






































































































































































76 Chapter 5. Philosophical Repercussions 

properly expressed within this context. On the other hand, problems arise con­
cerning de dicto modalities. In the case of properties of singular terms, like in 
the sentence 'the killer is bad', one can make it de dicto necessary by performing 
a syntactical manoeuvre: 

D (Kx -+ Bx) 

opposite to the de re counterpart: 

(Kx -+ D Bx) 

This is standard. But we want to stress that a pretty strong assumption is 
implicit here: namely that the intended reading of modal operators is a func­
tion of their syntactic distribution. This is at least controversial if we take 
the instance of representing Natural Language seriously: the phenomenological 
evidence supporting this claim is not strong enough. 

The situation becomes even worst when trying to represent modal identit­
ies: as we said, rigid terms make all identities necessary. Which means that 
two relevant modes in Natural Language are ruled out: first, totally de dkto 
identities, that may be contingent (it is not necessary that the US Postmaster 
being the same individual as the inventor of bifocals). Second, mixed modal 
identities, that say about a certain individual, labelled as x, that he could have 
the property of being the same as y; more clearly, suppose we want to say about 
the individual who happened Lo be (about him - de re intention), 
that he could be the killer. In this case, we want to keep track of our postman 
through all possible worlds, and check if somewhere this individual happen to 
have the property of being equal toy, the killer (de dicto intention). 

We can now consider the case of models with World-relative Terms. In 
fact, we have already seen what happens with dropping the assumption that 
terms are rigid: the system that we have called static GSV was nothing but a 
system of Predicate Modal Logic interpreted over possible worlds models with 
World-relative Assignments. We recall that the advantage of that system is 
that both a de re and a de dicto reading of modal operators is accounted for. 
But we already know that the price for achieving this is quite high. First, in 
connection with the last question of paragraph 5.2.1, we have already stressed 
that the common interpretation of quantification within a World-relative Terms 
semantics commits to a strong assumption: that the reading of modalities is a 
function of their syntactical distribution. Or, in other words, the fact that 
terms are not rigid implies that they are interpreted as individuals when they 
are within the scope of a quantifier, and as individual concepts when they are 
outside the scope of quantifiers. This is certainly a way for coping with both 
individuals/de re intensions from one hand and individual concepts/de dicto 
intentions from the other; but, once more, we doubt that this really catches 
what goes on in Natural Language. Finally, we want to mention a typical 
technical problem of models with World-relative Terms: classical principles of 
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instantiation become here invalid. An example: 

'V X<pX -/+ r.pt 

77 

As remarked in [40], this clearly shows that in World-relative Terms models 
quantification acts on rigid terms, while terms in general are non rigid. ' 

Summing up, we don't know of any uncontroversial representational tool 
here. Multimodal logic can be of some help, in as much as it can blend the 
different possible models for QML within the same semantics. Still, the solution 
is not uniform. We have seen as systems with Worlds-relative Terms, like static 
GSV, can model both readings at the same time. But even there, we hope to 
have shown that a questionable assumption has to be made assuming a link 
between the interpretation of intensional operators and the binding structure 
of the discourse. 

5.3 Dynamic Individuals and Modality 

5.3.1 What is on the market? 

We have seen basically three kinds of dynamic systems that seems to be good 
candidates for saying something about the old querelle on individuals and mod­
ality. Let us briefly sum up their main contributions. 

The system DMPL, opting for Fixed Assignments, is not fine-grained enough 
as to give a satisfactory account of the double reading of modal operators. In 
particular, DMPL validates the following principle: 

Os = t-+Ds = t 

From this point of view, DMPL does not differ from any static system of Modal 
Predicate Logic interpreted over Fixed Assignments models. Still, DMPL, in­
spired by (43] and by [44j, adds an important question, if not a solution, to the 
debate on individuals and modality: how to cope with the standard puzzles of 
the literature when pronouns are involved? In DMPL it becomes possible to 
make de re modal statements about pronouns without violating the principle of 
compositionality; but further system (cf. what follows) give further contributes 
to this point. 

The system GSV represents the distinction de re/de dicto by adopting a 
semantics with World-relative Assignments. This leads to a different reading 
of the existential quantifier, that searches for its witnesses by setting the whole 
logical universe (namely all the possible worlds) on a value at a time. To sum 
up our general claim, this option presupposes a controversial assumption on 
the structure of Natural Language: according to the GVS interpretation of 
existential quantification, a modality is to be read de re when inside the scope 
of an existential quantifier, de dicto when outside. Since existential quantifiers 
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are more or less explicitly at work in many places in Natural Language, this 
is also a commitment on the syntactic linguistic occurrence of de re and de 
dicto modalities. More generally, GSV assumes that terms are interpreted as 
individual concepts, except in case they are inside the scope of a quantifier. 
Again, we don't find any uncontrovertible linguistic evidence fo this. Moreover, 
we want to stress that this particular solution to the problem of quantified 
modality is not, once again, dynamic at all, since, as we have shown in Chapter 
3, the same reading of existential quantifiers can be adopted for a static system. 

Still, the system GSV adds an important contribution to the question of 
modalities applied to pronouns. As we hinted, this question is by now the most 
original contribute of the dynamic approach to the querelle on individuals and 
modality. Thanks to the World-relative Assignments, GSV manages to give a 
very fine-grained treatment of identities involving pronouns; we recall here (but 
see Chapter 3 for a more detailed explanation) the following two discourses: 

1. Someone has done it. There is someone hiding in the closet who might be 
the one who has done it. 

2. Someone has done it. There is someone hiding in the closet. He might be 
the one who has done it. 

that get the following formalization in GSV: 

1. T/XDX;T/y(Qy; Oy = x) 

2. 17xDx; ryyQy; Oy = x 

Interestingly, the 0 in the first formula is 'de re' only with respect to y, since 
it is inside the scope of 'T/Y· (i.e. y has the property of being possibly equal to 
x. Thus Oy = x does not imply Dy = x). Rather, the o in 2 is totally 'de 
dicta'. Unfortunately, as we have shown in Chapter 3, GSV does not allow a 
convincing formalization of a discourse like: 

There is someone hiding in the closet who might be Alessandro 

where Alessandro is given a fixed instantiation in all possible worlds. 

Finally, the system TKV manages to account for both the de re and the 
de dicto reading of modal operators, via a refinement of both the syntax and 
the semantics: the first one explicitly distinguishes among different modalities, 
while at the level of models this corresponds to different kinds of accessibility 
relations. In one word, this multimodal dynamic system uses the standard 
idea of coping with the different readings of modalities by means of different 
constraints within the same model, with corresponding modal operators. Again, 
its peculiarity lies in its being multimodal, and not quite in its being dynamic. 
Still, the treatment of modal puzzles involving pronouns is quite satisfactory, 
since it combines the advantages of the T/ (allowing a compositional treatment 
of intersentential bindings) with the advantages of an extremely fine-grained kit 
of modalities. 
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5 .3.2 Waiting for a dynamic cut 

In this section, we want to suggest a possible purely dynamic approach to the 
problems we have been considering. This is not a structured proposal, rather 
we aim to hint at a feasible direct application of the dynamic apparatus to the 
problem of individuals and modality. Recall that the dynamic contributions to 
this issue we have see so far are rather of an heuristic kind, in that they suggest 
new questions and points of view instea-0 of positively proposing new solutions. 

