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Chapter 1

Overview

In this dissertation we apply complexity theory to various grammatical formalisms.

We presuppose that the reader has basic knowledge of the formal aspects of linguistics

and the formal language theory. Familiarity with the rudiments of complexity theory

is required to fully understand the material that that we will present. The main work

in the interdisciplinary �eld of complexity theory and natural language is the book of

Barton, Berwick and Ristad (1987). We encourage the reader who is unfamiliar with

complexity theory to read Barton, Berwick and Ristad's (1987) Chapter 1. That

�rst chapter contains an informal introduction into this interdisciplinary �eld and

the rudiments of complexity theory. Readers familiar with complexity theory may

be interested in reading Barton, Berwick and Ristad's (1987) more formal Chapter 2.

That chapter discusses the contribution of complexity theory to natural language;

advanced topics that pass the review are parallel processing and compilation.

1.1 Motivation for this Research

The merit of applying complexity theory to grammatical formalisms is that the com-

plexity analyses provide di�erent kinds of information. The complexity analyses do

not only show whether a problem is di�cult, but also why it is di�cult and possibly

even how to restrict the problem in order to make it less di�cult. The e�ect of the

complexity analyses are twofold. On the one hand, the analyses provide statements

concerning the development of the theory of the grammatical formalisms. On the

other hand, the analyses express general statements concerning implementations of

these grammatical formalisms. In this dissertation the main emphasis lies on the

development of theories.

The statements that result from the complexity analysis of a grammatical for-

malism are based on the following observations. The way in which humans process

natural language suggests that the structure of a natural language enables e�cient

processing. That is, natural language utterances contain enough information to en-

able e�cient processing. This e�cient processing implies that determining whether

a sequence of words forms a sentence is tractable. Hence accurate formalisms for

11



12 Chapter 1. Overview

natural language determine in an e�cient way whether a sequence of words forms

a sentence, i.e., the recognition problems of these formalisms are tractable. Thus al-

most by de�nition, the formalisms studied in this thesis are supposed to be tractable

grammatical formalisms.

In this thesis we consider the complexity of various recognition problems. The

complexity results that follow have to be interpreted with care and in an intelligent

way. One should not brand a formalism as counterintuitive or unnatural solely be-

cause its recognition problem is intractable (cf., Rounds 1991). Instead, one should

exploit the fact that the complexity result tells why the recognition problem is in-

tractable. Thus complexity analyses provide insight into the structures that a gram-

matical formalism assigns to natural language utterances. An intractability result

indicates that the structures that the grammatical formalism uses contain insu�-

cient information. Moreover, the complexity analysis shows where the grammatical

formalism lacks information about the structure of natural language.

In the manner described above, the analyses contribute to the development of

the theory of grammatical formalisms. We do not doubt that these theories will be

able to accommodate for the de�ciencies that the complexity analyses reveal. So in

a certain sense, we can regard these de�ciencies as computational pitfalls.

With regard to the general statements concerning implementations we con�ne

ourselves to the following. The recognition problems of the various grammatical

formalisms that we consider are all intractable. This means that it is highly unlikely

that e�cient algorithms exist for these recognition problems. Hence algorithms for

these recognition problems that are used in actual practice have to exploit one of the

standard methods to handle intractable problems. These methods tackle intractable

problems with varying success.

1.1.1 Motivation for our Approach

The subsequent chapters of this dissertation discuss six grammatical formalisms:

attribute-value grammars, Categorial Uni�cation Grammar, Functional Uni�cation

Grammar, Head-driven Phrase Structure Grammar, Lexical Functional Grammar,

and Functional Grammar. These six grammatical formalisms share their a�nity to

logic. The �rst �ve are pure uni�cation-based formalisms. They are based on the

logical system of feature theory. The remaining one, Functional Grammar, is largely

in
uenced by predicate logic. The logical systems on which these six grammatical

formalisms are based are well studied and some complexity results are known. Un-

fortunately, these complexity results are not valid propositions about the complexity

of the recognition problems of the grammatical formalisms as a whole.

The next section puts the complexity results that have been achieved in for-

malisms of logical systems in a di�erent perspective. We will show that no insight in

the complexity of a grammatical formalism is gained by looking only at the complex-

ity of some isolated part of the grammatical formalism. Hence complexity analyses

will only contribute to computational linguistics if the analyzed formalizations are

connected closely with actual grammatical formalisms. Obviously, we want the com-

plexity results in this thesis to be useful statements about the di�culty of grammati-
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cal formalisms in computational linguistics. Therefore, we analyze the complexity of

each of the six grammatical formalisms as a whole, instead of restricting our attention

to the underlying logical systems.

1.1.2 Assessing Complexity Results

The uni�cation-based formalisms illustrate well that the complexity results obtained

for their recognition problems and the complexity results obtained for their underly-

ing logical systems may di�er. Some recent formalizations of feature theory are the

deterministic �nite automata of Kasper and Rounds (1990); Smolka's (1992) �rst-

order predicate logic; Blackburn and Spaan's (1993) modal logic; and the feature

algebra of Baader, B�urckert, Nebel, Nutt and Smolka (1993).

These formalisms describe the use of feature theory in computational linguistics.

Although they are a source of interesting technical research, the complexity results

that have been achieved o�er little help to actual computational linguists.

The uni�cation-based formalisms used in computational linguistics do not con-

sist of bare feature theories. These formalisms combine grammar components with

feature theories. We claim that the complexity results from the formalizations of fea-

ture theory do not hold for a uni�cation-based grammar that combines the feature

theory with a grammar component.

On upper bounds. The complexity of feature theories does not provide an up-

per bound for the complexity of uni�cation-based formalisms that incorporate these

theories. A novice in complexity theory might expect that a problem is not harder

than the problem's hardest component. However, combining problems may yield a

problem that is harder than each of the problems considered separately. For instance,

Johnson (1988) presents an attribute-value grammar that combines a context-free

grammar with a simple feature theory. The satis�ability problem of this feature

theory and the universal recognition problem of context-free grammars are both de-

cidable. Nevertheless, Johnson shows that the universal recognition problem of the

attribute-value grammar is undecidable in general.

From Johnson's (1988) work, we see that combining problems may change the

complexity from decidable to undecidable. However, even when we con�ne ourselves

to decidable problems, the complexity of the recognition problem of a uni�cation-

based grammar that uses some feature theory may be higher than the complexity of

the satis�ability problem of that feature theory. In Chapter 2 we discuss restricted

attribute-value grammars. These restricted attribute-value grammars combine a

regular grammar with a feature theory, whose satis�ability problem is tractable.

Nevertheless, we show that the recognition problem of these restricted attribute-

value grammars is intractable.

On lower bounds. The complexity of feature theories does not always provide a

lower bound for the complexity of uni�cation-based grammatical formalisms that in-

corporate these theories. In general, it seems that the complexity of the combination



14 Chapter 1. Overview

of two problems is at least as di�cult as the complexity of these two problems in iso-

lation. However, if a problem A contains information about solutions for a problem

B, and vice versa, then the combination of A and B may have lower complexity than

A and B in isolation. For instance, let problem A be the complement of problem

B. Then the combinations \A or B" and \A and B" have trivial solutions: \always

answer yes" and \always answer no."

To be somewhat more speci�c, consider the two examples below. They show

that in some special cases the complexity of a uni�cation-based grammar may be

lower than the complexity of its feature theory. Hence care has to be taken against

drawing hasty conclusions about the lower bound complexity of the uni�cation-based

grammar from the complexity of the feature theory.

1.1.1. Example.

� Assume a class of grammars that generate �nite languages. The combination

of a feature theory with a grammar from this class yields a uni�cation-based

grammar that generates a �nite language. Obviously, the recognition problem

of this uni�cation-based grammar does not depend on the satis�ability prob-

lem of the feature theory. Hence the lower bound complexity of this class of

uni�cation-based grammars is not provided by the complexity of the feature

theory.

� The feature theory does not provide a lower bound if the uni�cation-based

grammar uses only a fragment of the feature theory. This happens, for instance,

when the formalism of the uni�cation-based grammar restricts the uni�cation

operation of the feature theory.

One may object that the restriction of the uni�cation operation should be

incorporated in the formalization of the feature theory. Thus reducing the

complexity of the satis�ability problem of the feature theory. However, there

is no prede�ned way to construct uni�cation-based grammars from a feature

theory. So there may be many blurred restrictions on the uni�cation. These

blurred restrictions are the reason that the formalization of the feature theory

may be too expressive and that the uni�cation-based grammar uses only a

fragment of the feature theory.

1.2 An Outline of this Thesis

The subsequent chapters of this dissertation were originally written as a collection

of separate papers. These di�erent papers were written for people with di�erent

backgrounds. Consequently, the supposed readers of this thesis will form a hybrid

group. In order to make this work accessible to each individual reader, the chapters

are set up as self-contained parts. Nevertheless, there are some dependencies between

the material covered in the di�erent chapters. In these cases some overlap occurs,

mostly in the form of de�nitions.
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We conclude this chapter with a brief summary of the subsequent chapters and

some useful directions for reading.

Chapter 2: Johnson (1988) shows that the recognition problem for attribute-value

grammars (AVGs) is undecidable. Therefore, the general form of AVGs is of no

practical use. In this chapter we study a very restricted form of AVG, for which

the recognition problem is decidable, the R-AVG. First we show that the recognition

problem of R-AVGs is NP -complete. Then we show that the R-AVG formalism

captures more than the context-free languages. Finally we introduce a variation on

the so-called o�-line parsability constraint, the honest parsability constraint, which

lets di�erent types of R-AVG coincide precisely with well-known time complexity

classes.

Chapter 3: This chapter starts with the preliminaries of complexity theory and

feature theory. Then we introduce Categorial Uni�cation Grammar and analyze

its complexity. We show that the recognition problem of Categorial Uni�cation

Grammar is NP -complete. A reduction from 3-Satisfiability proves the NP -hard

lower bound of the recognition problem

Chapters 4, 5, and 6: In these chapters we �rst introduce the formalisms in

question: Functional Uni�cation Grammar, Head-driven Phrase Structure Gram-

mar, and Lexical Functional Grammar. Then we prove that primitive fragments of

these formalisms can simulate Categorial Uni�cation Grammar. These simulations

prove the NP -hardness of the recognition problems of Functional Uni�cation Gram-

mar, Head-driven Phrase Structure Grammar, and Lexical Functional Grammar.

Furthermore, the recognition problems of these grammatical theories are shown to

be NP -complete. Lower and upper bounds on the weak generative capacity of these

grammatical theories follow from the simulation and the complexity results.

Chapter 7: This chapter starts with the preliminaries of complexity theory. Then

we introduce Dik's (1989) major revision of the theory of Functional Grammar in a

step-wise manner. We introduce Functional Grammar by means of many examples

that clarify the relevant parts of Functional Grammar. We distinguish four processes

within the generation process of Functional Grammar: the fund formation process,

the clause structure formation process, the form speci�cation process, and the order

speci�cation process. These four processes are considered one after the other. We

formulate each process as a decision problem, and determine its complexity.

Chapter 8: In this �nal chapter we present our overall conclusions and suggest

directions for further research.

Directions for reading. Chapter 2 assumes that the reader is familiar with for-

mal language theory, complexity theory and feature theory (e.g., Hopcroft and Ull-

man 1979, Smolka 1992). Furthermore, familiarity with Johnson's (1988) work on
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Figure 1.1: Direction for reading of the �rst seven chapters.

attribute-value grammars is preferred. The ideas on feature theory and complex-

ity theory may be refreshed by the short introduction given in the next chapter:

Section 3.2. The cursory reader may skip Chapter 2 on initial reading.

In Chapter 3, Section 3.2, we present the preliminaries on complexity theory and

feature theory which are also required for the Chapters 4, 5, and 6. In Section 3.3

Categorial Uni�cation Grammar is introduced and the NP -completeness of its recog-

nition problem is proven. Knowledge of this section is required for the Chapters 4, 5,

and 6. So Chapter 3 is essential for the understanding of the Chapters 4, 5, and 6.

For the remaining part, these latter three chapters are self-contained, and may be

considered in any order. Of course, the order in which the chapters are presented is

the preferred order.

Chapter 7 is fully self-contained. The reader with an interest in Functional Gram-

mar may leap to this chapter immediately. The chapter starts with some prelimi-

naries on complexity theory. Except for the notions \honest function" and \oracle,"

these preliminaries overlap with Section 3.2.

Figure 1.1 depicts the directions for reading of the �rst seven chapters of this

dissertation.



Chapter 2

Restricted Attribute-Value Grammars

2.1 Introduction

Although a universal feature theory does not exist, there is a general understanding

of its objects. The objects of feature theories are abstract linguistic objects, e.g., an

object \sentence," an object \masculine third person singular," an object \verb," an

object \noun phrase." These abstract objects have properties like \tense," \num-

ber," \predicate," \subject." The values of these properties are either atomic, like

\present" and \singular," or abstract objects, like \verb" and \noun-phrase." The

abstract objects are fully described by their properties and their values. Multiple de-

scriptions for the properties and values of the abstract linguistic objects are presented

in the literature. Examples are:

1. Feature-graphs, which are labeled rooted directed acyclic graphs G = (V;A),

where F is a collection of labels, a sink in the graph represents an atomic value

and the labeling function is an injective function f : V � A 7! F .

2. Attribute-value matrices, which are matrices in which the entries consist of an

attribute and a value or a reentrance symbol. The values are either atomic or

attribute-value matrices.

From a computational point of view, all descriptions that are used in practical

problems are equivalent; though there exist some theories with a considerably higher

expressive power (Blackburn and Spaan 1993). For this chapter we adopt the feature-

graph description, which we will de�ne somewhat more formally in the next section.

An attribute-value language (AVL) (Smolka 1992) consists of sets of logical formulas

that describe classes of feature-graphs, by expressing constraints on the type of paths

that can exist within the graphs. To wit: In a sentence like \a man walks" the edges

labeled with \person" that leave the nodes labeled \a man" and \walks" should both

end in a node labeled \singular." Such a constraint is called a path-equation in the

attribute-value language.

A rewrite grammar (Chomsky 1956) can be enriched with an AVL to construct an

attribute-value grammar (AVG), which consists of pairs of rewrite rules and logical

17
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formulas. The rewrite rule is applicable to a(nonterminal in a production only if

the logical formula that expresses the relation between left- and right-hand side of

the rule evaluates to true. The recognition problem for attribute-value grammars

can be stated as: Given a grammar G and a string w, does there exist a derivation

in G that respects the constraints given by its AVL, and that ends in w. As the

derivation steps correspond to feature-graphs, this question can also be formulated

as a question about the existence of a consistent sequence of feature-graphs that

results in a feature-graph describing w. For the rewrite grammar, any formalism in

the Chomsky hierarchy (from regular to type 0) can be chosen. From a computational

point of view it is of course most desirable to restrict oneself to a formalism that on

the one hand gives enough expressibility to describe a large fragment of the (natural)

language, and on the other hand is restrictive enough to preserve feasibility. Perrault

(1984) discusses the linguistic signi�cance of such restrictions.

Johnson (1988) proved that attribute-value grammars that are as restrictive as

being equipped with a rewrite grammar that is regular can already give rise to an

undecidable recognition problem. Obviously, to be of any practical use, the rewrite

grammar or the attribute-value language must be more restrictive. Johnson proposed

to add the o�-line parsability constraint, which is respected if the rewrite grammar

has no chain rules or �-rules.

We further investigate the properties of these restricted AVGs (R-AVGs). In the

next section, we give some more formal de�nitions and notations. In Section 2.3 we

show that the recognition problem of R-AVGs is NP -complete. In Section 2.4 we

show that the class of languages generated by an R-AVG (R-AVGL) includes the class

of context-free languages (CFL). It follows that any easily parsable class of languages

(like CFL) is a proper subset of R-AVGL, unless P = NP . Likewise, R-AVGL

is a proper subset of the class of context-sensitive languages, (CSL) unless NP =

PSPACE (the complexity class called polynomial space). In Section 2.5 we propose

a further re�nement on the o�-line parsability constraint, which allows R-AVGs that

respect this constraint to capture precisely complexity classes like NP or NEXP (the

complexity class called nondeterministic linear exponential time). That is, for any

language L that has a parser that works in nondeterministic polynomial time, there

exists an R-AVG, say G, such that L = L(G). Though our re�nement, the honest

parsability constraint, is probably not a property that can be decided for arbitrary

R-AVGs, we show that R-AVGs can be equipped with restricting mechanisms that

enforce this property. The techniques that prove Theorem 2.4.1 and Theorem 2.5.3

result from Johnson's work. Therefore, the proofs of these theorems are deferred to

the �nal sections of this chapter: Sections 2.7 and 2.8.

2.2 De�nitions and Notation

2.2.1 Attribute-Value Grammars

The de�nitions in this section are in the spirit of Johnson (1988) and Smolka (1992).

Consider three sets of pair-wise disjoint symbols.
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A, the �nite set of constants, denoted (a; b; c; : : :)

V , the countable set of variables, denoted (x; y; z; : : :)

L, the �nite set of attributes, also called features, denoted (f; g; h; : : :)

2.2.1. Definition. An f -edge from x to s is a triple (x; f; s) such that x is a

variable, f is an attribute, and s is a constant or a variable. A path p is a, possibly

empty, sequence of f -edges (x

1

; f

1

; x

2

); (x

2

; f

2

; x

3

); : : : ; (x

n

; f

n

; s) in which the x

i

are

variables and s is either a variable or a constant. Often a path is denoted by the

sequence of its edges' attributes, e.g., p = f

1

: : : f

n

. Let p be a path, sp denotes the

path that starts from s, where s is a constant only if p is the empty path. If the path

is non-empty, p = f

1

: : : f

n

(n � 1), then s is a variable. For paths sp and tq we

write sp

:

= tq i� p and q start in s and t respectively and end in the same variable or

constant. The expression sp

:

= tq is called a path-equation. A feature-graph is either

a pair (a; ;), or a pair (x; E) where x is the root and E a �nite set of f -edges such

that

1. if (y; f; s) and (y; f; t) are in E, then s = t;

2. if (y; f; s) is in E, then there is a path from x to y in E;

3. if (y; f; s) is in E, then there is a no path from s to y in E.

2.2.2. Definition. An attribute-value language A(A; V; L) consists of sets of logical

formulas that describe feature-graphs, by expressing constraints on the type of paths

that can exist within the graphs.

� The terms of an attribute-value language A(A; V; L) are the constants and the

variables s; t 2 A [ V .

� The formulas of an attribute-value language A(A; V; L) are path-equations and

Boolean combinations of path-equations. Thus all formulas are either sp

:

= tq,

where sp and tq are paths, or �^ , �_ , or :�, where � and  are formulas.

Assume a �nite set of lexical forms, Lex, and a �nite set of categories Cat. The

set Lex will play the role of the set of terminals and the set Cat will play the role of

the set of nonterminals in the productions.

2.2.3. Definition. A constituent structure tree (CST) is a labeled tree in which

the internal nodes are labeled with elements of Cat and the leaves are labeled with

elements of Lex. The string that is formed by the, left-to-right, concatenation of the

labels of the leaves is called the yield of the constituent structure tree.

2.2.4. Definition. Let T be a constituent structure tree and F be a set of formulas

in an attribute-value language A(A; V; L). An annotated constituent structure tree is

a triple <T; F; h>, where h is a function that maps internal nodes in T onto variables

in F .
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2.2.5. Definition. A lexicon is a �nite subset of Lex � Cat � A(A; fx

0

g; L). A

set of syntactic rules is a �nite subset of

S

i�1

Cat � Cat

i

� A(A; fx

0

; : : : ; x

i

g; L).

An attribute-value grammar is a triple <Lexicon;Rules; Start>, where Lexicon is a

lexicon, Rules is a set of syntactic rules and Start, the start symbol, is an element of

Cat.

2.2.6. Definition.

1. (Balc�azar, D��az and Gabarr�o 1988, p .150) A class C of sets is recursively

presentable i� there is an e�ective enumeration M

1

;M

2

; : : : of deterministic

Turing machines which halt on all their inputs, and such that C = fL(M

i

) j

i = 1; 2; : : :g.

