U�I �P�G �U�I�F �C�M�B�D�L �M�J�O�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�P�&(�C�K)�� �/�F�Y�U�
�Q(�C�K| �O∈
�&(�Y�K)) �I�B�T �U�P �U�B�L�F �J�O�U�P �B�D�D�P�V�O�U �U�I�B�U �P�U�I�F�S �C�B�T�F�T �N�J�H�I�U �B�M�T�P �F�Y�Q�S�F�T�T�O�� �(�J�W�F�O �U�I�B�U�O∈
�&(�C�K) �U�I�F�S�F �B�S�F�K�F�R�V�B�M�M�Z �M�J�L�F�M�Z�A�Q�B�S�U�T���1��, . . . , �1�K�U�I�B�U�O�D�P�V�M�E �I�B�W�F �C�F�F�O �J�O�� ���F �Q�B�S�U�T
�D�P�S�S�F�T�Q�P�O�E �U�I�F �P�S�B�O�H�F �C�P�Y�F�T�� �/�P�X �J�U �J�T �F�B�T�J�M�Z �T�F�F�O �U�I�B�U �U�I�F �O�V�N�C�F�S�T�O�J�O �C�P�Y�1�K�D�B�O �C�F
�F�Y�Q�S�F�T�T�F�E �C�Z�, − �K+ �� �E�J���F�S�F�O�U �C�B�T�F�T�� �*�O �U�I�F �E�J�B�H�S�B�N�
 �U�I�F �O�V�N�C�F�S�T �‰�‹ �B�O�E �‰�Œ �B�S�F �J�O
�Q�B�S�U�1�� �B�O�E �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E �C�Z��− �� + �� = �� �E�J���F�S�F�O�U �C�B�T�F�T�� �#�V�U �U�I�B�U �N�F�B�O�T �U�I�B�U

�Q
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�C�K| �O∈ �&(�C�K)
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=

�K∑
�J=��
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∑�O

�J=��
��/�J�J�T �L�O�P�X�O �B�T �U�I�F�O���U�I �I�B�S�N�P�O�J�D �O�V�N�C�F�S�B�O�E �X�F �B�T�T�V�N�F�) �� := ����

�1�V�U�U�J�O�H �F�W�F�S�Z�U�I�J�O�H �U�P�H�F�U�I�F�S�


�Q(�C�K) = �Q
(

�O∈ �&(�C�K)
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· �Q
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)
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=
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���J�T �J�N�Q�M�J�F�T �B �W�F�S�Z �T�U�S�P�O�H �C�J�B�T �U�P�X�B�S�E�T �V�T�J�O�H �U�I�F �I�J�H�I�F�T�U �C�B�T�F�
 �X�I�J�D�I �J�T �G�V�S�U�I�F�S �E�J�T��
�D�V�T�T�F�E �J�O �D�I�B�Q�U�F�S�Ž��

�"�T �B ���O�B�M �D�I�F�D�L�
 �E�P�F�T �F�R���•���Ž�‘�S�F�B�M�M�Z �E�F���O�F�T �B �E�J�T�U�S�J�C�V�U�J�P�O �‰ �J�T �J�U �O�P�S�N�B�M�J�T�F�E� ���F
�E�J�T�U�S�J�C�V�U�J�P�O �J�O �F�R���•���Ž�‘�J�T �O�P�S�N�B�M�J�T�F�E �J�G �B�O�E �P�O�M�Z �J�G

�,∑
�K=��

��
�,
(�) �, − �) �,−�K) = �� �	�•���•�ˆ�


�.�V�M�U�J�Q�M�Z�J�O�H �C�P�U�I �T�J�E�F�T �C�Z�, �B�O�E �S�F�P�S�E�F�S�J�O�H�
 �X�F �T�F�F �U�I�B�U �U�I�J�T �J�T �F�R�V�J�W�B�M�F�O�U �U�P

�,−��∑
�K=��

�) �,−�K= �, · (�) �, − ��), �	�•���•�‰�
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B.     Unique base count
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�*�ã�å�×�Ú�( �Y���]�)�J�J�I�G�X�W �S�J�h�� �X�L�I �T�E��
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�K�E�Q�I�� �'�P�I�E�V�P�]�� �W�Q�E�P�P�I�V �Z�E�P�Y�I�W �P�I�E�H
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�ä�×�Ú�Z�X�6�I�W�Y�P�X�W �W�L�S�[�R �J�S�V�/ = ��������
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�*�ã�å�×�Ú�( �Y���\�8�L�I �I�J�J�I�G�X �S�J�, �� �X�L�I
�R�Y�Q�F�I�V �S�J �F�E�W�I�W�� �M�R �X�L�I �E�H�H�M�X�M�Z�I
�F�E�W�I �K�E�Q�I��

�ä�×�Ú�Z�^�6�I�W�Y�P�X�W �W�L�S�[�R �J�S�V�/ = ��������
�h= ���� �E�Z�K�� �S�J �U�Z�Z �V�Y�R�W�� �^ �W�X�H��
�W�L�E�H�I�H��

�X�I�F�S�F �X�F �V�T�F�E �U�I�F �D�P�O�W�F�O�U�J�P�O�) �,−�, = �) �� := �� �U�P �T�V�N �P�O�M�Z �V�Q �U�P�, − ���� �&�R�V�B�U�J�P�O
�•���•�‰�J�T �J�O �G�B�D�U �U�S�V�F�� �J�U �J�T �P�O�F �P�G �U�I�F �C�B�T�J�D �S�F�D�V�S�S�F�O�D�F �S�F�M�B�U�J�P�O�T �P�O �U�I�F �I�B�S�N�P�O�J�D �O�V�N�C�F�S�T��
�8�F �D�B�O �U�I�F�S�F�G�P�S�F �D�P�O�D�M�V�E�F �U�I�B�U �U�I�F �E�J�T�U�S�J�C�V�U�J�P�O �J�O �F�R���•���Ž�‘�J�T �S�F�B�M�M�Z �B �E�J�T�U�S�J�C�V�U�J�P�O��

�"�T �B ���O�B�M �O�P�U�F�
 �* �I�B�W�F �O�P�U�F �C�F�F�O �B�C�M�F �U�P ���O�E �B�O�Z �S�F�G�F�S�F�O�D�F �P�G �U�I�J�T �E�J�T�U�S�J�C�V�U�J�P�O�
 �C�V�U �*
�I�B�W�F�O���U �T�F�B�S�D�I�F�E �F�Y�U�F�O�T�J�W�F�M�Z �F�J�U�I�F�S�� �#�V�U �J�G �U�I�F �S�F�B�E�F�S �I�B�Q�Q�F�O�T �U�P �S�F�D�P�H�O�J�T�F �U�I�J�T �E�J�T�U�S�J��
�C�V�U�J�P�O �‰ �* �X�P�V�M�E �C�F �W�F�S�Z �J�O�U�F�S�F�T�U�F�E �U�P �M�F�B�S�O �N�P�S�F �B�C�P�V�U �J�U��

�4�V�S�T�I�V�X�M�I�W �S�J �X�L�I �E�H�H�M�X�M�Z�I �F�E�W�I �K�E�Q�I

�(�æ�æ�(�1�Ø �Ý�æ�h �3�F�D�B�M�M �U�I�B�U �U�I�F �Q�B�S�B�N�F�U�F�S�h�E�F�U�F�S�N�J�O�F�E �X�I�J�D�I �C�B�T�F�T �X�F�S�F �G�B�W�P�V�S�F�E�� �C�B�T�F
�C�X�B�T�G�B�W�P�V�S�F�E�J�G

�T(�C) > �� �B�O�E �T(�C) ≥ �h· �N�B�Y
�C

�T(�C), �	�•���•�Š�


�G�P�S�� ≥ �h> ���� ���F �B�E�E�J�U�J�W�F �C�B�T�F �H�B�N�F �X�B�T �T�J�N�V�M�B�U�F�E �X�J�U�I�h∈ {��, ��/��, ��/��} �B�O�E �U�I�F
�S�F�T�V�M�U�T �B�S�F �S�F�Q�P�S�U�F�E �J�O ���H�V�S�F�•���•�� ���F �N�B�J�O �F���F�D�U �T�F�F�N�T �U�P �C�F �U�I�B�U �M�P�X�F�S �W�B�M�V�F�T �P�G�h
�T�M�P�X �E�P�X�O �D�P�O�W�F�S�H�F�O�D�F�� ���J�T �J�T �O�P�U �T�V�S�Q�S�J�T�J�O�H�� �X�I�F�O�h= ��/���
 �B�O �B�H�F�O�U �P�O�M�Z �G�B�W�P�V�S�T �B
�T�J�O�H�M�F �C�B�T�F �J�G �J�U�T �G�S�F�R�V�F�O�D�Z �J�T �‹ �U�J�N�F�T �B�T �I�J�H�I �B�T �U�I�B�U �P�G �B�O�Z �P�U�I�F�S �C�B�T�F�� ���J�T �J�T �B �N�V�D�I
�X�F�B�L�F�S �Q�S�F�G�F�S�F�O�D�F �G�P�S �G�S�F�R�V�F�O�U �C�B�T�F�T �U�I�B�O �X�J�U�I�h= ���
 �J�O �X�I�J�D�I �D�B�T�F �B�H�F�O�U�T �B�M�X�B�Z�T �V�T�F
�U�I�F �N�P�T�U �G�S�F�R�V�F�O�U �C�B�T�F��

�(�æ�æ�(�1�Ø�Ù �Ý�æ �Ø�ä�( �Þ�×�ß�2�(�Ú �Ý�æ �Ù�ã�ß�Ü�à�( �Þ�×�ß�(�Ú�3�à�Ù�)�P�X �E�P�F�T �U�I�F �O�V�N�C�F�S �P�G �T�J�N�Q�M�F �O�V�N�F�S��
�B�M�T �J�O���V�F�O�D�F �U�I�F �H�B�N�F� �'�J�H�V�S�F�•���‘�T�V�N�N�B�S�J�T�F�T �T�P�N�F �F�Y�Q�F�S�J�N�F�O�U�T �P�G �U�I�F �B�E�E�J�U�J�W�F �C�B�T�F
�H�B�N�F �X�J�U�I�#∈ {��, ����, ����, ����}�� �"�M�U�I�P�V�H�I �U�I�F�T�F �T�J�N�Q�M�F �F�Y�Q�F�S�J�N�F�O�U�T �E�P �O�P�U �Z�J�F�M�E �T�U�S�P�O�H
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�D�P�O�D�M�V�T�J�P�O�T�
 �U�I�F �D�P�O�W�F�S�H�F�O�D�F �U�J�N�F �J�T �O�P�U �T�U�S�P�O�H�M�Z �J�O���V�F�O�D�F�E �C�Z�#�� ���B�U �J�T�
 �D�F�S�U�B�J�O�M�Z
�O�P�U �J�O �B �Q�P�X�F�S �M�B�X �G�B�T�I�J�P�O�
 �M�J�L�F �Q�P�Q�V�M�B�U�J�P�O �T�J�[�F�� �3�B�U�I�F�S�
 �U�I�F �D�P�O�W�F�S�H�F�O�D�F �U�J�N�F �E�P�F�T �O�P�U
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�"�M�N�B�M�L�J�
 �4�B�B�E �+�� �B�O�E �4�B�S�B�M�F�F�T �/�B�E�B�S�B�K�B�I �	�Š�ˆ�‰�Œ�
�� �i�" �/�F�X �%�J�T�D�S�F�U�F �.�P�E�J���F�E �8�F�J�C�V�M�M �%�J�T�U�S�J�C�V�U�J�P�O�w�� �*�O���*�&�&�&

