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Towards a logical formalisation of Theory of Mind:
a study on False Belief Tasks

Anthia Solaki and Fernando R. Veldzquez-Quesada

Institute for Logic, Language and Computation, Universiteit van Amsterdam.
a.solaki2@uva.nl, F.R.VelazquezQuesada@uva.nl

Abstract. Theory of Mind, the cognitive capacity to attribute internal men-
tal states to oneself and others, is a crucial component of social skills. Its
formal study has become important, witness recent research on reasoning
and information update by intelligent agents, and some proposals for its
formal modelling have put forward settings based on Epistemic Logic
(EL). Still, due to intrinsic idealisations, it is questionable whether EL can
be used to model the high-order cognition of ‘real” agents. This manuscript
proposes a mental attribution modelling logical framework that is more
in-line with findings in cognitive science. We introduce the setting and
some of its technical features, and argue why it does justice to empirical
observations, using it for modelling well-known False-Belief Tasks.

Keywords: theory of mind, mental state attribution, false belief tasks, temporal
model, dynamic epistemic logic

1 Introduction

An important feature of how people function in social scenarios is that of Theory
of Mind (ToM), the cognitive capacity to attribute internal mental states, such as
knowledge and beliefs, to oneself and others [1].! Theory of Mind is a crucial
component of social skills: someone who understands that others might have
mental states different from hers, and can reason about those states, is much
better suited to understand their behaviour, and thus act and react appropriately.

Theory of Mind is slowly developed in the course of our lives [3,4] (and
at different speed for different types of persons [5,6]), starting with the ability
to make first-order attributions (e.g., someone knowing/believing that “Mary
believes that the ball is in the bag”) and progressing through attributions of second-
order mental states (e.g., someone knowing/believing that “Mary believes that
John believes that the ball is in the closet”). When testing one’s ToM, an extensively
used experiment is the Sally-Anne False-Belief Task.

ExampLE 1 (THE Sally-Anne (SA) task) The following is adapted from [3].

! There has been a debate on how this understanding of others’ mental states is achieved
(see, e.g., [2]). Some argue that it is by acquiring a theory of commonsense psychology
(theory theory); some others argue that it comes from a direct simulation of others’
mental states (simulation theory). We will use the term ToM without endorsing any of
these views, as such discussion falls outside the scope of this proposal.


a.solaki2@uva.nl
F.R.VelazquezQuesada@uva.nl

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

4l

Sally and Anne are in a room in which there are a basket and a box. Sally is holding
a marble. Then, after putting the marble into the basket, Sally leaves the room.
While Sally is away, Anne transfers the marble to the box. Then Sally comes back.

To pass the test, the subject should answer correctly the question “where does
Sally believe the marble to be?”. This requires for the subject to distinguish between
her own true belief (“the marble is in the box”) and Sally’s false belief (“the marble
is in the basket”). Experiments have shown that, while children older than 4
years old tend to answer correctly, younger children (or children on the autism
spectrum) tend to fail the test, reporting their own belief [3]. (But see [7].) <

In the enterprise of studying and understanding ToM, there has been a
growing interest on the use of formal frameworks. A seemingly natural choice
is Epistemic Logic (EL) [8,9], as it provides tools for representing not only the
knowledge/beliefs agents have about ontic facts, but also the knowledge/beliefs
they have about their own and others’ knowledge/beliefs. However, using EL
has some drawbacks. First, within EL’s standard relational ‘Kripke” semantics,
knowledge/beliefs are closed under logical consequence (the logical omniscience
problem; [10]). Moreover, the extra relational requirements for ‘faithful” repre-
sentations of knowledge and beliefs turn them into S5 and KD45 modal logics,
respectively, thus yielding fully (positive and negative) introspective agents.

There is an even more fundamental reason why EL might not be well-suited
for representing realistic high-order attributions. Semantically, both knowledge
and beliefs correspond to a universal quantification (¢ is known/believed iff it is
the case in all the alternatives the agent considers possible); still, for real agents,
these notions involve more elaborate considerations (e.g., observation, commu-
nication, reasoning). This ‘simple” universal quantification works because EL
uses a loaded model, which contains not only the (maximally consistent) alter-
natives the agent considers possible, but also every other alternative every other
agent considers possible.” In a few words, the semantic interpretation of (high-
order) knowledge/beliefs formulas is simple because the model is complex. Real
agents might not be able to have such a loaded structure ‘in their mind’, and
thus it is questionable whether the use of traditional EL can provide a proper
picture of the way real agents deal with mental attribution scenarios.