2. We say that a class of grammars G is recursively presentable i� the class of sets

fL(G) j G 2 Gg is recursively presentable.

2.2.2 Restricted Attribute-Value Grammars

The only formulas that are allowed in the attribute-value language of restricted

attribute-value grammars (R-AVGs) are path-equations and conjunctions of path-

equations, i.e., disjunctions and negations are out. We will denote the attribute-value

language of an R-AVG by A

0

(A; V; L) to make the distinction clear. The CST of an

R-AVG is produced by a chain rule and �-rule free regular grammar. The CST of an

R-AVG can be either a left-branching or a right-branching tree, since the grammar

contains at most one nonterminal in each rule.

2.2.7. Definition. The set of syntactic rules of a restricted attribute-value gram-

mar is a subset of

S

i�1;k�1

Cat � Lex

i

� Cat

k

� A

0

(A; fx

0

; x

k

g; L). A restricted

attribute-value grammar is a pair <Rules; Start>, where Rules is a set of syntactic

rules and Start, the start symbol, is an element of Cat.

2.2.8. Definition. An R-AVG <Rules; Start> generates an annotated constituent

structure tree <T; F; h> i�

1. the root node of T is Start, and

2. every internal node of T is licensed by a syntactic rule, and

3. the set F is consistent, i.e., describes a feature-graph.

Let �[x=y] stand for the formula � in which variable y is substituted for variable

x. An internal node v of an annotated constituent structure tree is licensed by a

syntactic rule (c

0

; l

1

; : : : ; l

i

; �) i�

1. the node v is labeled with category c

0

, h(v) = n

0

, and

2. all daughters of v are leaves, which are labeled with l

1

: : : l

i

, and

3. �[x

0

=n

0

] is in the set F .
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S ! ] F S ! ] T S ! $

x

0

assign

:

= x

1

assign x

0

assign

:

= x

1

assign ^ x

0

assign v

:

= +

x

0

assign

:

= x

1

new

F ! 0 F F ! 1 F F ! p F

x

0

assign

:

= x

1

assign x

0

assign

:

= x

1

assign x

0

assign

:

= x

1

assign

F ! p F F ! p T F ! p T

x

0

assign

:

= x

1

assign x

0

assign

:

= x

1

assign ^ x

0

assign

:

= x

1

assign ^

x

0

assign

:

= x

1

new x

0

assign

:

= x

1

new

T ! 0 T T ! 1 T

x

0

assign

:

= x

1

assign ^ x

0

assign

:

= x

1

assign ^

x

0

new 0

:

= x

1

new x

0

new 1

:

= x

1

new

T ! p A T ! p A

x

0

assign

:

= x

1

assign ^ x

0

assign

:

= x

1

assign ^

x

0

new v

:

= + x

0

new v

:

= �

A ! B A ! S

x

0

assign

:

= x

1

assign x

0

assign

:

= x

1

assign

B ! 0 B B ! 1 B

x

0

assign

:

= x

1

assign x

0

assign

:

= x

1

assign

B ! p A B ! p A

x

0

assign

:

= x

1

assign x

0

assign

:

= x

1

assign

Table 2.1: The syntactic rules of R-AVG G.

An internal node v of an annotated constituent structure tree is licensed by a syn-

tactic rule (c

0

; l

1

; : : : ; l

i

; c

1

; �) i�

1. the node v is labeled with category c

0

, h(v) = n

0

, and

2. one of v's daughters is an internal node, v

1

, which is labeled with category c

1

,

and h(v

1

) = n

1

, and

3. the daughters of v that are leaves are labeled with l

1

: : : l

i

, and

4. �[x

0

=n

0

; x

1

=n

1

] is in the set F .

2.3 Complexity of the Recognition Problem

In this section we will discuss the complexity of the recognition problem of R-AVGs.

First, we present an R-AVG G, whose recognition problem is NP -hard. Second, we

show that the recognition problem for arbitrary R-AVGs is in NP .
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2.3.1 The Recognition Problem is NP-hard

We will analyze the R-AVG G with start symbol S and whose syntactic rules are

given in Table 2.1. A polynomial time many-one reduction f from the NP -complete

problem Satisfiability proves that the recognition problem of G is NP -hard. The

NP -complete problem Satisfiability (SAT) is de�ned as follows.

2.3.1. Definition. Satisfiability

Instance: A formula ', from propositional logic, in conjunctive normal form.

Question: Is there an assignment of truth-values to the propositional variables of

', such that ' is true?

Now we will �rst present the reduction f . Then we will show that this reduction

is computable in polynomial time. Finally we prove that the reduction maps all and

only all satisfying formulas onto strings that G generates. Thus we have proven that

the recognition problem of the restricted attribute-value grammar G is NP -hard. We

strengthen this result in Section 2.3.2 by showing that the recognition problem of

arbitrary restricted attribute-value grammars is NP -complete.

The reduction from SAT to the recognition problem of G maps propositional

logical formulas onto strings. We assume, without loss of generality, that the indices

of the propositional logical variables are in binary representation. This reduction, f ,

is de�ned by the following four equations:

f(


1

^ : : : ^ 


m

) = ] f(


1

) : : : ] f(


m

)$ (


i

a clause)

f(l

1

_ : : : _ l

m

) = f(l

1

) : : : f(l

m

) (l

i

a literal)

f(p

i

) = i p (p

i

a positive literal, i in

binary representation)

f(p

i

) = i p (p

i

a negative literal, i in

binary representation)

2.3.2. Lemma. The reduction f is computable in linear time, with respect to the size

of the formula.

Proof. By induction on the construction of SAT formulas. 2

Lemma 2.3.2 proves that the reduction f is computable in polynomial time.

Lemma 2.3.4 proves that the reduction maps all and only all satisfying formulas

onto strings that G generates. These two lemmas together prove the NP -hardness

(Theorem 2.3.5). The following lemma is used in the proof of Lemma 2.3.4.

2.3.3. Lemma. Let f be the reduction above, ' be a formula and f(') = ]u

1

: : : u

k

$.

If the R-AVG G from Table 2.1 generates an annotated constituent structure tree

<T; F; h>, where the root node of T , v

0

, is labeled S, the yield of T is ]u

1

: : : u

k

$,

and h(v

0

) = n

0

, then there is in the feature-graph described by F from node n

0

, a

path hassign b

1

: : : b

l

i which leads to the value + and some u

i

= b

1

: : : b

l

p, or which

leads to the value { and some u

i

= b

1

: : : b

l

p.
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Figure 2.1: A constituent structure tree with yield ]u

1

: : : u

k

$ (u

i

= b

1

: : : b

l

p).

Proof. The reduction f maps formula ' onto the string ]u

1

: : : u

k

$, where u

i

= f(l

i

)

and l

i

is a literal.

Let us assume that u

i

= b

1

: : : b

l

p (i > 1), the cases where u

i

= b

1

: : : b

l

p or i = 1

are similar. Let R-AVG G generate the annotated CST <T; F; h>, with h(v

0

) = n

0

.

The yield of T is ]u

1

: : : u

k

$ i� T has the form given in Figure 2.1.

Now let us consider the nodes in the constituent structure tree given in Figure 2.1,

and the rules given in Table 2.1.

� The lowest node with label S, say v

s

, is licensed by the rule with formula

x

0

assign v

:

= +.

� The lowest node with label T , say v

t

l

, is licensed by the rule with formula

x

0

assign

:

= x

1

assign ^ x

0

new v

:

= +.

� Let us call the upper node with label T v

t

0

. The mother of node v

t

0

is licensed

by a rule with formula x

0

assign

:

= x

1

assign ^ x

0

assign

:

= x

1

new

� The other nodes with label T are licensed by the rules with the formula

x

0

assign

:

= x

1

assign ^ x

0

new 0

:

= x

1

new, or x

0

assign

:

= x

1

assign ^

x

0

new 1

:

= x

1

new.

� All remaining nodes are licensed by rules with formula x

0

assign

:

= x

1

assign.

Now let us consider the set of formulas F , and assume that the function h maps

a node v

j

in the constituent structure tree onto a node n

j

in the feature-graph.

� Then the set of formulas F contains a sequence of formulas n

i

assign

:

=

n

i+1

assign that starts with n

i

= n

0

and ends with n

i+1

= n

t

0

.
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Figure 2.2: A constituent structure tree with yield ]w

1

: : : ]w

n

$.

� Let the mother of node v

t

0

be called v

0

t

0

. Then the set of formulas F also

contains n

0

t

0

assign

:

= n

t

0

new.

� Furthermore, the set of formulas F contains a formula n

t

0

new 1

:

= n

t

1

new,

if b

1

= 1, and n

t

0

new 0

:

= n

t

1

new, if b

1

= 0.

� Similarly, the set of formulas F contains the formulas n

t

i�1

new b

i

:

= n

t

i

new

(1 < i � l).

� Finally the set of formulas F contains a formula n

t

l

new v

:

= +.

Hence from node n

0

there is a path hassign b

1

: : : b

l

vi that leads to the value +.

The cases where u

i

= b

1

: : : b

l

p, or i = 1 are the same. 2

2.3.4. Lemma. Let f be the reduction above, ' be a formula in conjunctive normal

form and f(') = ]w

1

: : : ]w

n

$, w

i

= u

i

1

: : : u

i

k

. The R-AVG G from Table 2.1 gen-

erates an annotated constituent structure tree <T; F; h>, where the root node of T ,

v

0

, is labeled S, the yield of T is ]w

1

: : : ]w

n

$ and h(v

0

) = n

0

i� the formula ' is

satis�able.

Proof. (Sketch of the proof.)

Only if: Let the R-AVG G generate the annotated constituent structure tree. The

proof of Lemma 2.3.3 shows that for each substring ] w

i

= u

i

1

: : : u

i

k

there is, from

the node n

0

, a path hassign b

1

: : : b

l

vi, which leads to the value + and some u

i

j

is

b

1

: : : b

l

p, or which leads to the value { and some u

i

j

is b

1

: : : b

l

p.

Clearly, the path hassign b

1

: : : b

l

vi from node n

0

cannot lead to the values +

and { at the same time. So the assignment g for formula ' that assigns value true to

variable p

b

1

:::b

l

of formula ' if there is a path hassign b

1

: : : b

l

vi from n

0

that leads to

value +, and assigns false to this variable, if this path leads to value { is a consistent

satisfying assignment for '.

If: Let ' be a satis�able formula. Then there is a consistent assignment g which

assigns true to the formula '.
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Figure 2.3: The constituent structure tree T

0

for yield ]w

i

: : : ]w

n

$.

We know from the proof of Lemma 2.3.3 that if G generates the annotated con-

stituent structure tree <T; F; h>, the CST T has the form of the leftmost CST in

Figure 2.2. Let the subtrees in the CST T have the form of the rightmost CST in

Figure 2.2 only if assignment g assigns true to the k-th literal in the i-th clause of

'. We will now show, by induction on the number of subtrees, that the R-AVG G

generates the annotated constituent structure tree <T; F; h> with yield ]w

1

: : : ]w

n

$.

Basis: Let CST T have yield ]w

n

$. Then G generates annotated constituent

structure tree <T; F; h>, where path hassign b

1

: : : b

l

vi leads to value + if the k-th

literal in the n-th clause is p

b

1

:::b

l

, and path hassign b

1

: : : b

l

vi leads to value { if the

k-th literal in the n-th clause is p

b

1

:::b

l

.

Induction: The hypotheses states that R-AVG G generates <T

1

; F; h>, where

the root node of T

1

, v

0

, is labeled S, the yield of T

1

is ]w

i+1

: : : ]w

n

$ and h(v

0

) = n

0

.

We now claim that G generates the annotated constituent structure tree <T

0

; F

0

; h>,

where T

0

is given in Figure 2.3, the root node of T

0

, v

0

0

, is labeled S, the yield of T

0

is ]w

i

: : : ]w

n

$ and h(v

0

0

) = n

0

0

.

On the one hand, we know from the proof of Lemma 2.3.3 that from the node

h(v

0

0

) = n

0

0

there is a path hassign b

1

: : : b

l

vi that leads to value + if the k-th literal

in the i-th clause is p

b

1

:::b

l

, and that leads to value { if the k-th literal in the i-th

clause is p

b

1

:::b

l

. On the other hand, we know that the two edges with label assign

from the nodes n

0

and n

0

0

lead to the same node.

So we have to check that the path hassign b

1

: : : b

l

vi from node n

0

0

does not clash

with any path that start with attribute assign, from node n

0

. Assume that there

is such a clash. This clash occurs i� the paths hassign b

1

: : : b

l

vi from the node

n

0

and n

0

0

lead to di�erent values. However, this means that the assignment g is

inconsistent. Thus the assumption is false and the claim holds. 2
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2.3.5. Theorem. Let w be a string and let G be the grammar from Table 2.1, then

the recognition problem for w and G is NP-hard.

Proof. By the Lemmas 2.3.2 and 2.3.4. 2

2.3.2 The Recognition Problem is NP-complete

Now we will show that the complexity result of the recognition problem for restricted

attribute-value grammars can be strengthened. Below we will prove an additional

NP upper bound for an arbitrary string and a restricted arbitrary grammar, which

results in an NP -complete recognition problem.

2.3.6. Theorem. Let w be any string and G be any restricted attribute-value gram-

mar. Then the recognition problem for w and G is NP-complete.

Proof. (Sketch of the proof.)

An NP -hard lower bound is proven by Theorem 2.3.5. An NP upper bound is proven

when we can guess a solution, and check that solution in polynomial time. The NP

upper bound is proven as follows.

Given a string w and a grammar G, we can guess a sequence of rules that encode

the derivation for w. This sequence is linear with respect to the size of the string w.

The guessed rules describe a constituent structure tree and a set of formulas. First,

we must check that the constituent structure tree described by the rules has yield

w. Second, we have to check that the set of formulas describes some feature-graph.

The �rst check is trivial. The second check is performed by a minor modi�cation

of Smolka's (1992, Section 5) constraint solving algorithm. The algorithm of Smolka

takes quadratic time, hence the checks are performed in polynomial time. 2

2.4 Weak Generative Capacity

In the previous section we showed that the recognition problem for R-AVGs is NP -

complete. This seems to indicate that although the mechanism for generating CSTs

in R-AVGs is extremely simple, the generative capacity of R-AVGs is di�erent from

the generative capacity of, e.g., context-free languages (CFLs), which have a poly-

nomial time parsing algorithm (Earley 1970). Yet, a priori, there may exist CFLs

that do not have an R-AVG.

2.4.1. Theorem. Let L be a context-free language. There exists an R-AVG G such

that L = L(G).

Proof. If L is a context-free language, then there exists a context-free grammar G

0

in Greibach normal form such that L = L(G

0

). From this grammar G

0

, we can

construct a pushdown automaton M that accepts exactly the words in L(G

0

) = L.

Such a pushdown automatonM is actually a �nite state automatonM

0

with a stack

S. The �nite state automaton M

0

may be simulated by a chain rule and �-rule
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free regular grammar. Furthermore, we can construct an attribute-value language

A

0

(A; V; L) that simulates the stack S. Thus it should be clear that there exists

an R-AVG G that produces word w i� w 2 L(G

0

). Details of this construction are

deferred to Section 2.7. 2

From this we can draw the conclusion that the class of context-free languages is

indeed a proper subset of the class of R-AVG languages, unless P = NP .

2.4.2. Theorem. Let C be a recursively presentable class of grammars such that:

1. G 2 C can be decided in time polynomial in the size of G, jGj

2. G

�

) w can be decided in time polynomial in the size of G and w, jGj+ jwj.

If every R-AVG G has a grammar in C then P = NP. In fact, for every language L

in NP there is an explicit deterministic polynomial time algorithm.

Proof. Let L be a language in NP and w 2 f0; 1g

�

. In Section 2.3 we provided an R-

AVG G and a reduction that maps any formula F onto a string w

F

such that G

�

) w

F

i� F 2 SAT . It was also shown that any R-AVG has a nondeterministic polynomial

time, hence deterministic exponential time, recognition algorithm. Suppose every

R-AVG G has a grammar in C. Then there exists a G

0

2 C with L(G

0

) = L(G). We

can decide in polynomial time whether w

F

2 L(G) for any w

F

. So P = NP .

If every R-AVG G has a grammar in C, then the algorithm for deciding \w 2

L?" consists of: use Cook's reduction to produce a formula F that is satis�able

i� w 2 L; use the reduction f from Section 2.3 to produce w

F

and R-AVG G;

enumerate grammars in C for the �rst grammar G

0

that has a description of length

less than log logjwj for which L(G) \ f0; 1g

�log log jwj

= L(G

0

) \ f0; 1g

�log log jwj

accept

i� w 2 L(G

0

). This gives a polynomial time algorithm that erroneously accepts or

rejects w for only a �nite number of strings w. The theorem now follows from the

fact that both P and NP are closed under �nite variation. 2

2.4.3. Corollary. If R-AVGs generate only context-free languages then P = NP.

In fact it can be shown directly that R-AVGs also produce languages that are

not context-free.

2.4.4. Theorem. The context-sensitive language fa

n

b

n

c

n

g is generated by an R-

AVG.

Proof. (Sketch of the proof.)

Typically, the R-AVG that generates the language fa

n

b

n

c

n

g �rst generates an amount

of a's then an amount of b's and �nally an amount of c's. Let us assume that the

grammar generates i a's. During the derivation, the feature-graph can be used to

store the amount of a's that is produced. Once the grammar starts to produce b's

, the feature-graph will force the grammar to generate exactly i b's and next to

generate exactly i c's as well. 2
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2.5 The Honest Parsability Constraint and Con-

sequences

According to Theorem 2.4.2, it is unlikely that the languages generated by R-AVGs

can be limited to those languages with a polynomial time recognition algorithm.

In Section 2.3 we showed that all R-AVGs have nondeterministic polynomial time

algorithms. Is it perhaps the case that any language that has a nondeterministic

polynomial time recognition algorithm can be generated by an R-AVG. Does there

exist a tight relation between time bounded machines and R-AVGs as, e.g., between

linear bounded automata and context-sensitive languages? The answer is that the

o�-line parsability constraint that forces the R-AVG to have no chain- or �-rules

is just too restrictive to allow such a connection. The following trick to alleviate

this problem has been observed earlier in complexity theory. The o�-line parsability

constraint (OLP) (Johnson 1988) relates the amount of \work" done by the grammar

to produce a string linearly to the number of terminal symbols produced. It is

therefore a sort of honesty constraint that is also demanded of functions that are

used in, e.g., cryptography. There the deal is, for each polynomial amount of work

done to compute the function at least one bit of output must be produced. In such

a way, for polynomial time computable functions one can guarantee that the inverse

of the function is computable in nondeterministic polynomial time.

As a more liberal constraint on R-AVGs admitting chain- and �-rules we propose

an analogous variation on the OLP

2.5.1. Definition. A grammar G satis�es the honest parsability constraint (HPC)

i� there exists a polynomial p such that for each w in L(G) there exists a derivation

with at most p(jwj) steps.

From Smolka's constraint solving algorithm and Section 2.3 it trivially follows

that any attribute-value grammar that satis�es the HPC (HP-AVG) has an NP recog-

nition algorithm. The problem with the HPC is of course that it is not a syntactic

property of grammars. The question whether a given AVG satis�es the HPC (or

the OLP for that matter) may well be undecidable. Nonetheless, we can produce

a set of rules that, when added to an attribute-value grammar enforces the HPC.

The newly produced language is then a subset of the old produced language with an

NP recognition algorithm. Because of the fact that our addition may simulate any

polynomial restriction, we regain the full class of AVGs that satisfy the HPC. In fact

2.5.2. Theorem. The class, P-AVGL, of languages produced by the HP-AVGs is

recursively presentable.

We will give a detailed construction of such a set of rules in Section 2.8. The

existence of such a set of rules and the work of Johnson now gives the following

theorem.
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2.5.3. Theorem. For any language L that has an NP recognition algorithm, there

exists a restricted attribute-value grammar G that respects the HPC and such that

L = L(G).

Proof. (Sketch of the proof.)