�5�S�B�O�T�B�D�U�J�P�O�T �P�O �3�F�M�J�B�C�J�M�J�U�Z�Ž�‹���‰�
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�����X���������f�#�D�H�X�����X�����#����̀� �B�S�9�J�W�����������X������������

�#�B�S�P�O�D�I�F�M�M�J�
 �"�O�E�S�F�B�
 �-�V�D�B �%�B�M�M���"�T�U�B�
 �F�U �B�M�� �	�Š�ˆ�ˆ�•�
�� �i�/�P�O�F�R�V�J�M�J�C�S�J�V�N �Q�I�B�T�F �U�S�B�O�T�J�U�J�P�O �J�O �O�F�H�P�U�J�B�U�J�P�O
�E�Z�O�B�N�J�D�T�w�� �*�O���1�I�Z�T�J�D�B�M �3�F�W�J�F�X �&�•�Ž���•�
 �Q�� �ˆ�•�‰�‰�ˆ�Š���1�<�6�������X���������f�S�?�v�b�_�2�p�1�X�����X�������������� �B�S�9�J�W��
�������������� �(�+�Q�M�/�@�K���i�)��

�#�B�S�P�O�D�I�F�M�M�J�
 �"�O�E�S�F�B�
 �.�B�E�E�B�M�F�O�B �'�F�M�J�D�J�
 �F�U �B�M�� �	�Š�ˆ�ˆ�Ž�
�� �i�4�I�B�S�Q �U�S�B�O�T�J�U�J�P�O �U�P�X�B�S�E�T �T�I�B�S�F�E �W�P�D�B�C�V�M�B�S�J�F�T �J�O
�N�V�M�U�J���B�H�F�O�U �T�Z�T�U�F�N�T�w�� �*�O���+�P�V�S�O�B�M �P�G �4�U�B�U�J�T�U�J�D�B�M �.�F�D�I�B�O�J�D�T�� ���F�P�S�Z �B�O�E �&�Y�Q�F�S�J�N�F�O�U�Š�ˆ�ˆ�Ž���ˆ�Ž�

�1�ˆ�Ž�ˆ�‰�Œ�o�1�ˆ�Ž�ˆ�‰�Œ���1�<�6�������X���������f���������@���������f���������f�����f�S������������ �B�S�9�J�W���������������� �(�T�?�v�b�B�+�b�)��

�#�B�S�P�O�D�I�F�M�M�J�
 �"�O�E�S�F�B�
 �5�B�P �(�P�O�H�
 �F�U �B�M�� �	�Š�ˆ�‰�ˆ�
�� �i�.�P�E�F�M�J�O�H �U�I�F �F�N�F�S�H�F�O�D�F �P�G �V�O�J�W�F�S�T�B�M�J�U�Z �J�O �D�P�M�P�S �O�B�N�J�O�H
�Q�B�U�U�F�S�O�T���w �*�O���1�S�P�D�F�F�E�J�O�H�T �P�G �U�I�F �/�B�U�J�P�O�B�M �"�D�B�E�F�N�Z �P�G �4�D�J�F�O�D�F�T �P�G �U�I�F �6�O�J�U�F�E �4�U�B�U�F�T �P�G �"�N�F�S�J�D�B�‰�ˆ�•���Ž�

�Q�Q�� �Š�Œ�ˆ�‹�o�Š�Œ�ˆ�•���1�<�6�������X���������f�T�M���b�X���������������������� �B�S�9�J�W�����������X����������

�#�B�S�P�O�D�I�F�M�M�J�
 �"�O�E�S�F�B�
 �7�J�U�U�P�S�J�P �-�P�S�F�U�P�
 �B�O�E �-�V�D �4�U�F�F�M�T �	�Š�ˆ�ˆ�•�
�� �i�*�O���E�F�Q�U�I �"�O�B�M�Z�T�J�T �P�G �U�I�F �/�B�N�J�O�H �(�B�N�F�� ���F
�)�P�N�P�H�F�O�F�P�V�T �.�J�Y�J�O�H �$�B�T�F�w�� �*�O���*�O�U�F�S�O�B�U�J�P�O�B�M �+�P�V�S�O�B�M �P�G �.�P�E�F�S�O �1�I�Z�T�J�D�T �$�‰�‘���ˆ�•�
 �Q�Q�� �•�•�•�o�•�‰�Š���1�<�6��
�����X���������f�a����������������������������������

�#�F�S�X�J�D�L�
 �3�P�C�F�S�U �$ �B�O�E �/�P�B�N �$�I�P�N�T�L�Z �	�Š�ˆ�‰�•�
�� �i�8�I�Z �P�O�M�Z �V�T�� �3�F�D�F�O�U �R�V�F�T�U�J�P�O�T �B�O�E �B�O�T�X�F�S�T�w�� �*�O���+�P�V�S�O�B�M �P�G
�/�F�V�S�P�M�J�O�H�V�J�T�U�J�D�T�Œ�‹���#�
 �Q�Q�� �‰�Ž�Ž�o�‰�•�•���1�<�6�������X���������f�D�X�D�M�2�m�`�Q�H�B�M�;�X���������X�����X��������

�#�J�T�I�P�Q�
 �$�I�S�J�T�U�P�Q�I�F�S �.�� �	�Š�ˆ�ˆ�Ž�
���1�B�U�U�F�S�O �3�F�D�P�H�O�J�U�J�P�O �B�O�E �.�B�D�I�J�O�F �M�F�B�S�O�J�O�H�� �*�O�G�P�S�N�B�U�J�P�O �4�D�J�F�O�D�F �B�O�E
�4�U�B�U�J�T�U�J�D�T�� �4�Q�S�J�O�H�F�S��

�#�S�J�Ñ�U�
 �+�P�Q �B�O�E �1�F�U�F�S �)�B�S�S�F�N�P�Ñ�T �	�Š�ˆ�ˆ�‘�
�� �i�1�S�P�Q�F�S�U�J�F�T �P�G �D�M�B�T�T�J�D�B�M �B�O�E �R�V�B�O�U�V�N �+�F�O�T�F�O���4�I�B�O�O�P�O �E�J�W�F�S�H�F�O�D�F�w��
�*�O���1�I�Z�T�J�D�B�M �3�F�W�J�F�X �"�•�‘���•�
 �Q�� �ˆ�•�Š�‹�‰�‰���1�<�6�������X���������f�S�?�v�b�_�2�p���X�����X�������������� �B�S�9�J�W�����������X����������

�#�S�J�H�I�U�P�O�
 �)�F�O�S�Z �	�Š�ˆ�ˆ�Š�
�� �i�$�P�N�Q�P�T�J�U�J�P�O�B�M �4�Z�O�U�B�Y �'�S�P�N �$�V�M�U�V�S�B�M �5�S�B�O�T�N�J�T�T�J�P�O�w�� �*�O���"�S�U�J���D�J�B�M �-�J�G�F�•���‰�

�Q�Q�� �Š�•�o�•�Œ���1�<�6�������X���������f��������������������������������������

�#�V�S�L�F�U�U�
 �%�B�W�J�E �B�O�E ���P�N�B�T �-�� �(�S�J���U�I�T �	�Š�ˆ�‰�ˆ�
�� �i�*�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H �P�G �N�V�M�U�J�Q�M�F �M�B�O�H�V�B�H�F�T �G�S�P�N �N�V�M�U�J�Q�M�F
�U�F�B�D�I�F�S�T�w�� �*�O�����F �F�W�P�M�V�U�J�P�O �P�G �M�B�O�H�V�B�H�F�� �1�S�P�D�F�F�E�J�O�H�T �P�G �&�W�P�-�B�O�H�
 �Q�Q�� �•�•�o�Ž�•��

�$�B�M�V�E�F�
 �"�O�E�S�F�F�B �4�� �B�O�E �"�O�O�F�N�B�S�J�F �7�F�S�L�F�S�L �	�Š�ˆ�‰�Ž�
�� �i���F �U�Z�Q�P�M�P�H�Z �B�O�E �E�J�B�D�I�S�P�O�Z �P�G �I�J�H�I�F�S �O�V�N�F�S�B�M�T �J�O
�*�O�E�P���&�V�S�P�Q�F�B�O�� �B �Q�I�Z�M�P�H�F�O�F�U�J�D �D�P�N�Q�B�S�B�U�J�W�F �T�U�V�E�Z�w�� �*�O���+�P�V�S�O�B�M �P�G �-�B�O�H�V�B�H�F �&�W�P�M�V�U�J�P�O�‰���Š�
 �Q�Q�� �‘�‰�o�‰�ˆ�•��
�1�<�6�������X���������f�D�Q�H�2�f�H�x�r��������

�$�B�S�T�U�F�O�T�F�O�
 �"�M�F�Y�B�O�E�S�B �F�U �B�M�� �	�Š�ˆ�‰�•�
�� �i�-�B�O�H�V�B�H�F �F�W�P�M�V�U�J�P�O �J�O �U�I�F �M�B�C �U�F�O�E�T �U�P�X�B�S�E �J�O�G�P�S�N�B�U�J�W�F
�D�P�N�N�V�O�J�D�B�U�J�P�O�w�� �*�O���1�S�P�D�F�F�E�J�O�H�T �P�G �U�I�F �­�±�U�I �"�O�O�V�B�M �.�F�F�U�J�O�H �P�G �U�I�F �$�P�H�O�J�U�J�W�F �4�D�J�F�O�D�F �4�P�D�J�F�U�Z���‰��

�$�I�P�N�T�L�Z�
 �/�P�B�N �	�‰�‘�•�Ž�
���,�O�P�X�M�F�E�H�F �P�G �M�B�O�H�V�B�H�F�� �*�U�T �O�B�U�V�S�F�
 �P�S�J�H�J�O�
 �B�O�E �V�T�F�� �$�P�O�W�F�S�H�F�O�D�F�� �/�F�X �:�P�S�L��
�1�S�B�F�H�F�S��

�$�I�S�J�T�U�J�B�O�T�F�O�
 �.�P�S�U�F�O �)�� �B�O�E �/�J�D�L �$�I�B�U�F�S �	�Š�ˆ�‰�Ž�B�
���$�S�F�B�U�J�O�H �M�B�O�H�V�B�H�F�� �*�O�U�F�H�S�B�U�J�O�H �F�W�P�M�V�U�J�P�O�
 �B�D�R�V�J�T�J�U�J�P�O�
 �B�O�E
�Q�S�P�D�F�T�T�J�O�H�� �$�B�N�C�S�J�E�H�F�
 �.�B�T�T�B�D�I�V�T�F�U�U�T�� �.�*�5 �1�S�F�T�T��

�$�I�S�J�T�U�J�B�O�T�F�O�
 �.�P�S�U�F�O �) �B�O�E �/�J�D�L �$�I�B�U�F�S �	�Š�ˆ�‰�Ž�C�
�� �i���F �/�P�X���P�S���/�F�W�F�S �C�P�U�U�M�F�O�F�D�L�� �" �G�V�O�E�B�N�F�O�U�B�M
�D�P�O�T�U�S�B�J�O�U �P�O �M�B�O�H�V�B�H�F�w�� �*�O�����F �#�F�I�B�W�J�P�S�B�M �B�O�E �C�S�B�J�O �T�D�J�F�O�D�F�T�‹�‘���1�<�6�������X���������f�a���������������s���������������s��

�$�P�N�S�J�F�
 �#�F�S�O�B�S�E �	�‰�‘�‘�‘�
�� �i�)�B�S�V�B�J �O�V�N�F�S�B�M�T �B�O�E �U�I�F�J�S �J�N�Q�M�J�D�B�U�J�P�O�T �G�P�S �U�I�F �I�J�T�U�P�S�Z �B�O�E �U�Z�Q�P�M�P�H�Z �P�G �O�V�N�F�S�B�M
�T�Z�T�U�F�N�T�w�� �*�O���/�V�N�F�S�B�M �5�Z�Q�F�T �B�O�E �$�I�B�O�H�F�T �8�P�S�M�E�X�J�E�F�‰�‰�•�
 �Q�Q�� �‘�•�o�‰�‰�‰��

�‰ �	�Š�ˆ�‰�‰�
���5�Z�Q�P�M�P�H�Z �P�G �/�V�N�F�S�B�M �4�Z�T�U�F�N�T��
�‰ �	�Š�ˆ�‰�‹�
���/�V�N�F�S�B�M �#�B�T�F�T��
�$�P�S�O�J�T�I�
 �)�B�O�O�B�I �	�Š�ˆ�‰�‰�
�� �i�-�B�O�H�V�B�H�F �"�E�B�Q�U�T�� �&�Y�Q�M�P�S�J�O�H �U�I�F �$�V�M�U�V�S�B�M �%�Z�O�B�N�J�D�T �P�G �*�U�F�S�B�U�F�E �-�F�B�S�O�J�O�H�w��

�1�I�% �U�I�F�T�J�T�� �6�O�J�W�F�S�T�J�U�Z �P�G �&�E�J�O�C�V�S�H�I��
�$�V�M�C�F�S�U�T�P�O�
 �+�F�O�O�J�G�F�S �B�O�E �4�J�N�P�O �,�J�S�C�Z �	�Š�ˆ�‰�Ž�
�� �i�4�J�N�Q�M�J�D�J�U�Z �B�O�E �T�Q�F�D�J���D�J�U�Z �J�O �M�B�O�H�V�B�H�F�� �%�P�N�B�J�O���H�F�O�F�S�B�M

�C�J�B�T�F�T �I�B�W�F �E�P�N�B�J�O���T�Q�F�D�J���D �F���F�D�U�T�w�� �*�O���'�S�P�O�U�J�F�S�T �J�O �1�T�Z�D�I�P�M�P�H�Z�Ž���+�"�/�
 �Q�Q�� �‰�o�‰�‰���1�<�6��
�����X���������f�7�T�b�v�;�X���������X������������

http://dx.doi.org/10.1109/TR.2014.2299691
http://arxiv.org/abs/arXiv:1307.3925v1
http://dx.doi.org/10.1075/bjl.30.08bar
http://arxiv.org/abs/1701.07419
http://dx.doi.org/10.1103/PhysRevE.76.051102
http://arxiv.org/abs/0611717
http://dx.doi.org/10.1088/1742-5468/2006/06/P06014
http://arxiv.org/abs/0509075
http://dx.doi.org/10.1073/pnas.0908533107
http://arxiv.org/abs/0908.0775
http://dx.doi.org/10.1142/S0129183108012522
http://dx.doi.org/10.1016/j.jneuroling.2016.12.002
http://dx.doi.org/10.1103/PhysRevA.79.052311
http://arxiv.org/abs/0806.4472
http://dx.doi.org/10.1162/106454602753694756
http://dx.doi.org/10.1093/jole/lzw003
http://dx.doi.org/10.1017/S0140525X1500031X
http://dx.doi.org/10.3389/fpsyg.2015.01964


�#�J�C�M�J�P�H�S�B�Q�I�Z

�%�B�M�M���"�T�U�B�
 �- �F�U �B�M�� �	�Š�ˆ�ˆ�Ž�
�� �i�"�H�S�F�F�N�F�O�U �E�Z�O�B�N�J�D�T �P�O �T�N�B�M�M���X�P�S�M�E �O�F�U�X�P�S�L�T�w�� �*�O���&�V�S�P�Q�I�Z�T�J�D�T �-�F�U�U�F�S�T �	�&�1�-�

�•�‹���Ž�
 �Q�Q�� �‘�Ž�‘�o�‘�•�•���1�<�6�������X���������f�2�T�H�f�B���������@�����������@���� �B�S�9�J�W���������������� �(�+�Q�M�/�@�K���i�)��

�%�F �7�Z�M�E�F�S�
 �#�B�S�U �B�O�E �,�B�S�M �5�V�Z�M�T �	�Š�ˆ�ˆ�Ž�
�� �i�)�P�X �U�P �S�F�B�D�I �M�J�O�H�V�J�T�U�J�D �D�P�O�T�F�O�T�V�T�� �" �Q�S�P�P�G �P�G �D�P�O�W�F�S�H�F�O�D�F �G�P�S �U�I�F
�O�B�N�J�O�H �H�B�N�F�w�� �*�O���+�P�V�S�O�B�M �P�G ���F�P�S�F�U�J�D�B�M �#�J�P�M�P�H�Z�Š�Œ�Š���Œ�
 �Q�Q�� �•�‰�•�o�•�‹�‰���1�<�6��
�����X���������f�D�X�D�i�#�B�X���������X�����X��������

�%�F �#�P�F�S�
 �#�B�S�U �B�O�E �1�B�V�M �7�P�H�U �	�‰�‘�‘�‘�
�� �i�&�N�F�S�H�F�O�D�F �P�G �4�Q�F�F�D�I �4�P�V�O�E�T �J�O �$�I�B�O�H�J�O�H �1�P�Q�V�M�B�U�J�P�O�T�w�� �*�O���-�F�D�U�V�S�F
�/�P�U�F�T �J�O �$�P�N�Q�V�U�F�S �4�D�J�F�O�D�F �	�J�O�D�M�V�E�J�O�H �T�V�C�T�F�S�J�F�T �-�F�D�U�V�S�F �/�P�U�F�T �J�O �"�S�U�J���D�J�B�M �*�O�U�F�M�M�J�H�F�O�D�F �B�O�E �-�F�D�U�V�S�F �/�P�U�F�T
�J�O �#�J�P�J�O�G�P�S�N�B�U�J�D�T�
�� �7�P�M�� �‰�Ž�•�Œ�
 �Q�Q�� �Ž�Ž�Œ�o�Ž�•�‹���1�<�6�������X���������f���@�������@�����������@���n������

�%�F�E�J�V�
 �%�B�O �	�Š�ˆ�ˆ�‘�
�� �i�(�F�O�F�U�J�D �C�J�B�T�J�O�H �U�I�S�P�V�H�I �D�V�M�U�V�S�B�M �U�S�B�O�T�N�J�T�T�J�P�O�� �%�P �T�J�N�Q�M�F �#�B�Z�F�T�J�B�O �N�P�E�F�M�T �P�G
�M�B�O�H�V�B�H�F �F�W�P�M�V�U�J�P�O �H�F�O�F�S�B�M�J�T�F� �w �*�O���+�P�V�S�O�B�M �P�G ���F�P�S�F�U�J�D�B�M �#�J�P�M�P�H�Z�Š�•�‘���‹�
 �Q�Q�� �•�•�Š�o�•�Ž�‰���1�<�6��
�����X���������f�D�X�D�i�#�B�X���������X�����X��������

�%�F�E�J�V�
 �%�B�O �F�U �B�M�� �	�Š�ˆ�‰�‹�
�� �i�$�V�M�U�V�S�B�M �&�W�P�M�V�U�J�P�O �P�G �-�B�O�H�V�B�H�F�w�� �*�O���$�V�M�U�V�S�B�M �&�W�P�M�V�U�J�P�O�� �4�P�D�J�F�U�Z�
 �5�F�D�I�O�P�M�P�H�Z�

�-�B�O�H�V�B�H�F �B�O�E �3�F�M�J�H�J�P�O�� �&�E�� �C�Z �1�F�U�F�S �+�� �3�J�D�I�F�S�T�P�O �B�O�E �.�P�S�U�F�O �)�� �$�I�S�J�T�U�J�B�O�T�F�O�� �.�*�5 �1�S�F�T�T�� �$�I�B�Q�� �‰�Ž�

�Q�Q�� �‹�ˆ�Œ�o�‹�‹�Š��

�%�F�I�B�F�O�F�
 �4�U�B�O�J�T�M�B�T �	�Š�ˆ�‰�‰�
�����F �O�V�N�C�F�S �T�F�O�T�F�� �)�P�X �U�I�F �N�J�O�E �D�S�F�B�U�F�T �N�B�U�I�F�N�B�U�J�D�T�� �4�F�D�P�O�E�� �/�F�X �:�P�S�L�� �0�Y�G�P�S�E
�6�O�J�W�F�S�T�J�U�Z �1�S�F�T�T��

�%�F�I�B�F�O�F�
 �4�U�B�O�J�T�M�B�T �B�O�E �+�B�D�R�V�F�T �.�F�I�M�F�S �	�‰�‘�‘�Š�
�� �i�$�S�P�T�T���M�J�O�H�V�J�T�U�J�D �S�F�H�V�M�B�S�J�U�J�F�T �J�O �U�I�F �G�S�F�R�V�F�O�D�Z �P�G �O�V�N�C�F�S
�X�P�S�E�T�w�� �*�O���$�P�H�O�J�U�J�P�O�Œ�‹���‰�
 �Q�Q�� �‰�o�Š�‘��

�&�O�E�S�F�T�
 �%���.�� �B�O�E �+���&�� �4�D�I�J�O�E�F�M�J�O �	�Š�ˆ�ˆ�‹�
�� �i�" �O�F�X �N�F�U�S�J�D �G�P�S �Q�S�P�C�B�C�J�M�J�U�Z �E�J�T�U�S�J�C�V�U�J�P�O�T�w�� �*�O���*�&�&�& �5�S�B�O�T�B�D�U�J�P�O�T
�P�O �*�O�G�P�S�N�B�U�J�P�O ���F�P�S�Z�Œ�‘���•�
 �Q�Q�� �‰�•�•�•�o�‰�•�Ž�ˆ���1�<�6�������X���������f�h�A�h�X���������X��������������

�'�F�J�H�F�O�T�P�O�
 �-�J�T�B�
 �4�U�B�O�J�T�M�B�T �%�F�I�B�F�O�F�
 �B�O�E �&�M�J�[�B�C�F�U�I �4�Q�F�M�L�F �	�Š�ˆ�ˆ�Œ�
�� �i�$�P�S�F �T�Z�T�U�F�N�T �P�G �O�V�N�C�F�S�w�� �*�O���5�S�F�O�E�T �J�O
�$�P�H�O�J�U�J�W�F �4�D�J�F�O�D�F�T�•���•�
 �Q�Q�� �‹�ˆ�•�o�‹�‰�Œ���1�<�6�������X���������f�D�X�i�B�+�b�X���������X�����X��������

�'�F�S�E�J�O�B�O�E�
 �7�B�O�F�T�T�B �B�O�E �8�J�M�M�F�N �;�V�J�E�F�N�B �	�Š�ˆ�ˆ�‘�
�� �i���P�N�B�T�� ���F�P�S�F�N �N�F�F�U�T �#�B�Z�F�T�� �3�V�M�F�� �B �.�P�E�F�M �P�G �U�I�F
�*�U�F�S�B�U�F�E �-�F�B�S�O�J�O�H �P�G �-�B�O�H�V�B�H�F�w�� �*�O���1�S�P�D�F�F�E�J�O�H�T �P�G �U�I�F �­�«�T�U �"�O�O�V�B�M �$�P�O�G�F�S�F�O�D�F �P�G �U�I�F �$�P�H�O�J�U�J�W�F �4�D�J�F�O�D�F
�4�P�D�J�F�U�Z���"�V�T�U�J�O�
 �5�F�Y�B�T�
 �Q�Q�� �‰�•�•�Ž�o�‰�•�‘�‰��

�(�I�B�I�S�B�N�B�O�J�
 �;�P�V�C�J�O �	�Š�ˆ�‰�•�
�� �i�1�S�P�C�B�C�J�M�J�T�U�J�D �N�B�D�I�J�O�F �M�F�B�S�O�J�O�H �B�O�E �B�S�U�J���D�J�B�M �J�O�U�F�M�M�J�H�F�O�D�F�w�� �*�O���/�B�U�V�S�F
�•�Š�‰���•�•�•�‹�
 �Q�Q�� �Œ�•�Š�o�Œ�•�‘���1�<�6�������X���������f�M���i�m�`�2������������

�(�P�P�E�N�B�O�
 �/�P�B�I �%�� �B�O�E �+�P�T�I�V�B �#�� �5�F�O�F�O�C�B�V�N �	�Š�ˆ�‰�Ž�
���1�S�P�C�B�C�J�M�J�T�U�J�D �.�P�E�F�M�T �P�G �$�P�H�O�J�U�J�P�O�� �W�Š��
�(�S�F�F�O�C�F�S�H�
 �+�P�T�F�Q�I �) �	�‰�‘�•�•�
�� �i�(�F�O�F�S�B�M�J�[�B�U�J�P�O�T �B�C�P�V�U �O�V�N�F�S�B�M �T�Z�T�U�F�N�T�w�� �*�O���6�O�J�W�F�S�T�B�M�T �P�G �)�V�N�B�O �-�B�O�H�V�B�H�F

�7�P�M�V�N�F �­ �8�P�S�E �4�U�S�V�D�U�V�S�F�� �7�P�M�� �‹�
 �Q�Q�� �Š�•�‰�o�‹�ˆ�‘��
�(�S�J���U�I�T�
 ���P�N�B�T �-���
 �,�F�W�J�O �3�� �$�B�O�J�O�J�
 �F�U �B�M�� �	�Š�ˆ�ˆ�•�
�� �i�6�O�J�G�Z�J�O�H �S�B�U�J�P�O�B�M �N�P�E�F�M�T �P�G �D�B�U�F�H�P�S�J�[�B�U�J�P�O �W�J�B �U�I�F

�I�J�F�S�B�S�D�I�J�D�B�M �%�J�S�J�D�I�M�F�U �Q�S�P�D�F�T�T�w�� �*�O���1�S�P�D�F�F�E�J�O�H�T �P�G �U�I�F �¬�³�U�I �B�O�O�V�B�M �D�P�O�G�F�S�F�O�D�F �P�G �U�I�F �D�P�H�O�J�U�J�W�F �T�D�J�F�O�D�F
�T�P�D�J�F�U�Z�
 �Q�� �‹�Š�‹�‹�Š�•��

�(�S�J���U�I�T�
 ���P�N�B�T �-�� �B�O�E �.�J�D�I�B�F�M �-�� �,�B�M�J�T�I �	�Š�ˆ�ˆ�•�
�� �i�" �#�B�Z�F�T�J�B�O �W�J�F�X �P�G �M�B�O�H�V�B�H�F �F�W�P�M�V�U�J�P�O �C�Z �J�U�F�S�B�U�F�E
�M�F�B�S�O�J�O�H�w�� �*�O���1�S�P�D�F�F�E�J�O�H�T �P�G �U�I�F �¬�±�U�I �B�O�O�V�B�M �D�P�O�G�F�S�F�O�D�F �P�G �U�I�F �D�P�H�O�J�U�J�W�F �T�D�J�F�O�D�F �T�P�D�J�F�U�Z�
 �Q�Q�� �•�Š�•�o�•�‹�Š��

�‰ �	�Š�ˆ�ˆ�•�
�� �i�-�B�O�H�V�B�H�F �&�W�P�M�V�U�J�P�O �C�Z �*�U�F�S�B�U�F�E �-�F�B�S�O�J�O�H �8�J�U�I �#�B�Z�F�T�J�B�O �"�H�F�O�U�T�w�� �*�O���$�P�H�O�J�U�J�W�F �4�D�J�F�O�D�F�‹�‰���‹�

�Q�Q�� �Œ�Œ�‰�o�Œ�•�ˆ���1�<�6�������X���������f������������������������������������

�(�S�J���U�I�T�
 ���P�N�B�T �-���
 �$�I�B�S�M�F�T �,�F�N�Q�
 �B�O�E �+�P�T�I�V�B �# �5�F�O�F�O�C�B�V�N �	�Š�ˆ�ˆ�•�
�� �i�#�B�Z�F�T�J�B�O �N�P�E�F�M�T �P�G �D�P�H�O�J�U�J�P�O�w�� �*�O��
�(�S�J�G�P�O�J�
 �1�B�U�S�J�[�J�B�
 �"�S�J�B�O�O�B �% �6�M�J�[�J�B�
 �B�O�E �'�F�S�O�B�O�E�P �'�F�S�S�J �	�Š�ˆ�‰�Ž�
�� �i�$�P�N�Q�V�U�B�U�J�P�O�B�M �N�F�U�I�P�E�T �B�O�E �H�S�B�N�N�B�S�T �J�O

�M�B�O�H�V�B�H�F �F�W�P�M�V�U�J�P�O �� �B �T�V�S�W�F�Z�w�� �*�O���"�S�U�J���D�J�B�M �*�O�U�F�M�M�J�H�F�O�D�F �3�F�W�J�F�X�Œ�•���‹�
 �Q�Q�� �‹�Ž�‘�o�Œ�ˆ�‹���1�<�6��
�����X���������f�b�����������@�������@���������@����

�)�B�N�N�B�S�T�U�S�Ú�N�
 �)�B�S�B�M�E �	�Š�ˆ�ˆ�‘�
�� �i�3�B�S�J�U�J�F�T �J�O �/�V�N�F�S�B�M �4�Z�T�U�F�N�T�w�� �*�O���3�F�U�I�J�O�L�J�O�H �V�O�J�W�F�S�T�B�M�T�� �)�P�X �S�B�S�J�U�J�F�T �B���F�D�U
�M�J�O�H�V�J�T�U�J�D �U�I�F�P�S�Z�� �&�E�� �C�Z �+�B�O �8�P�I�M�H�F�N�V�U�I �B�O�E �.�J�D�I�B�F�M �$�Z�T�P�V�X�� �%�F �(�S�V�Z�U�F�S �.�P�V�U�P�O�
 �Q�Q�� �‰�‰�o�Ž�ˆ��

�)�B�O�L�F�
 ���P�N�B�T �	�Š�ˆ�‰�ˆ�
�� �i�"�E�E�J�U�J�P�O�B�M �S�B�S�J�U�J�F�T �J�O �U�I�F �U�Z�Q�P�M�P�H�Z �P�G �O�V�N�F�S�B�M�T�w�� �*�O���3�F�U�I�J�O�L�J�O�H �6�O�J�W�F�S�T�B�M�T�� �)�P�X
�3�B�S�J�U�J�F�T �"���F�D�U �-�J�O�H�V�J�T�U�J�D ���F�P�S�Z�� �&�E�� �C�Z �+�B�O �8�P�I�M�H�F�N�V�U�I �B�O�E �.�J�D�I�B�F�M �$�Z�T�P�V�X�� �&�N�Q�J�S�J�D�B�M �"�Q�Q�S�P�B�D�I�F�T
�U�P �-�B�O�H�V�B�H�F �5�Z�Q�P�M�P�H�Z�� �#�F�S�M�J�O�
 �/�F�X �:�P�S�L�� �%�F �(�S�V�Z�U�F�S �.�P�V�U�P�O�
 �Q�Q�� �Ž�‰�o�‘�ˆ���1�<�6��
�����X���������f����������������������������

�)�F�J�O�F�
 �#�F�S�O�E �B�O�E �5�B�O�J�B �,�V�U�F�W�B �	�Š�ˆ�ˆ�Š�
���8�P�S�M�E �-�F�Y�J�D�P�O �P�G �(�S�B�N�N�B�U�J�D�B�M�J�[�B�U�J�P�O�� �$�B�N�C�S�J�E�H�F �6�O�J�W�F�S�T�J�U�Z �1�S�F�T�T�

�Q�� �Œ�ˆ�‰���1�<�6�������X���������f�*�"�P����������������������������

�)�P�D�L�F�U�U�
 �$�I�B�S�M�F�T �'�� �	�‰�‘�Ž�ˆ�
�� �i���F �0�S�J�H�J�O �P�G �4�Q�F�F�D�I�w�� �*�O���4�D�J�F�O�U�J���D �"�N�F�S�J�D�B�O�Š�ˆ�‹���‹�
 �Q�Q�� �•�•�o�‘�Ž���1�<�6��
�����X���������f�b�+�B�2�M�i�B�7�B�+���K�2�`�B�+���M���������@������

�)�V�S�G�P�S�E�
 �+�B�N�F�T �3�� �	�‰�‘�•�•�
�����F �-�J�O�H�V�J�T�U�J�D ���F�P�S�Z �P�G �/�V�N�F�S�B�M�T�� �$�B�N�C�S�J�E�H�F �4�U�V�E�J�F�T �J�O �-�J�O�H�V�J�T�U�J�D�T�� �$�B�N�C�S�J�E�H�F�

�6�O�J�U�F�E �,�J�O�H�E�P�N�� �$�B�N�C�S�J�E�H�F �6�O�J�W�F�S�T�J�U�Z �1�S�F�T�T��

�‰ �	�‰�‘�•�•�
���-�B�O�H�V�B�H�F �B�O�E �/�V�N�C�F�S�� ���F �&�N�F�S�H�F�O�D�F �P�G �B �$�P�H�O�J�U�J�W�F �4�Z�T�U�F�N�� �0�Y�G�P�S�E���/�F�X �:�P�S�L�� �#�B�T�J�M
�#�M�B�D�L�X�F�M�M��

�‰ �	�‰�‘�‘�‘�
���"�S�U�J���D�J�B�M�M�Z �H�S�P�X�J�O�H �B �O�V�N�F�S�J�D�B�M �T�Z�T�U�F�N��
�)�V�S�G�P�S�E�
 �+�B�N�F�T �3 �	�Š�ˆ�ˆ�ˆ�
�� �i�4�P�D�J�B�M �5�S�B�O�T�N�J�T�T�J�P�O �'�B�W�P�V�S�T �-�J�O�H�V�J�T�U�J�D �(�F�O�F�S�B�M�J�[�B�U�J�P�O�w�� �*�O�����F �&�W�P�M�V�U�J�P�O�B�S�Z