In light of these issues, one could even wonder whether it makes sense to
use logical tools for dealing with results of empirical research. Indeed, it has
been argued that psychological experiments and logic are essentially different’,
understanding the former as the study of empirical findings on the behaviour
of real ‘fallible” agents, and the latter as a normative discipline studying what
‘rational” agents should do. However, other authors (e.g., [14,15]) have justified
why bridging these two views is a worthwhile endeavour that also has promis-
ing applications (especially on reasoning and information update by intelligent

2 Frameworks for representing acts of private communication [11] make this clear. Their
additional structures, action models, have one ‘event’ for each different perspective the
agents might have about the communication, and the model after the communication
contains roughly one copy of the original model for each one of these perspectives.

3 Anti-Psychologism (e.g., [12]) has long been against attempts to reconcile the two [13].
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agents). Indeed, empirical research benefits from using formal tools to explain
their discoveries and understand their consequences, and logical frameworks
become richer and more ‘useful” when they capture human limitations and
prescribe behaviour attainable by real agents.

This work seeks a ToM’s logical setting that is more in-line with the findings
in cognitive science, with non-trivial and competent agents whose underlying
reasoning is reflected in the syntax and semantics.* To that end, we aim at the
converse direction to that of EL. Our structures are simple, encoding only basic
facts, and thus resembling the ‘frugal’ way real agents keep information stored.
However, interpretations of mental state attributions show that agents engage
in the, oftentimes strenuous, process of recalling these facts and deriving further
information on their basis.

Outline The text is organised as follows. Section 2 introduces the temporal visi-
bility framework, presenting its model and formal language, and also discussing
some of its technical aspects. Then, Section 3 relates the features of the setting
with findings in the cognitive science literature, using it to model well-known
mental attribution tasks in detail, and comparing it with other related formal
settings. Section 4 closes, recapitulating the highlights, discussing ways in which
the framework can be extended, and suggesting lines for further research.

2 Visibility in a temporal setting

In most mental attribution tasks, beliefs® are, at their lower (ontic) order, about
the location of certain objects (e.g., the marble’s location in the Sally-Anne Task).
We do take objects as the main entities about which agents have mental attitudes;
still, for simplicity, we will work with these objects’ colours. Let A # @ be the set
of agents (a,b,...), and O # @ be the set of objects (0,p,4,...). For each 0 € O,
the set R, contains the colours the object might have; define Rp := (J,c0 R,- The
model is a temporal structure, with each stage (state) fully described by both the
colour of each object and the objects and agents each agent sees.

DEFINITION 2.1 (TEMPORAL VISIBILITY MODEL) A temporal visibility (TV) model is
a tuple (n, S, 7, x, v) with (i) n € IN the index of the ‘most recent’ (current) stage;
(i) S a finite set of states with |S| = »; (iii)) T : S — {1..n} the temporal index
(bijective) function, indicating the temporal index (s) € {1..n} of each states € S;
(iv) x : S = (O — Ro) the colouring function, with x(s, 0) (abbreviated as «;(0))
the colour object 0 has at state 5,° (v) v : S = (A = (A U O)) the visibility
function, with v(s, a) (abbreviated as v;(a)) the entities (agents and objects) agent
a sees at state s.” Given a TV model, let s, € S be its (unique) state satisfying
T(Siast) = 1. <

* In particular, one goal is to find a system that provides a plausible answer on why
people find mental attribution tasks increasingly difficult as their order increases.

5 Following the common parlance in the literature describing the tasks we later model,
the term belief will be used for referring to an agent’s mental state.