We take our cue from the last 'static' strategy that we have mentioned in the 
previous paragraph. More specifically, we assume that the puzzles concerning 
the Leibniz law and consequently the quantification within opaque contexts, 
depends on a subtle back and forth shift between de re reading and de dicto 
reading. 

9 is necessarily odd 

seems to Quine above discussion. We are tempted to say that he gives a de re 
reading of it. He would probably reply that no , it is a de dicto reading. In fact, 
under the assumption that the name '9' is a rigid designator, the distinction 
vanishes. But this is controversial. In other worlds, '9' could name something 
else. On the other hand: 

the number of planets is necessarily odd 

is false according to Quine. We have already said that it is de dicto false. De 
re it would be true. Moreover, the identity: 

9 = number of planets 

is modally unspecified, since it is read de re (in the sense that both '9' and 'the 
number of planets' are purely referential). But it would become contingent if 
read de dicto (requiring then an explicit modal specification). 

The moral we want to infer is that Quine seems to give to any modal state­
ment a sort of preferred reading, independent from the syntactical structure. 
This makes a typical question for the dynarnist arise: how does the mechanism 
for picking out the intended reading of a modal operator work? We can make 
some examples in order to show how this question makes sense. 

Suppose someone has been murdered. Suppose you have seen the killer. In 
some sense, you know him. You talk about him, i.e. about the individual you 
have seen. You could say something like 'he is surely very scared', because you 
saw he was trembling. This epistemic modality 'surely' is surely de re: you talk 
about an individual, not about a description. 

On the other hand, take the same situation. Suppose you don't know the 
killer, in any sense. You only know there is a killer. And you are investigating. 
Since the homicide was very cruel, you utter the following: 'he is surely very 
violent'. But in this case, you are talking about a description, about 'the killer' , 
and the 'surely' is surely de dicto. 
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This example shows m1 interf'sting feature of the distinct.ion de re/de dicto. 
It shows that the syntactic distribution of modal operators is not the only 
relevant fact in order to determine their reading. Sometimes, it is a matter of 
cognitive focus! 

Other interesting examples can be done about identities. We can take the 
case of the guy hiding in the closet who might have done it: 

Someone has done it. Someone is hiding in the closet. He might be 
the one who has done it 

In (45], the authors make an interesting claim. In case you know a little 
something about that someone (in particular: it is not your elder son, since you 
heard a subtle voice from the closet, and you elder has already a rough voice), 
then you are inclined to make de re modal assertions about that someone. In 
other words, knowing something makes your focus pass from a mere description 
to a (partial) individual. Thus. when saying 'he might be the one who has done 
it' you are meaning to read the might de re with respect to 'he' (namely with 
respect to the hiding guy), while presumably de dicto with respect to 'the one 
who has done it' (in other words: you are using the pronoun 'he' to pick a 
partial individual, while 'the one who has done' is just a description). On the 
other hand, if you don't know absolutely anything about the guy who is hiding, 
then you are lead to stay at the de dicto level. 'He might have done it' becomes 
then totally de dicto. 

If all these examples make some sense, than this is a good dynamic ques­
tion: how does the mechanism of 'cognitive focus', guiding the interpretation of 
modalities, work? 

It should be clear that we are already in the middle of the second tech­
nical problem of paragraph 5.2.1. In fact, bringing to the fore the process of 
selecting the intensions of modalities would answer - in dynamic terms - the 
representational question also. What we want to shortly remark here is the fol­
lowing: as we have already claimed in Chapter 3, the approach to the problem 
of representing de re and de dicto modalities as offered in (45] is not dynamic. 
We have shown that a static version of GSV can be designed that provides us 
with the same approach to this representational question. That solution is still 
bound to the view that the reading of modalities depends on their syntactical 
distribution. The dynamic cut we advocate suggests a different perspective: the 
reading of modalities depends on a cognitive process of some sort, that is just 
to be unveiled. We hope that the system TKV, presented in Chapter 3 can 
represent a first step in this (complex) research program. 



Appendix A 

More on Dynamic Modal Predicate 
Logic 

In this Appendix we will give a detailed description of the system Dl\1PL (cf. 
Chapter 3), while also providing a complete axiomatization and a large set of 
e..xamples of its application to Natural Language analysis. 

A.1 Semantics for DMPL 
The syntax of DMPL is like the synta," of DPL, but with a construction for 
epistemic 'might' added: 

DMPL 7r := Rt ... t I t = t I v :=? I 7rj 7r I •7r I 07r. 

We evaluate with respect to sets of first order models over the same universe 
M, i,e., we consider a DMPL model Mas a pair (M, W) where W is a set of 
first order interpretations over M. Variable assignments for M are elements of 
Mv. Index sets for M are subsets of W. 

We give a functional semantics that maps triples consisting of an index set, 
an input assignment and an output assignment to a new index set. Intuitively, 
~ [7r)~ = J means that given input assignment s and output assignment u for 
M, 7r maps index set I to index set J. Suppressing the parameter M for ease 
of reading, we can express the same as [7r]~(I) = J. The advantage of this 
functional formulation is that it clearly shows the two dimensions of parametric 
variation, the dimension of assignments and the dimension of index sets, with 
their interplay. 

The index set W pictures the case of complete ignorance. Of course, even in 
this case one has to make up his mind about what the pronouns (free variables) 
are supposed to refer to, both at the start and at the end of the processing; 
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namely, one has to fix an input and an output assignment function to be able 
to compute an output index set. If the discourse produces new information, 
the index set that results from the semantic processing will be a proper subset 
of the initial index set. On the other hand, a state of maximal information is 
given by an index set { i}, indicating that i is the only state of affairs compatible 
with one's information. Finally, the index set 0 pictures the case of inconsistent 
information: no state of affairs at all is compatible with what one knows or 
believes. 

A.1.1. DEFINITION. [Semantics of DMPL] 

1. [Rt1 · · · t,.]:,(J) = {i E I I s = u and M, i l=a Rt1 · · · t,.}. 

2. (t1 = t,.]~(J) = {i EI Is= u and M,i F=8 t1 = h}. 

3. (7r1; 7r2]~(J) = {i EI I there is an r with i E [7r2]~([7r1]~(J))}. 

4. (-.7r]~(J) = {i EI Is= u and there is nor with i E [7r]~(J)}. 

5. (v :=?)~(I) 

{i e I I u = s(vld) for some d EM} 

= { ~ 
6. (07r)~(J) 

if u = s(vld) for some d EM, 
otherwise. 

= {i e I I s= u and there is an r with (7r]:(I) :f. 0} 

= { ~ ifs= u and there is an r with [7r]:(I) :f. 0, 
otherwise. 

T he clauses for basic relations Rti · · · tn and identities t 1 = t2 say that atomic 
predicates serve to weed out the set of indices, given what the assignment func­
tion tells us about the referents of the variables. For every input index set, 
the output inde.x set simply consists of those items from the input index set 
that satisfy the predicate, given the assignment function, which itself remains 
unchanged. Note that identity is a logical relation which behaves the same in 
every world. 