Let M be the Turing machine that decides w 2 L. Use a variation of Johnson's

construction of a Turing machine to create an R-AVG that can produce any string

w that is recognized by M . Add the set of rules that guarantee that only strings

that can be produced with a polynomial number of rules can be produced by the

grammar. The details are given in Section 2.8. 2

2.6 Veer out the HPC

Instead of creating a counter of logarithmic size as we do in Section 2.8, it is quite

straightforward to construct a counter of linear size (or exponential size if there is

enough time). In fact, for well-behaved functions, the construction of a counter gives

a method to enforce any desired time bound constraint on the recognition problem

for attribute-value grammars. For instance, for nondeterministic exponential time

we could de�ne the linear dishonest parsability constraint (LDP) (allowing a linear

exponential number of steps) which would give

2.6.1. Theorem. The class of languages generated by R-AVGs obeying the LDP

condition is exactly NEXP.

2.7 Simulating a Context Free Grammar in GNF

This section contains the details of the construction presented in the proof of The-

orem 2.4.1. We will show that every context-free language is generated by some

restricted attribute-value grammar.

A context-free grammar (CFG) is a quadruple hN;�; P; Si, where N is a set of

nonterminals, � is a set of terminals, P is a set of productions, and S 2 N is the

start nonterminal. A CFG is in Greibach normal form (GNF) i� the productions

are of one of the following forms, where a 2 �; A 2 N;A

1

: : : A

n

2 N n fSg and � the

empty string (cf., Hopcroft and Ullman 1979, Sudkamp 1988):

A ! aA

1

: : : A

n

A ! a

S ! �

Given a GNF G = hN;�; P; Si, we can construct a restricted attribute-value

grammar (R-AVG) G

0

that simulates grammar G. R-AVG G

0

consists of the same

set of nonterminals and terminals as GNF G. The productions of R-AVG G

0

are

described by Table 2.2. The only two attributes of R-AVG G

0

are top and rest.

R-AVG G

0

contains jN j + 1 atomic values, one atomic value for each nonterminal
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Productions of GNF G Productions of R-AVG G

0

S ! aA

1

: : : A

n

; S ! aA

1

push(A

2

: : : A

n

) ^ empty-stack

A! aA

1

: : : A

n

; A! aA

1

push(A

2

: : : A

n

) (A 6= S)

S ! a ; S ! aB 8B 2 N n fSg

pop(B) ^ empty-stack

S ! a ; S ! a

empty-stack

A! a ; A! aB 8B 2 N n fSg

pop(B) (A 6= S)

A! a ; A! a

empty-stack

S ! � neglected

Table 2.2: Simulating productions of GNF G by R-AVG G

0

and the special atomic value $. The R-AVG G

0

uses the feature-graph to encode a

pushdown stack, similar to the encoding of a list. The stack will be used to store

the nonterminals that still have to be rewritten.

The three syntactic abbreviations below are used to clarify the simulation. We

represent a stack by a Greek letter, or a string of symbols; the top of the stack is

the leftmost symbol of the string. Let x

0

encode a stack 
, then the formulas in the

abbreviation push(A

0

: : : A

n

) express that x

1

encodes a stack A

0

: : : A

n


. Likewise,

the formulas in the abbreviation pop(A) express that x

0

encodes a stack A
, and x

1

encodes the stack 
. The abbreviation empty-stack expresses that x

0

encodes an

empty stack.

push(A

0

: : : A

n

) stands for x

1

top

:

= A

0

^

x

1

rest top

:

= A

1

^

.

.

.

x

1

rest

n

top

:

= A

n

^

x

1

rest

n+1

:

= x

0

pop(A) stands for x

0

top

:

= A ^

x

0

rest

:

= x

1

empty-stack stands for x

0

:

= $

We have to prove that GNF G and its simulation by R-AVG G

0

generate (al-

most) the same language. Obviously, R-AVG G

0

cannot generate the empty string.

However, for all non-empty strings the following theorem holds.

2.7.1. Theorem. Start symbol S of GNF G derives string � (� 2 �

+

) i� start

symbol S of R-AVG G

0

derives string � with the empty stack.

Proof. There are two cases to consider. First, S derives string � in one step. Second,
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S derives string � in more than one step. Lemma 2.7.2 below is needed in the proof

of the second case.

In one step. Let start symbol S derive string � in one step. GNF G contains

a production S ! � i� R-AVG G

0

contains a production S ! � with the equation

empty-stack. So S derives � in a derivation of GNF G i� S derives � with an

empty stack in the derivation of R-AVG G

0

.

In more than one step. Start symbol S of GNF G derives string � = ��

0

in more than one step i� there is a leftmost derivation S

�

) �A ) ��

0

. GNF G

contains production A ! �

0

i� R-AVG G

0

contains production A ! �

0

with the

equation empty-stack. By Lemma 2.7.2 S

�

) �A for GNF G i� S

�

) �A with the

empty stack for R-AVG G

0

. Hence S derives � for GNF G i� S derives � with empty

stack for R-AVG G

0

. 2

2.7.2. Lemma. Start symbol S derives �A
 (� 2 �

+

; A
 2 (NnfSg)

+

) in a leftmost

derivation of GNF G i� nonterminal S derives �A with stack 
$ ($ is the bottom-

of-stack symbol) in the derivation of R-AVG G

0

.

Proof. The lemma is proven by induction on the length of the derivation.

Basis. If S derives �A
 in one step, then GNFG contains production S ! �A


and R-AVG G

0

contains production S ! �A with stack 
$. If S derives �A with

stack 
$ in one step, then R-AVG G

0

contains production S ! �A with stack 
$

and GNF G contains production S ! �A
.

Induction. The induction hypotheses states that S

n

) �A
 for GNF G i�

S

n

) �A with stack 
$ for R-AVG G

0

. Next we distinguish three cases: GNF

G contains production A ! aA

1

A

2

: : : A

n

; production A ! a and 
 = B

0




0

; or

production A! a and 
 = �.

1. GNF G contains a production A ! aA

1

A

2

: : : A

n

. Hence there is a left-

most derivation S

n+1

) �aA

1

A

2

: : : A

n


. GNF G contains the production A !

aA

1

A

2

: : : A

n

i� R-AVG G

0

contains a production A ! aA

1

with equation

push(A

2

: : : A

n

). Since the induction hypotheses states that there is a deriva-

tion S

n

) �A with stack 
$, there is a derivation S

n+1

) �aA

1

with stack

A

2

: : : A

n


$.

2. GNF G contains a production A! a and 
 = B

0




0

. Hence there is a leftmost

derivation S

n+1

) �aB

0




0

. GNF G contains the production A ! a i� R-AVG

G

0

contains productions A ! aB with equation pop(B), for all B 2 N n fSg.

Hence by the induction hypotheses, there is a derivation S

n+1

) �aB

0

with stack




0

$.

3. GNF G contains a production A ! a and 
 = �. Then there is a leftmost

derivation S

n+1

) �a. GNF G contains the production A ! a i� R-AVG
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G

0

contains production A ! a with equation empty-stack. Hence by the

induction hypotheses, there is a derivation S

n+1

) �a with stack $.

2

Because every context-free language is generated by some GNF G, every context-

free language is generated by some R-AVG G

0

.

2.8 Constructing an Honestly Parsable Attribute-

Value Grammar

This section contains the details of the proof of Theorem 2.5.3. We show how to add

a binary counter to an attribute-value grammar (AVG). This counter enforces the

honest parsability constraint (HPC) upon the AVG. To keep this section legible we

sometimes use the attribute-value matrices (AVMs) as descriptions. In Section 2.8.2,

we show how to create a counter for the AVG. This counter will polynomially bound

the number of rules that are applied in a derivation. Hence the counter guarantees

that strings are produced by a polynomial amount of rules. In Section 2.8.3 we

extend the syntactic rules and the lexicon of the AVG such that the counter that

bounds the size of a derivation is added to the AVG.

2.8.1 Arithmetic by AVGs

We start with a little bit of arithmetic.

Natural numbers. The AVMs below encode natural numbers in binary notation.

The sequences of attributes 0 and 1 in these AVMs encode natural numbers, from

least- to most-signi�cant bit. The attribute v has value 1 (or 0) i� it has a sister

attribute 1 (or 0).

1. The AVMs

�

v 0

0 +

�

and

�

v 1

1 +

�

encode the natural numbers zero and one.

2. The AVMs

�

v 0

0 [F ]

�

and

�

v 1

1 [F ]

�

encode natural numbers i� the AVM [F ]

encodes a natural number.

Syntactic rules that tests two numbers for equality. Assume a nonterminal

A with some AVM

�

n [F ]

m [H ]

�

, where [F ] and [H] encode natural number x and y,

respectively. We present one syntactic rule that derives from this nonterminal A a

nonterminal B with AVM

�

n [F ]

m [H ]

�

if x = y.

Clearly, this simple test takes one step. A more sophisticated test, which also

tests for inequality, would compare [F ] and [H] bit-by-bit. Such a test would take

an amount of derivation steps that is linear with respect to the size of the smallest

AVM.
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A! B

x

0

n

:

= x

0

m

^x

0

:

= x

1

Table 2.3: The rule to test two numbers for equality.

Syntactic rules that multiply by two. Assume a nonterminal A with some

AVM

h

n [F ]

i

, where [F ] encodes natural number x. We present one syntactic

rule that derives from this nonterminal A a nonterminal B with the AVM

h

n [H]

i

,

where [H] encodes natural number 2x.

The number n in [H] equals two times n in [F ] i� the least-signi�cant bit of n

in [H] is 0, and the remaining bits form the same sequence as the number n in [F ].

Multiplication by two takes one derivation step.

A! B

x

1

n v

:

= 0

^x

0

n

:

= x

1

n 0

Table 2.4: The rule to multiply by two.

Syntactic rules that increments by one. Assume a nonterminal A with some

AVM

h

n [F ]

i

, where [F ] encodes natural number x. We present �ve syntactic

rules that derive from this nonterminal A a nonterminal C with AVM

h

n [H]

i

,

where [H] encodes natural number x + 1.

The increment of n requires two additional pointers in the AVM of A: attribute

p points to the next bit that has to be incremented; attribute q points to the most-

signi�cant bit of the (intermediate) result. These additional pointers are hidden from

the AVMs of the nonterminals A and C.

The �ve rules from Table 2.5 increment n by one. Nonterminal A rewrites, in

one or more steps, to nonterminal C, potentially through a number of nonterminals

B.

The �rst and fourth rule of Table 2.5 state that adding one to a zero bit sets this

bit to one and ends the increment. The second and third rule state that adding one

to a one bit sets this bit to zero and the increment continues. The �fth rule states

that adding one to the most-signi�cant bit sets this bit to zero and yields a new

most-signi�cant one bit. We claim that A

�

) C takes an amount of derivation steps

that is linear with respect to the size of AVM [F ].

Rules, similar to the ones above, can be given that decrement the attribute n

by one. We only have to take a little extra care that the number 0 cannot be

decremented.

Syntactic rules that sum two numbers. In this section we use the previous

test and increment rules (indicated by =). Assume a nonterminal A with some
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A

0

! C

0

x

0

n v

:

= 0

^x

0

n 0

:

= x

1

n 1

^x

1

n v

:

= 1

A

0

! B

x

0

n v

:

= 1

^x

0

n 1

:

= x

1

p

^x

1

n 0

:

= x

1

q

^x

1

n v

:

= 0

B! B

x

0

p v

:

= 1

^x

0

p 1

:

= x

1

p

^x

0

n

:

= x

1

n

^x

0

q v

:

= 0

^x

0

q 0

:

= x

1

q

B! C

0

x

0

p v

:

= 0

^x

0

q v

:

= 1

^x

0

p 0

:

= x

0

q 1

^x

0

n

:

= x

1

n

B! C

0

x

0

p v

:

= 1

^x

0

p 1

:

= +

^x

0

n

:

= x

1

n

^x

0

q v

:

= 0

^x

0

q 0 v

:

= 1

^x

0

q 0 1

:

= +

Table 2.5: Five rules to increment n by one.

AVM

�

n [F ]

m [H ]

�

, where [F ] and [H] encode natural number x and y, respectively.

We present syntactic rules (Tables 2.6{2.9) that derive from this nonterminal A a

nonterminal C with AVM

�

n [F

0

]

m [H ]

�

, where [F

0

] encodes the natural number x+ y.

A! A

0

x

0

m

:

= x

1

m

^x

0

n

:

= x

1

p

^x

1

m

:

= x

1

q

^x

1

r

:

= x

1

n

C

0

! C

x

0

n

:

= x

1

n

^x

0

m

:

= x

1

m

Table 2.6: Two rules to hide the auxiliary pointers.

The increment of n by m is similar to the increment by one. Here, three additional

pointers are required: the attributes p and q point to the bits in n and m respectively

that have to be summed next; attribute r points to the most-signi�cant bit of the

(intermediate) result. In the addition two states are distinguished. In one state, the

carry bit is zero, indicated by nonterminal A

0

. In the other state, the carry bit is one,

indicated by nonterminal B. We claim that A

�

) C takes an amount of derivation

steps that is linear with respect to the size of the largest AVM.

Syntactic rules that sum a sequence of numbers. In this section we use the

previous summation rules (indicated by =). Assume a nonterminal A with some

AVM

h

l [F

0

]

i

, where [F

0

] encodes a list of numbers. To wit

[F

0

] =

2

6

6

4

f [G

1

]

r

2

4

f [G

2

]

r : : :

�

f [G

n

]

r +

�

3

5

3

7

7

5
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A

0

! A

0

x

0

p v

:

= 0

^x

0

q v

:

= 0

^x

0

r v

:

= 0

^x

0

p 0

:

= x

1

p

^x

0

q 0

:

= x

1

q

^x

0

r 0

:

= x

1

r

^x

0

n

:

= x

1

n

^x

0

m

:

= x

1

m

A

0

! A

0

x

0

p v

:

= 1

^x

0

q v

:

= 0

^x

0

r v

:

= 1

^x

0

p 1

:

= x

1

p

^x

0

q 0

:

= x

1

q

^x

0

r 1

:

= x

1

r

^x

0

n

:

= x

1

n

^x

0

m

:

= x

1

m

A

0

! A

0

x

0

p v

:

= 0

^x

0

q v

:

= 1

^x

0

r v

:

= 1

^x

0

p 0

:

= x

1

p

^x

0

q 1

:

= x

1

q

^x

0

r 1

:

= x

1

r

^x

0

n

:

= x

1

n

^x

0

m

:

= x

1

m

B! B

x

0

p v

:

= 1

^x

0

q v

:

= 0

^x

0

r v

:

= 0

^x

0

p 1

:

= x

1

p

^x

0

q 0

:

= x

1

q

^x

0

r 0

:

= x

1

r

^x

0

n

:

= x

1

n

^x

0

m

:

= x

1

m

B! B

x

0

p v

:

= 0

^x

0

q v

:

= 1

^x

0

r v

:

= 0

^x

0

p 0

:

= x

1

p

^x

0

q 1

:

= x

1

q

^x

0

r 0

:

= x

1

r

^x

0

n

:

= x

1

n

^x

0

m

:

= x

1

m

B! B

x

0

p v

:

= 1

^x

0

q v

:

= 1

^x

0

r v

:

= 1

^x

0

p 1

:

= x

1

p

^x

0

q 1

:

= x

1

q

^x

0

r 1

:

= x

1

r

^x

0

n

:

= x

1

n

^x

0

m

:

= x

1

m

Table 2.7: Rules when the carry bit is not changed.

A

0

! B

x

0

p v

:

= 1

^x

0

q v

:

= 1

^x

0

r v

:

= 0

^x

0

p 1

:

= x

1

p

^x

0

q 1

:

= x

1

q

^x

0

r 0

:

= x

1

r

^x

0

n

:

= x

1

n

^x

0

m

:

= x

1

m

B! A

0

x

0

p v

:

= 0

^x

0

q v

:

= 0

^x

0

r v

:

= 1

^x

0

p 0

:

= x

1

p

^x

0

q 0

:

= x

1

q

^x

0

r 1

:

= x

1

r

^x

0

n

:

= x

1

n

^x

0

m

:

= x

1

m

Table 2.8: Rules when the carry bit is changed.

where [G

i

] encodes natural number x

i

. We present syntactic rules (Table 2.10) that

derive from this nonterminal A a nonterminal B with AVM

�

suml [F ]

l [F

0

]

�

, where [F ]

encodes the natural number y = �

i

x

i

.

The summation requires an additional pointer in the AVM [F

0

]: attribute p points

to the next element in the list that has to be summed. We claim that A

�

) B takes

an amount of derivation steps that is linear with respect to the size of [F

0

].

2.8.2 Creating a counter of logarithmic size

In this section we will create AVMs of the following form, where the AVMs [F

i

]

represent natural numbers:

2

6

6

4

counter

2

6

6

4

size [F

1

]

n [F

2

]

m [F

3

]

poly [F

4

]

3

7

7

5

3

7

7

5

.
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A

0

! C

0

x

0

p

:

= +

^x

0

q = i

^x

0

r = j

^ i = j

^x

0

:

= x

1

A

0

! C

0

x

0

p = i

^x

0

q

:

= +

^x

0

r = j

^ i = j

^x

0

:

= x

1

A

0

! C

0

x

0

p

:

= +

^x

0

q

:

= +

^x

0

r

:

= +

^x

0

:

= x

1

B! C

0

x

0

p

:

= +

^x

0

q = z

^x

0

r = z + 1

^x

0

:

= x

1

B! C

0

x

0

p = z

^x

0

q

:

= +

^x

0

r = z + 1

^x

0

:

= x

1

B! C

0

x

0

p

:

= +

^x

0

q

:

= +

^x

0

r v

:

= 1

^x

0

r 1

:

= +

^x

0

:

= x

1

Table 2.9: Rules that stop the summation.

A! A

0

x

1

n v

:

= 0

^x

1

n 0

:

= +

^x

0

l

:

= x

1

l

^x

0

l

:

= x

1

p

A

0

! A

0

x

0

suml = y

^x

0

p f = z

^x

1

suml = y + z

^x

0

p r

:

= x

1

p

^x

0

l

:

= x

1

l

A

0

! B

x

0

p

:

= +

^x

0

suml

:

= x

1

suml

^x

0

l

:

= x

1

l

Table 2.10: Three rules that sum a list of numbers.

Attribute counter is used to distinguish the AVMs that encodes the counter

from those in the original attribute-value grammar. We will neglect the attribute

counter in the remainder of this section, because it is not essential here. The at-

tributes size, n, m and poly encode natural numbers. The attribute size records the

size of the string that will be generated. The attribute poly records the maximum

number of derivation steps that is allowed for a string of size size. The attributes n

and m are auxiliary numbers.

The construction of the counter starts with an initiation-step. The further con-

struction of the counter consists of cycles of two phases. Each cycle starts in non-

terminal A.

Initiation step and �rst phase. The initiation-step sets the numbers size and n

to 0, and the numbers m and poly to 1. In the �rst phase of each cycle, the numbers

size and n are incremented by 1.

The second phase of the cycle. In this phase the numbers n and m are com-

pared. If n is twice m, then (i) number poly is extended by k bits, (ii) number m is

doubled, and (iii) number n is set to 0. If n is less than twice m, nothing happens.

The left rule of the second phase doubles the number m in the second and the

third equation. The test \Is n equal to 2m?" therefore reduces to one (the �rst)
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S! A

x

1

size v

:

= 0

^x

1

size 0

:

= +

^x

1

n v

:

= 0

^x

1

n 0

:

= +

^x

1

m v

:

= 1

^x

1

m 1

:

= +

^x

1

poly v

:

= 1

^x

1

poly 1

:

= +

A! B

x

0

size = x

^x

1

size = x+ 1

^x

0

n = y

^x

1

n = y + 1

^x

0

m

:

= x

1

m

^x

0

poly

:

= x

1

poly

Table 2.11: Initiation-step and �rst phase.

equation. The fourth equation extend the number poly with k bits. The �fth and

sixth equations set the number n to 0.

The right rule is always applicable. If the right rule is used where the left rule was

applicable, then the number n will never be equal to 2m in the rest of the derivation.

Thus poly will not be extended any more.