6 Each object has a proper colour: %,(0) € R, holds for alls € Sand 0 € O.

7 Every agent can see herself in every state: a € v5(a) holds for all s € Sand all a € A.
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ExampLE 2 Take the Sally-Anne Task, with Sally (5a), Anne (An) and the marble
(mar). Consider a two-state model M with (i) s; the initial state, where both
agents see all agents and objects (v, (Sa) = v, (An) = {Sa, An, mar}) and the object
is black (ks, (mar) = black, read as ‘the marble is in Sally’s hands’), and (i) s, the
‘next’ state, where both agents still see everything, but now the object is white
(xs,(mar) = white, read as ‘the marble is in the basket’). The model is depicted as

4 3\
S1 < . > S2 < O >
Sa  mar An Sa  mar An
L v(Sa) = v(An) = {Sa, An, mar} v(Sa) = v(An) = {Sa, An, mar} ) <

Representing actions A TV model contains not only a state representing the
current situation (the state 7-!(n)) but also states indicating how the situation
was in the past (up to the initial 77!(1)). One can provide operations that extend
the current model with a state depicting the outcome of a certain activity (the
way the situation will be). In the Sally-Anne Task, some acts modify the colour
of objects (Sally puts the marble into the basket) and some others modify the
agents’ visibility (Sally leaves the room). Here are operations for them.

DEeFINITION 2.2 (COLOUR CHANGE) Let M = (1,5, 7,%,v) be a TV model, with
snew & S; take a set of objects {p1,...,px} € O, with ¢; € R, a proper colour for
each p;. The colour assignment [p1:=cy, ..., pr:=ci] produces the TV model

M[p1:=c1 ..... pri=ck] = <n + 1/ SuU {Snew}/ T/r K,/ VI>

in which (i) v’ preserves the temporal position of states in S, making s, the
most recent (so 7/(s) := 7(s) for s € S, and 7'(suew) 1= 1 + 1); (ii) k' is exactly as
k for states in S, with the new s, taking the colouring of s, for objects not
mentioned by the assignment, and following the assignment for the colour of
the objects it mentions (so, for any o € O, define «}(0) := xs(0) for s € S, with
K, (0) := K, (0) when o ¢ {p1,...,p}, and x;_ (pj) := ¢c; when o = p)); (iii) V'
preserves the visibility assignment for states in S, with visibility in s, exactly
as in sy (so, for any a € A, define v{(a) := vy(a) for s € S, and v{  (a) := v, (a)).<

DEFINITION 2.3 (VISIBILITY CHANGE) Let M = (n, S, 7, x,v) be a TV model, with
Swew & S; take a set of agents {b1,..., b} € A, and let X; € A U O be a set of
agents and objects for every b;, satisfying b; € X;. The visibility assignment
[b1X1, ..., bye—Xk] produces the TV model

.....

in which (i) t’ preserves the temporal position of states in S, making s, the
most recent (so 7'(s) := 1(s) for s € S, and ' (Spew) := 1 + 1); (i) k¥’ preserves
the colouring assignment for states in S, with the colouring in s,., exactly as
in syt (so, for any o € O, define x{(0) := x5(0) for s € S, and x| _ (0) := x,,(0));
(iii) v’ is exactly as v for states in S, with the new s, taking the Visibﬂity of Sy
for agents not mentioned by the assignment, and following the assignment for
those agents it mentions (so, for any a € A, define v/(a) := v,(a) for s € S, with
vy (@) :=vg,, (@) whena ¢ {by,..., b}, and v; (b)) := X; when a = b)). <

Snew
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The operations describe a change in the current situation; in this sense, they
are analogous to model operations in Dynamic Epistemic Logic (DEL; [16,17]).
Still, there is an important difference. Typically, DEL models describe only the
current situation, so model operations return a structure representing also a
single situation (the ‘next’ one). In contrast, while a TV model describes how
the situation is at the current stage (the state 7-!(n)), it might also describe how
the situation was in the past (the other states). Thus, while the operations add a
state describing the situation the action produces, they also retain the states of the
original model, hence keeping track of the past. In this sense, the TV setting can
be understood as a ‘dynamic temporal’: an underlying temporal structure that
can be extended by dynamic ‘model change’ operations. Other proposals using
similar ideas include [18] (cf. [19,20]), which redefines the operation representing
acts of (public and) private communication [11] to preserve previous stages, and
[21], whose models ‘remember’ the initial epistemic situation.

A formal language The language L, for describing TV models, contains basic
formulas expressing the (high-order) beliefs agents have about the colour of an
object, and it is closed under both the standard Boolean operators as well as
modalities for describing what will be the case after an action takes place.