T he clause for program concatenation says that the members of the output 
index set of the concatenated program are the output index set of the second 
program, when applied on the output index set of the first program for the 
original input index set, provided that some intermediate assignment function 
establishes the link between the input and the output assignment. Thus, along 
the index set dimension we have composition of update functions, as in UL, 
while along the assignment dimension we have relational composition, as in 
DPL. 



A.1. Semantics for DMPL 83 

Similarly, negation is boolean complement along the index set dimension, but 
computed in terms of possible assignment continuations along the assignment 
dimension. 

As in DPL, dynamic implication 7r1 => 7T2, is defined as -....(7T1; -....7T2). The 
DMPL semantics gives rise to the following clause for=>: 

[7T1 => 7r2]~(J) = {i EI I s= u and 

for all r with i E (7Td~(J) there is a p with i E [7r2]~([7Ti):(J))}. 

Thus, dynamic implication weeds out those indices that for some intermediate 
assignment function r satisfy the antecedent program but do not have an output 
assignment for which they also satisfy the consequent program. 

The clause for random assignment to v checks whether the output assign­
ment function is a v variant of the input assignment and returns the input index 
set if it does, the empty set if not. 

Finally, the clause for <> checks whether the output assignment equals the 
input assignment and whether it is consistent with 71'. 

As in UL, we have an elimination lemma: 

A.1.2. LEMMA. For all programs 1T of DMPL, all models M, all index sets I 
and assignments s, u: 
(7r]~ (I) ~ I. 

Also, it is easy to semantically characterize the test programs. Test programs 
are the programs for which (7T)~(J) =/; 0 implies that s = u. 

Acceptability and acceptance are defined in the spirit of UL. 

A.1.3. DEFINITION. A program rr is acceptable (in model M) for input index 
set I and input assignment s if there is an u for which [rr]~ (/) =ft 0. 
Intuitively, if the information conveyed by program rr is accepted by index set 
I then it does not weed out any of the current epistemic alternatives: 

A.1.4. DEFINITION. A program 1T is accepted (in model M) by index set J, 
given input assignments, if there is an u for which (rr)~(J) =I. 

Validity is defined in terms of acceptance, as follows. 

A.1.5. DEFINITION. A program 1T is valid if for all models M, for all I,s for 
M, 1T is accepted by/, given s. 

Notation: write .l. [rr)•(J) for {i EI I there is some u with i E [7r):_.(J)}. 

A.1.6. DEFINITION. 7T1 dynamically entails 1T2, notation rr1 F= rr2, if for all 
models M all index sets I and assignments s, u. for M, 
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We leave it to the reader to check that this definition combines the features of 
DPL entailment and UL entailment, both in the appropriate dimensions. 

To see that DMPL is a conservative extension of Update Logic, consider the 
restriction of DMPL to the update fragment, i.e., the fragment which only has 
0-ary predicates and no quantification. It is easily seen that the assignment 
parameters in the semantics become redundant, and the definition of DMPL 
entailment reduces to the Update Logic definition. 

If, on the other hand, we consider the DPL fragment of DMPL (all formulas 
without occurrences of the <> operator), then we may replace evaluation at an 
index set by evaluation at a single world, and we are back at the semantics of 
DPL. In this case the index set parameter becomes redundant and the definition 
of DMPL entailment reduces to the DPL definition. 

A.2 Some Simple Examples 

In order to gain insight in the semantics of DMPL it is useful to look at some 
very simple examples. Let us assume a model M with a set of worlds W 
consisting of three worlds over a universe { d, d'}, where a one place predicate 
P is defined as follows. 

Fw-i(P) = {d}. 

Fw3 (P) = 0. 

Now suppose also we only have one variable x in the language. Then Mv 
consists of just two assignment functions , x H d and x H d', which we will 
refer to as s and u respectively. Here are the results of evaluating some very 



A I Some Samplr Ezam11lt'.'I 

{P.r}~ ( \\ ") = iw1} 

(P.r}~ (l\ "l = (f'.r)~' ( l\" l = ~ 

[-.P.cJ:(ln = {u'.i} 

(17.r. : Px)~(W l = {ttt1 }. 

(11.c: Px)~ ( U" ) = {u·1 }. 

(<>P:r)!(H") = W. 

(<>Px)~(H') = W 

(<>Px)~(W) = (<>Pxt'(W) = 0. 

The first litmus test of the system is whether it can deal with the contrast 
between 'He may be present . .. He isn't present.' aud 'He isn't present ... • He 
may be present.', no matter what the referent of 'he' happens to be. We illus­
trate with the example interpretation that the semantics of Dl\1PL make the 
translation of the first acceptable, but that of the second unacceptable: 

[<>P.r; -,P.r)!( W ) = [-.Px)!([<>PJ]! (ff) ) 

= (-.Px)!(W) 

= {w3}. 
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[OPx; -.Px]::!(W) 

[-.Px; OPx]:(W) 

[-.Px; OPx]:'.:(W) 

[-.Px]~([OPx]~(W)) 

= [-.Px]~(W) 

= {w2,w3}. 

[OPx]!([--iPx]!(W)) 

= iOPx]!({w3}) 

= 0. 

[<>Px]~([-iPx]~(W)) 

= [OPx]~({w2,w3}) 

= 0. 

Secondly, the maybe operator should not eliminate any of the current epistem­
ica.lly possible worlds. A litmus test for this is that a sentence like He may be 
present, but he may just as well not be present should come out true in the 
situation of complete ignorance, and leave us in a state of complete ignorance. 
And this is precisely what we find, regardless of how the reference for 'he' gets 
fixed: 

[<>Px; o-.Px]!(W) [0-iPx]!([OPx)!(W)) 

[O-.Px]!(W) 

= w. 

[OPx; 0 --iPx]!!(W) = [O-.Px]~((OPx]~(W)) 

= [O-.Px]~(W) 

= w. 
We want to argue that if may in the following examples is taken in its epistemic 
sense, then (A.l) should turn out to be acceptable, but (A.2) should not. 

Everyone may have escaped from the fire... (A.l) 

Oh dear! Someone hasn't made it. 

Someone hasn't escaped from the fire. 
•Everyone may have escaped. 

(A.2) 

One can easily imagine a fire fighter uttering discourse (A.l) as a comment to 
a colleague during an inspection round. But (A.2) would sound very weird in 
those same circumstances. 
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It is clear, however, that may or might has more senses than the purely 
epistemic sense that we are focusing on here. Note, for instance, that the 
following discourse is intuitively acceptable. 

Someone hasn't escaped from the fire. 

Everyone might have escaped. 
(A.3) 

The acceptability of (A.3) means that might in this example does not express 
a purely epistemic modality. The second sentence of the discourse does not 
express that a state of affairs where everyone has escaped is in accordance 
with one's epistemic state (it is not, witness the information contained in the 
first sentence). The second sentence expresses something quite different: things 
might have turned out different from how they in fact turned out. To account 
for· this kind of example, we would have to introduce a new operator for alethic 
modality, which looks at all indices, irrespective of whether they are still 'in 
the game' as epistemic alternatives. This would boil down to evaluation in yet 
another dimension. We will not pursue this issue here. 