B! A

x

0

n = x

1

m

^x

0

m = x

^x

1

m = 2x

^x

1

poly 0

i

v

:

= 0 (0 � i < k)

^x

0

poly

:

= x

1

poly 0

k

^x

1

n v

:

= 0

^x

1

n 0

:

= +

B! A

x

0

:

= x

1

Table 2.12: The second phase.

We claim that the left rule appears at most log(n) times and the right rule at

most n times in a derivation for input of size n. Obviously, the number poly is at

most 2

k log i

= i

k

when the number size is i.

2.8.3 From AVG to HP-AVG

In this section we show how to transform an AVG into an AVG that satis�es the

HPC (HP-AVG). Since all computation steps of the HP-AVG only require a linear

amount of derivation steps, total derivations of HP-AVGs have polynomial length.

We can divide the attributes of the HP-AVG into two groups. The attributes

that encode the counters, and the attributes of the original AVG. The former will be

embedded under the attribute counter, the latter under the attribute grammar.

In the sequel, we mean by �jgrammar the formula � embedded under the attribute

grammar, i.e., the formula obtained from � by substituting the variables x

i

by

x

i

grammar.

The HP-AVG is obtained from the AVG in three steps: change the start symbol,

the lexicon and the syntactic rules. First, the HP-AVG contains the rules of the
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previous section, which construct the counter. The nonterminal S from Table 2.11

is the start symbol of the HP-AVG. For the nonterminal A the start symbol of the

AVG is taken. Nonterminal B from Table 2.12 is a new nonterminal, not occurring

in the AVG.

Second, the HP-AVG contains an extension of the lexicon of the AVG. The entries

of the lexicon are extended in the following way. The size of the lexical form is set

to one, and the amount of derivation steps is zero. Thus if (w;X; �) is the lexicon

of the AVG, then (w;X;  ) is the lexicon of the HP-AVG, where

 = �jgrammar

^ x

0

counter size v

:

= 1

^ x

0

counter size 1

:

= +

^ x

0

counter poly v

:

= 0

^ x

0

counter poly 0

:

= +

Third, the HP-AVG contains extensions of the syntactic rules of the AVG. The

syntactic rules are extended in the following way. The numbers poly and size of

the daughter nonterminals are collected in the lists plist and slist. Both lists are

summed. The number size of the mother nonterminal is equal to the sum of size's,

and the number poly of the mother nonterminal is one more than the sum of poly's.

Thus if (X

0

; X

1

; : : : ; X

n

; �) is a syntactic rule of the AVG, then (X

0

; X

1

; : : : ; X

n

;  )

is a syntactic rule of the HP-AVG, where

 = �jgrammar

^ x

0

counter sums = � x

0

counter slist

^ x

0

counter size = x

0

counter sums

^ x

0

counter sump = � x

0

counter plist

^ x

0

counter sump = y

^ x

0

counter poly = y + 1

^ x

0

counter slist r

i

f

:

= x

i

counter size (0 � i < n)

^ x

0

counter slist r

n

:

= +

^ x

0

counter plist r

i

f

:

= x

i

counter poly (0 � i < n)

^ x

0

counter plist r

n

:

= +

Now a derivation for the HP-AVG starts with a nondeterministic construction of

a counter size with value n and a counter poly with value n

k

. Then the derivation

of the original AVG is simulated, such that (i) the mother nonterminal produces

a string of size n i� the daughter nonterminals together produce a string of size

n, and (ii) the mother nonterminal makes n

k

+ 1 derivation steps i� the daughter

nonterminals together make n

k

derivation steps.



Chapter 3

Complexity of Categorial Uni�cation

Grammar

3.1 Introduction

In this and the three subsequent chapters, we consider the complexity of the recogni-

tion problem of uni�cation-based grammatical theories. Especially, we consider the

recognition problem of �xed grammars. We will present NP -hard lower bounds for

the �xed recognition problems of primitive fragments of Categorial Uni�cation Gram-

mar (CUG), Functional Uni�cation Grammar (FUG), Head-driven Phrase Structure

Grammar (HPSG), Lexical Functional Grammar (LFG). As a consequence, the more

general universal recognition problems of these fragments are also NP -hard.

In Section 3.3, the NP -hard lower bound for the �xed recognition problem of

CUG is proven by a polynomial time, many-one reduction from the NP -complete

problem 3-Satisfiability (3SAT). We will show that there is a grammar G such

that (i) for each formula ' there exists a string w such that G generates w i� ' is a

satis�able 3SAT formula; (ii) for each formula ' it takes polynomial time to compute

the string w. In Chapter 4, 5, and 6, the NP -hard lower bounds for the remaining

three fragments are proven by means of simulations of CUG. We will show that each

CUG-grammar can be simulated by an FUG-, HPSG-, and LFG-grammar. Hence

if G is a CUG-grammar, then there are FUG-, HPSG-, and LFG-grammars G

0

such

that G generates string w i� G

0

generates string w

0

. Moreover, we will show that the

simulations are computed in polynomial time. Hence the simulations are polynomial

time many-one reductions, and thus the �xed recognition problems of FUG, HPSG

and LFG are NP -hard.

Furthermore, we will show that derivations in each of the four grammatical the-

ories have polynomial length and derivation steps are computable in polynomial

time. Thus the universal recognition problems of these grammatical theories and the

�xed recognition problems are NP -complete. The simulations and the complexity

results also yield lower and upper bounds on the weak generative capacity of these

grammatical theories.

39
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3.2 Preliminaries

This section contains the preliminaries on complexity theory and feature theory.

First we present the preliminaries on complexity theory: in particular the notions

\P ," \NP ," \NP -hard," \NP -complete," \3-Satisfiability," and \reduction" are

introduced. Then we present the preliminaries on feature theory: in particular the

notions \attribute," \value," \attribute-value matrix," \reentrance," and \uni�ca-

tion" are introduced.

3.2.1 Complexity Theory

Some complexity classes. In complexity theory one tries to determine the com-

plexity of problems. The complexity is measured by the amount of time and space

needed to solve a problem. Usually, one considers decision problems: problems that

are answered \Yes" or \No." Often we are interested in the distinction between

tractable and intractable problems. A problem is tractable if its solution requires

an amount of steps that is polynomial in the size of the input: we say that the

problem requires polynomial time. Likewise, we speak of linear time, quadratic time,

etcetera. The class of all tractable problems is called P . Occasionally we will refer to

the tractable problems as P problems. The intractable problems are called NP-hard

problems. The easiest intractable problems are the NP-complete problems. The NP -

complete problems are contained in the complexity class NP . Solutions for problems

in NP can be guessed and checked in polynomial time. It is strongly believed that

the complexity class P and the complexity class NP are di�erent, although this has

not been proven. In fact this is the major open problem in complexity theory. (See

any textbook on complexity theory for more formal de�nitions (e.g., Hopcroft and

Ullman 1979, Garey and Johnson 1979)).

Reductions & 3-Satis�ability. There is a direct manner to determine the upper

bound complexity of a problem, if there is an algorithm that solves the problem:

determine the complexity of that algorithm. An indirect way to determine the lower

bound complexity of a problem is the reduction. A reduction from some problem A

to some problem B maps instances of problem A onto instances of problem B.

The reductions that we will consider are known as polynomial time, many-one

reductions. These many-one reductions are subject to two conditions: (i) the reduc-

tions are easy to compute, and (ii) the reductions preserve the answers. A reduction

from A to B is easy to compute, if the mapping takes polynomial time. A reduction

preserves answers if the answer to the instance of A is the same as the answer to

the instance of B. That is, the answer to the instance of A is \Yes" i� the answer

to the instance of B is also \Yes."

A reduction is an elegant way to classify a problem as intractable. Suppose

problem B is a problem with unknown complexity. Let there be a reduction f

from an NP -hard problem A to problem B. Furthermore, let f conform to the two

conditions above. By means of an indirect proof, it follows from this reduction that

B is at least as hard as A. Hence B is also an NP -hard problem. If we also prove
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that we can guess a solution for B and check that guessed solution in polynomial

time, then B is an NP -complete problem.

A well-known NP -complete problem is 3-Satisfiability (3SAT).

3.2.1. Definition. 3-Satisfiability

Instance: A formula ', from propositional logic, in 3-conjunctive normal form.

Question: Is there an assignment of truth-values to the propositional variables of

', such that ' is true?

The instances of 3-Satisfiability are formulas in 3-conjunctive normal form,

i.e., the formulas are conjunctions of clauses. The clauses are disjunctions of exactly

three literals, and the literals are positive and negative occurrences of propositional

variables. We call formula ' a satis�able formula if an assignment exists that makes

formula ' true.

An assignment assigns either the value true or the value false to each propositional

variable. Given such an assignment, we can determine the truth-value of a formula.

The formula ' = (


1

^ : : : ^ 


m

) is true i� each clause, 


i

, is true. A clause


 = (l

1

_ : : :_ l

m

) is true i� at least one literal, l

i

, is true. A positive literal, l

i

= p

j

,

is true i� the variable p

j

is assigned the value true. A negative literal, l

i

= p

j

, is true

i� the variable p

j

is assigned the value false.

Recognition problems. In this and the three subsequent chapters, we consider

the complexity of the recognition problem of grammatical theories. Especially, we

consider the recognition problem of �xed grammars. The recognition problem is

the problem whether a string, w, is a string of the language, L(G), generated by

a grammar, G. There are multiple versions of the question whether a grammar

generates a string. In the general case, the question concerns an arbitrary string and

an arbitrary grammar. This version of the recognition problem is called the universal

recognition problem (URP). A more speci�c version of this question results when one

considers a �xed grammar instead of an arbitrary one. We will call this version the

�xed recognition problem (FRP).

The universal recognition problem (URP) is de�ned as follows.

3.2.2. Definition. Universal Recognition Problem

Instance: A pair (w;G), where w a string and G a grammar.

Question: Is the string w in the language generated by G (w 2 L(G))?

The �xed recognition problem (FRP) is de�ned as follows.

3.2.3. Definition. Fixed Recognition Problem

Let there be a �xed grammar G.

Instance: A string w.

Question: Is the string w in the language generated by G (w 2 L(G))?

The universal recognition problem is at least as di�cult as the �xed recognition

problem. The universal recognition problem may be more di�cult. For instance,
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an algorithm that solves the universal recognition problem e�ciently also solves the

�xed recognition problem e�ciently. However, an e�cient algorithm for the �xed

recognition problem may take an amount of time that is exponential with respect

to the size of the grammar. Clearly, such an algorithm does not solve the universal

recognition problem e�ciently.

3.2.2 The Standard Feature Theory

In this section we introduce a \standard" feature theory, which expresses the gen-

eral principles of the four uni�cation-based grammatical formalisms described in

this thesis. This feature theory serves as the starting point in the de�nitions of

the grammatical formalisms in the next chapters. Our objective is to make a com-

parison between the various formalisms easy. Therefore, we will use a consistent

notations and terminology throughout this thesis. As a consequence, our notations

and terminology will occasionally con
ict with those usually applied by these various

formalisms.

This section consists of �ve parts.

� In the �rst part of this section, we will formalize the notion of a feature-graph.

� In the second part of this section, we will present an intuitive way to describe

feature-graphs: attribute-value matrices.

� In the third part of this section, we will present a more formal way to describe

feature-graphs: F

L

-formulas.

� In the fourth part of this section, we will formalize the notion of uni�cation

and the related notion subsumption.

� In the �fth and �nal part of this section, we will present two algorithms.

The �rst algorithm, called Box2Path, transforms an attribute-value matrix

that contains box-labels into an attribute-value matrix that contains path-

equations. This algorithm takes quasi-linear time, i.e., a logarithmic factor

more than linear time. The second algorithm, called F

L

-Satisfiability, is an

e�cient uni�cation algorithm. The algorithm solves the uni�cation problem

for feature-graphs in quadratic time.

Feature-graphs. Although a universal feature theory does not exist, there is a

general understanding of its objects. The objects of feature theories are abstract

linguistic objects, e.g., an object \sentence," an object \masculine third person sin-

gular," an object \verb," an object \noun phrase." These abstract objects have prop-

erties, like \tense," \number," \predicate," \subject." The values of these properties

are either atomic, like \present" and \singular," or abstract objects, like \verb" and

\noun phrase." The abstract objects can be represented as rooted graphs: feature-

graphs.

The nodes of these feature-graphs stand for abstract objects, like \singular" and

\noun phrase." The edges represent properties of these objects, like \tense" and

\number." To be more precise, a feature-graph is a �nite, rooted, connected, di-

rected, and acyclic graph whose edges are labeled with attributes. For every node,
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the labels of the edges departing from it must be pair-wise distinct. A node represents

an atomic abstract object only if no edges depart from that node.

3.2.4. Definition. A feature-graph is either

1. a pair (a; ;), where a is an atomic value and ; is the empty set, or

2. a pair (x; E), where x is a root node and E is a �nite, possibly empty set of

edges such that

(a) for each property and all nodes there is at most one edge that represents

the property departing from the node,

(b) if there is an edge in E from node y to node z, then node y is a non-atomic

value and z is an atomic or non-atomic value,

(c) if there is an edge in E from node y to node z, then there is no path in E

from node z to node y, and

(d) if there is an edge in E from node y to node z, then there is a path in E

leading from the root node x to node y.

As an example consider the following three abstract objects and the simpli�ed

feature-graph in Figure 3.1.

3.2.5. Example.

� The abstract object temptingly labeled Sentence: A man walks has three prop-

erties: tense, subject, and predicate. The value of property tense is

present, the value of property subject is the abstract object labeled Noun

phrase: A man, and value of property predicate is the abstract object la-

beled Verb: walks.

� The abstract object labeled Noun phrase: A man has property number with

value singular.

� The abstract object labeled Verb: walks also has property number with value

singular.

Note that it is not a coincidence that the abstract objects labeled by Noun phrase:

A man and Verb: walks have the same value singular for property number. These

two abstract objects have the same value for property number, because the two

edges with label number lead to the same node.

The description of feature-graphs by attribute-value matrices. A familiar,

intuitive way to describe feature-graphs is the attribute-value matrix notation. An

attribute-value matrix (AVM) is a collection of attribute-value pairs. The AVMs

are written as matrices between squared brackets. An attribute is a string of letters

without internal structure. In this thesis attributes are capitalized, like subject and

number. A value is either atomic, i.e., a string of letters without internal structure,

or compound, e.g., an attribute-value matrix. Atomic values will be written in

italics, like singular. Because values may be compound, sequences of attributes
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Noun phrase: A man

Sentence: A man walks

Verb: walks

subject

predicate

tense

numbernumber

singular

present

Figure 3.1: The feature-graph for A man walks.

exist. A sequence of attributes is called a path. We say that the value of the �nal

attribute in a path is the value of a path. Paths are enclosed in angled brackets, like

hsubject numberi. These notions are illustrated by (1) in Example 3.2.6.

An extension to the basic AVMs that all formalisms have in common is reen-

trance, also known as information sharing. Reentrance enables one to state that

two paths have the same value; we say that these paths are reentrant. Two slightly

di�erent notations (cf., Blackburn and Spaan 1993) and the next section, for reen-

trance are box-labels and path-equations. Box-labels are natural numbers within a

frame, e.g., 1 . Path-equations are pairs of paths, conjoined by an dotted equality-

sign, like hsubjecti

:

= hhead subjecti. The distinction between box-labels and

path-equations is illustrated by (2) in Example 3.2.6.

In this feature theory there is no essential di�erence in representing reentrance

by box-labels or path-equations. Attribute-value matrices that use box-labels to

represent reentrance are easily transformed into equivalent attribute-value matrices

that use path-equations. At the end of this section we will present an e�cient

algorithm, Box2Path, that performs this transformation.

3.2.6. Example.

1. The value of the attribute number in the attribute-value matrix

�

number singular

�

is the atomic value singular.

The compound value of the attribute subject in the attribute-value matrix

�

subject [number singular]

�
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is the attribute-value matrix

�

number singular

�

.

We say that the value of the path hsubject numberi is singular.

2. The two occurrences of the box-label 1 in the attribute-value matrix

2

6

4

subject 1

�

number singular

person 3rd

�

head

h

subject 1

i

3

7

5

denote the reentrance of the paths hsubjecti and hhead subjecti. The

path-equation in the following attribute-value matrix expresses also that the

paths hsubjecti and hhead subjecti are reentrant.

2

4

subject

�

number singular

person 3rd

�

hsubjecti

:

= hhead subjecti

3

5

Both notations state that the value of the attribute subject is the same as

the value of the sequence of the attributes head and subject.

The AVM notation is intuitive because AVMs strongly resemble feature-graphs.

We can view the opening brackets and the atomic values of an AVM as nodes. The

outermost bracket is the root node. The attributes of the AVM can be view as edges

with the attribute as their label. The box-labels and path-equations identify nodes

in the feature-graph. The feature-graph given in Figure 3.1 could be represented by

the following two attribute-value matrices.

2

6

6

4

subject

h

number 1 singular

i

predicate

h

number 1

i

tense present

3

7

7

5

2

4

subject

�

number singular

�

tense present

hsubject numberi

:

= hpredicate numberi

3

5

The description of feature-graphs by F

l

-formulas. The abstract linguistic

objects are fully described by their properties and their values. Thus another way to

describe feature-graphs is a language for these properties and values of the abstract

linguistic objects. In this thesis we use a rede�nition (Rounds To appear) of Smolka's

(1992) sublanguage of predicate logic with equality: F

L

.

Assume three pair-wise disjunct sets of symbols: the set of constants A, the

set of variables V , and the set of attributes L. The attributes (denoted by f; g; h or

capitalized strings) correspond to the properties of the abstract objects, the variables

(denoted by x; y; z) correspond to the abstract objects, and the constants (denoted by

a; b; c or italicized strings) correspond to the atomic values. Let s; t denote variables

or constants, and let a path (denoted by p; q) be a �nite, possible empty sequence of

attributes.
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3.2.7. Definition. The terms of the description language F

L

are the elements from

V and A. The formulas of the description language (F

L

-formulas) are equations, and

conjunctions:

sp

:

= tq and ' ^  

if ';  are formulas, p; q are paths, and s; t are terms. The formulas of the following

form are called primitive formulas:

s

:

= t and sf

:

= t:

We will interpret the formulas from the description language F

L

as feature-graphs.

The formula s

:

= t is interpreted as: the terms s and t denote the same node in the

feature-graph. The formula sf

:

= t is interpreted as: there is an edge with label f

from the node denoted by s to the node denoted by t in the feature-graph.

As an example, consider the feature-graph given in Figure 3.1. The following

formula describes the feature-graph, provided that the proper sets A; V and L are

given.

x subject

:

= y ^ x predicate

:

= z ^ y number

:

= z number ^

x subject number

:

= singular ^ xtense

:

= present

Subsumption and uni�cation. Subsumption and uni�cation are closely related.

Subsumption describes a measure of the information content. The uni�cation of

two feature-graphs is the smallest feature-graph that contains all information both

feature-graphs

3.2.8. Definition. A feature-graph A = (x

A

; E

A

) subsumes a feature-graph B =

(x

B

; E

B

) (A v B) i� there is total function h from the set of nodes in A to the set

of nodes in B, such that

1. h(x

A

) = x

B

,

2. if there is an edge labeled f from y

A

to z

A

in A, then there is an edge labeled

f from h(y

A

) to h(z

A

) in B, and h(y

A

) 6= h(z

A

).

Intuitively, the uni�cation of two feature-graphs G

1

and G

2

combines all the

information that is expressed by each of the feature-graphs, provided that the in-

formation is not contradictory. The uni�cation cannot occur if the feature-graphs

contain contradictory information. Two feature-graphs G

1

and G

2

contain contra-

dicting information in three cases:

1. if the value of some path p in G

1

is atomic, whereas the value of p in G

2

is

compound;

2. if the values of some path p are atomic in both G

1

and G

2

, but the atomic

values di�er;
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3. if two paths p and q lead to the same node in G

1

, whereas in G

2

p lead to a

node v, q leads to node w, and from node v there is a non-empty path p

0

that

leads to the node w.

Formally, the uni�cation of feature-graphs is de�ned as follows.

3.2.9. Definition. A feature-graph C is the uni�cation of feature-graph A and

feature-graph B (C = A t B) i�

1. A v C and B v C, and

2. for all C

0

such that A v C

0

and B v C

0

, C v C

0

.