DEerINITION 2.4 (LANGUAGE L) Given A, O and {R,}oe0, formulas ¢ of the lan-
guage L are given by

¢ =B, - By (0<c) | 7@ | AP |[a] P fork>1,{m,...,ax} CA,0€0,ceR,
a z=pr=cy,...,pi=c | by=Xy,...,bjeX; fori>1,{py,...,pi €O,c; €R,,
j> 1,{b1,...,bj} CAX; CAUPwithb; € X;

Vv

Formulas of the form B, - - - B, (0<ic), called mental attribution formulas, are read
as “agent a believes that . . . that agent ay believes that o has colour ¢”. Other Boolean
connectives (V, —, <) are defined in the standard way. <

Formulas in £ are evaluated in a TV model with respect its last state sy, the
fullest representation of the scenario available up that point. Nevertheless, as
the definition shows, the truth-value of formulas is influenced by earlier states.

DEFINITION 2.5 (SEMANTIC INTERPRETATION) Let M = (1, S, 7, %, v) be a tempo-
ral visibility model. The following definitions will be useful.

o Take x := B, - -+ B, (0<c). Its visibility condition on s € S, denoted by vis,(s),
and listing the requirements for x to be evaluated at s (agent 2; can see agent
ay, ..., agent 4,1 can see agent ai, agent 4 can see object 0), is given by

vis,(s) iﬁdﬁ,f ay €vg(m) & ... & a € vs(ax—1) & o € vs(a).

o Takes € Sand t < 1(s). The t-predecessor of s, denoted by [s]-;, is the (unique)
state appearing exactly f stages before s,° and it is formally defined as

[s]-¢ := 77} (2(s) = D)

8 In particular, [s]-o = s. Note also how [s]_; is undefined for ¢ > 7(s).
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For evaluating x := B,, --- B, (0<c), the process starts from sj,5, going ‘back in
time” one step at the time, looking for a state satisfying x’s visibility condition.
If such s’ is reached, x’s truth-value depends only on whether o has colour c at
s’; otherwise, x is false. Formally, and by using “€” for a natural-language dis-
junction (just as “&” stands for a natural-language conjunction), the satisfaction
relation I- between a TV model and a mental attribution formula is given by

no—latter—vis

i
set)—1 & not visg, ..., (o<c)([Stast]-(j-1))
M I+ By, -+ - By (0<c) i]j‘def j=1

=0 &
ViSBal~~-Bak(o<c)([slnst]—i)) & Ks,,.(0) = ¢
—_—
vis col

Thus, By, - - - By, (0<ac) holds at M when there is a state (the quantification indicated
by the main disjunction) in which the visibility condition is satisfied (the vis
part), the object has the indicated colour (the col part), and there is no ‘more
recent’ state satisfying the visibility condition (the no—latter—vis part).

Boolean operators are interpreted as usual. For ‘action” modalities,

M [a] ¢ l]fdef Mo F ¢ <

Before an example of the framework at work, there are four points worth-
while to emphasise. (i) The semantic interpretation of x := B, - - - By, (0<c) cap-
tures the discussed intuitive idea. On the one hand, if the visibility condition
fails at every state, the formula is false (every disjunct fails in its vis part). On the
other hand, if some states satisfy the visibility condition, let s’ be the time-wise
latest (i.e., s’ := T (max{7(s) | vis,(s)})); then, M I x iff xy(0) = c. (ii) For the
sake of simplicity, we assume that, when an agent a sees an agent b, and b sees
an object o, then a in fact sees b seeing o, as it should be intuitively the case in
order for a formula like B, B(0<c) to be evaluated.” (iii) The term ‘belief” here
does not have the strong EL reading; it is rather understood as “truth according
to the agent’s current information about what has happened so far” (a form of default
reasoning [24,25]: the agent assumes that things remain the way she saw them
last). (iv) Attributions to oneself boil down to the col part of the interpretation,
given the properties of v, thus giving any agent full positive introspection.

ExampLE 3 Recall the Sally-Anne Task, with its first two stages represented by
the model M in Example 2. The story continues with Sally leaving the room, after
which she can see neither Anne nor the marble anymore, and Anne can only

? Notice that visibility of each agent is not ‘common knowledge”: knowledge relies
on visibility, and an agent can see without being seen (Subsection 3.1). Additionally,
our simplifying assumption might be a problem for attributions under (semi-)private
actions. Work of [22,23] can be especially relevant in that respect.
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see the marble. This is represented by an operation extending the model with a
new state (s3) in which both Sa’s and An’s visibility have changed, yielding the
model M[SﬂH{Sa}lA,,{_[An,mar]] = M’ below.