�&�N�F�S�H�F�O�D�F �P�G �-�B�O�H�V�B�H�F�� �4�P�D�J�B�M �'�V�O�D�U�J�P�O �B�O�E �U�I�F �0�S�J�H�J�O�T �P�G �-�J�O�H�V�J�T�U�J�D �'�P�S�N��

�‰�‰�•

http://dx.doi.org/10.1209/epl/i2005-10481-7
http://arxiv.org/abs/0603205
http://dx.doi.org/10.1016/j.jtbi.2006.05.024
http://dx.doi.org/10.1007/3-540-48304-7_87
http://dx.doi.org/10.1016/j.jtbi.2009.04.004
http://dx.doi.org/10.1109/TIT.2003.813506
http://dx.doi.org/10.1016/j.tics.2004.05.002
http://dx.doi.org/10.1038/nature14541
http://dx.doi.org/10.1080/15326900701326576
http://dx.doi.org/10.1007/s10462-015-9449-3
http://dx.doi.org/10.1515/9783110220933
http://dx.doi.org/10.1017/CBO9780511613463
http://dx.doi.org/10.1038/scientificamerican0960-88


�)�V�S�G�P�S�E�
 �+�B�N�F�T �3�� �	�Š�ˆ�ˆ�‰�
�� �i�-�B�O�H�V�B�H�F�T �5�S�F�B�U �‰ �o �Œ �4�Q�F�D�J�B�M�M�Z�w�� �*�O���.�J�O�E �� �-�B�O�H�V�B�H�F�‰�Ž���‰�
 �Q�Q�� �Ž�‘�o�•�•��
�‰ �	�Š�ˆ�ˆ�•�
�� �i�" �Q�F�S�G�P�S�N�F�E �Q�S�B�D�U�J�D�F �F�Y�Q�M�B�J�O�T �B �M�J�O�H�V�J�T�U�J�D �V�O�J�W�F�S�T�B�M�� �$�P�V�O�U�J�O�H �H�J�W�F�T �U�I�F �1�B�D�L�J�O�H �4�U�S�B�U�F�H�Z�w��

�*�O���-�J�O�H�V�B�‰�‰�•���•�
 �Q�Q�� �•�•�‹�o�•�•�‹���1�<�6�������X���������f�D�X�H�B�M�;�m���X���������X�����X��������
�+�B�F�H�F�S�
 �)�F�S�C�F�S�U �F�U �B�M�� �	�Š�ˆ�ˆ�‘�
�� �i�8�I�B�U �$�B�O �.�B�U�I�F�N�B�U�J�D�B�M�
 �$�P�N�Q�V�U�B�U�J�P�O�B�M�
 �B�O�E �3�P�C�P�U�J�D �.�P�E�F�M�T �5�F�M�M �6�T �B�C�P�V�U

�U�I�F �0�S�J�H�J�O�T �P�G �4�Z�O�U�B�Y� �w �*�O���#�J�P�M�P�H�J�D�B�M �'�P�V�O�E�B�U�J�P�O�T �B�O�E �0�S�J�H�J�O �P�G �4�Z�O�U�B�Y�� �&�E�� �C�Z �%�F�S�F�L �#�J�D�L�F�S�U�P�O �B�O�E
�&�Ú�S�T �4�[�B�U�I�N�È�S�Z�� ���F �.�*�5 �1�S�F�T�T�
 �Q�Q�� �‹�•�•�o�Œ�‰�ˆ���1�<�6�������X���������f�K�B�i�T�`�2�b�b�f���������������������������X�������X����������

�+�V�D�L�F�U�U�
 �%�B�W�J�E �"�� �B�O�E �#�B�S�O�F�U�U �3�P�T�F�O�C�F�S�H �	�‰�‘�‘�‹�
�� �i�$�P�N�Q�B�S�J�T�P�O �P�G �U�I�F �(�P�N�Q�F�S�[ �B�O�E �8�F�J�C�V�M�M �'�V�O�D�U�J�P�O�T �B�T
�%�F�T�D�S�J�Q�U�P�S�T �G�P�S �)�V�N�B�O �.�P�S�U�B�M�J�U�Z �%�J�T�U�S�J�C�V�U�J�P�O�T �B�O�E �U�I�F�J�S �*�O�U�F�S�T�F�D�U�J�P�O�T�w�� �*�O���.�F�D�I�B�O�J�T�N�T �P�G �"�H�F�J�O�H
�B�O�E �%�F�W�F�M�P�Q�N�F�O�U�Ž�‘���‰���Š�
 �Q�Q�� �‰�o�‹�‰���1�<�6���?�i�i�T�,�f�f�/�Q�B�X�Q�`�;�f�����X���������f���������@���������U�����V�����������@����

�,�F�N�Q�
 �$�I�B�S�M�F�T �B�O�E �5�F�S�S�Z �3�F�H�J�F�S �	�Š�ˆ�‰�Š�
�� �i�,�J�O�T�I�J�Q �$�B�U�F�H�P�S�J�F�T �"�D�S�P�T�T �-�B�O�H�V�B�H�F�T �3�F���F�D�U �(�F�O�F�S�B�M
�$�P�N�N�V�O�J�D�B�U�J�W�F �1�S�J�O�D�J�Q�M�F�T�w�� �*�O���4�D�J�F�O�D�F�‹�‹�Ž���Ž�ˆ�•�Œ�
 �Q�Q�� �‰�ˆ�Œ�‘�o�‰�ˆ�•�Œ���1�<�6�������X���������f�b�+�B�2�M�+�2�X����������������

�,�I�F�U�B�S�Q�B�M�
 �/ �F�U �B�M�� �	�Š�ˆ�‰�‹�
�� �i�4�Q�B�U�J�B�M �U�F�S�N�T �B�D�S�P�T�T �M�B�O�H�V�B�H�F�T �T�V�Q�Q�P�S�U �O�F�B�S���P�Q�U�J�N�B�M �D�P�N�N�V�O�J�D�B�U�J�P�O�� �&�W�J�E�F�O�D�F
�G�S�P�N �1�F�S�V�W�J�B�O �"�N�B�[�P�O�J�B�
 �B�O�E �D�P�N�Q�V�U�B�U�J�P�O�B�M �B�O�B�M�Z�T�F�T�w�� �*�O���1�S�P�D�F�F�E�J�O�H�T �P�G �U�I�F �­�¯�U�I �"�O�O�V�B�M �.�F�F�U�J�O�H �P�G
�U�I�F �$�P�H�O�J�U�J�W�F �4�D�J�F�O�D�F �4�P�D�J�F�U�Z�� �$�P�P�Q�F�S�B�U�J�W�F �.�J�O�E�T�� �4�P�D�J�B�M �*�O�U�F�S�B�D�U�J�P�O �B�O�E �(�S�P�V�Q �%�Z�O�B�N�J�D�T�
 �+�V�M�Z
�­�«���"�V�H�V�T�U �­�
 �¬�ª�«�­�
 �Q�Q�� �•�Ž�Œ�o�•�Ž�‘��

�,�J�S�C�Z�
 �4�J�N�P�O �	�Š�ˆ�ˆ�‰�
�� �i�4�Q�P�O�U�B�O�F�P�V�T �F�W�P�M�V�U�J�P�O �P�G �M�J�O�H�V�J�T�U�J�D �T�U�S�V�D�U�V�S�F �� �"�O �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H �N�P�E�F�M �P�G �U�I�F
�F�N�F�S�H�F�O�D�F �P�G �S�F�H�V�M�B�S�J�U�Z �B�O�E �J�S�S�F�H�V�M�B�S�J�U�Z�w�� �*�O���*�&�&�& �5�S�B�O�T�B�D�U�J�P�O�T �P�O �&�W�P�M�V�U�J�P�O�B�S�Z �$�P�N�Q�V�U�B�U�J�P�O�•���Š�

�Q�Q�� �‰�ˆ�Š�o�‰�‰�ˆ���1�<�6�������X���������f���������X��������������

�‰ �	�Š�ˆ�‰�•�
�� �i�$�V�M�U�V�S�F �B�O�E �C�J�P�M�P�H�Z �J�O �U�I�F �P�S�J�H�J�O�T �P�G �M�J�O�H�V�J�T�U�J�D �T�U�S�V�D�U�V�S�F�w�� �*�O���1�T�Z�D�I�P�O�P�N�J�D �#�V�M�M�F�U�J�O �� �3�F�W�J�F�X
�Š�Œ���‰�
 �Q�Q�� �‰�‰�•�o�‰�‹�•���1�<�6�������X���������f�b�����������@�������@���������@����

�,�J�S�C�Z�
 �4�J�N�P�O�
 �)�B�O�O�B�I �$�P�S�O�J�T�I�
 �B�O�E �,�F�O�O�Z �4�N�J�U�I �	�Š�ˆ�ˆ�•�
�� �i�$�V�N�V�M�B�U�J�W�F �D�V�M�U�V�S�B�M �F�W�P�M�V�U�J�P�O �J�O �U�I�F �M�B�C�P�S�B�U�P�S�Z��
�"�O �F�Y�Q�F�S�J�N�F�O�U�B�M �B�Q�Q�S�P�B�D�I �U�P �U�I�F �P�S�J�H�J�O�T �P�G �T�U�S�V�D�U�V�S�F �J�O �I�V�N�B�O �M�B�O�H�V�B�H�F�w�� �*�O���1�S�P�D�F�F�E�J�O�H�T �P�G �U�I�F
�/�B�U�J�P�O�B�M �"�D�B�E�F�N�Z �P�G �4�D�J�F�O�D�F�T�‰�ˆ�•���‹�‰�
 �Q�Q�� �‰�ˆ�Ž�•�‰�o�‰�ˆ�Ž�•�Ž���1�<�6�������X���������f�T�M���b�X����������������������

�,�J�S�C�Z�
 �4�J�N�P�O�
 �.�J�L�F �%�P�X�N�B�O�
 �B�O�E ���P�N�B�T �-�� �(�S�J���U�I�T �	�Š�ˆ�ˆ�•�
�� �i�*�O�O�B�U�F�O�F�T�T �B�O�E �D�V�M�U�V�S�F �J�O �U�I�F �F�W�P�M�V�U�J�P�O �P�G
�M�B�O�H�V�B�H�F���w �*�O���1�S�P�D�F�F�E�J�O�H�T �P�G �U�I�F �/�B�U�J�P�O�B�M �"�D�B�E�F�N�Z �P�G �4�D�J�F�O�D�F�T �P�G �U�I�F �6�O�J�U�F�E �4�U�B�U�F�T �P�G �"�N�F�S�J�D�B�‰�ˆ�Œ���‰�Š�

�Q�Q�� �•�Š�Œ�‰�o�•�Š�Œ�•���1�<�6�������X���������f�T�M���b�X����������������������

�,�J�S�C�Z�
 �4�J�N�P�O�
 �5�P�N �(�S�J���U�I�T�
 �B�O�E �,�F�O�O�Z �4�N�J�U�I �	�Š�ˆ�‰�Œ�
�� �i�*�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H �B�O�E �U�I�F �F�W�P�M�V�U�J�P�O �P�G �M�B�O�H�V�B�H�F�w�� �*�O��
�$�V�S�S�F�O�U �0�Q�J�O�J�P�O �J�O �/�F�V�S�P�C�J�P�M�P�H�Z�Š�•�
 �Q�Q�� �‰�ˆ�•�o�‰�‰�Œ���1�<�6�������X���������f�D�X�+�Q�M�#�X���������X�����X��������

�,�J�S�C�Z�
 �4�J�N�P�O �B�O�E �+�B�N�F�T �3 �)�V�S�G�P�S�E �	�Š�ˆ�ˆ�Š�
�� �i���F �&�N�F�S�H�F�O�D�F �P�G �-�J�O�H�V�J�T�U�J�D �4�U�S�V�D�U�V�S�F�� �"�O �0�W�F�S�W�J�F�X �P�G �U�I�F
�*�U�F�S�B�U�F�E �-�F�B�S�O�J�O�H �.�P�E�F�M�w�� �*�O���4�J�N�V�M�B�U�J�O�H �U�I�F �&�W�P�M�V�U�J�P�O �P�G �-�B�O�H�V�B�H�F�� �-�P�O�E�P�O�� �4�Q�S�J�O�H�F�S �-�P�O�E�P�O�

�Q�Q�� �‰�Š�‰�o�‰�Œ�•���1�<�6�������X���������f�������@���@���������@���������@���n����

�,�J�S�C�Z�
 �4�J�N�P�O�
 �,�F�O�O�Z �4�N�J�U�I�
 �B�O�E �)�F�O�S�Z �#�S�J�H�I�U�P�O �	�Š�ˆ�ˆ�Œ�
�� �i�'�S�P�N �6�( �U�P �6�O�J�W�F�S�T�B�M�T�� �-�J�O�H�V�J�T�U�J�D �B�E�B�Q�U�B�U�J�P�O
�U�I�S�P�V�H�I �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H�w�� �*�O���4�U�V�E�J�F�T �J�O �-�B�O�H�V�B�H�F�Š�•���‹�
 �Q�Q�� �•�•�•�o�Ž�ˆ�•���1�<�6�������X���������f�b�H�X�����X���X�����F�B�`��

�,�J�S�C�Z�
 �4�J�N�P�O�
 �.�P�O�J�D�B �5�B�N�B�S�J�[�
 �F�U �B�M�� �	�Š�ˆ�‰�•�
�� �i�$�P�N�Q�S�F�T�T�J�P�O �B�O�E �D�P�N�N�V�O�J�D�B�U�J�P�O �J�O �U�I�F �D�V�M�U�V�S�B�M �F�W�P�M�V�U�J�P�O �P�G
�M�J�O�H�V�J�T�U�J�D �T�U�S�V�D�U�V�S�F�w�� �*�O���$�P�H�O�J�U�J�P�O�‰�Œ�‰�
 �Q�Q�� �•�•�o�‰�ˆ�Š���1�<�6�������X���������f�D�X�+�Q�;�M�B�i�B�Q�M�X���������X�����X��������

�,�O�V�U�I�
 �%�P�O�B�M�E �&�� �	�‰�‘�Ž�•�
�� �i�4�F�N�B�O�U�J�D�T �P�G �D�P�O�U�F�Y�U���G�S�F�F �M�B�O�H�V�B�H�F�T�w�� �*�O���.�B�U�I�F�N�B�U�J�D�B�M �4�Z�T�U�F�N�T ���F�P�S�Z�Š���Š�

�Q�Q�� �‰�Š�•�o�‰�Œ�•���1�<�6�������X���������f�"�6������������������

�-�F�W�J�O�T�P�O�
 �4�U�F�Q�I�F�O �$�� �	�Š�ˆ�‰�Š�
�� �i�,�J�O�T�I�J�Q �B�O�E �)�V�N�B�O ���P�V�H�I�U�w�� �*�O���4�D�J�F�O�D�F�‹�‹�Ž���Ž�ˆ�•�Œ�
 �Q�Q�� �‘�•�•�o�‘�•�‘���1�<�6��
�����X���������f�b�+�B�2�M�+�2�X����������������

�-�P�S�F�U�P�
 �7�J�U�U�P�S�J�P �F�U �B�M�� �	�Š�ˆ�‰�‰�
�� �i�4�U�B�U�J�T�U�J�D�B�M �Q�I�Z�T�J�D�T �P�G �M�B�O�H�V�B�H�F �E�Z�O�B�N�J�D�T�w�� �*�O���+�P�V�S�O�B�M �P�G �4�U�B�U�J�T�U�J�D�B�M �.�F�D�I�B�O�J�D�T��
���F�P�S�Z �B�O�E �&�Y�Q�F�S�J�N�F�O�U�Š�ˆ�‰�‰���ˆ�Œ�
 �1�ˆ�Œ�ˆ�ˆ�Ž���1�<�6�������X���������f���������@���������f���������f�����f�S������������

�.�B�E�T�F�O�
 �.�B�U�I�J�B�T �8�J�O�U�I�F�S �	�Š�ˆ�‰�•�
���3�B�O�E�P�N �1�S�P�D�F�T�T�F�T �B�O�E �&�S�H�P�E�J�D�J�U�Z��
�/�B�L�B�H�B�X�B�
 �5�P�T�I�J�P �B�O�E �4�I�V�O�K�J �0�T�B�L�J �	�‰�‘�•�•�
�� �i���F �%�J�T�D�S�F�U�F �8�F�J�C�V�M�M �%�J�T�U�S�J�C�V�U�J�P�O�w�� �*�O���*�&�&�& �5�S�B�O�T�B�D�U�J�P�O�T �P�O

�3�F�M�J�B�C�J�M�J�U�Z�3���Š�Œ���•�
 �Q�Q�� �‹�ˆ�ˆ�o�‹�ˆ�‰���1�<�6�������X���������f�h�_�X���������X����������������
�/�J�Z�P�H�J�
 �1�B�S�U�I�B �B�O�E �3�P�C�F�S�U �$ �#�F�S�X�J�D�L �	�Š�ˆ�ˆ�‘�
�� �i���F �Q�S�P�Q�F�S �U�S�F�B�U�N�F�O�U �P�G �M�B�O�H�V�B�H�F �B�D�R�V�J�T�J�U�J�P�O �B�O�E �D�I�B�O�H�F �J�O

�B �Q�P�Q�V�M�B�U�J�P�O �T�F�U�U�J�O�H�w�� �*�O���1�/�"�4�‰�ˆ�Ž���Š�•�
 �Q�Q�� �‰�ˆ�‰�Š�Œ�o�‰�ˆ�‰�Š�‘��
�/�P�S�S�J�T�
 �+�� �3�� �	�‰�‘�‘�•�
���.�B�S�L�P�W �$�I�B�J�O�T�� �$�B�N�C�E�S�J�H�F�� �$�B�N�C�S�J�E�H�F �6�O�J�W�F�S�T�J�U�Z �1�S�F�T�T���1�<�6��

�/�Q�B�X�Q�`�;�f�����X���������f�*�"�P����������������������������
�/�P�X�B�L�
 �.�B�S�U�J�O �B���
 �/�B�U�B�M�J�B �-�� �,�P�N�B�S�P�W�B�
 �B�O�E �1�B�S�U�I�B �/�J�Z�P�H�J �	�Š�ˆ�ˆ�‰�
�� �i�&�W�P�M�V�U�J�P�O �P�G �V�O�J�W�F�S�T�B�M �H�S�B�N�N�B�S���w �*�O��

�4�D�J�F�O�D�F �	�/�F�X �:�P�S�L�
 �/���:���
�Š�‘�‰���•�•�ˆ�‰�
 �Q�Q�� �‰�‰�Œ�o�•���1�<�6�������X���������f�b�+�B�2�M�+�2�X�������X���������X��������
�0�M�J�Q�I�B�O�U�
 �.�J�D�I�B�F�M �B�O�E �+�P�I�O �#�B�U�B�M�J �	�‰�‘�‘�Ž�
�� �i�-�F�B�S�O�J�O�H �B�O�E �U�I�F �&�N�F�S�H�F�O�D�F �P�G �$�P�P�S�E�J�O�B�U�F�E �$�P�N�N�V�O�J�D�B�U�J�P�O�w��

�*�O���$�F�O�U�F�S �G�P�S �S�F�T�F�B�S�D�I �P�O �M�B�O�H�V�B�H�F �O�F�X�T�M�F�U�U�F�S�‰�‰���‰�
 �Q�Q�� �‰�o�Œ�Ž���1�<�6�������X���X���X�����X����������
�1�F�S�G�P�S�T�
 �"�N�Z �F�U �B�M�� �	�Š�ˆ�‰�‰�
�� �i�" �U�V�U�P�S�J�B�M �J�O�U�S�P�E�V�D�U�J�P�O �U�P �#�B�Z�F�T�J�B�O �N�P�E�F�M�T �P�G �D�P�H�O�J�U�J�W�F �E�F�W�F�M�P�Q�N�F�O�U�w�� �*�O��

�$�P�H�O�J�U�J�P�O�‰�Š�ˆ���‹�
 �Q�Q�� �‹�ˆ�Š�o�‹�Š�‰���1�<�6�������X���������f�D�X�+�Q�;�M�B�i�B�Q�M�X���������X�����X��������
�3�F�B�M�J�
 �'�M�P�S�F�O�D�J�B �B�O�E ���P�N�B�T �-�� �(�S�J���U�I�T �	�Š�ˆ�‰�ˆ�
�� �i�8�P�S�E�T �B�T �B�M�M�F�M�F�T�� �D�P�O�O�F�D�U�J�O�H �M�B�O�H�V�B�H�F �F�W�P�M�V�U�J�P�O �X�J�U�I

�#�B�Z�F�T�J�B�O �M�F�B�S�O�F�S�T �U�P �N�P�E�F�M�T �P�G �H�F�O�F�U�J�D �E�S�J�����w �*�O���1�S�P�D�F�F�E�J�O�H�T�� �#�J�P�M�P�H�J�D�B�M �T�D�J�F�O�D�F�T �� ���F �3�P�Z�B�M �4�P�D�J�F�U�Z
�Š�•�•���‰�Ž�•�ˆ�
 �Q�Q�� �Œ�Š�‘�o�‹�Ž���1�<�6�������X���������f�`�b�T�#�X���������X����������

�‰�‰�‘

http://dx.doi.org/10.1016/j.lingua.2006.03.002
http://dx.doi.org/10.7551/mitpress/9780262013567.003.0018
http://dx.doi.org/http://doi.org/10.1016/0047-6374(93)90068-3
http://dx.doi.org/10.1126/science.1218811
http://dx.doi.org/10.1109/4235.918430
http://dx.doi.org/10.3758/s13423-016-1166-7
http://dx.doi.org/10.1073/pnas.0707835105
http://dx.doi.org/10.1073/pnas.0608222104
http://dx.doi.org/10.1016/j.conb.2014.07.014
http://dx.doi.org/10.1007/978-1-4471-0663-0_6
http://dx.doi.org/10.1075/sl.28.3.09kir
http://dx.doi.org/10.1016/j.cognition.2015.03.016
http://dx.doi.org/10.1007/BF01692511
http://dx.doi.org/10.1126/science.1222691
http://dx.doi.org/10.1088/1742-5468/2011/04/P04006
http://dx.doi.org/10.1109/TR.1975.5214915
http://dx.doi.org/doi.org/10.1017/CBO9780511810633
http://dx.doi.org/10.1126/science.291.5501.114
http://dx.doi.org/10.1.1.27.2287
http://dx.doi.org/10.1016/j.cognition.2010.11.015
http://dx.doi.org/10.1098/rspb.2009.1513