The following examples may illustrate the uni�cation-operations. We use the de-

scription of feature-graphs by means of attribute-value matrices because the attribute-

value matrices strongly resemble feature-graphs.

3.2.10. Example.

1. Unifying the non-contradicting attribute-value matrices [numbersingular ] and

[person 3rd ] yields

�

number singular

person 3rd

�

.

2. The value of path hsubjecti in the attribute-value matrix

h

subject John

i

is atomic, whereas the value of path hsubjecti in the attribute-value matrix

�

subject

�

number singular

� �

is compound. Hence these two attribute-value matrices do not unify.

3. The attribute-value matrices

h

subject singular

i

and

h

subject John

i

do

not unify, because the atomic values singular and John di�er.

4. According to the attribute-value matrix

"

subject 1

�

person 3rd

�

head 1

#

the paths hsubjecti and hheadi are reentrant, whereas in the attribute-value

matrix

"

subject 2

head

h

subject
2

i

#

the path hsubjecti is reentrant with the path hhead subjecti. Conse-

quently, these attribute-value matrices do not unify.
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Uni�cation in F

L

is e�cient. Let A and B be abstract linguistic objects, or

feature-graphs, that are described by the F

L

-formulas ' and  , respectively. The

uni�cation of A and B is described by F

L

-formula '^ i� '^ describes a feature-

graph. In the �nal part of this section we will present an e�cient algorithm, called

F

L

-Satisfiability, that determines whether an F

L

-formula describes a feature-

graph. Hence we can view the algorithm as a uni�cation algorithm.

Uni�cation of AVMs is e�cient. Let A and B be abstract linguistic objects,

or feature-graphs, that are described by the AVMs [F ] and [H], respectively. The

uni�cation of A and B is denoted by [F ]t [H]. The algorithm, F

L

-Satisfiability,

in the �nal part of this section can be used to compute the AVM [F ]t [H] e�ciently,

in the following way.

First, there is a linear time algorithm that transforms AVMs into F

L

formulas.

Second, the algorithm F

L

-Satisfiability can easily be modi�ed such that it also

outputs the feature-graph that is described by an F

L

-formula. Since the modi�ed

algorithm will remain e�cient, the feature-graph will be small. Finally there is a

trivial, linear time, algorithm that transforms feature-graphs into AVMs.

Two algorithms. In this �nal part of the section, we will present two algorithms.

The �rst algorithm, called Box2Path, transforms an attribute-value matrix that

contains box-labels into an attribute-value matrix that contains path-equations. This

algorithm takes quasi-linear time. The second algorithm, called F

L

-Satisfiability,

is an e�cient uni�cation algorithm. The algorithm solves the uni�cation problem

for feature-graphs in an quadratic time.

Algorithm Box2Path. In the standard feature theory there is no essential

di�erence in representing reentrance by box-labels or path-equations. Attribute-

value matrices that use box-labels to represent reentrance are easily transformed

into equivalent attribute-value matrices that use path-equations. The following al-

gorithm presents a quasi-linear, i.e., a logarithmic factor more than linear time,

transformation from AVM [F ] into AVM [F ]

�

.

By inspection of the algorithm, it is clear that [F ] and [F ]

�

describe exactly

the same feature-graphs. The path-equations in [F ]

�

are collected in the outermost

attribute-value matrix. The non-linearity is due to the sorting of the table TABLE.

Algorithm Box2Path

Input: AVM [F ] containing box-labels

Output: AVM [F ]

�

containing path-equations

Comment: Create a sorted table of (box-label, path)-pairs.

Set READY := false.

Set TABLE := empty.

Set PATH := empty.

Do until READY

Do while there is an unmarked attribute f departing from PATH in [F ]

Mark f .
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Push f onto PATH.

If f has box-label i as value,

then add pair (i, PATH) to TABLE before all pairs with

�rst coordinate j > i.

End while

If PATH = empty,

then set READY := true

else pop PATH.

End until

Comment: Remove the box-labels from [F ]

�

.

Set [F ]

�

:= [F ].

Set READY := false.

Set PATH := empty.

Do until READY

Do while there is an unmarked attribute f departing from PATH in [F ]

�

Mark f .

Push f onto PATH.

End while

If PATH = empty,

then set READY := true, else

if PATH has only box-label i as value,

then remove top of PATH and box-label i from [F ]

�

, else

if PATH has box-label i plus an atomic or non-atomic value,

then remove box-label i from [F ]

�

.

pop PATH.

End until

Comment: Add to [F ]

�

the path-equations indicated by TABLE.

For �rst to last entry of TABLE do

if (i; p) is the �rst entry in TABLE with coordinate i,

then for all other entries (i; q) do

add path-equation p

:

= q to [F ]

�

.

Algorithm F

L

-Satisfiability. In the remainder of this section we will present

the algorithm F

L

-Satisfiability, which determines whether a formula of the de-

scription language F

L

describes a feature-graph. The algorithm is a slight modi�ca-

tion of the constraint-solving algorithm in (Smolka 1992, Section 5).

The algorithm F

L

-Satisfiability can be used to determine whether two abstract

objects can be uni�ed: if the formulas ' and  describe abstract objects, then '^ 

describes their uni�cation i� the uni�cation exists. So we may say that the algorithm

solves the uni�cation problem.

The algorithm F

L

-Satisfiability below determines syntactically whether a for-

mula is satis�able in some feature algebra. Because there is a 1{1 correspondence

between satis�able formulas and feature-graphs, the algorithm determines whether
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a formula describes a feature-graph. The algorithm �rst transforms any formula by

means of syntactic simpli�cation rules into a normal form. Then this normal form

is checked syntactically in order to see whether the formula is satis�able.

The correctness and the complexity of the algorithm F

L

-Satisfiability follow

from (Smolka 1992, Section 5). The function Transform, the procedure Simplify,

the clash-freeness test and the acyclicity test can all be computed in an amount

of time that is quadratic in the size of the formula '. Hence the algorithm F

L

-

Satisfiability takes quadratic time. Moreover, the function Transform, the

procedure Simplify, the two tests use an amount of space that is linear in the size

of the formula '. Hence the algorithm F

L

-Satisfiability takes linear space.

Algorithm F

L

-Satisfiability

Input: Formula ' =

V

i

'

i

from the description language F

L

.

Output: 1) \Yes" if ' describes an acyclic feature-graph, and

2) \No" otherwise.

Begin Algorithm

Each '

i

is of the form sp

:

= tq, where p; q are paths, s; t are terms.

Transform ' into a set of primitive formulas:

P = f 

i

j  

i

= sf

:

= t; or  

i

= s

:

= tg.

Simplify the set P , yielding set S, until no further simpli�cation is

possible.

If set S is clash-free and acyclic,

then

Exit with answer \Yes,"

else

Exit with answer \No."

End Algorithm

Function Transform

Input: Formula ' =

V

i

'

i

from the description language F

L

.

Output:A set of primitive formulas P = f 

i

j 

i

= sf

:

= t; or  

i

= s

:

= tg.

Begin Function

P := Transform('), where

Step 0.Transform(

V

i

'

i

) :=

S

i

Transform('

i

)

Step 1.Transform(sp

:

= tq) := Transform(sp

:

= y)[

Transform(tq

:

= y), where y is a fresh variable

Step 2.Transform(s f

1

: : : f

n

:

= y) := fs

:

= y

0

; y

n

:

= yg [ fy

i�1

f

i

:

= y

i

j

1 � i � ng, where y

i

(1 � i � n) are fresh variables, and y is a

variable introduced in step 1.

End Function

In the procedure Simplify we will use the following notations. We use [x=s]P

to denote the set that is obtained from P by replacing every occurrence of variable

x by term s, and s

:

= t&P to denote the set fs

:

= tg [ P , provided that s

:

= t 62 P .

Procedure Simplify (cf., Smolka 1992)

Input: Set of primitive formulas P .
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Output: Simpli�ed set of primitive formulas S.

Begin Procedure

Do while one of the following four simpli�cation rules is applicable

1. (x

:

= s)&P ! (x

:

= s)& [x=s]P if x occurs in P and x 6= s

2. (a

:

= x)&P ! (x

:

= a)&P

3. (xf

:

= s)& (xf

:

= t)&P ! (xf

:

= s)& (s

:

= t)&P

4. (s

:

= s)&P ! P

End while

Exit with the simpli�ed form of set P : set S.

End Procedure

Now it remains to show what the �nal test \set S is clash-free and acyclic" in

the algorithm means.

3.2.11. Lemma. A simpli�ed set of primitive formulas S is clash-free if

1. S contains no formula af

:

= s, and

2. S contains no formula a

:

= b such that a 6= b.

Proof. From (Smolka 1992, Proposition 5.4). 2

3.2.12. Lemma. A simpli�ed set of primitive formulas S is acyclic i� S does not

contain a sequence of formulas x

i

f

i

:

= x

i+1

and x

n

f

n

:

= x

1

(1 � i � n).

Proof. By induction on the length of a cycle. 2

3.3 Categorial Uni�cation Grammar

In this section we will present a formulation of Categorial Uni�cation Grammar

(CUG). This formulation serves as a starting point for the chapters on Functional

Uni�cation Grammar, Head-driven Phrase Structure Grammar, and Lexical Func-

tional Grammar. Bach (1983a, 1983b) introduced Categorial Uni�cation Grammar.

The formalism is studied further in articles like (Uszkoreit 1986) and (Bouma 1988).

In Section 3.3.1 we will present the classical Categorial Grammar and Categorial

Uni�cation Grammar. In Section 3.3.2 we will present an NP -hard lower bound for

the �xed recognition problem of CUG. This NP -hard lower bound is proven by a poly-

nomial time, many-one reduction from the NP -complete problem 3-Satisfiability.

In Section 3.3.3 we will present an NP upper bound for the universal recognition

problem of CUG. In Section 3.3.4 we will discuss the weak generative capacity of

CUG.

3.3.1 The Grammatical Formalisms

Categorial Uni�cation Grammar (CUG) is a classical Categorial Grammar (CG)

in which feature theory is incorporated. Various extensions of Categorial Gram-

mar are studied, e.g., Lambek Categorial Grammar (Lambek 1988, Moortgat 1988),
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Zielonka's Categorial Grammar (Zielonka 1981), but we will not consider them in

this chapter. First we will de�ne the classical Categorial Grammar. Then we will

present the Categorial Uni�cation Grammar.

Classical Categorial Grammar

Classical Categorial Grammar (Buszkowski 1988a, Buszkowski 1988b, Partee, ter

Meulen and Wall 1990) is de�ned by a �nite set of primitive categories, which con-

tains one distinguished primitive category, a �nite set of strings, a lexicon, and

combinatory rules to combine these categories.

Thus we de�ne a CG-grammar as a tuple <pcat;S;Lex;Lexicon; C>, where

pcat is a �nite set of primitive categories, S is a distinguished primitive category,

Lex is a �nite set of strings, Lexicon is a lexicon, and C is a set of combinatory rules.

Categories. An in�nite set of categories is de�ned inductively from the set of

primitive categories.

3.3.1. Definition. Given a set of primitive categories, pcat, the set of categories,

cat, is the smallest set such that

1. pcat � cat.

2. if X 2 cat and Y 2 cat, then both (XnY) 2 cat and (Y=X) 2 cat.

The outermost parentheses of a category are omitted, when it causes no confusion.

Lexicon. The lexicon is a relational mapping from strings to categories. Such a

mapping from a string to a category is called an entry of the lexicon. An entry for

string w and category X is usually denoted by w : X.

3.3.2. Definition. Given a �nite set of strings, Lex, and a �nite set of primitive

categories, pcat. Let cat be the set of categories de�ned from pcat. The lexicon,

Lexicon, is a �nite subset of Lex� cat.

Combinatory rules. The combinatory rules combine categories with each other

to form a new category. The set of combinatory rules, C, in CG consists of two

application rules:

X (XnY)! Y (left application)

(Y=X) X ! Y (right application)

The category X in the application rules is called the argument. The other category,

(XnY) or (Y=X), is called the functor. We will refer to X in the functors (XnY)

and (Y=X) as the argument category, and to Y as the resulting category.

It is clear that the category that results from the application of these combina-

tory rules is equal to the resulting category of the functor. This property will be

generalized into the subcategory-property (De�nition 3.3.6).
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The language generated. Now that we know what a CG-grammar is, let us de�ne

the language that it generates. In order to de�ne the language that a CG-grammar

G generates, we introduce the notions \derive," \produce," and \generate."

3.3.3. Definition. A category A

0

derives a sequence of categories A

1

: : :A

n

i�

1. n = 2, and A

1

and A

2

combine into A

0

by a left or right application rule

(A

1

A

2

! A

0

), or

2. A

i

and A

i+1

combine into B by a left or right application rule (A

i

A

i+1

! B),

and A

0

derives the sequence of categories A

1

: : :A

i�1

BA

i+2

: : :A

n

.

3.3.4. Definition. Given a CG-grammar G. A category A

0

produces a string w =

w

1

: : : w

n

i� category A

0

derives a sequence of categories A

1

: : :A

n

, and the lexicon

of G contains the entries w

i

: A

i

(1 � i � n).

3.3.5. Definition. CG-grammar G generates string w i� the distinguished cate-

gory S produces w. The language that grammar G generates (L(G)) is de�ned as

the set of all strings that are produced by S (L(G) = fw j S produces wg).

A computationally attractive property of CG is the subcategory-property. It

follows easily from the combinatory rules that the subcategory-property holds for

classical Categorial Grammars.

3.3.6. Definition. Let pcat be a �nite set of primitive categories, and cat be the

set of categories de�ned from pcat. The subcategories of a category A are de�ned

as:

� If A 2 pcat, then A has no subcategories.

� If A = (XnY) 2 cat, or A = (Y=X) 2 cat, then the subcategories of A are

the category Y plus all the subcategories of this category Y.

The subcategory-property states that if category A

0

derives a sequence of cate-

gories A

1

: : :A

n

, then A

0

is a subcategory of one of the A

i

's.

From the subcategory-property the following fact follows. This fact shows that it

su�ces to describe a CG-grammar by its lexicon, its distinguished primitive category,

and its combinatory rules.

3.3.7. Fact. Given a lexicon Lexicon and a string w = w

1

: : : w

n

. All categories A

that appear in a derivation for w, are subcategories of some A

i

(1 � i � n), such

that w

i

: A

i

is an entry of Lexicon.
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Categorial Uni�cation Grammar

As mentioned above, Categorial Uni�cation Grammar (CUG) is a Categorial Gram-

mar in a which feature theory is incorporated. This is accomplished by associat-

ing attribute-value matrices (AVMs) with the categories. The feature theory that

we will incorporate is the standard feature theory from Section 3.2. In Bouma's

(1988) de�nition of CUG, AVMs are allowed to range over both primitive and non-

primitive categories. We adopt this idea and copy the positioning of the AVM of the

non-primitive category: it is positioned under the slash connectives. CUG is now

obtained from CG by altering the set of categories, the lexicon, and the combinatory

rules.

Categories in CUG. The next de�nition shows that the AVM of the resulting

category of the non-primitive category is positioned under the slash connectives.

3.3.8. Definition. Given the set of primitive categories in classical Categorial

Grammar, pcat, and the standard feature theory, F . Let [F ]; [H] be, possibly

empty, AVMs from F . The set of CUG-categories, cugcat, is de�ned as the small-

est set such that

1. ifX is a primitive category (X 2 pcat), thenX[F ] is a primitive CUG-category

(X[F ] 2 cugcat);

2. (X[F ] n

[H]

Y), (Y =

[H]

X[F ]) are CUG-categories ((X[F ] n

[H]

Y); (Y =

[H]

X[F ])

2 cugcat) if X[F ] and Y[H] are CUG-categories (X[F ];Y[H] 2 cugcat).

3.3.9. Definition. Given two CUG-categoriesX[F ] and Y [H]. The CUG-categories

X[F ] and Y [H] unify i�

1. X = Y , where X; Y 2 pcat and [F ] uni�es with [H], or

2. X[F ] = (U

0

[F

0

] n

[F ]

U) and Y [H] = (V

0

[H

0

] n

[H]

V ), and U

0

[F ] uni�es with

V

0

[H] while U [F ] uni�es with V [H], or

3. X[F ] = (U =

[F ]

U

0

[F

0

]) and Y [H] = (V =

[H]

V

0

[H

0

]), and U [F ] uni�es with

V [H] while U

0

[F ] uni�es with V

0

[H].

Lexicon in CUG. Again the lexicon in CUG is a relational mapping from strings

to categories. The only di�erence with the lexicon in CG is that the lexicon in CUG

is a mapping to CUG-categories. As before, an entry for string w and CUG-category

X [H] is usually denoted by w : X [H].

3.3.10. Definition. Given a �nite set of strings, Lex, and a set of CUG-categories

cugcat. A lexicon is a �nite subset of Lex� cugcat.
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Combinatory rules in CUG. The application rules of CG are adapted for the

CUG-categories. The left and right application rules of CUG become

X[F ] (U[F

0

] n

[H

0

]

V) ! Y[H]

(V =

[H

0

]

U[F

0

]) X[F ] ! Y[H]

Provided that X[F ] uni�es with U [F

0

].

The uni�cation of X[F ] and U[F

0

] may e�ect the CUG-category V[H

0

]: changing

V[H

0

] into Y[H]. When V[H

0

] is changed into Y[H], this change is caused by

reentrances between U[F

0

] and V[H

0

].

We can now describe a CUG-grammar by its lexicon, the set of two applica-

tion rules, C, and a distinguished primitive CUG-category without an AVM, S:

<Lexicon; C;S>,

The language generated. In order to de�ne the language generated by a CUG-

grammar, we de�ne the notions \derive," \produce," and \generate." These notions

are very similar for CUG and CG.

3.3.11. Definition. A category A

0

with AVM [H] derives a sequence of categories

A

1

: : :A

n

with AVMs [F

1

]; : : : ; [F

n

], respectively, i�

1. n = 2 and the application of A

1

[F

1

], and A

2

[F

2

], yields A

0

[H], or

2. the application of A

i

[F

i

] and A

i+1

[F

i+1

] yields B[H

0

], and A

0

[H] derives

the sequence of categories A

1

: : :A

i�1

BA

i+2

: : :A

n

with AVMs [F

1

]; : : : ; [F

i�1

];

[H

0

]; [F

i+2

]; : : : ; [F

n

], respectively.

3.3.12. Definition. Given a CUG-grammar G. A category A

0

with AVM [H]

produces a string w = w

1

: : : w

n

i� category A

0

with AVM [H] derives a sequence

of categories A

1

: : :A

n

, with AVMs [F

1

] : : : [F

n

], and the lexicon of G contains the

entries w

i

: A

i

[H

i

], where [H

i

] v [F

i

].

3.3.13. Definition. CUG-grammar G generates string w i� the distinguished cat-

egory S with some AVM [F ] produces w. The language that grammar G generates

(L(G)) is de�ned as the set of all strings that are produced by S with some AVM

[F ] (L(G) = fw j S [F ] produces wg).

If we disregard that CUG-categories contain AVMs, then the subcategory-property

also holds for CUG.
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3.3.14. Definition. The subcategory-property for CUG states that if CUG-category

A

0

[F

0

] derives a sequence of CUG-categories A

1

[F

1

] : : :A

n

[F

n

], then A

0

is a sub-

category of one of the A

i

's.

We conclude this section with an example. The example illustrates the role

uni�cation plays in the application rules.

3.3.15. Example. Let there be a CUG-grammar with the left and right application

rules, the distinguished category S and the following lexicon with �ve entries:

the: N =

1 [def +]

N 1 a: N =

1 [def {]

N 1 [num sing] kisses: (N 1

�

pers 3rd

num sing

�

n

1

S)=N

boy: N

�

pers 3rd

num sing

�

girl: N

�

pers 3rd

num sing

�

A CUG-category N, with some appropriate AVM, produces the string \the boy"

from the entries for \the" and \boy." This production follows from applying the right

application rule to the corresponding categories. The box-label 1 of the argument

category and the AVM of the argument can be uni�ed successfully, yielding

N =

1 [def+]

N 1 N

�

pers 3rd

num sing

�

! N

2

4

pers 3rd

num sing

def +

3

5

In a similar way, a CUG-category N, with some appropriate AVM, produces the

string \a girl", because the value of attribute num in the entry for \girl" is indeed

sing.