4 N\
of < @ > «f < O > ol O > <
Sa  mar An Sa mar An mar  An Sa

L v(Sa) = v(An) = {Sa, An, mar} v(Sa) = v(An) = {Sa, An, mar} v(Sa) = {Sa}; v(An) = {An, mar} )

e Does Annebelieve that the marble is white? Intuitively, the answer should be
“yes”, and the system agrees: M’ I+ B, (mar<white) holds, as at s+ Anne sees
the marble (mar € v,(An)), and the marble is indeed white (x,, (mar) = white).

o Does Sally believe that the marble is white? The answer is “yes”, but for a
different reason: M’ I+ Bs,(mar<white) holds because (i) although Sa cannot
see mar now (at s3), (ii) the last time she saw it (sy), mar was white.

e Does Anne believe that Sally believes that the marble is white? The relevant
state is the last time Anne saw Sally looking at the marble, i.e., s,. Since mar
is white at s,, indeed M’ + Ba,, Bs,(mar<white).

e Finally, does Sally believe that Anne believes that the marble is white? As
before, we can verify that M’ + Bg, B, (mar<white). <

TV models from a modal perspective Readers familiar with modal logic [26]
will have noticed that a TV model is just a domain with a predecessor relation
(more precisely, a finite linear temporal structure); thus, it can also be described
by more standard modal languages. This will be made precise now, in order to
make explicit what the semantic evaluation of mental attribution formulas boils
down to. For simplicity, the focus will be £’: the fragment of £ that does not
include the dynamic modalities [p1:=cy, ..., pi:=c¢i] and [b1 <Xy, ..., bj<X]].

A modal language for describing a TV model requires special atoms for
agents’ visibility and objects” colour. For the modalities, evaluating mental at-
tribution formulas might require visiting previous states, so temporal operators
are needed. A suitable one for expressing what mental attribution formulas
encode is the since operator S(¢, ¢) [27] (more precisely, its strict version, found
also in, e.g., [28]), read as “since ¢ was true, ¥ has been the case”.'” Given a linear
structure M = (W, <, V) and w € W, the formula is interpreted as follows.

(M, w) - S(¢,¢)  iff 4 thereis u € W with (i) u < w, (i) (M, u) I ¢, and
(iii) (M, v) I+ ¢ forevery v € Wsuch thatu < v < w."!

10 Note: a single ‘predecessor’ modality is insufficient, as the number of back steps the
recursive exploration requires is a priori unknown. A modality for its reflexive and
transitive closure is still not enough: it takes care of the recursive search for a state
satisfying the visibility condition, but on its own cannot indicate that every state up
to that point should not satisfy it. More on the adequacy of since can be found in [27].

1 Within propositional dynamic logic [29], and in the presence of the converse >, the since
modality can be defined as S(¢p, 1) := ((>; PP U?(=¢ A ¥)))*) ¢, with “?” indicating
relational test, “;” indicating sequential composition, “U” indicating non-deterministic
choice, and “*” indicating one or more iterations.
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Thus, let Lg be the modal language whose formulas are given by

¢ u=<b|olodc| =P |pAP|S(P,P)

fora,b € A,0 € O and ¢ € R,. The semantic interpretation of the atoms <, b, <;0
and o<ic over a TV “pointed’ model (M, s) is the natural one (look at s’s contents,
given by v; and «;); the semantic interpretation of S(¢, ¥) is as above, with <
taken to be the “'strictly earlier than” relation over states in S, defined as s <'s” iff ;¢
7(s) < t(s"). Then, by using the abbreviation vis,,..q,0 1= <4 G2 A+ - A<, Ak A <4, 0
(SO Visy,..a,0 € Ls expresses the visibility condition of the formula B,, - - - B, (0<c)),
the translation tr : £/ — Lg is defined as

tr(By, - - - By, (0<€)) := (ViSg, a0 A 0<9C) V (= ViSy, a0 A S(ViSgy qp0 A 0<IC, 71 ViSy) gy0)),

tr(=¢) = —tr(¢), tr(p A ) = tr() A tr(Y).