A.3 Quantified Dynamic Modal Logic 

To gain further insight in DMPL, our next goal is to provide an axiomatization. 
For this we take our cue from two existing axiomatizations for DPL and Update 
Logic, respectively. Van Eijck and De Vries [32] use Hoare logic to axiomatize 
DPL, and in Van Eijck and De Vries [33] they apply the same methods to 
Update Logic. The extension of DPL with the epistemic operator suggests the 
use of modal predicate logic as assertion language in a Hoare style calculus for 
DMPL programs. 

Rather than confining ourselves to Hoare style implications we want to be 
able to use the full range of logical connections between static assertions from 
modal predicate logic and programs from DMPL. We will therefore define a 
version of quantified dynamic modal logic that gives us the expressive power we 
need. This logic is inspired by Pratt (64]. See also Goldblatt (42) for a general 
survey of dynamic logics, Van Eijck (26) for a reformulation of the Hoare style 
calculus of Van Eijck and De Vries (32) in quantified dynamic logic, and Van 
Eijck and De Vries [34] for a reformulation of the Hoare style calculus for Update 
Logic in 85 propositional dynamic logic. 

QDML programs n :=Rt··· t It= t Iv :=? I n; 7f I -i7f I 07r. 

QDML formulas c.p ::=Rt··· t I t = t I -.c.p I c.p /\ c.p I 3vc.p I <>c.p I (-rr)c.p. 

The programs of QDL are the DMPL programs, the formulas are the formulas 
of modal predicate logic, with an extra modality for DMPL programs added. 
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We use T as an abbreviation of\t'x(x = x) and J. as an abbreviation of-.T . 
As is customary, we abbreviate -.(-.cp/\ -.'ljJ) as (cpV 'l/J). Also, we write -.(cp/\ -.'tfJ) 
as (cp -+ 't/J), -.O-.cp as Dcp, (-i ( rr1; -irr2))cp as (rr1 => rr2)cp, -. (rr)-.cp as [rr]cp 
and -.3x-.ip as 'rlxcp. Also, we omit outermost parentheses for readability. 

We consider index sets I as pointers to universal Kripke models consisting 
of those worlds which are the current epistemic alternatives, with accessibility 
relation I x I. Recall from the literature that the modal logic determined by 
the class of finite universal frames is S5. Moreover, for any universal model M 
(a universal frame with first order valuat ions in some domain M assigned to all 
of its worlds) there is a submodel M' where all worlds have different valuations, 
and such that M' validates the same formulas. M' can be got by throwing 
away the extra copies of the worlds with identical valuations: because of the 
universal accessibility this makes no difference to validity. 

We define the notion of truth in a model M , with respect to an index set I, 
an index i E I, and an assignment s for M. 

A .3.1. DEFINITION. [Truth in M for index set I, index i, ass s] 

L M,I,i,s I= Rt1 · · · t,. iff M,i 1=$ Rt1 · · ·t,. . 

2. M,I,i,s I= t1 = tz iff M,i l=s t1 = tz . 

3. M , T,i,s I= -.cp iffit is not. the c;ise that. M , T,i,s I= cp. 

4. M,l,i,s I= cp/\'t/J iff M , l , i,s I= cp and M , l ,i , s I= 't/J . 

5. M ,l,i,s I= 3vip ifffor some d EM, M,I,i , s(vld) I= cp. 

6. M, I, i , s I= Oip iff there is some j EI with M,I , j, s I= cp. 

7. M,I,i,s I= (n)cp iff ther·e is an assignment u for which i E [7r]!(l) and 
.M, (7r]!(J) , i ,u I= cp. 

More global notions of truth are now defined by universally quantifying over 
the various parameters, as usual: 

A .3.2. D EFINITION. [Truth for I and i, Trut h for I, Truth, Validity] 

• M , I, i I= cp if for all assignments s for M: M, I , i, s I= ip. 

• M , I I= cp if for all i E J: M , I , i I= ip. 

• M I= cp if for all I~ W: M, I I= cp. 

• I= cp if for all .M: .M I= cp. 

T he consequence relation for QDML is defined as follows: 

A .3.3. DF;FINITION. [Consequence for QDMLJ r I= cp if for all triples M ,I, i 
the following holds: if there is an assignment s for M with M, I, i, s I= 'Y for all 
'YE r, then M , I, i, s I= cp. 

It is convenient to define the following operation on index sets. 
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A .3 .4 . DEFINITION. [Pruning of index set I by c,o, given s] 
I~ 1£f {i EI I M,l,i,s I= ip}. 

Note that.!. (7r]8 (J) = 1(7r)T . 

89 

If <p, 'ljJ are formulas of QDML, then c,o.!:1/!, the localisation of <p to 1b, is defined 
as follows. 

A .3.5. DEFINITION. [Localised QDML formulas c,oJ..tfa] 

Rt 1 · · · tn .!.1/J = Rt1 · · · tn /\ 1/J 
t1 = tz.l.1/J t1 = t2 /\ 1/J 
(<pi /\ <.p2).J.1/J (<p1.J.1/J) /\ (c,o2.l.1/J) 
( • cp).l-1/J = 'l/; /\ •( ip.l.1/J) 
(3v<p).l.1/J = 3w(i,o[w/v].l.1/J) (w a new variable) 

( <>cp).l-1/J = 1/J /\ <> ( i,o.J.1/J) 
( (Rt1 · · · t,..)ip).l.1/J = (Rt1 · · · tn /\ cp).l.1/J 
( (t 1 = t 2)<p).l.1/J = (t1 = t2 /\ i,o).l.1/> 
((7r1 ; 7r2)<p}.l.'l/! ( (7r1){7r2)c,o).l.t/! 
((-i7r )<p ).J.1/J = (cp.l.[7r]l.).l.t/! 
((v := ?)c,o).l-1f> (3vc,o }.J.t/J 
(( 07!')<p ).J.'l/J = (i,o /\ 0(7r)T).J.tfi. 

The localisation operator will play an important role in the axioms to be presen­
ted in Section A.4. The following lemma makes clear what localisation accom­
plishes. 

A.3.6 . LEMMA . For all M = (M, W), all I~ W , and all assignments s for 
M· 1a _ (P)a 

. 'P.l...P - "' cp · 

Pro of: What we have to prove is that M,l,i , s I= cp.l.t,b iff M,I,i,s I- '!/! and 
M, 1$, i , s I- cp. T he proof uses induction on the structure of <.p; we merely give 
some example clauses. 

For atomic formulas Rf we have: M,l,i,s I= Rl.l.1/! iff M,I ,i, s I= Rt/\1/J iff 
both M ,I, i, s I= 1/J and M,I~, i, s I= Rl. 