�#�J�C�M�J�P�H�S�B�Q�I�Z

�3�F�H�J�F�S�
 �5�F�S�S�Z�
 �1�B�V�M �,�B�Z�
 �B�O�E �/�B�W�F�F�O �,�I�F�U�B�S�Q�B�M �	�Š�ˆ�ˆ�•�
�� �i�$�P�M�P�S �O�B�N�J�O�H �S�F���F�D�U�T �P�Q�U�J�N�B�M �Q�B�S�U�J�U�J�P�O�T �P�G �D�P�M�P�S
�T�Q�B�D�F���w �*�O���1�S�P�D�F�F�E�J�O�H�T �P�G �U�I�F �/�B�U�J�P�O�B�M �"�D�B�E�F�N�Z �P�G �4�D�J�F�O�D�F�T �P�G �U�I�F �6�O�J�U�F�E �4�U�B�U�F�T �P�G �"�N�F�S�J�D�B�‰�ˆ�Œ���Œ�

�Q�Q�� �‰�Œ�‹�Ž�o�Œ�‰���1�<�6�������X���������f�T�M���b�X����������������������

�3�F�H�J�F�S�
 �5�F�S�S�Z�
 �$�I�B�S�M�F�T �,�F�N�Q�
 �B�O�E �1�B�V�M �,�B�Z �	�Š�ˆ�‰�•�
�� �i�8�P�S�E �N�F�B�O�J�O�H�T �B�D�S�P�T�T �M�B�O�H�V�B�H�F�T �T�V�Q�Q�P�S�U �F���D�J�F�O�U
�D�P�N�N�V�O�J�D�B�U�J�P�O�w�� �*�O�����F �I�B�O�E�C�P�P�L �P�G �M�B�O�H�V�B�H�F �F�N�F�S�H�F�O�D�F�
 �Q�Q�� �Š�‹�•�o�Š�Ž�‹���1�<�6��
�����X���������f���������������������������X�+�?������

�3�P�H�S�Ó�H�V�F�[�
 �(�F�S�N�È�O �	�Š�ˆ�ˆ�•�
�� �i�4�V�S�W�J�W�B�M �.�P�E�F�M�T�w�� �*�O���-�F�D�U�V�S�F �/�P�U�F�T �P�O �(�F�O�F�S�B�M�J�[�F�E �-�J�O�F�B�S �.�P�E�F�M�T�� �$�I�B�Q�� �•��
�4�N�J�U�I�
 �"�O�E�S�F�X �%���.�� �	�Š�ˆ�‰�Œ�
�� �i�.�P�E�F�M�T �P�G �M�B�O�H�V�B�H�F �F�W�P�M�V�U�J�P�O �B�O�E �D�I�B�O�H�F�w�� �*�O���8�J�M�F�Z �*�O�U�F�S�E�J�T�D�J�Q�M�J�O�B�S�Z

�3�F�W�J�F�X�T�� �$�P�H�O�J�U�J�W�F �4�D�J�F�O�D�F�•���‹�
 �Q�Q�� �Š�•�‰�o�Š�‘�‹���1�<�6�������X���������f�r�+�b�X����������
�4�N�J�U�I�
 �,�F�O�O�Z �	�Š�ˆ�ˆ�Š�
�� �i���F �D�V�M�U�V�S�B�M �F�W�P�M�V�U�J�P�O �P�G �D�P�N�N�V�O�J�D�B�U�J�P�O �J�O �B �Q�P�Q�V�M�B�U�J�P�O �P�G �O�F�V�S�B�M �O�F�U�X�P�S�L�T�w�� �*�O��

�$�P�O�O�F�D�U�J�P�O �4�D�J�F�O�D�F�‰�Œ���‰�
 �Q�Q�� �Ž�•�o�•�Œ���1�<�6�������X���������f������������������������������������
�‰ �	�Š�ˆ�ˆ�‘�
�� �i�*�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H �J�O �Q�P�Q�V�M�B�U�J�P�O�T �P�G �#�B�Z�F�T�J�B�O �B�H�F�O�U�T�w�� �*�O���$�P�H�T�D�J �4�P�D�J�F�U�Z �$�P�O�G�F�S�F�O�D�F�


�Q�Q�� �Ž�‘�•�o�•�ˆ�Š��
�4�N�J�U�I�
 �-�J�O�E�B �# �F�U �B�M�� �	�Š�ˆ�ˆ�Š�
�� �i�0�C�K�F�D�U �O�B�N�F �M�F�B�S�O�J�O�H �Q�S�P�W�J�E�F�T �P�O���U�I�F���K�P�C �U�S�B�J�O�J�O�H �G�P�S �B�U�U�F�O�U�J�P�O���w �*�O��

�1�T�Z�D�I�P�M�P�H�J�D�B�M �T�D�J�F�O�D�F �� �B �K�P�V�S�O�B�M �P�G �U�I�F �"�N�F�S�J�D�B�O �1�T�Z�D�I�P�M�P�H�J�D�B�M �4�P�D�J�F�U�Z �� �"�1�4�‰�‹���‰�
 �Q�Q�� �‰�‹�o�‰�‘���1�<�6��
�����X���������f���������@���������X������������

�4�U�F�F�M�T�
 �-�V�D �	�‰�‘�‘�•�
�� �i�" �4�F�M�G���0�S�H�B�O�J�[�J�O�H �4�Q�B�U�J�B�M �7�P�D�B�C�V�M�B�S�Z�w�� �*�O���"�S�U�J���D�J�B�M �-�J�G�F�Š���‹�
 �Q�Q�� �‹�‰�‘�o�‹�‹�Š���1�<�6��
�����X���������f���`�i�H�X���������X���X��������

�‰ �	�Š�ˆ�‰�‰�
�� �i�.�P�E�F�M�J�O�H �U�I�F �D�V�M�U�V�S�B�M �F�W�P�M�V�U�J�P�O �P�G �M�B�O�H�V�B�H�F�w�� �*�O���1�I�Z�T�J�D�T �P�G �-�J�G�F �3�F�W�J�F�X�T�•���Œ�
 �Q�Q�� �‹�‹�‘�o�‹�•�Ž��
�1�<�6�������X���������f�D�X�T�H�`�2�p�X���������X�����X��������

�‰ �	�Š�ˆ�‰�Š�
�� �i�*�O�U�S�P�E�V�D�U�J�P�O�� �4�F�M�G���P�S�H�B�O�J�[�B�U�J�P�O �B�O�E �T�F�M�F�D�U�J�P�O �J�O �D�V�M�U�V�S�B�M �M�B�O�H�V�B�H�F �F�W�P�M�V�U�J�P�O�w�� �*�O��
�&�Y�Q�F�S�J�N�F�O�U�T �J�O �$�V�M�U�V�S�B�M �-�B�O�H�V�B�H�F �&�W�P�M�V�U�J�P�O�
 �Q�Q�� �‰�o�‹�•���1�<�6�������X���������f���B�b�X���X�����b�i�2��

�‰ �	�Š�ˆ�‰�•�
�����F �5�B�M�L�J�O�H �)�F�B�E�T �F�Y�Q�F�S�J�N�F�O�U�� �0�S�J�H�J�O�T �P�G �X�P�S�E�T �B�O�E �N�F�B�O�J�O�H�T�� �&�E�� �C�Z �-�V�D �4�U�F�F�M�T �B�O�E
�3�F�N�J �W�B�O �5�S�J�K�Q�� �$�P�N�Q�V�U�B�U�J�P�O�B�M �.�P�E�F�M�T �P�G �-�B�O�H�V�B�H�F �&�W�P�M�V�U�J�P�O�� �-�B�O�H�V�B�H�F �4�D�J�F�O�D�F �1�S�F�T�T���1�<�6��
�����X�����������f�H���M�;�b�+�B�X�#�����X������

�‰ �	�Š�ˆ�‰�Ž�
�� �i�"�H�F�O�U���C�B�T�F�E �N�P�E�F�M�T �G�P�S �U�I�F �F�N�F�S�H�F�O�D�F �B�O�E �F�W�P�M�V�U�J�P�O �P�G �H�S�B�N�N�B�S�w�� �*�O���1�I�J�M�P�T�P�Q�I�J�D�B�M
�5�S�B�O�T�B�D�U�J�P�O�T �P�G �U�I�F �3�P�Z�B�M �4�P�D�J�F�U�Z �#�� �#�J�P�M�P�H�J�D�B�M �4�D�J�F�O�D�F�T�‹�•�‰���‰�•�ˆ�‰�
 �Q�� �Š�ˆ�‰�•�ˆ�Œ�Œ�•���1�<�6��
�����X���������f�`�b�i�#�X���������X����������

�4�U�F�F�M�T�
 �-�V�D �B�O�E �5�P�O�Z �#�F�M�Q�B�F�N�F �	�Š�ˆ�ˆ�•�
�� �i�$�P�P�S�E�J�O�B�U�J�O�H �Q�F�S�D�F�Q�U�V�B�M�M�Z �H�S�P�V�O�E�F�E �D�B�U�F�H�P�S�J�F�T �U�I�S�P�V�H�I �M�B�O�H�V�B�H�F��
�" �D�B�T�F �T�U�V�E�Z �G�P�S �D�P�M�P�V�S�w�� �*�O���#�F�I�B�W�J�P�S�B�M �B�O�E �#�S�B�J�O �4�D�J�F�O�D�F�T�Š�•���ˆ�Œ�
 �Q�Q�� �Œ�Ž�‘�o�•�Š�‘���1�<�6��
�����X���������f�a���������������s������������������

�4�U�F�J�O�
 �8�J�M�M�J�B�N �&�� �B�O�E �3�P�O�B�M�E �%�B�U�U�F�S�P �	�‰�‘�•�Œ�
�� �i�" �/�F�X �%�J�T�D�S�F�U�F �8�F�J�C�V�M�M �%�J�T�U�S�J�C�V�U�J�P�O�w�� �*�O���*�&�&�& �5�S�B�O�T�B�D�U�J�P�O�T
�P�O �3�F�M�J�B�C�J�M�J�U�Z�3���‹�‹���Š�
 �Q�Q�� �‰�‘�Ž�o�‰�‘�•���1�<�6�������X���������f�h�_�X���������X����������������

�5�B�N�B�S�J�[�
 �.�P�O�J�D�B �	�Š�ˆ�‰�•�
�� �i�&�Y�Q�F�S�J�N�F�O�U�B�M �4�U�V�E�J�F�T �P�O �U�I�F �$�V�M�U�V�S�B�M �&�W�P�M�V�U�J�P�O �P�G �-�B�O�H�V�B�H�F�w�� �*�O���"�O�O�V�B�M �3�F�W�J�F�X
�P�G �-�J�O�H�V�J�T�U�J�D�T�‹���‰�
 �Q�Q�� �‹�•�‘�o�Œ�ˆ�•���1�<�6�������X���������f���M�M�m�`�2�p�@�H�B�M�;�m�B�b�i�B�+�b�@�������������@��������������

�5�B�N�B�S�J�[�
 �.�P�O�J�D�B �B�O�E �4�J�N�P�O �,�J�S�C�Z �	�Š�ˆ�‰�Ž�
�� �i���F �D�V�M�U�V�S�B�M �F�W�P�M�V�U�J�P�O �P�G �M�B�O�H�V�B�H�F�w�� �*�O���$�V�S�S�F�O�U �0�Q�J�O�J�P�O �J�O
�1�T�Z�D�I�P�M�P�H�Z�•�
 �Q�Q�� �‹�•�o�Œ�‹���1�<�6�������X���������f�D�X�+�Q�T�b�v�+�X���������X�����X��������

�5�P�N�B�T�F�M�M�P�
 �.�J�D�I�B�F�M �	�‰�‘�‘�‘�
�����F �D�V�M�U�V�S�B�M �P�S�J�H�J�O�T �P�G �I�V�N�B�O �D�P�H�O�J�U�J�P�O�
 �Q�� �Š�Œ�•��
�7�P�O �.�F�O�H�E�F�O�
 �'�F�S�E�J�O�B�O�E �	�Š�ˆ�ˆ�•�
�� �i���F �H�S�B�N�N�B�U�J�D�B�M�J�[�B�U�J�P�O �D�M�J�O�F �P�G �D�B�S�E�J�O�B�M �O�V�N�F�S�B�M�T �B�O�E �O�V�N�F�S�B�M

�T�Z�T�U�F�N�T�w�� �*�O���3�F�U�I�J�O�L�J�O�H �(�S�B�N�N�B�U�J�D�B�M�J�[�B�U�J�P�O�� �O�F�X �Q�F�S�T�Q�F�D�U�J�W�F�T�� �J�J�
 �Q�Q�� �Š�•�‘�o�‹�ˆ�•���1�<�6��
�����X���������f�i�b�H�X�����X�����K�2�M��

�8�F�J�C�V�M�M�
 �8�� �	�‰�‘�•�‰�
�� �i�" �T�U�B�U�J�T�U�J�D�B�M �E�J�T�U�S�J�C�V�U�J�P�O �G�V�O�D�U�J�P�O �P�G �X�J�E�F �B�Q�Q�M�J�D�B�C�J�M�J�U�Z�w�� �*�O���+�P�V�S�O�B�M �P�G �B�Q�Q�M�J�F�E
�N�F�D�I�B�O�J�D�T�‰�•�
 �Q�Q�� �Š�‘�‹�o�Š�‘�•��

�8�F�M�M�F�O�T�
 �1�J�F�U�F�S �	�Š�ˆ�‰�Š�
�� �i�"�E�B�Q�U�J�W�F �4�U�S�B�U�F�H�J�F�T �J�O �U�I�F �&�N�F�S�H�F�O�D�F �P�G �-�F�Y�J�D�B�M �4�Z�T�U�F�N�T�w�� �1�I�% �U�I�F�T�J�T�� �7�S�J�K�F
�6�O�J�W�F�S�T�J�U�F�J�U �#�S�V�T�T�F�M��

�8�I�B�M�F�O�
 �"�O�E�S�F�X �B�O�E ���P�N�B�T �-�� �(�S�J���U�I�T �	�Š�ˆ�‰�•�
�� �i�"�E�E�J�O�H �Q�P�Q�V�M�B�U�J�P�O �T�U�S�V�D�U�V�S�F �U�P �N�P�E�F�M�T �P�G �M�B�O�H�V�B�H�F
�F�W�P�M�V�U�J�P�O �C�Z �J�U�F�S�B�U�F�E �M�F�B�S�O�J�O�H�w�� �*�O���+�P�V�S�O�B�M �P�G �.�B�U�I�F�N�B�U�J�D�B�M �1�T�Z�D�I�P�M�P�H�Z�•�Ž�
 �Q�Q�� �‰�o�Ž���1�<�6��
�����X���������f�D�X�D�K�T�X���������X�����X��������

�9�V�
 �+�J�O�H�
 ���P�N�B�T �-�� �(�S�J���U�I�T�
 �B�O�E �.�J�L�F �%�P�X�N�B�O �	�Š�ˆ�‰�ˆ�
�� �i�3�F�Q�M�J�D�B�U�J�O�H �$�P�M�P�S �5�F�S�N �6�O�J�W�F�S�T�B�M�T �U�I�S�P�V�H�I
�)�V�N�B�O �*�U�F�S�B�U�F�E �-�F�B�S�O�J�O�H�w�� �*�O���1�S�P�D�F�F�E�J�O�H�T �P�G �U�I�F �­�¬�O�E �"�O�O�V�B�M �$�P�O�G�F�S�F�O�D�F �P�G �U�I�F �$�P�H�O�J�U�J�W�F �4�D�J�F�O�D�F
�4�P�D�J�F�U�Z�� �1�P�S�U�M�B�O�E�
 �0�3�� �$�P�H�O�J�U�J�W�F �4�D�J�F�O�D�F �4�P�D�J�F�U�Z�
 �Q�Q�� �‹�•�Š�o�‹�•�•��

�9�V�
 �:�B�O�H �B�O�E �5�F�S�S�Z �3�F�H�J�F�S �	�Š�ˆ�‰�Œ�
�� �i�/�V�N�F�S�J�D�B�M �4�Z�T�U�F�N�T �B�D�S�P�T�T �-�B�O�H�V�B�H�F�T �4�V�Q�Q�P�S�U �&���D�J�F�O�U
�$�P�N�N�V�O�J�D�B�U�J�P�O�� �'�S�P�N �"�Q�Q�S�P�Y�J�N�B�U�F �/�V�N�F�S�P�T�J�U�Z �U�P �3�F�D�V�S�T�J�P�O�w�� �*�O���1�S�P�D�F�F�E�J�O�H�T �P�G �U�I�F �­�°�U�I �"�O�O�V�B�M
�$�P�O�G�F�S�F�O�D�F �P�G �U�I�F �$�P�H�O�J�U�J�W�F �4�D�J�F�O�D�F �4�P�D�J�F�U�Z �	�$�P�H�4�D�J �¬�ª�«�®�
�
 �Q�Q�� �‰�•�ˆ�Š�o�‰�•�ˆ�•���1�<�6��
�����X���������f�b�����������@�������@���������@���X����

�;�I�P�V�
 �,�F�W�J�O �B�O�E �$�M�B�J�S�F �#�P�X�F�S�O �	�Š�ˆ�‰�•�
�� �i�2�V�B�O�U�J�G�Z�J�O�H �V�O�D�F�S�U�B�J�O�U�Z �J�O �U�I�F �Q�I�Z�M�P�H�F�O�F�U�J�D�T �P�G �"�V�T�U�S�B�M�J�B�O
�O�V�N�F�S�B�M �T�Z�T�U�F�N�T�w�� �*�O���1�S�P�D�F�F�E�J�O�H�T �P�G �U�I�F �3�P�Z�B�M �4�P�D�J�F�U�Z �#�� �#�J�P�M�P�H�J�D�B�M �4�D�J�F�O�D�F�T�Š�•�Š���‰�•�‰�•�
 �Q�� �Š�ˆ�‰�•�‰�Š�•�•��
�1�<�6�������X���������f�`�b�T�#�X���������X����������

�‰�Š�ˆ

http://dx.doi.org/10.1073/pnas.0610341104
http://dx.doi.org/10.1002/9781118346136.ch11
http://dx.doi.org/10.1002/wcs.1285
http://dx.doi.org/10.1080/09540090210164306
http://dx.doi.org/10.1111/1467-9280.00403
http://dx.doi.org/10.1162/artl.1995.2.319
http://dx.doi.org/10.1016/j.plrev.2011.10.014
http://dx.doi.org/10.1075/ais.3.02ste
http://dx.doi.org/10.17169/langsci.b49.75
http://dx.doi.org/10.1098/rstb.2015.0447
http://dx.doi.org/10.1017/S0140525X05000087
http://dx.doi.org/10.1109/TR.1984.5221777
http://dx.doi.org/10.1146/annurev-linguistics-011516-033807
http://dx.doi.org/10.1016/j.copsyc.2015.09.003
http://dx.doi.org/10.1075/tsl.76.14men
http://dx.doi.org/10.1016/j.jmp.2016.10.008
http://dx.doi.org/10.1007/s13398-014-0173-7.2
http://dx.doi.org/10.1098/rspb.2015.1278


�;�V�J�E�F�N�B�
 �8�J�M�M�F�N �	�Š�ˆ�ˆ�‹�
�� �i�)�P�X �U�I�F �1�P�W�F�S�U�Z �P�G �U�I�F �4�U�J�N�V�M�V�T �4�P�M�W�F�T �U�I�F �1�P�W�F�S�U�Z �P�G �U�I�F �4�U�J�N�V�M�V�T�w�� �*�O��
�"�E�W�B�O�D�F�T �J�O �/�F�V�S�B�M �*�O�G�P�S�N�B�U�J�P�O �1�S�P�D�F�T�T�J�O�H �4�Z�T�U�F�N�T �«�¯�‰�•�
 �Q�� �•�‰��

�‰ �	�Š�ˆ�‰�‹�
�� �i�-�B�O�H�V�B�H�F �J�O �/�B�U�V�S�F�� �0�O �U�I�F �&�W�P�M�V�U�J�P�O�B�S�Z �3�P�P�U�T �P�G �B �$�V�M�U�V�S�B�M �1�I�F�O�P�N�F�O�P�O�w�� �*�O�����F
�-�B�O�H�V�B�H�F �1�I�F�O�P�N�F�O�P�O�� �)�V�N�B�O �$�P�N�N�V�O�J�D�B�U�J�P�O �G�S�P�N �.�J�M�M�J�T�F�D�P�O�E�T �U�P �.�J�M�F�O�O�J�B�� �&�E�� �C�Z �1�����.�� �#�J�O�E�F�S
�B�O�E �,�F�O�O�Z �4�N�J�U�I�� �)�F�J�E�F�M�C�F�S�H�� �4�Q�S�J�O�H�F�S�� �$�I�B�Q�� �•�
 �Q�Q�� �‰�Ž�‹�o�‰�•�‘���1�<�6��
�����X���������f�������@���@�������@�����������@���n����

http://dx.doi.org/10.1007/978-3-642-36086-2_8



	The cultural origins of language
	Iterated Learning
	Early iterated learning models
	Iterated learning with Bayesian agents
	Convergence to the prior
	Convergent controversy
	Conclusions

	Naming Games
	The basic naming game
	The minimal strategy
	Lateral inhibition strategies
	Proof of convergence
	Conclusions

	Bayesian Language Games
	The Bayesian naming game
	The Dirichlet-categorical naming game
	Phenomenology of the dc naming game
	Language and production strategies
	Bayesian language games
	Characterising Bayesian language games
	Conclusions

	Numeral systems
	Balancing expressivity and simplicity
	An introduction to numeral systems
	The evolution of numeral systems
	Conclusions

	Emergent numeral systems
	Hurford’s base games
	Domain adaptivity in the base games
	Counting games
	Conclusions

	Conclusions
	Main contributions
	Future work

	Appendices
	Converging Markov Chains
	Lateral Inhibition Strategies
	Mathematical details of Dirichlet-categorical ng
	Dirichlet and categorical distributions
	Exponentiated distributions
	Measuring the distance between languages
	Bayesian updating and lateral inhibition

	Parameter space of the dc language game
	A discrete Weibull model of population turnover
	Reformulating the packing strategy
	Base games
	Implicit biases in the additive naming game
	Properties of the additive base game


	Bibliography