Then, M I ¢ iff (M, sust) I+ tr(¢p) holds for any TV model M and any ¢ € L'
The crucial case, for mental attribution formulas, is apparent: tr(B,, - - - By, (0<c))
holds at sjs in M if and only if either the visibility condition holds and the
object has the indicated colour (visg,..q,0 A 0<c), or else the visibility condition
fails (= visg, ..q,0) and there is a state in the past where both visibility and colour
were satisfied, and since then visibility has failed (S(visg, ..q,0 A 0<c, 71 ViSg, ...0,0))-
This is exactly what the semantic interpretation of By, - - - B, (0<c) in M requires.

Bisimulation The translation ¢r provides an insight on the semantic clause for
mental attribution formulas. Equally illuminating is a bisimulation for £’

DEeFINITION 2.6 (TV-BisiMuLATION) Two TV models M = (1, S, 7, x, vy and M’ =
(m,S’, v, ,v') (with s, and s;as ; their respective ‘last’ states) are said to be TV-
bisimilar (notation: M £ M’) if and only if, for any mental attribution formula
X = B,, -+ B, (0<c), (I) Forth: if there is t € S such that (i) vis, () holds, (ii) vis ()
fails for every r € S with t(t) < ©(r) < 7(sust), and (iii) x:(0) = c, then there
is ' € S’ such that (i) vis,(t') holds, (ii) vis,(r’) fails for every ' € S with
T(t) < () < T'(s),,) and (iii) (o) = c. (II) Back: vice versa. <

It can be proved that, whenever M and M’ are TV-bisimilar, both models
satisfy the same £'-formulas.'” The colour of an object is relevant only if some
agent can see it (so, no ‘atom’ clause is needed). Note also how two TV models
satisfying the same £L’-formulas might differ in their cardinality, and also make
the same formula true in different ways (e.g., = B,(0<c) holds in M because, at
Siast, agent a sees 0 having a colour other than ¢, but it holds in M’ because, as
far as M’ is concerned, agent a has never seen o). Finally, notice how, although
TV-bisimulation implies £’-equivalence, it does not imply L-equivalence. Take
A = {a} and O = {0}, with s; a state in which a sees o being white, and s, one in
which a does not see 0. Take M to be the model with only s;, and M’ to be the
model with both s; and s,. The models are TV-bisimilar, hence £’-equivalent.

12 Since £’-formulas are evaluated with respect to a TV model’s last state, it is enough for
a bisimulation to establish a connection between those states, as the definition does.
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Yet, they can be distinguished by the formula [0:=black] B,(o<black) (true in M,
false in M’): the different reasons why [’-formulas are made true in bisimilar
models become salient when actions enter the picture. For a bisimulation for
Ls, it is enough to consider the mutual satisfaction of atoms in bisimilar points,
and suitable Since conditions, as the ones discussed in [30, p.413].

3 On modelling mental attribution scenarios

The TV framework aims to model belief attributions in a more cognitively
plausible way (compared with EL), revealing features thought of as crucial
ingredients of social cognition. Let’s justify these claims.

Informational economy On the one hand, a state in a TV model contains a
bare informational ‘minimum’”: only basic facts regarding objects and agents’
visibility. The operations on the model also induce ‘minimal” changes, in ac-
cordance to the criterion of informational economy in belief revision [31]. On
the other hand, the non-standard semantic clause for belief is complex, as the
state representing the current situation might not have all information neces-
sary to evaluate a complex belief attribution, and thus the information at other
(previous) stages might be needed. A ‘backtracking” process might be difficult
and time-consuming, depending on how many different states an agent needs
to ‘remember’, and our clause is sensitive to this observation, unlike the usual
modal interpretations. The level of complexity that one finds on the TV frame-
work for both representing a situation (low) and evaluating mental attributions
(high) can be contrasted with what EL does, as discussed in Section 1.

Perspective shifting Another important feature, identified in analyses of ToM
and formalisations of False-Belief Tasks (FBTs), is perspective shifting [32]. Suc-
cessful performance in the tasks (i.e., making correct attributions) requires a
perspective shift: stepping into the shoes of another agent. '° Asking for the vis-
ibility condition ensures precisely that agents change perspectives, even if that
means having to recall earlier stages. Making multiple shifts, e.g. in complex
high-order attributions, may be difficult compared to plainly attributing one’s
own belief to others, capturing why agents might fail in the tasks.

Principle of inertia A further crucial notion is the principle of inertia [6,33,34]:
an agent’s beliefs are preserved unless there is reason to the contrary. In our
case, reason to the contrary amounts to the satisfaction of visibility; if this is not
satisfied in the state of evaluation, then, essentially, the agent maintains beliefs
formed in earlier stages, where necessary information was available.