The case of existential quantification: 

iff 
iff 
iff (ind hyp) 
iff ( w fresh) 
iff 

M, l ,i,s I= (3vi,o).J..,P 
M,l,i,s I= 3w(i,o[w/v].J.'I/!), with w new 
there is some d EM with M,l,i,s(wld) I= cp[w/v].l.1/J 
M , I , i, s(wld) I= 1/J and M,l~(wld), i, s(wld) I= ip[w/v] 
M, I, i, s I= 7/.J and M,1$, i, s(wld) I= c,o[w/v] 
M,I,i,s I= 'l/J and M,1$ ,i,s I= 3vc,o. 
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The modal operator case: 

M,I,i,s f= (O<p).j:1/; 
iff M, I, i, s f= 1jJ /\ O ( <p4:1/;) 
iff M, I, i, s F= 1jJ and there is a j E I such that 

M, I, j, s f= <p.j:1/; 
iff (ind hyp) M, I, i, s F= 'l/J and there is a j E I such that 

M,I,j,s F= 'I/; and M,I~,j,s I= <p 
iff M,I, i, s I= 'l/J and M,I~, i, sf= O<p. 

The definition of localisations for formulas starting with a program modality 
decomposes this operator, so in the program modality case all we have to do is 
check that the decomposition agrees with the semantic clause for the program 
construct and apply the induction hypothesis. This completes the induction 
argument and the proof. • 

A.4 A Calculus for QDML 

The calculus for QDML to be presented in this section provides the explicit 
link between static meaning and dynamic meaning for DMPL. The calculus has 
five sets of axiom schemata: (i) propositional and quantificational schemata, 
(ii) S5 schemata for the epistemic modality o , (iii) K-schemata for the program 
modalities, (iv) atomic test schemata and an assignment schema for the atomic 
program modalities, and ( v) program composition schemata. 

Propositional and Quantificational Schemata We start by taking the 
axiom schemata of propositional logic and first order quantification: 

1. A. cp-+ (1/J-+ <p) . 

2. A. (<p-+ ('I/;-+ x))-+ ((cp-+ 'I/;)-+ (cp-+ x)). 

3. A. (-.cp-+ -.'If;)-+ ('I/;-+ cp). 

4. A. Vvcp -+ [t/v]cp, provided t is free for v in <p. 

5. A. <p -+ Vv<p, provided v has no free occurrences in cp. 

6. A. Vv(i.p-+ 'I/;)-+ (Vvcp-+ "<:/v'l/;). 

7. A. v = v. 

8. A. v = w-+ (cp-+ cp'), where <p' results from replacing some v-occurrence(s) 
in <p by w. 

See e.g. Enderton [36] for discussion and motivation. 
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T h e 85 Schema ta for D 

9. A. D(cp-+ 'lfJ) -+ (D<,0-+ 07/J) . 

10. A. Dcp-+ <p. 

11. A. Dcp-+ OO<p. 

12. A. OD<p -+ <p. 

These are the propositional 85 modalities. The next axiom gives the Barcan 
Schema, which takes care of the interaction of quantifiers and the 85 modal 
operator. 

1 3 . A. Vv<>cp -+ <>Vvcp. 

T h e K -schema for t h e program modalit ies 

14 . A. [7rJ(cp-+ 'If;)-+ ([7r]<,0 -+ [7r]'tfi). 

Atom ic Test Schemata 

15. A. (R ti . .. tn)<p f-t <p.J,.Rt1 ... tn. 

16. A. (t1 = t2)<,0 t-t <,0.J..t1 = t2. 

A ssign m e nt S chema 

17. A. (v :=?)<p t-t 3v<p. 

Program Comp osit ion Sch emata The schemata for complex programs. 

18 . A. (7r1; 7r2)cp tt (7r1)(7r2)<,0. 

19. A. (-.7r)<p tt cp.J,.[7r]J.. 

20. A. (07r)<p tt <p /\ 0(7r)T. 

R ules of infer e nce The rules of inference of the calculus are Universal Gen­
eralization (conclude from I- cp to I- Vv<,0), Necessitation for D (conclude from 
I- <p to I- D<,0) and Modus Ponens (conclude from I- <,0 -+ 'lf1 and I- <,0 to I- 1/J). 
It turns out that necessitation for program modality can be derived (Proposi­
tion A.4.1). The notions of theoremhood (I- <p) and derivability from a set of 
premisses (r I- <p) in the calculus are defined in the standard way. 

A .4.1. PROPOSITION. 
If I- <,0, then I- [7r]<p. 

Proof: Induction on the complexity of 1r. 

A.4.2. THEOREM. If r I- <p then r F <p. 
• 
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Proof: Checking of axioms and rules, in the usual manner. • 
Completeness of the calculus is also straightforward, as is to be expected from 
the fact that there arc no difficult iterative phenomena (no Kleene star among 
the program operators). 

A.4.3. THEOREM. If r F <p then r f- <p. 

Proof: First observe that the following translation function • from QDML to 
85 modal predicate logic preserves truth for index set, index and assignment. 

(Rt1 · · · tn)* = Rt1 · · · tn 
(t1 = t2)° = t1 = t2 
(cp /\'Ip)* = IP• A 'I/;* 
('IP)" = -i<p* 
(3mp)* = 3vlP* 
( (Rt1 · · · tn)'P)* = <p" .!-Rti · · · tn 
((ti = t2)1P)" = <p* .l-t1 = t2 
((-rr1; 7l'2)ip)* ( ( 7!'1) ( rr2)<p) • 
( ( •-rr) IP )9 <p* -1-((11']1-)* 
((v :=?)<p)" = (3v1P)* 
((0-rr)cp)* = r.p* /\ 0({7r)T)* 

Thus, it follows from r I= <p that r I= IP*. Next, use the completeness of 85 
modal predicate logic to conclude from r I= <p* that r f- <p*. Finally, note that 
the translation steps and their inverses in the definition of· a.re licenced by the 
atomic test schemata and the program composition schemata of the calculus. 
This allows us to conclude from I' f- cp* that r f- <p. • 

A.5 C a lculating Meanings 

The translation function • from Theorem A.4.3 derives more or less directly 
from our calculus. We will now demonstrate that it can be used for calculating 
the meanings of DMPL programs as formulas of 85 modal predicate logic. 

Please note that in this paper we are not concerned with giving a translation 
algorithm from natural language to our representation language, although it is 
clear that this can be done using standard techniques from Montague grammar; 
see, e.g. , Bouchez, Van Eijck and Istace [17] or Muskens (60]. All that we 
want to establish here is that DMPL is a reasonable representation language for 
those aspects of natural language meaning that involve epistemic modalities and 
anaphoric linking, by showing that the translation function • that is implied by 
our calculus can be used to derive truth conditions for natural language texts 
in 85 modal predicate logic. 
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The demonstration will proceed by analyzing some example natural language 
texts. 

A man walked out. Maybe he was angry. (A.4) 

A reasonable DMPL translation is the following (note that we ignore tense). 

17x : man x; walk-out x; Oangry x. (A.5) 

We want to find a specification of the conditions under which this DMPL pro­
gram succeeds, for these are the truth conditions of the natural language ex­
ample (in the intended reading, as specified by the DMPL translation). In other 
words, we want the truth conditions of the following QDML formula. 

(TJX: man x; walk-out x; Oangry x)T. (A.6) 

We apply the translation function. 