N =

1 [def {]

N 1 [num sing] N

�

pers 3rd

num sing

�

! N

2

4

pers 3rd

num sing

def {

3

5

The right application of the CUG-category for the lexicon entry \kisses" and the

CUG-category for the string \a girl" is successful simply because the string \a girl"

is a N.

(N 1

�

pers 3rd

num sing

�

n

1

S)=N N

2

4

pers 3rd

num sing

def {

3

5

! N 1

�

pers 3rd

num sing

�

n

1

S

Let us now consider the left application of the CUG-categories for the string \the

boy" and the string \kisses a girl." The result is the distinguished CUG-category

S, with some AVM. Hence the string \the boy kisses a girl" is a sentence from the

language generated by G.

N

2

4

pers 3rd

num sing

def +

3

5

N 1

�

pers 3rd

num sing

�

n

1

S ! S

2

4

pers 3rd

num sing

def +

3

5
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3.3.2 Fixed Recognition is NP-hard

In this section we will prove that the �xed recognition problem of CUG, \FRP-

CUG," is NP -hard, cf., De�nition 3.2.3. As an immediate consequence, the universal

recognition problem of CUG is also NP -hard, a result that was obtained before in

(Trautwein 1992). We will present a reduction from 3-Satisfiability (3SAT) to the

recognition problem of some �xed CUG-grammar G. The reduction maps formulas

' in 3-conjunctive normal form to strings w. We will prove that ' is satis�able i� G

generates w (Lemmas 3.3.20 and 3.3.21). Hence we can solve the 3SAT problem by

solving the FRP-CUG problem. Furthermore, we will show that the reduction from

3SAT to FRP-CUG takes polynomial time (Lemma 3.3.16). Hence a deterministic

polynomial time solution for FRP-CUG would imply a deterministic polynomial

time solution for 3SAT, which proves the NP -hardness of the �xed and universal

recognition problems of CUG (Theorems 3.3.22 and 3.3.23).

The Reduction and the Grammar

In this part we will �rst present the reduction and then the �xed grammar G. The

reduction maps formulas, ', in 3-conjunctive normal form onto strings, w, in the

following way.

Let formula ' be a formula in 3-conjunctive normal form: ' = 


1

^ : : :^


n

, where




i

= (l

i

1

_ l

i

2

_ l

i

3

), and l

i

k

is p

j

or p

j

. We may assume, without loss of generality, that

the indices of the variables, p

j

, are in binary representation. String w is obtained

from ' by removing all parentheses, marking the even occurrences of the symbol _

with a prime, and preceding the literals by their indices.

Thus the reduction is de�ned by the following mapping from formulas in 3-

conjunctive normal form onto strings:

f(


1

^ : : : ^ 


n

) = f(


1

) ^ : : : ^ f(


n

) (


i

a clause)

f(l

1

_ l

2

_ l

3

) = f(l

1

) _ f(l

2

) _

0

f(l

3

) (l

i

a literal)

f(p

i

) = i p (p

i

a positive literal, i in

binary representation)

f(p

i

) = i p (p

i

a negative literal, i in

binary representation)

Now let us de�ne the CUG-grammar G. The �xed CUG-grammar G is de�ned

by its distinguished primitive category, its combinatory rules, and its lexicon. The

distinguished primitive category S. The combinatory rules, the left and right ap-

plication rules, were given in Section 3.3.1. The lexicon of grammar G is given in

Table 3.1. The entries of the lexicon are string-category pairs. A colon separates the

string and the category.

Now that we have de�ned the reduction and the �xed grammar we turn to the

next part of this section. In this second part we will prove that the reduction from

3SAT to FRP-CUG is computed in polynomial time.
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String Category String Category

_ : T 1 n

1

(PT =T 1 ) _

0

: (PT 1 nS) =

1

T 1

_ : T 1 n

1

(PT =F 1 ) _

0

: (PT 1 nS) =

1

F 1

_ : F 1 n

1

(PT =T 1 ) _

0

: (PF 1 nS) =

1

T 1

_ : F 1 n

1

(PF =F 1 ) ^ : (S 1 nS) =

1

S 1

0 : T =

[0 1 ]

T 1 1 : T =

[1 1 ]

T 1

0 : F =

[0 1 ]

F 1 1 : F =

[1 1 ]

F 1

p : T

�

v +

�

p : T

�

v {

�

p : F

�

v {

�

p : F

�

v +

�

Table 3.1: Lexicon of �xed grammar G.

Cost of the Reduction

It follows straightforwardly from the next lemma that the reduction takes polynomial

time.

3.3.16. Lemma. The reduction from 3SAT to FRP-CUG is computed in linear time.

Proof. The construction of CUG-grammar G does not depend on the formula '

because G is the same for all formulas '. Therefore, the cost to construct CUG-

grammar G is neglected. The mapping from formulas ' onto strings w causes the

substantial cost of the reduction from 3SAT to FRP-CUG.

Three operations are performed to obtain string w from formula '. First, all

parentheses in ' are removed. Second, the even occurrences of the symbol _ are

marked with a prime. And third, the literals are preceded by their indices. These

three operations can be performed simultaneously. Thus it su�ces to go through the

formula ' once: w is obtained from ' in a linear amount of steps, with respect to

the size of the formula. So the total reduction takes a linear amount of steps, and

can be computed in linear time. 2
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The Reduction Preserves Answers

In this part we will prove that the reduction preserves answers. That is, the reduction

maps all, and only all, satis�able 3SAT formulas onto strings that are generated by

G.

The subcategory-property of CUG ensures that the following two facts hold.

Combining these two fact results in Lemma 3.3.19.

3.3.17. Fact. The lexicon of the grammar G contains 16 di�erent categories, which

give rise to 16 di�erent subcategories.

1. Category S with AVM [H] derives always one of the following four series of

categories:

(a) PT[F ] (PT 1 nS) =

1

T 1 T[F

0

], where [H] = [F ] t [F

0

]

(b) PT[F ] (PT 1 nS) =

1

F 1 F[F

0

], where [H] = [F ] t [F

0

]

(c) PF[F ] (PF 1 nS) =

1

T 1 T[F

0

], where [H] = [F ] t [F

0

]

(d) S[F ] (S 1 nS) =

1

S 1 S[F

0

], where [H] = [F ] t [F

0

]

2. Category PT with AVM [H] derives always one of the following three series of

categories:

(a) T[F ] (T 1 nPT) =

1

T 1 T[F

0

], where [H] = [F ] t [F

0

]

(b) F[F ] (F 1 nPT) =

1

T 1 T[F

0

], where [H] = [F ] t [F

0

]

(c) T[F ] (T 1 nPT) =

1

F 1 F[F

0

], where [H] = [F ] t [F

0

]

3. Category PF with AVM [H] derives always the series of categories:

F[F ] (F 1 nPF) =

1

F 1 F[F

0

], where [H] = [F ] t [F

0

]

3.3.18. Fact. Let w be a string from the language described by the regular expres-

sion (0 [ 1)

�

(p [ p). This string w is produced by

1. category T with AVM [H] i�

(a) w = b

1

: : : b

n

p and [H] =

h

b

1

: : :

h

b

n

h

v +

i i

: : :

i

, or

(b) w = b

1

: : : b

n

p and [H] =

h

b

1

: : :

h

b

n

h

v {

i i

: : :

i

2. category F with AVM [H] i�

(a) w = b

1

: : : b

n

p and [H] =

h

b

1

: : :

h

b

n

h

v {

i i

: : :

i

, or

(b) w = b

1

: : : b

n

p and [H] =

h

b

1

: : :

h

b

n

h

v +

i i

: : :

i

3.3.19. Lemma. Category S with AVM [H] produces string w i�
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1. w = b

1

: : : b

n

q _ b

0

1

: : : b

0

n

q

0

_

0

b

00

1

: : : b

00

n

q

00

and (b

i

; b

0

i

; b

00

i

2 f0; 1g; q; q

0

; q

00

2 fp; pg)

[H] =

h

b

1

: : : b

n

[v x] : : :

i

t

h

b

0

1

: : : b

0

n

[v y] : : :

i

t

h

b

00

1

: : : b

00

n

[v z] : : :

i

for x; y; z 2 f+; {g such that at least one of the pairs (x; q); (y; q

0

); (z; q

00

) equals

(+; p) or ({; p), or

2. w = w

1

^ w

2

, where the strings w

1

; w

2

are produced by S[F ];S[F

0

], and the

AVMs [F ] and [F

0

] do not contradict each other.

Proof.

Proof of the �rst part of the lemma: combine the lexicon entries for _ and _

0

with

Fact 3.3.18 and 3.3.17 (1a-1b, 2), and with Fact 3.3.18 and 3.3.17 (1c, 3).

Proof of the second part of the lemma: combine Fact 3.3.17 (1d) with the lexicon

entries for ^. 2

The next two lemmas together prove that the reduction is answer-preserving. The

�rst lemma shows that the reduction maps all satis�able formulas onto strings that

the �xed CUG-grammar G generates. The second lemma shows that the reduction

maps only satis�able formulas onto strings that the �xed CUG-grammarG generates.

3.3.20. Lemma. Given a formula ' in 3-conjunctive normal form. Let the reduction

above map formula ' onto the string w. If formula ' is a satis�able formula, then

the �xed grammar G generates w.

Proof. Formula ' = 


1

^ : : : ^ 


n

is mapped onto string w = w

1

^ : : : ^ w

n

, where

w

i

= l

i

1

_ l

i

2

_

0

l

i

3

and each l

i

j

in the language described by (0 [ 1)

�

(p [ p).

There is an assignment g that satis�es formula '. Let string �p be produced

by category T [H] i� g assigns value true to literal p

�

. From Fact 3.3.18, it follows

that [H] =

h

�

h

v +

i i

(� 2 (0 [ 1)

�

). Likewise, let string �p be produced by

category T [H] i� g assigns value true to literal p

�

, where [H] =

h

�

h

v {

i i

.

As a result, string �p is produced by category T with AVM [H] i� string �p is

produced by category F with AVM [H]. Furthermore, all occurrences of strings �p

and �p are produced by the same categories.

Combining Fact 3.3.18 and the �rst part of Lemma 3.3.19 shows that category

S [F

i

] produces w

i

, where [F

i

] encodes the assignment g restricted to the literals that

appear in clause 


i

. The second part of Lemma 3.3.19 shows that S [H] produces w,

where [H] is the uni�cation of the AVMs [F

i

]. This uni�cation yields an encoding of

the entire assignment g. Hence category S produces string w: w is generated by G.

2

3.3.21. Lemma. Given a formula ' in 3-conjunctive normal form. Let the reduction

above map formula ' onto the string w. If the �xed grammar G generates w, then

formula ' is a satis�able formula.

Proof. Formula ' = 


1

^ : : : ^ 


n

is mapped onto string w = w

1

^ : : : ^ w

n

, where

w

i

= l

i

1

_ l

i

2

_

0

l

i

3

and each l

i

j

in the language described by (0 [ 1)

�

(p [ p).

String w is generated by G i� w is produced by category S [H]. According to the

second part of Lemma 3.3.19, the strings w

1

: : : w

n

are produced by the categories
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S [F

1

] : : :S [F

n

] and [H] is the uni�cation of [F

1

] : : : [F

n

]. Obviously, [F

1

] : : : [F

n

] do

not contradict one another.

According to the �rst part of Lemma 3.3.19, the string w

i

is produced by S [F

i

].

Furthermore, there is at least one substring l

i

in w

i

such that (� 2 (0 [ 1)

�

)

� l

i

corresponds to 3SAT literal p

�

and [F

i

] contains

h

�

h

v +

i i

, or

� l

i

corresponds to 3SAT literal p

�

and [F

i

] contains

h

�

h

v {

i i

.

Clearly [F

i

] encodes a satisfying assignment for the clause 


i

. Hence each string w

i

is produced by a category S [F

i

] and [F

i

] encodes a satisfying assignment for the clause




i

. Moreover, S [H] produces string w = w

1

^ : : :^w

n

and AVM [H] = [F

1

]t : : :t [F

n

]

encodes a consistent satisfying assignment for '. So the formula ' is satis�able under

the assignment encoded by AVM [H]. 2

3.3.22. Theorem. The recognition problem of CUG for a �xed grammar (FRP-

CUG) is NP-hard.

Proof. We presented a reduction f from 3SAT to the recognition problem of CUG

for a �xed grammar G. According to Lemma 3.3.16, this reduction is computed in

polynomial time. Furthermore, according to Lemmas 3.3.20 and 3.3.21, the reduction

is answer-preserving. Hence the recognition problem of CUG for a �xed grammar is

as hard as 3SAT, i.e., is NP -hard. 2

3.3.23. Theorem. The universal recognition problem of CUG is NP-hard.

Proof. The universal recognition problem is at least as hard as the recognition

problem for a �xed grammar. Theorem 3.3.22 shows that the recognition problem

for a �xed grammar is NP -hard. Hence the universal recognition problem of CUG

is NP -hard. 2

3.3.3 Universal Recognition is in NP

Theorems 3.3.22 and 3.3.23 present lower bounds on the complexity of the recognition

problems of CUG. Obviously, we would also like to have an upper bound on the

complexity of the recognition problems.

Now we will prove an NP upper bound on the complexity of the universal recog-

nition problem of CUG. As a direct consequence, the �xed recognition problem is

computable in nondeterministic polynomial time, as well. The input of the universal

recognition problem is a CUG-grammar G, and a string w. As far as this section is

concerned, it su�ces to describe the CUG-grammar by the lexicon, the combinatory

rules, and the distinguished category.

The proof of the NP upper bound is based on the following two observations.

First, a derivation for a string w and a CUG-grammar G consists of a polynomial

amount of steps. This �rst observation is proven in Lemma 3.3.24. Second, the re-

verse of a derivation step is computable in polynomial time. This second observation

is proven in Lemma 3.3.25.
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3.3.24. Lemma. A derivation for a string w and a CUG-grammar G has linear size,

with respect to the sizes of w and G.

Proof. Recall that a CUG-grammar contains two combinatory rules: the left and

right application rules. Both rules combine two CUG-categories. Hence a derivation

for a string of size n consists of at most a linear amount of steps, with respect to the

size of the string and the size of the grammar. 2

3.3.25. Lemma. Given two CUG-categories X[F ] and Z[H

0

], the result of the ap-

plication, Y[H], is computable in polynomial time, with respect to the size of the

categories X[F ] and Z[H

0

].

Proof. Two CUG-categoriesX[F ] and Z[H

0

] are combined by left or right application.

Hence Z[H

0

] = (U[F

0

] n

[H

0

]

V) or Z[H

0

] = (V =

[H

0

]

U[F

0

]), and X[F ] combines with

Z[H

0

] to the left or to the right. The result of unifyingX[F ] withU[F

0

] is computed in

polynomial time using linear space, because [F ] and [F

0

] are feature structures from

the standard feature theory (Section 3.2). Therefore, the e�ect of that uni�cation on

V[H

0

] is computable in polynomial time. Hence the result of the application, Y[H],

is computable in polynomial time. 2

Now given a string w and a CUG-grammar G, we guess a linear amount of

entries from the lexicon, and a polynomial sized sequence of rules that encode the

derivation for w. The previous two lemmas then show that both guesses can be

checked in polynomial time. Hence the following lemma and theorem hold.

3.3.26. Lemma. The universal recognition problem of CUG for string w and CUG-

grammar G is computable in nondeterministic polynomial time.

Proof. A derivation for the string w is described by a sequence of lexicon entries and

a sequence of application rules.

We guess a sequence of lexicon entries of G for the string w. These entries have

a total size that is linear in the size of the string and the grammar. The check that

this sequence of entries forms the string w takes linear time.

Next we guess a sequence of application rules, which completes the description

of the derivation for w. This sequence consists of a linear amount of rules, by

Lemma 3.3.24. Lemma 3.3.25 showed that each application step is computable in

polynomial time. So given the guessed entries and application rules, we can compute

the total derivation in polynomial time. Given the total derivation it is easy to check

that the distinguished CUG-category produces the string w. 2

3.3.27. Theorem.

(i) The �xed recognition problem of CUG is NP-complete.

(ii) The universal recognition problem of CUG is NP-complete.

Proof. Theorem 3.3.22 and Lemma 3.3.26 prove the NP -completeness of the �xed

recognition problem of CUG and the universal recognition problem of CUG. 2
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3.3.4 Weak Generative Capacity

In this section we will discuss the weak generative capacity of CUG. A lower bound

on the generative capacity follows from known results on the generative capacity of

the classical Categorial Grammar. We will also determine an upper bound on the

weak generative capacity of CUG. This upper bound results from the upper bound

of the complexity of the �xed recognition problem. These two bounds on the weak

generative capacity are represented in Theorem 4.4.8.

A lower bound on the weak generative capacity. We know that the lan-

guages generated by classical Categorial Grammar are exactly all context-free lan-

guages. It is evident that each classical Categorial Grammar can be simulated by

a CUG-grammar. Hence the set of languages generated by a CUG-grammar, the

CUG-languages, is at least context-free.

An upper bound on the weak generative capacity. The upper bound on

the weak generative capacity of CUG results from the upper bound of the complexity

of the recognition problem for a �xed CUG-grammar.

Chapter 2 connects the complexity of the recognition problem and weak genera-

tive capacity of restricted attribute-value grammars. These restricted attribute-value

grammars respect a liberal variation of the so-called o�-line parsability constraint.

This constraint (Johnson 1988) is a well-known generalization of the \De�nition of

a Valid Derivation" from Lexical Functional Grammar (Kaplan and Bresnan 1982,

p. 266). The o�-line parsability constraint relates the amount of \work" done by the

grammar to produce a string linearly to the number of terminal symbols produced.

It is therefore a sort of honesty constraint that is common in complexity theory.

In Chapter 2 a variation on the o�-line parsability constraint is introduced: the

honest parsability constraint. This honest parsability constraint is a more liberal

constraint than the o�-line parsability constraint. The honest parsability constraint

relates the amount of \work" done by the grammar to produce a string polynomi-

ally to the number of terminal symbols produced. For convenience, we restate the

de�nition of the honest parsability constraint, De�nition 2.5.1, below.

A grammar G satis�es the honest parsability constraint i� there exists a

polynomial p such that for each string w in the language generated by G

there exists a derivation with at most p(jwj) steps.

A nice property of the restricted attribute-value grammars that respect the honest

parsability constraint is that they generate exactly all languages in the complexity

class NP . Or, as we can restate Theorem 2.5.3:

Let L be a language that has an NP recognition algorithm. Then there

exists a restricted attribute-value grammar G, that respects the honest

parsability constraint, such that G generates the language L.

By Theorem 3.3.27 CUG has an NP recognition problem. Hence any CUG-

grammar can be simulated by a restricted attribute-value grammar. Thus the lan-

guages generated by restricted attribute-value grammars that respect the honest
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parsability constraint provide an upper bound on the weak generative capacity of

CUG-grammars. A close look at the proof of Lemma 3.3.26 shows that the an ap-

plication step requires linear space. Hence the �xed recognition problem of CUG is

computable in nondeterministic linear space. This implies that the CUG-languages

are recognized by linear bounded automata (LBAs). Due to the equivalence of

LBAs and context-sensitive grammars, CUG generates only context-sensitive lan-

guages (CSLs). Hence the collection of CSLs that are recognized in nondeterministic

polynomial time form an upper bound for the weak generative capacity of CUG (cf.,

Book 1978). Or stated di�erently:

3.3.28. Theorem. The weak generative capacity of CUG is enclosed between the

context-free languages and the collection of context-sensitive languages generated by

restricted attribute-value grammars that respect the honest parsability constraint.



Chapter 4

Functional Uni�cation Grammar

In this chapter we will present a formulation of Functional Uni�cation Grammar

(FUG). The main purpose of this chapter is to show that FUG-grammars can simu-

late any arbitrary CUG-grammar that was presented in Section 3.3. This simulation

provides a way of comparing the di�erent grammatical formalisms. For instance,

the simulation shows that the generative capacity of FUG is at least as high as the

generative capacity of CUG. Moreover, because the simulation is computable in poly-

nomial time, it is a polynomial time many-one reduction. Therefore the recognition

problem of FUG is at least as hard as the NP -complete recognition problem of CUG.