Dual process theories of reasoning Besides ToM, the TV setting is in agree-
ment with the literature supporting the dual process theories of reasoning [35,36,37].
According to them, there are two systems underlying human reasoning. Sys-
tem 1 (the fast mode) is quick, unconscious and automatic, often governed by
habit, biases and heuristics developed in the course of evolution. System 2 (the
slow mode) is gradual, deliberate and rule-based, and requires cognitive effort.

13 In fact, unsuccessful performance, e.g. of autistic children, is often connected with a
failure in perspective shifting, resulting in the subject reporting her own beliefs [6,33].
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System 1 is at play most of the time, constructing our idea of the world with el-
ementary cues and avoiding cognitive overload. When rule-based calculations
become necessary, e.g. in face of a demanding task, System 2 takes over, building
on inputs of System 1 to slowly produce an output in a step-wise fashion.

We argue that agents’” higher order reasoning roughly follows this pattern.
System 1 keeps track only of a bare-minimum of information (basic facts), with-
out overloading memory with information that can be later inferred. Whenever
a task requires more than what is stored (as higher-order attributions), System
2 takes over, using the inputs of System 1. This is precisely the pattern of our
semantics, with our models and updates encoding only basic facts. Whenever
a demanding task appears, such as the evaluation of a mental attribution, our
agents follow the cognitively hard calculations of our semantic clause.'* On the
basis of elementary facts regarding whom/what they observed, they test certain
conditions and trace back earlier states. It is only after this slow and effortful
process that they can determine whether a higher-order attribution holds.

3.1 Detailed examples

False-Belief Tasks use stories to test the ability to attribute mental states to others.
In what follows, we provide formal representations of some of these storylines,
to the level of abstraction allowed by our framework’s constructions.

ExampLE 4 (FirsT-oRDER FBT: THE Sally-Anne (SA) Task) The full storyline (Ex-
ample 1) can be represented within the TV framework, modulo minor changes,
as already hinted at. (1) Sally and Anne are in a room, with Sally holding the
marble (the model with only state s; in Example 2). (2) Sally puts the marble into
the basket (the full model in Example 2). (3) Sally leaves the room (the model in
Example 3). (4) Anne transfers the marble to the box (the model in Figure 1).
The task’s last step, Sally coming back to the room, prepares the audience for
the crucial question: “where does Sally believe the marble is?”. The action changes
Sally’s visibility (she can see Anne now), but it does not change the crucial fact
that she cannot see the marble. Thus, it is not relevant for our purposes.

So, which are Anne’s and Sally’s final high-order beliefs? According to
the framework, with M the model in Figure 1 (top): M I+ Bg,(mar<white) A
Ban(mar<green), and M I+ Bg, Ba,(mar<white) A Bay, Bs,(mar<white). <

ExampLE 5 (SECOND-ORDER FBT: THE chocolate (C) Task) Adapted from [39], the
task is as follows. (1) Mary and John are in a room, with a chocolate bar in
the room’s table. (2) John puts the chocolate into the drawer, then (3) leaving the
room. (4) Mary transfers the chocolate to the box. (5) John peeks into the room,
without Mary noticing, and sees the chocolate in the box.

The TV modelling works stepwise, with the initial situation represented by s;
(black indicates the chocolate is on the table), and each subsequent action adding

4 Although it is always possible to evaluate attributions of any length (like in possible-
worlds semantics), our semantic clause offers a mechanism to account for human
reasoning limitations, indicated by empirical research, e.g. on working memory [38].
It allows us to trace how many states need to be held in working memory, and therefore
explain why attribution-making might fail from some point on.
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Fig. 1: TV representations of Sally-Anne Task (top) and Chocolate Task (bottom).

a state. By putting the chocolate into the drawer (white), John produces s,, and by
leaving the room he produces s3. Mary creates s4 when she moves the chocolate
to the box (green), and finally s5 emerges when John peeks into the room. In
the final model, displayed in Figure 1 (bottom), we have the following: (i) M I-
Bua(cho<igreen) A Bj,(cho<igreen), (ii) M+ By, Bj,(cho<white) A By, Bya(cho<igreen),
and (iii) M + B, Bj, Bma(cho<iwhite) A By, By, Bjo(cho<white). <

Other FBTs (the Ice Cream Task [40], the Puppy Task [41] and the Bake-sale task
[42]) can be also represented in the TV framework, their crucial ToM features still
preserved. Still, some sources of change in zero- or higher- order information in
such dynamic scenarios might not be captured by our operations. While concep-
tually similar examples can fit into our setting, up to some level of abstraction,
different operations might be required for other scenarios (Section 4).