((17x: man x; walk-out x; Oangry x)T)*. (A.7) 

What we get is: 

((TJX: man x; walk-out x; Oangry x)T)* = 
((TJX: man x)(walk-out x)(Oangry x)T)* 
3x((man x)(walk-out x){Oangry x)T)* = 
3x( ( (walk-out x) ( 0 angry x) T)* .I-man x) = 
3x(man x /\((walk-out x)(Oangry x)T)*) = 
3x(man x /\ ((Oangry x)T)* .I-walk-out x) = 
3x(man x /\walk-out x /\ ((Oangry x)T)*) = 
3x(man x /\walk-out x /\ O((angry x)T)*) = 
3x(man x /\walk-out x /\ O(T ..I.angry x)) = 
3x(man x /\walk-out x /\ Oangry x). 

Before we proceed to the next example, it is useful to list some derived trans­
lation instructions. 

([Rti · · · tn]<p)* ·- Rt1 · · · tn -t (ip* .J_Rt1 · · · tn) 
([t1 = t2)ip)• = t1 = tz -t (ip* ..l.t1 = t2) 
ffrr1; 7r2)ip)* = ( [ 7r1)[7r2)<p). 
([-i7r)ip)* = [7r)..L -t cp* .1-([7!')..L)* 
((7r1 => 7r2)cp)* cp* ..!.( [7r1] ( 7r2) T) * 
([7r1 => 7r2]cp )* = ([7r1](,.2)T)* -t <p* .l-([7r1)(rr2)T)* 
([17v : "]ip)* = Vv([,.Ji,ot 
([07r)cp)* = 0((1l)T)* -t <p* 

We can now tackle next example. 

If a man walks out, then maybe he is angry. (A.8) 
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A reasonable DMPL translation: 

(TJX : man x; walk-out x) => Oangry x. (A.9) 

We have to calculate the truth conditions of the following QDML sentence. 

((17x: man x; walk-out x) => Oangry x)T. (A.10) 

Again the • function allows us to translate this into S5 modal predicate logic. 

( (( 71x : man x; walk-out x) => 0 angry x) T)* = 
T.j..([17x: man x; walk-out x]{Oangry x)T)* = 
([11x : man x; walk-out x]{Oangry x)T)* = 
([17x: man x][walk-out x](<>angry x)T)* = 
Vx([man x][walk-out x ] (<>angry x)T)" = 
Vx(man x-+ ([walk-out x](<>angry x)T)*) = 
Vx(man x-+ (walk-out x-+ (Oangry x)T)*) = 
Vx(man x-+ (walk-out x-+ Oangry x)). 



Appendix B 

Outline of a completeness proof for 
TKVL 

In this appendix we will sketch a completeness proof for (a fragment of) of the 
TKVL system (for a detailed proof see [21]). The system TKVL is just the 
system TKV (cf. Chapter 3) enriched with a 'static' part, which will basically 
be a version of Modal Predicate Logic and with the 'switching' operator ( ). 
See next section for a precise defini tion. 

B.1 The question of dynamic completeness 

The question of proving the completeness of TKVL is just an instantiation of 
the well-researcli.ed issue of proving the completeness of dynamic systems. In 
fact, we will basically use standard techniques from the literature. In particular, 
we will take our clue from the strategy proposed in [26] (partly based on the 
classical metatheory of Dynamic Logic - cf. for instance [42]) and also used in 
(35] (cf. the previous Appendix). 

Concretely, we will get our completeness theorem in three steps: 

• first, we will give an axiomatization of TKVL; 

• second, using the previous axiomatization, we will translate (via a function 
*) the system TKVL into a multi.modal static system TKVL*, which will 
be in fact a subsystem of TKVL; 

• finally, we will prove the completeness of TKVL* {its axioms being the 
'static' axioms for TKVL, and its models being just TKVL models), by 
building its canonical model; this will automatically give us the complete­
ness of TKVL, because of the following two facts: 

95 
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1. the function * preserves validity of TKVL formulas (i.e., if F= cp then 
F= <i'*); 

2. if a formula <p* is derivable in TKVL*, then <p will be derivable in 
TKVL. 

We should stress that the peculiarity of the problem we are now going to cope 
with lies in the fact that the system TKVL is quite complex, both in its syntax 
and in its semantics. Concretely, TKVL has a great amount of different mod­
alities, that call for a different semantic interpretation. Since, as we have said, 
we will prove our completeness result at a 'static' level, many of the classical 
problems in the completeness theory for Modal Predicate Logic will come up 
here. The art will consist then in merging a number of techniques from the 
literature in order to solve these problems. 

B.2 T he system TKVL 

Let us start with the first step: defining a 'dynamic logic' in Pratt style for 
talking about Tarskian Kripkean Variations. For the sake of simplicity, we will 
not take into account the whole range of TKV programs, but rather confine our 
attention to the following kit, in which all semantic parameters are represented: 

T KVL Programs :: = Pt1 . .. t,. I ....,7T I 7T1; 7r2 I 'T/ I µ I o I 
O"?r I 0P.7T I oo'ff 

On the basis of this repertoire of programs, let us now define a Dynamic Logic for 
Tarskian Kripkean Variations, a la Pratt. Recall that this will be a multimodal 
system, where programs will only occur as 'labels' for modalities. 

TKVL formulas: Pti .. . tn I t1 = t2 I -.cp I <p /\ 'I/; I 3x<p I 
OP.cp I O"cp I 0 6<p I {7r)cp 

As for the semantic, here is an obvious adaptation of TV models: 

B.2.1. DEFINITION. [TVKL model] A TVKL model W consists of a family 
of models or 'states' {D,I,A), where A is an assignment from variables into 
the domain D and I is an interpretation function from predicate letters into 
denotations over the domain . Notation for states: w, v, u, .. .. These models 
carry the following 'shift relations': 

1. w =A v : w differs from v at most in its A-value 

2. w =1 v : w differs from v at most in its values for I 

3. w =o v : w differs from vat most in its domain D 

Let us see the semantic clauses for TVKL formulas on these models. 

B .2.2. DEFINITION. (TKVL truth in W,w] 
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1. W, W F Pti ... tn iff W I= Pti ... tn 

2. w, w I= ti = t2 iff w I= tll. = t2 

3. W, w I= -.rp iff not W, w I= <p 

4. W, w I= <p /\ 1/J iff W, w I= <p and W, w I= 1/J 
5. W, w I= 3x<p iff there is a d E nw such that W, w(xld) I= <p where w(xld) 

is like w except for the fact that it assigns to x the element d 

6. W, w I= O'"'<p iff there is a v such that w =1 v and W, v I= <p 

7. W, w I= 0'7<p iff there is a v such that w =A v and W, v I= <p 

8. W, w I= 0° <p iff there is a v such that w = D v and W, v I= <p 

9. W, w I= (-rr)rp iff there is a v such that w >-,.. v and v E [7r]W and W, v I= 'P 

Truth in a model and validity can be defined as follows: 

B.2.3. DEFINITION. [Truth in a model W] <p is true in W, notation WI= rp, if 
for all w E W: W, w I= t.p. 

B.2.4. DEFINITION. [Validity) t.p is TKVL valid, notation I= r.p, if for all TKVL 
models W: WI= t.p. 