The next section (Section 4.1) contains an informal introduction in FUG and

discusses which part of FUG are needed for a simulation of CUG. In Section 4.2

we present the simulation of CUG. In Section 4.3 we prove the correctness of the

simulation. We conclude with Section 4.4, in which we discuss the weak generative

capacity of FUG and the complexity of its recognition problem.

4.1 Introduction in FUG

This section contains an informal introduction in Functional Uni�cation Grammar

(FUG). The formalism is brie
y introduced in several articles, e.g., Kay (1984, 1985),

Ritchie (1984, 1985), and Shieber (1986). We will only consider the well understood

basics of FUG described by these articles.

We will introduce FUG in two steps. In the �rst step, we compare FUG with the

standard feature theory from Section 3.2. We will also indicate which parts of FUG

are needed for the simulation of CUG. In the second step, we will compare FUG and

CUG. This comparison will reveal some implicit notions of FUG that are important

for the simulation.

4.1.1 Comparison with the Standard Feature Theory

Let us �rst introduce a syntactic shorthand in attribute-value matrices (AVMs) in

order to avoid needlessly large descriptions of AVMs. Occasionally, we use the fol-

65
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lowing shorthand in AVMs:

h

attr

1

j : : : j attr

n

[F ]

i

stands for

h

attr

1

h

: : : [attr

n

[F ] ] : : :

ii

:

When we compare Functional Uni�cation Grammar and the standard feature

theory, they di�er in the following three aspects.

� The AVMs in FUG are not restricted to conjunctions of attribute-value pairs,

but can be any conjunctive or disjunctive combination of attribute-value pairs.

This disjunctive combination of attribute-value pairs is not the only extension

with respect to the AVMs of the standard feature theory. FUG distinguishes

four kinds of values: the familiar atomic and compound values, and the addi-

tional \special" and \structured" values. The special values are the values any

and none, which stand for any and no value. The structured values are sets

and lists of, among other things, paths. These structured values are restricted

to the special attributes, which are discussed in a moment. In the simulation,

however, no use is made of the disjunctive AVMs, or the special values. The

simulation will only use the structured values set and list. These structured

values are illustrated by 1 in Example 4.1.1.

� FUG distinguishes three special attributes: lex, pattern, and c-set. The

attribute lex is restricted to the AVMs that describe entries in lexicon. The

value of the attribute lex is a string, i.e., the form of a word as it appears in

the lexicon.

The purpose of c-set, which abbreviates constituent-set, and pattern

is to identify constituents in an AVM and to state constraints on the order of

their occurrence. The value of the attribute c-set is a set of paths that lead to

the constituents. The attribute c-set, however, does not specify the order of

the constituents. The value of the attribute pattern determines the order of

the constituents. This value is a list whose members are, among other things,

paths leading to an AVM. A full description of the values of pattern is given

by Kay (1985, p. 264). For the simulation it su�ces to limit the values of

pattern to lists whose members are paths leading to an AVM. The attributes

c-set and lex play a minor role in the simulation. The three special attributes

are explained by 2 in Example 4.1.1.

� The special attributes c-set and pattern govern the uni�cation in FUG. In

addition to the standard way, an AVM [F ] can unify with the value of some

path denoted by the attribute c-set or pattern of another AVM [H]. As a

result, there are multiple ways to unify two AVMs. The various possibilities

to combine three AVMs are discussed in detail in Example 4.1.1 by 3. These

additional ways to unify AVMs are necessary to build arbitrary constituents.

Because CUG-grammars, in general, can construct arbitrary constituents, these

additional ways to unify AVMs are used by the simulation.

4.1.1. Example.

1. The structured values list and set are both indicated by parenthesis. Their

elements are separated by spaces. Thus structured value (a b c) is either a list
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or a set with three elements. The attribute of the value denotes whether the

value is a list or a set.

2. The following AVM is a simpli�ed description of an entry in a lexicon for the

verb form \saw."

2

4

cat VP

lex see

tense past

3

5

According to the attribute c-set, the following AVM of category S has two

constituents. These constituents are the values this AVM has for the attributes

head and subj. The attribute pattern states that the leftmost constituent

of this AVM is the value this AVM has for the attribute subj. Its rightmost

constituent is the value this AVM has for the attribute head.

2

4

cat S

c-set (hheadi hsubji)

pattern (hsubji hheadi)

3

5

3. Let us see what happens when the following three AVMs, [A], [B], and [C], are

uni�ed.

[A] =

2

6

6

4

c-set (hverbi hsubji)

pattern (hsubji hverbi)

cat S

subj

�

cat NP

�

3

7

7

5

; [B] =

�

cat NP

lex John

�

; [C] =

2

4

cat VP

lex see

tense past

3

5

When we try to unify AVM [A] with AVM [B], there are three possibilities.

First, unify [A] and [B] in the standard way. This fails because the AVMs [A]

and [B] have di�erent values for the attribute cat. Second, we can unify [B]

with the value of the attribute subj in [A], resulting in [B

s

]. Third, unify [B]

with the value of the attribute verb, resulting in [B

v

]. Similarly, there are

three ways to unify [C] with [A] of which one succeeds: [C

v

].

[B

s

] =

2

6

6

6

6

4

c-set (hverbi hsubji)

pattern (hsubji hverbi)

cat S

subj

�

cat NP

lex John

�

3

7

7

7

7

5

; [B

v

] =

2

6

6

6

6

6

6

4

c-set (hverbi hsubji)

pattern (hsubji hverbi)

cat S

subj

�

cat NP

�

verb

�

cat NP

lex John

�

3

7

7

7

7

7

7

5

[C

v

] =

2

6

6

6

6

6

6

6

6

4

c-set (hverbi hsubji)

pattern (hsubji hverbi)

cat S

subj

�

cat NP

�

verb

2

4

cat VP

lex see

tense past

3

5

3

7

7

7

7

7

7

7

7

5

Because the AVMs [B

v

] and [C

v

] do not unify, there are only three ways to

continue the uni�cation successfully. The AVM [B

s

] can be uni�ed with [C]
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at the attribute verb; [B

s

] can also be uni�ed with [C

v

] in the standard way;

and the AVM [C

v

] can be uni�ed with [B] at the attribute subj. All three

possibilities result in the following AVM for the sentence \John saw."

2

6

6

6

6

6

6

6

6

6

6

4

c-set (hverbi hsubji)

pattern (hsubji hverbi)

cat S

subj

�

cat NP

lex John

�

verb

2

4

cat VP

lex see

tense past

3

5

3

7

7

7

7

7

7

7

7

7

7

5

4.1.2 Comparison with CUG

Let us now compare the description of Functional Uni�cation Grammar given this

far and the de�nition of Categorial Uni�cation Grammar (CUG) from Section 3.3.1.

This comparison reveals some implicit notions of FUG that are important for the

simulation. FUG and CUG di�er in the following three points.

� The most salient di�erence between FUG and CUG is the least essential dif-

ference. FUG and CUG di�er in the way reentrance is expresses. The former

expresses reentrance by means of path-equations; the latter by means of box-

labels. As Smolka (1992) indicates and is exempli�ed in Section 3.2.2, this

di�erence is accommodated in quasi-linear time.

� The descriptions that state how words are combined di�er in CUG and FUG.

CUG one the one hand is a lexicon based formalism. That is, the entries in

the lexicon determine how words are combined, whereas the rules of CUG-

grammars are �xed. Consequently, a CUG-grammar assigns binary branching

constituent structure trees to strings. FUG on the other hand is a rule based

formalism. That is, the lexicon is largely �xed, whereas the rules of an FUG-

grammar have an arbitrary form. A computationally unattractive property

of these rules is that arbitrary constituent structure trees may be assigned to

strings. As Ritchie (1985) shows, these arbitrary constituent structure trees

result in an undecidable recognition problem. Ritchie (1985) suggests that

a decidable recognition problem is obtained if the branching of constituent

structure trees is constrained. In order to make the simulation computationally

interesting, we restrict our attention to decidable fragments of FUG. Therefore

we assume that the number of unary branchings is bounded, e.g., with respect

to the size of the grammar.

� CUG distinguishes arbitrary, incomplete, strings from complete strings, usually

called sentences. The former strings are formed only to serve as subparts of

the latter strings. This distinction is explicitly made clear in CUG-grammars:

one primitive category is distinguished in the description of a CUG-grammar.

All and only all strings that result from this distinguished category are the sen-

tences, i.e., the strings in the language that the particular grammar describes.
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This distinction between incomplete strings and complete strings only comes

to front in FUG when parsing is discussed. In general, parsers determine the

constituent structure tree that corresponds to some string. The nodes in a con-

stituent structure tree of FUG are AVMs. A parser for FUG-grammars has to

determine whether the root node of a constituent structure tree has the form of

some special AVM (cf., Kay 1985, Karttunen and Kay 1985). For the bene�t

of the simulation, we make this special AVM explicit. Thus we introduce a

distinguished AVM in the description of an FUG-grammar.

Informally, we can think of an FUG-grammar as a set of AVMs plus a distin-

guished AVM. The set of AVMs may be partitioned into two disjoint subsets. One

subset, the lexicon, consists of only AVMs that contain the special attribute lex.

The other subset is the set of combinatory rules. This subset consists of only AVMs

that contain the special attributes c-set and pattern. The values of these two at-

tributes are simply sets and lists of paths. Hence the additional ways to unify AVMs

are limited to the situation exempli�ed by 3 in Example 4.1.1. The distinguished

AVM is used to identify the sentences that the FUG-grammar generates. Finally we

require the number of unary branchings in derivations of the FUG-grammar to be

bounded.

As an example of a simple FUG-grammar, consider 3 in Example 4.1.1. The

AVMs [B] and [C] denote the lexicon, AVM [A] is the only combinatory rule. We

can take

h

cat S

i

as the distinguished AVM.

4.2 The Simulation

In this section we will present a simulation f of Categorial Uni�cation Grammar by

Functional Uni�cation Grammar In Section 4.3 we will prove the correctness of f .

That is, CUG-grammar G generates string w i� FUG-grammar f(G) generates w.

In Section 4.4 we will show that f is a polynomial time many-one reduction. Hence

the recognition problem of FUG is NP -hard.

We recall that a CUG-grammar is described by its lexicon, its distinguished

primitive category, and its combinatory rules to combine categories. This simulation

resembles strongly the way in which CUG is often de�ned (cf., Uszkoreit 1986, Bouma

1993). We avoid unnecessary complex AVMs by removing the attribute c-set from

our descriptions. The information encoded in this attribute can also be retrieved

from the attribute pattern.

First we will show how the simulation maps CUG-categories onto AVMs in FUG.

This shows how the distinguished primitive category is mapped onto the distin-

guished AVM of the FUG-grammar. Then we will explain how the lexicon of CUG

is mapped onto a lexicon in FUG. Finally we will show how the combinatory rules

of the CUG-grammar are mapped onto the grammar rules of the FUG-grammar.

Categories. The AVMs in CUG express reentrance by box-labels, whereas AVMs

in FUG express reentrance by means of path-equalities. We recall from Section 3.2.2
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that an AVM with box-labels, [F ], can be transformed into an equivalent AVM with

path-equalities, [F ]

�

, in quasi-linear time. The simulation f maps CUG-categories

onto AVMs. Because the set of categories in CUG is de�ned inductively, the simula-

tion is de�ned inductively, as described below. Let the values x; y be either atomic

or AVMs with attributes val, dir and arg.

1. If A [F ] is a primitive CUG-category, then the simulation f maps this CUG-

category onto the following AVM.

�

cat A

feat [F ]

�

�

2. Let the simulation f map CUG-category X [F ] and CUG-category Y [H] onto

the following two AVMs, respectively.

�

cat x

feat [F ]

�

�

and

�

cat y

feat [H ]

�

�

Then f maps the CUG-categories X[F ] n

[H]

Y and Y =

[H]

X[F ] onto the fol-

lowing two AVMs.

2

6

6

6

6

4

cat

2

6

6

4

val

�

cat y

�

dir left

arg

�

cat x

feat [F ]

�

3

7

7

5

feat [H ]

3

7

7

7

7

5

�

and

2

6

6

6

6

4

cat

2

6

6

4

val

�

cat y

�

dir right

arg

�

cat x

feat [F ]

�

3

7

7

5

feat [H ]

3

7

7

7

7

5

�

Distinguished AVM. The distinguished category in CUG identi�es derivations

that produce sentences. The sentences that an FUG-grammar produces are identi�ed

by the distinguished AVM. The simulation maps the distinguished primitive category

S onto the distinguished AVM

h

cat S

i

.

The lexicon. The simulation of the lexicon is straightforward. All entries of the

CUG-lexicon are mapped onto AVMs in the FUG-lexicon, and the FUG-lexicon

contains no other AVMs. This mapping is de�ned in the following way. Let w : X[F ]

be an entry of the CUG-lexicon and let CUG-category X [F ] be mapped onto the

AVM [F

1

]. Then the simulation f maps the entry of the CUG-lexicon onto the entry

[H

1

] in the FUG-lexicon, where

[F

1

] =

�

cat x

feat [F ]

�

�

and [H

1

] =

2

4

cat x

feat [F ]

lex w

3

5

�

:

Combinatory rules. CUG contains two combinatory rules: left and right appli-

cation. The rules can be viewed as descriptions of schemas for constituent struc-

tures. The schemas denote that a constituent consists of one mother category and
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2

6

6

6

6

4

pattern (harg-dtri hfun-dtri)

fun-dtr

�

cat

�

dir left

� �

hcati

:

= hfun-dtr cat val cati

hfeati

:

= hfun-dtr feati

harg-dtri

:

= hfun-dtr cat argi

3

7

7

7

7

5

(Referred to as [F

la

])

2

6

6

6

6

4

pattern (hfun-dtri harg-dtri)

fun-dtr

�

cat

�

dir right

� �

hcati

:

= hfun-dtr cat val cati

hfeati

:

= hfun-dtr feati

harg-dtri

:

= hfun-dtr cat argi

3

7

7

7

7

5

(Referred to as [F

ra

])

Table 4.1: Attribute-value matrices corresponding to the application rules.

two daughter categories. One of these daughter categories is the compound of the

mother category and the other daughter category.

The simulation f maps these schemas onto the two AVMs given in Table 4.1.

The left application rule is simulated by the AVM [F

la

], the right application rule by

the AVM [F

ra

]. The attribute pattern is the special attribute that identi�es the

constituents and their order. The attributes cat, dir, feat, val and the values

left, right are familiar from the inductive de�nition of categories. The attributes

arg-dtr and fun-dtr are used to refer to the daughters that correspond to the

argument and functor, respectively, in the application rule.

4.2.1. Definition. Given a CUG-grammarG, the simulation f maps this grammar

onto the FUG-grammar f(G), where f(G) is a set of AVMs plus a distinguished

AVM. The set of AVMs can be divided in two disjunct subsets: a lexicon, G

L

, and a

set of rules, G

P

. The lexicon consists of all AVMs in f(G) that contain the special

attribute lex. The set of combinatory rules consists of all AVMs in f(G) that contain

the special attribute pattern.

� The lexicon is de�ned as the set of AVMs

G

L

= f[H] j f(w : X[F ]) = [H]; w : X[F ] an entry from the lexicon of Gg

We recall that [H] has the following form.

2

4

cat x

feat [F ]

lex w

3

5

�

� The set of combinatory rules is de�ned as the set of AVMs from Table 4.1:

G

P

= f[F

la

]; [F

ra

]g:

� The distinguished AVM is de�ned as

h

cat S

i

if S is the distinguished cat-

egory of G.
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Let us now consider a simple example of the simulation. We will assume some

small CUG-grammar and show for some CUG-categories how they are mapped onto

AVMs. Then we present some examples of entries in the lexicon of the simulating

FUG-grammar. We conclude with some examples of AVMs that may be constructed

by the simulating FUG-grammar.

4.2.2. Example. Let there be a CUG-grammar with the ordinary combinatory

rules, the distinguished category S and the following lexicon with �ve entries:

the: N =

1 [def +]

N 1 a: N =

1 [def {]

N 1 [num sing] kisses: (N 1

�

pers 3rd

num sing

�

n

1

S)=N

boy: N

�

pers 3rd

num sing

�

girl: N

�

pers 3rd

num sing

�

Now the simulation maps the CUG-category N =

1 [def { ]

N 1 [num sing] for the

string \a" onto the following AVM.

2

6

6

6

6

6

6

4

cat

2

6

6

4

val [cat N ]

dir right

arg

�

cat N

feat [num sing]

�

3

7

7

5

feat [def { ]

hfeati

:

= hcat arg feati

3

7

7

7

7

7

7

5

Similarly, the CUG-category N 1

"

pers 3rd

num sing

#

n

1

S is mapped onto the fol-

lowing AVM.

2

6

6

6

6

6

6

4

cat

2

6

6

6

6

4

val [cat S ]

dir left

arg

2

4

cat N

feat

�

pers 3rd

num sing

�

3

5

3

7

7

7

7

5

hfeati

:

= hcat arg feati

3

7

7

7

7

7

7

5

The lexicon of the CUG-grammar is mapped onto the lexicon of the FUG-

grammar. From the previous examples it is clear that the FUG-grammar contains

the following two entries for the words \the" and \kisses."

2

6

6

6

6

6

6

4

cat

2

4

val [cat N ]

dir right

arg [cat N ]

3

5

feat [def +]

lex the

hfeati

:

= hcat arg feati

3

7

7

7

7

7

7

5
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2

6

6

6

6

6

6

6

6

6

6

6

6

4

cat

2

6

6

6

6

6

6

6

6

4

val j cat

2

6

6

6

6

4

val [cat S ]

dir left

arg

2

4

cat N

feat

�

pers 3rd

num sing

�

3

5

3

7

7

7

7

5

dir right

arg [cat N ]

3

7

7

7

7

7

7

7

7

5

lex kisses

hcat val feati

:

= hcat val cat arg feati

3

7

7

7

7

7

7

7

7

7

7

7

7

5

Given the entries in the lexicon of the FUG-grammar, we can construct complex

AVMs for constituents. These complex AVMs are constructed by unifying the lexical

AVMs with the values of the attributes arg-dtr and fun-dtr in the AVM [F

la

] or

[F

ra

].

Let us consider the AVMs that belong to the constituents \the boy" and \a

girl." The AVM for \the boy" will be speci�ed in its full detail. The AVM for the

determiner \the" is uni�ed with the value of the attribute fun-dtr in the AVM

[F

ra

]. This uni�cation is possible because the value of the path hcat diri in the

AVM for \the" is right.

In a similar way, the AVM for the noun \boy" is uni�ed with the value of the

attribute arg-dtr in [F

ra

]. This uni�cation is possible because the AVM for \boy"

uni�es with the path hcat argi in the AVM for \the."

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

pattern (hfun-dtri harg-dtri)

fun-dtr

2

6

6

6

6

4

cat

2

4

val [cat N ]

dir right

arg [cat N ]

3

5

feat [def +]

lex the

3

7

7

7

7

5

arg-dtr

2

6

6

4

cat N

feat

�

pers 3rd

num sing

�

lex boy

3

7

7

5

hcati

:

= hfun-dtr cat val cati

hfeati

:

= hfun-dtr feati

hfun-dtr feati

:

= hfun-dtr cat arg feati

harg-dtri

:

= hfun-dtr cat argi

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

We con�ne to a simpli�ed AVM for the constituent \a girl" because it is rather

similar to the AVM for \the boy."

2

6

6

6

6

6

6

4

pattern (hfun-dtri harg-dtri)

cat N

fun-dtr [lex a ]

arg-dtr [lex girl ]

feat

�

det {

num sing

�

3

7

7

7

7

7

7

5

Let us now consider simpli�ed AVMs that belong to the constituents \kisses a

girl" and \the boy kisses a girl." In these cases the AVMs for the constituents
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\kisses," \a girl," \the boy" and \kisses a girl" are uni�ed with the values of the

attributes fun-dtr and arg-dtr.