3.2 Comparison with other proposals for mental attributions

Through a relational ‘preference’ framework for modelling different degrees of
belief, [43] studies three kinds of agents (including agents on the autism spec-
trum), each endowed with specific “properties” as higher-order reasoners. Our
attempt does not focus on agents with specific strategies when evaluating belief
attributions, working instead on any agent’s reasoning behind such process.

In [6], the authors provide a non-monotonic, closed-world reasoning for-
malization of first-order FBTs, implemented within logical programming. They
use event calculus, with belief treated as a predicate, and rely on the principle of
inertia. While we design a different formalism, we still account for these features
without restricting ourselves to specific types of agents or orders of beliefs.

Another interesting logical formalization of FBTs is givenin [32,33,34]. These
papers use a proof-theoretic Hybrid Logic system for identifying perspective
shifts, while using inertia. The straightforward difference is that our approach
is rather semantic, with models keeping track of the actions involved, and in
which the evaluation of mental attributions reflects their cognitive difficulty.
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The framework of [44] uses EL-beliefs plus special atoms indicating the
location of objects and the agents’ visibility, then representing changes in the
situation as action-model-based acts of (private) communication that rely on
agents’ visibility.” The differences between our proposal and [44] have been
discussed: the contrast between complex models that simplify answering mental
attribution questions (EL) and simple states that require a complex process
for deciding high-order belief issues (here). The representation of actions also
differs: while [44] uses (a variation of) the heavy action models machinery (for
private communication), the actions of visibility and colour change presented
here simply modify atomic information. Finally, [44] also proposes two criteria
of success in formalizing FBTs: (i) robustness (being able to deal with as many
FBTs as possible, with no strict limit on the order of belief attribution), and
(ii) faithfulness (each action of the story should correspond to an action in the
formalism in a natural way). The TV framework fulfils these requirements: it is
robust enough to deal with different FBT's (see Subsection 3.1 and the discussion
therein), and the actions in the stories have a straightforward representation.

4 Summary and ongoing/future work

This paper has introduced a temporal framework suitable for capturing ‘real’
agents’ mental state attributions. Its most important feature is the contrast be-
tween a ‘simple’ semantic model (encoding only objects’ colours and agents’
visibility) and a ‘complex’ clause for interpreting mental state attributions (es-
sentially a temporal “since” operator). We have argued for its adequacy towards
representing important features of social cognition, as informational economy,
perspective shifting, inertia, and connections with dual process theories, with
these points exemplified through the modelling of common FBTs.

This project presents several lines for further research. On the technical side,
there are still aspects of the logical setting to be investigated (e.g., axiomatisa-
tion). Equally interesting is the exploration of extensions for modelling more
empirical findings. The main points made above on the adequacy of the frame-
work make for a suitable basis for such extensions. Here are two possibilities.

A perspective function The setting can be fine-tuned to capture special types
of high-order reasoning (see case-studies of [16]). For example, autistic children
tend to fail the FBT's because they attribute their own beliefs to others [5]. This
and other similar situations can be accommodated through the introduction of
a perspective function 7 : A = (A — A) (with m,(b) = ¢ understood as “agent
a considers agent b to have the perspective of agent c”), which then can be used to
define an appropriate variation of the visibility condition. In this way, an autistic
agent a would be one for which 71,(x) = a for any x € A, essentially relying only
on her own information, and thus attributing her own belief to others.

Different states for different agents at the same stage Another extension is
towards capturing scenarios involving communicative actions, including lying

15 For example, the act through which, in the absence of Sally, Anne moves the marble
from the basket to the box, is understood as a private announcement through which
only Anne is informed about the marble’s new location.
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and spread of misinformation (e.g., the Puppy Task, the Bake Sale Task) and
other manifestations of social cognition (e.g., negotiations, games). With them,
it makes sense to include different states for different agents at the same stage,
each one of them representing the (potentially different) information different
agents might have about the situation at the same stage.
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