B .3 Localization 

We will now define the notion of 'localization' (cf. also Appendix A), which 
will play an important role in the a.xiomatization of next section. Intuitively, 
the localization of a formula <p to a formula 'l/J (notation: Loc"'ip) restricts the 
range for cp to be evaluated to the extension of 1/J. Concretely, if <p contains 
existential modalities, then its localization to "ljJ will keep the search for the 
witnesses within the bounds of the extension of 1/J. 

This becomes clear in the following lemma: 

B.3.1. LEMMA. For all TKVL models W and all worlds w the following hold: 

W, w I= Loc"'rp iff w,,,, w I= <p 

where W,p = {w E WI W,w I= 1/J}. 

Proof: by induction on the definition of Loe (cf. Definition B.3.2). • 

Let us then see the definition of this non-commutative operation Loe: 

B.3.2. DEFINITION. [Localization of <p to 1/1] 

1. Loe"'(Pti ... tn) = Pti ... tn 

2. Loe"'(t1 = t2) = t1 = t2 

3. Loc"'(-.rp) = -iLoe"'(rp) 

4. Loc"'('P1 /\ cp2) = (Loe"1(rp1) /\ (Loe"1(cp2)) 
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5. Loc"1(3xcp) = 3xLoc.P(cp) 

6. LoctJl(Oµcp) = Oµ(Loc"'(r.p) /\'if;) 

7. £octP(O..,<p) = ori(Loc"'(r.p) /\ 1/J) 

8. Loc.P(06 t.p) = 0 6 (Loc"'(r.p) /\ 1/J) 

9. Loc.P((Pt1 ... tn)cp) = Loc"'(Pt1 . . . tn /\ cp) 

10. Loc"'((t1 = tn)cp) = Loc.P(t1 = tn /\ cp) 

ll. Loc"'((rr1; 7r2)cp) =Loe"'( (7r1)(7r2}c,o) 

12. Loc"'((-.7r)cp) = Loc"'(Loclwl.L(cp)) 

13. Loc"'((0,.7r)cp) = Loc"'(r.p /\ 0"(7r)T) 

14. £ oc.P((OTJ7r}cp) = Loc.P(c,o /\ ori(7r}T) 

15. Loc"'((067r)cp) = Loc"'(cp /\ <>0(7r}T) 

16. Loc"'((rJ,.: 7r}cp) = Loc"1(cl0,.(7r)cp) 

17. Loc"'((rJ..,: 7r}cp) = Loc"'(d<>..,(7r)cp) 

18. Loc"'((116 : 7r}cp) = Loc"'(d<>0 (7r)cp) 

Note that the notion of Localization is vecy closed to well-known relativization 
of modal formulas. For a detailed discussion on this connection, see (34) . 

Using the operation Loe, we are now able to define the connective .j., with 
the following semantic clause: 

W, w F <p J.1/J iff W, w F 1/J and W, w F Loe.Pep 

Armed with this J., let us now give our set of axioms for TKVL. 

B.4 Axiomatization 

We have seven sets of axiom schemata: 

l. Propositional and quantificational axioms: 

2. S5 axioms for all the modalities. 

3. K schema for program modalities. 

4. Tarskian schemata: 

• Barcan formula for: <>µ, <>". 

• OP.(x = y)-+ (x = y) and (x = y)-+ 01'(x = y) 

and similarly for <>6 and its dual. 

• x =a-+ D6 (x = o.) where x is a variable and a is a constant 
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• i,o(a) ~ o"i,o(a) 

and similarly for o 5. 

5. Atomic test schemata 

• (Pti · · · tn)'P f-t 'P .1. Pti ... tn 

• (t1 = tn)'P +-+ 'P .1. t1 = tn 

6. Assignments schemata 

• (1J)cp +-+ 0"cp 

• (µ)ip f-t 01Jr.p 

• (o)r.p +-+ o5r.p 

7. Complex programs schemata 

• (7r1; ?r2)ip +-+ (7r1 )(7r2)<,0 

• (-i7r)<,O f-t cp .t. [7r]..l 

• (0"'7r)cpHip/\0"(7r)T 

• (0"7r)cp +-+ <.p /\ 0"(7r)T 

• (067r)cp +-+ <.p /\ 0 6(7r) T 

Let us now give some brief comments on this axiomatization. The first 3 sets 
of axioms should be quite perspicuous by themselves. Concerning the 'tarsk.ian 
schemata', their role is to 'capture' the peculiarities of the different modalities. 
Therefore, we have t he Barcan Formula only for 0 11 and for 0"', whose cor­
respondent accessibility relation only connects worlds with the same Domain. 
Similarly, only 01' and 0 6 can validate the schema for rigid variables, while 0 6 

also validates the schema for rigid terms. Finally, the rigidity of interpretation 
only holds for O" and 0 6 . As for the Atomic test schemata, the Assignments 
schemata and the Complex programs schemata, we only remark that they in­
ductively cut down the dynamic potential of TKVL, so to speak, in that they 
make it possible to translate all the formulas with program modalities into 
formulas without program modalities. This particular feature of this axioms 
system will play a crucial role within our strategy for proving the completeness 
ofTKVL. 

Here are the standard inference rules: 

1. Modus Ponens 

2. Necessitation for all the modalities 



100 Appendix B. Outline of a completeness proof for TKVL 

where x is not free in t.p 

where x is not free in t.p 

The soundness of this axioms system can be trivially proved by first showing 
that all axioms are valid '3.nd then that the inference rules preserves validity. 

B.5 From TKVL to TKVL* 

We must now define the translation that embeds TKVL into its static subsystem 
TKVL*. 

B.5.1. DEFINITION . [Translation*] 

1. (t.p)* = cp if <p does not contain program modalities; 

2. ( (Pt1 ... tn)t.p)* = <p .J. Pt1 . •. tn 

3. ((t1 = t,..)t.p)* ;:::::: cp ! ti = t,.. 
4. ((ry}<p)* = O"lt.p 

5. ((µ)<p) * = 0"t.p 

6. ((<5)<p)* = <>0<p 

7. ((7r1;7r2)<p)* = (7r1)(7r2)<p 

8. ((-i?r)t.p)* = <p .i. [7r]..l 

9. ((01-'?r)<p)* = t.p /\ 0"(7r)T 

10. ((0.,,?r)<p)* = t.p /\ 0'1(1T)T 

11. ((0°1T)cp)* = <p /\ 0 6 (1T) T 

It's important to remark that the translation * truly amounts to a plain ap­
plication of the groups of axioms 5, 6 and 7. From this we can immediately 
deduce the two facts that we need in order to transfer the completeness result 
for TKVL* to TKVL (see paragraph B.l), namely: 

1. the function * preserves validity of TKVL formulas (i.e., if F= t.p then 
F'P*); 

2. if a formula <p* is derivable in TKVL*, then <p will be derivable in TKVL. 
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B.6 The proof 

Therefore, we now need to prove that the system TKVL* is complete. TKVL* is 
a multirnodal quantified system, and its key feature is that its three modalities 
blend within the same set-up the two crucial problems in the completeness 
theory for Modal Predicate Logic. Concretely, we have that: 

1. Domains are not in general fixed, and the modality <>6 essentially ranges 
over the non-fixed Domains submodels of TKVL* models; thus, as we 
have already seen, the Barcan Formula does not hold for <>0; 

2. on the other hand, terms are not in general rigid, since<>" ranges over al­
ternative 'extensions' of the variables, while <>µ aUows for a world-relative 
interpretation of the constants. 

Our strategy for coping with these problems will be as follows: 

1. we will follow Thomason ([69]) and Garson ([40]) in defining an ad hoe 
notion of saturation (recall that when BF is not available, it becomes 
difficult to define a canonical model where the worlds have the V property 
and provide the suitable witnesses for the existential modalities in their 
predecessors - see for instance [51]); 

2. as for non-rigid terms, we will follow Goldblatt ((42]) and take a set of 
rigid designators as witnesses for the V property. 

We can now sketch the structure of the completeness proof. 

Let us start with defining the notion of saturation. 

B .6.1. DEFINITION. [Saturation for TKVL*J A set r of TKVL* formulas is 
saturated if the following conditions hold: 

1. r is TKVL* consistent; 

2. r is negation closed (namely, for every formula <p, one of the following 
holds: or <p E r or -it.p E r; 

3. r has the ¥-property, in the following, general, form: if (x&6 ..• &0 3x'l/J) E 
r, then (x&0 ••. &0 (3z(z = y) /\ 'l/JY jx)) E r for a variable y, where cp&0'1/J 

stands for 0 6 ( <p /\ 'l/;)1 ; 

4. r has the witness property in the following, general, form: if (x&" ... & 11 

T) Er, then for every term t there is a x E V such that (x&'l ... &'l(x = 
t)) E r. 

We want to remark the following - predictable - facts, that highlights the 
rationale of the requirements 3 and 4: 

lNote that the 'bag' of 'antecedents' x&8 ..• could be empty. In this case, this is the 
standard notion of 'It-property. 
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• if f has the standard 'if-property (i.e.: if 3xcp E f then 3z(z = y A({)Y /x) E 
r for a variable y), then r automatically meets the general \I-property as 
in 3 above for &'1 and for &JJ. . 

• if r has the standard witness property (i.e. : if for every term t there is 
a variable x E V such that x = t E r), t hen r automatically meets the 
general witness property as in 4 for &6 and &JJ.. 

Second, we now tackle the question of non-rigid terms modalities. In con­
crete, we expand the language ofTKVL* with a set U = { ui,u2 , •. . } of variables 
foreign to it. Armed with this kit of fresh variables, it is possible to prove that 
a saturated extension can be built from any consistent set r of formulas of 
TKVL* UU. 

B .6.2. LEMMA. Given a consistent set r of formulas of TKVL * uu' r has a 
saturated extension. 

P roof: see [21] • 
The next lemma is crucial: 

B.6.3. LEMMA. Ifr is saturated and W is the closure of {r} under the relation 
R (defined as follows: !:::..Rt::..' if] o- !:::.. = { cp I Dcp E !:::.. } ~ !:::..'), then for all 
!:::.. E W , if Ocp E !:::.. then there exists a!:::..' E W such that !:::..Rt::..' and cp EI:::..'. 

~~~~. . 
The canonical model can be now easily built: 

B.6.4. DEFINITION. [Canonical model for TKVL* UU] The canonical model 
CM for TKVL* UU is as follows: 

CM = (W, { Rp AR I PAR is a tarskian parameter}, De M, Ac M ,Jc M) 

where: 

• W is the set of all saturated sets of formulas of TKVL* UU; 

• DcM is the set U = {u1, u2 ... } 

• wRPARW1 iff oPAR- (w) ~ w' 

• A0M(x) = u iff x = u E w 

• (t1 ... tn) E ICJM(Pn) iff pn(t1 ... tn) E w 

• lcM(a) = u iff a= u E w 

The completeness proof is standard (it uses the fundamental lemma saying 
that for all w E CM, it holds that: W, w I= cp iff cp E w). 



Appendix C 

Back to Classical Logic 

In this appendix, we will show how the 'inverse logic' methods of Section 4.3 can 
be applied also to more complex cases. Therefore, we will take into account one 
more type of dynamic operator, being projections taking dynamic propositions 
to classical ones. One such operator was the DPL local truth T, assigning to 
each program 7r its 'domain': 

11' ~ {wl11'({w});i':0} 

We now move to eliminative update programs 7r, where a corresponding opera­
tion T* would be: 

11' ~ • {w I 7r({w}) = {w}} 

First note the following: 

C.0.5. FACT. T* is permutat ion invariant. 

(This follows from its set-theoretic definition; cf. Theorem 4.1.5). Consider 
now the Boolean algebra of all eliminative dynamic propositions, given a set of 
states S. Note that this is not the full function space ga(S)i:>CS), but a relativized 
space obtained by taking only all functions 11' ~Id (e.g., -.71' in UL is "Id-11'"). 
Then, the following key behaviour may be seen by some simple calculation: 

C.0.6. FACT. T* is a boolean homomorphism from eliminative updates to clas­
sical propositions: 

• T*(-.7r) = - T*(7r) 

• T*(Ui11'i) =UiT*(7ri) 

Thus, T" is a logical projection respecting Boolean structure. Our main result 
is that, conversely, only two functions have this behaviour: 
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C.0.7. THEOREM. There are only two logical Boolean homomorphisms from 
eliminative dynamic propositions to classical ones. 

Proof: Suppose that Fis such a logical Boolean homomorphism. The action of 
F is completely determined by its values on the Boolean atoms in the 'update 
algebra', being all functions 'aw,w ', with w E W, such that: 

• aw,w(X) = if X= W 
otherwise 

This is so because F(7r) = u0~.,,.F(a), for all rr and all atoms a (by the second 
homomorphism clause). We now need a subclaim: 

C.0.8. PROPOSITION. The values F(a) for all atoms form a complete partition 
of S 

Proof: Distinct atoms have a 1 /\az = 0, whence F(o:1 /\az) = F(a1 ) /\F(a2 ) = 
0, so they are disjoint. Moreover, Vi Q; = 1, whence F(l) = w = u.F(ai)· • 

Now, define a map p• from S to such atoms, by setting F* ( s) as the unique 
atom o: such that s E F(a). Note that F(a) = p•- 1({a}). Moreover, we can 
show that: 

C.0.9 . FACT. F * is logical. 

Now, our classification problem is easier. It is enough to prove the following: 

C.0.10. PROPOSITION. There are only two logical maps p• sending states to 
atoms in the update algebra. 

Proof: We have s 4 o:w,w, with w E U. If p• is logical, then the familiar 
reasoning about permutations tells us that w can only be s itself; while U could 
be in principle one of the four sets {s}, W - {s},0, W. But the requirement 
'w E U' rules out two possibilities, and we only have: 

Ft(s) =a{•},• 

F{(s) = as,s 

• 
Now we can calculate backwards, and see which maps Fare ·induced by these 
two functions: 

• F1 ( 7r) = { w I 3o: :5 7r : w E F1 ( Q)} = 
{w I 3W,w: a= aw,w /\ w E rr(W) /\a = Cl{w},w} = 

{w I rr{w} = {w}} 

• F2(rr) = {w I w E 7r(S)} = rrS 

Conversely, it is easy to check that both of these are indeed logical Boolean 
homomorphisms. • 
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