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

pattern (hfun-dtri harg-dtri)

cat

2

6

6

6

6

4

val [cat S ]

dir left

arg

2

4

cat N

feat

�

pers 3rd

num sing

�

3

5

3

7

7

7

7

5

fun-dtr [lex kisses ]

arg-dtr

�

fun-dtr [lex a ]

arg-dtr [lex girl ]

�

hfeati

:

= hcat arg feati

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

pattern (harg-dtri hfun-dtri)

cat S

fun-dtr

2

4

fun-dtr [lex kisses ]

arg-dtr

�

fun-dtr [lex a ]

arg-dtr [lex girl ]

�

3

5

arg-dtr

�

fun-dtr [lex the ]

arg-dtr [lex boy ]

�

feat

2

4

def +

pers 3rd

num sing

3

5

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

The reader should notice that the AVM for \the boy kisses a girl" has the form

that corresponds to the distinguished CUG-category S. Hence this AVM describes

a complete string.

4.3 Correctness of the Simulation

The main purpose of this section is to prove the correctness of the simulation f . That

is, CUG-grammar G and FUG-grammar f(G) generate the same language. We will

start with some de�nitions that will be convenient in the proofs of the correctness of

the simulation.

4.3.1 De�nitions

The various articles on FUG contain clear de�nitions about attributes, values, uni�-

cation, etcetera. However, no de�nitions about the production process are provided.

The production process is only explained in the text (cf., Kay 1985, Karttunen and

Kay 1985) roughly in the following way.

Suppose a grammarG which consists of a set of rulesG

P

, and a lexiconG

L

. Given

an AVM [F ], which constitutes the speci�cation of a string to be uttered, generation

is explained as follows. The AVM [F ] is uni�ed with an AVM in the set G

P

or G

L

.

If this uni�cation fails, then the grammar does not generate strings that meet the

speci�cation given by the AVM. If the uni�cation is successful, the result will be to
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add detail to the AVM [F ]. If this result of the uni�cation contains constituents, the

process is repeated unifying each constituent in turn with the grammar. An AVM

that has no constituents is a terminal that must unify with some entry in the lexicon.

We de�ne these ideas on generation by means of the three notions \derives,"

\produces," and \generates." The de�nitions of these notions are rather similar to

De�nition 3.3.11, 3.3.12, and 3.3.13

4.3.1. Definition. Let G be an FUG-grammar with set of rules G

P

and lexicon

G

L

, and let [F ] be an AVM. The AVM [F ] derives AVM [H] i� the uni�cation of [F ]

with some [G

0

] 2 G

P

[G

L

yields [H

0

], where

1. [H] = [H

0

], or

2. [H

0

] contains attribute pattern with structured value (p

1

p

2

), and p

i

has value

[F

0

i

] in [H

0

], where [F

0

i

] derives [H

0

i

] for some i (1 � i � 2), and the uni�cation

of [H

0

] with [p

i

[H

0

i

]] yields [H].

4.3.2. Definition. Let G be an FUG-grammar, [F ] be an AVM, and w a string.

The AVM [F ] produces string w i� [F ] derives some AVM [H] that has yield w.

4.3.3. Definition. Let [F ] be an AVM, and w a string. AVM [F ] has yield w i�

1. AVM [F ] contains attribute lex with value w, but does not contain attribute

pattern; or

2. AVM [F ] does not contain attribute lex, but contains attribute pattern with

structured value (p

1

p

2

), and the value of path p

i

is [F

i

], where [F

i

] has yield

w

i

, and w = w

1

w

2

.

4.3.4. Definition. FUG-grammar G generates string w i� the distinguished AVM

of G produces string w. The language that grammar G generates (L(G)) is de�ned

as the set of all strings that are produced by the distinguished AVM of G.

4.3.2 Proof of Correctness

Given the de�nitions above, we can prove the correctness of the simulation in The-

orem 4.3.9. Lemmas 4.3.5 and 4.3.6 show that one single application of a combi-

natory rule for a CUG-grammar G can be simulated by the FUG-grammar f(G).

Lemma 4.3.8 shows that CUG-categories and the corresponding AVMs in FUG pro-

duce the same strings.

The following lemma states that an FUG-constituent with mother [F

3

], left

complement-daughter [F

1

], and right head-daughter [F

2

] can be constructed i� a

CUG-constituent can be constructed, with mother Y [H], left daughter X [F ], and

right daughter U[F

0

] n

[H

0

]

V.
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4.3.5. Lemma. Let the simulation map X [F ] onto [F

1

]

�

, U[F

0

] n

[H

0

]

V onto [F

2

]

�

,

and Y [H] onto [F

3

]

�

. CUG-category Y [H] derives the sequence X [F ] (U[F

0

] n

[H

0

]

V)

i� the AVM [F

0

] derives [F

app

], where

[F

0

] =

2

6

6

4

fun-dtr [F

2

]

arg-dtr [F

1

]

cat y

feat [H ]

3

7

7

5

�

and [F

app

] =

2

6

6

6

6

6

6

6

6

6

6

4

pattern (harg-dtri hfun-dtri)

fun-dtr [F

2

]

arg-dtr [F

1

]

cat y

feat [H ]

hcati

:

= hfun-dtr cat val cati

hfeati

:

= hfun-dtr feati

harg-dtri

:

= hfun-dtr cat argi

3

7

7

7

7

7

7

7

7

7

7

5

�

:

Proof. The simulation maps X [F ] onto [F

1

]

�

, U[F

0

] n

[H

0

]

V onto [F

2

]

�

, and Y [H]

onto [F

3

]

�

, where

[F

1

]

�

=

�

cat x

feat [F ]

�

�

[F

2

]

�

=

2

6

6

6

6

4

cat

2

6

6

4

val [cat v]

dir left

arg

�

cat u

feat [F

0

]

�

3

7

7

5

feat [H

0

]

3

7

7

7

7

5

�

[F

3

]

�

=

�

cat y

feat [H ]

�

�

Only if: Assume CUG-category Y [H] derives the sequence X [F ] (U[F

0

] n

[H

0

]

V).

Then the left application of X [F ] and U[F

0

] n

[H

0

]

V yields Y [H]. So both X [F ] and

U[F

0

], and V [H

0

] and Y [H] are uni�able.

The uni�cation of AVM [F

la

] 2 G

P

with [F

0

] results in AVM [F

app

], provided that

the three path-equations in [F

app

] are satis�able. So y should unify with v, and [H]

with [H

0

], while simultaneously the AVMs

�

cat x

feat [F ]

�

and

�

cat u

feat [F

0

]

�

should unify. This simultaneous uni�cation follows by the assumption.

If: Suppose that AVM [F

0

] derives AVM [F

app

]. The left application of X [F ] and

U[F

0

] n

[H

0

]

V yields Y [H] i� the uni�cation of X [F ] with U [F

0

] turns V [H

0

] into

Y [H].
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From the equation harg-dtri

:

= hfun-dtr cat argi it follows that the AVMs

�

cat x

feat [F ]

�

and

�

cat u

feat [F

0

]

�

unify. SoX [F ] uni�es withU [F

0

]. Furthermore, because [F

0

] derives AVM [F

app

] and

the equations hcati

:

= hfun-dtr cat val cati and hfeati

:

= hfun-dtr feati

are satis�ed, it follows that both [H

0

] and v can be extended such that v = y and

[H

0

] = [H]. So V [H

0

] turns into Y [H]. 2

The following lemma states roughly that an FUG-constituent with mother [F

3

],

left head-daughter [F

2

], and right complement-daughter [F

1

] can be constructed i� a

CUG-constituent with mother Y [H], left daughter V =

[H

0

]

U[F

0

] and right daughter

X [F ] can be constructed.

4.3.6. Lemma. Let the simulation map Y [H] onto [F

3

]

�

, V =

[H

0

]

U[F

0

] onto [F

2

]

�

,

and X [F ] onto [F

1

]

�

. CUG-category Y [H] derives the sequence (V =

[H

0

]

U[F

0

]) X [F ]

i� the AVM [F

0

] derives [F

app

], where

[F

0

] =

2

6

6

4

fun-dtr [F

2

]

arg-dtr [F

1

]

cat y

feat [H ]

3

7

7

5

�

and [F

app

] =

2

6

6

6

6

6

6

6

6

6

6

4

pattern (hfun-dtri harg-dtri)

fun-dtr [F

2

]

arg-dtr [F

1

]

cat y

feat [H ]

hcati

:

= hfun-dtr cat val cati

hfeati

:

= hfun-dtr feati

harg-dtri

:

= hfun-dtr cat argi

3

7

7

7

7

7

7

7

7

7

7

5

�

Proof. Similar to the proof of Lemma 4.3.5. 2

4.3.7. Fact. AVM [F ] produces string w

0

: : : w

n

i� [F ] derives AVM [H] with yield

w

0

: : : w

n

i� there are sequences of AVMs, [G

0

] : : : [G

k

], and pair-wise distinct paths,

p

0

: : : p

k

(with p

0

is the empty path, k � n) where [G

k�i

] is the entry in the lexicon

for the string w

i

, such that the uni�cation of [F ] with all [p

i

[G

i

]] results in [H].

4.3.8. Lemma. Given a CUG-grammar G. Let w be a string and Y [H] be a CUG-

category. Let the simulation map Y [H] onto [F

3

]

�

. CUG-category Y [H] produces

string w in G i� the AVM [F

3

]

�

produces string w in FUG-grammar f(G).

Proof. (Sketch of the proof.) By induction on the length of the string w.

String w is in the lexicon. The CUG-lexicon contains entry w : Y [H] i� the

FUG-lexicon contains entry

2

4

cat y

feat [H ]

lex w

3

5

�

. Hence Y [H] produces w i� the uni�ca-

tion of [F

3

]

�

with the entry for w has yield w.
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String w is not in the lexicon. Let the simulation map Y [H] onto [F

3

]

�

, U [F

0

]

onto [F

1

]

�

, and V [H

0

] onto [F

2

]

�

. String w = w

1

w

2

, and Y [H] derives sequence

U [F

0

] V [H

0

] i� AVM [F

0

] derives [F

app

], as in Lemmas 4.3.5 and 4.3.6. By induction

U [F

0

] produces w

1

i� [F

1

]

�

produces w

1

, and V [H

0

] produces w

2

i� [F

2

]

�

produces

w

2

. Hence [F

1

]

�

derives some AVM [H

0

1

] with yield w

1

, and [F

2

]

�

derives some AVM

[H

0

2

] with yield w

2

.

Assume that [F

0

] and [F

app

] are as presented in Lemma 4.3.5. Then [F

0

] derives

the following AVM [H

0

0

].

[H

0

0

] =

2

6

6

6

6

6

6

6

6

6

6

4

pattern (hfun-dtri harg-dtri)

fun-dtr [H

0

2

]

arg-dtr [H

0

1

]

cat y

feat [H ]

hcati

:

= hfun-dtr cat val cati

hfeati

:

= hfun-dtr feati

harg-dtri

:

= hfun-dtr cat argi

3

7

7

7

7

7

7

7

7

7

7

5

�

By the previous fact, there are sequences [G

0

0

] : : : [G

0

k

] and p

0

0

: : : p

0

k

such that [F

1

]

�

uni�ed with each [p

0

i

[G

0

i

]] results in [H

0

1

]; and there are sequences [G

00

0

] : : : [G

00

l

] and

p

00

0

: : : p

00

l

such that [F

2

]

�

uni�ed with each [p

00

i

[G

00

i

]] results in [H

0

2

]. By Lemma 4.3.5:

Given the sequence of AVMs [G

0

] : : : [G

k+l+2

] = [F

la

][G

0

0

] : : : [G

0

k

][G

00

0

] : : : [G

00

l

], and

the sequence of path q

0

: : : q

k+l+2

= q

0

harg-dtr p

0

0

i : : : harg-dtr p

0

k

ihfun-dtr p

00

0

i

: : : hfun-dtr p

00

l

i (p

0

0

; p

00

0

; q

0

empty paths), the uni�cation of [F

3

]

�

with [q

i

[G

i

]] results

in AVM [H

0

0

] with yield w

1

w

2

,

Similar argumentation holds if [F

0

] and [F

app

] are as presented in Lemma 4.3.6.

Hence [F

3

]

�

produces w = w

1

w

2

. 2

4.3.9. Theorem. Given a CUG-grammar G and string w. Let the simulation f

map G onto FUG-grammar f(G). CUG-grammar G generates string w i� FUG-

grammar f(G) generates string w.

Proof. Straightforward generalization of Lemma 4.3.8. 2

4.4 Formal Properties

In this section we consider two formal properties. First, we handle the complexity of

the recognition problems of FUG. Second, we handle the weak generative capacity

of FUG.

4.4.1 Complexity of the Recognition Problems

We determine the complexity of the recognition problems in two steps. First, we will

provide an NP -hard lower bound on the complexity of the recognition problem for a

�xed grammar. Second, we will provide an NP upper bound on the complexity of the

universal recognition problem. These two bounds together determine the complexity

of the recognition problems exactly.
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A lower bound on the complexity. A lower bound on the complexity of the

recognition problems results from the simulation by the following argumentation.

Given any CUG-grammar, the simulation f provides us with an FUG-grammar that

recognizes the same language as the CUG-grammar. Thus the mapping from a

CUG-grammar G onto an FUG-grammar f(G) is a many-one reduction. Moreover,

Lemma 4.4.1 proves that the simulation is a polynomial time, many-one reduction.

By Theorem 3.3.22, the recognition problem of CUG for a �xed grammar is NP -

hard. Hence the recognition problems of FUG are NP -hard, as indicated by the

Theorems 4.4.2 and 4.4.3.

4.4.1. Lemma. The FUG-grammar f(G) that simulates a CUG-grammar G is com-

puted in quasi-linear time, with respect to the size of the CUG-grammar G.

Proof. The mapping from the lexicon of the CUG-grammar onto the lexicon of the

FUG-grammar has the largest impact on the cost of the computation of the FUG-

grammar. This mapping depends mainly on the mapping from CUG-categories onto

AVMs in FUG. This latter mapping costs an amount of time that is quasi-linear in

the size of the CUG-category. So the mapping from the CUG-lexicon costs quasi-

linear time with respect to the size of the CUG-grammar. Hence the FUG-grammar

is computed in quasi-linear time, with respect to the size of the CUG-grammar. 2

4.4.2. Theorem. The recognition problem of FUG for a �xed grammar is NP-hard.

Proof. According to Theorem 4.3.9, the FUG-grammar f(G) recognizes the same

language as the CUG-grammar G presented in Section 3.3.2. Lemma 4.4.1 shows

that the FUG-grammar f(G) is computable in polynomial time, with respect to the

size of G. Hence the recognition problem of FUG for a �xed grammar is as hard as

the recognition problem of CUG for a �xed grammar. Theorem 3.3.22 proves that

the �xed recognition problem of CUG is NP -hard. Hence the recognition problem

of FUG for a �xed grammar is NP -hard. 2

4.4.3. Theorem. The universal recognition problem of FUG is NP-hard.

Proof. The universal recognition problem is at least as hard as the recognition

problem for a �xed grammar. Theorem 4.4.2 shows that the recognition problem for

a �xed grammar is NP -hard. Hence the universal recognition problem of FUG is

NP -hard. 2

An upper bound on the complexity. Theorems 4.4.2 and 4.4.3 present lower

bounds on the complexity of the recognition problems of FUG. Obviously, we would

also like to have an upper bound on the complexity of the recognition problems. In

the ideal situation we would provide an upper bound for general versions of FUG.

A prerequisite for such an upper bound is that a complete description of FUG is

available. Unfortunately, no complete description of FUG exists. So we have to

settle for the practical situation and consider fragments of FUG. Let us �rst consider

the fragment of FUG presented in Section 4.1. Then we will consider polynomial
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extensions of this fragment, and argue that these extensions su�ce to describe full

FUG-grammars.

We can easily prove an NP upper bound on the complexity of the universal

recognition problem of this fragment of FUG. The fragment of FUG is based on

the standard feature theory from Section 3.2. This standard feature theory has a

nice computational property: the uni�cation problem is tractable. We indicated in

Section 3.2.2 that minor changes to Smolka's (1992) constraint solving algorithm

yield a polynomial time uni�cation algorithm for AVMs. To be more precise, the

uni�cation of two AVMs [F ] and [H] is computable in polynomial time, with respect

to the sizes of [F ] and [H]. Moreover, the amount of space used by the uni�cation

is linear with respect to the sizes of [F ] and [H].

The instances of the universal recognition problem consist of an FUG-grammar

G and a string w (see De�nition 3.2.2). The FUG-grammar G consists of a set of

AVMs that forms the lexicon, G

L

, a set of AVMs that forms the set of combinatory

rules, G

P

, and a distinguished AVM.

We call an AVM in G

P

a k-ary rule i� the AVM contains the attribute pattern,

and the value of this attribute is a list with k elements. A derivation contains a

detour if the derivation contains a sequence of unary rules, and some rule occurs

twice in this sequence. If detours are allowed in derivations, then the recognition

problem of FUG is undecidable, (cf., Ritchie 1984, Ritchie 1985). In order to obtain a

decidable fragment of FUG we forbid detours in derivations. This ban was expressed

in Section 4.1 as a bound on the number of unary branchings.

The proof of the NP upper bound is based on the following two observations.

First, a derivation for a string w and an FUG-grammar G consists of a polynomial

amount of steps. This �rst observation is proven in Lemma 4.4.4. Second, the reverse

of a derivation step is computable in polynomial time. This second observation is

proven in Lemma 4.4.5.

4.4.4. Lemma. A derivation for a string w and a grammar G has polynomial size,

with respect to the sizes of w and G.

Proof. Because we postulated a ban on detours in derivations, every derivation must

combine two AVMs after at most an amount of steps that is linear with respect to

the size of G

P

. Hence the total derivation for a string w consists of at most a linear

amount of steps with respect to the size of the string and the size of the grammar.

2

4.4.5. Lemma. Given an AVM [G

0

] from G

P

of which the attribute pattern has

structured value (p

1

: : : p

k

) and k AVMs, [F

1

]; : : : ; [F

k

]. The corresponding, reversed,

derivation step is computable in polynomial time, with respect to the sizes of [F

1

],

: : : , [F

k

], and [G

0

].

Proof. Given an AVM [G

0

] from G

P

of which the attribute pattern has a list with

k elements as value. The result of applying this rule [G

0

] is a constituent with k

daughters and one mother. The reversed derivation step consists of the uni�cation

of the k AVMs

h

p

i

[F

i

]

i

with [G

0

]. Hence this reversed derivation step takes an
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amount of time that is polynomial in the size of the rule and the sizes of the k

daughter AVMs. 2

Now given a string w and an FUG-grammar G, we guess a linear amount of

entries from the lexicon, and a polynomial sized sequence of rules that encode the

derivation for w. The previous two lemmas show that both guesses can be checked

in polynomial time. Hence the following lemma holds.

4.4.6. Lemma. The universal recognition problem of FUG for string w and FUG-

grammar G is computable in nondeterministic polynomial time.

Proof. A derivation for the string w is described by a sequence of entries from the

lexicon and a sequence of applied rules. We will guess both sequences and check in

polynomial time that the described derivation indeed yields w.

So we guess a sequence of entries from the lexicon of G for the string w. The total

size of the sequence is linear in the size of the string and the grammar. Next we guess

a sequence of combinatory rules that complete the description of the derivation for

w. This sequence consists of a polynomial amount of rules, by Lemma 4.4.4. Now

in order to check whether the guesses result in a derivation for the string w, we

compute, in reversed order, the derivation from these guesses. Lemma 4.4.5 states

that this computation takes polynomial time, with respect to the size of guessed

entries and rules, which is polynomial in the size of string w and FUG-grammar G.

All that remains is to check that the distinguished AVM starts the derivation

and the string w results from the derivation. Clearly, these �nal checks only require

linear time. 2

Let us now consider extensions of the fragment of FUG that we presented in

Section 4.1. We consider \polynomial" extensions in which the reversed applica-

tion of derivation steps remain computable in polynomial time, and in which the

derivations remain of polynomial size. Clearly, the recognition problems of these

extensions are also computable in nondeterministic polynomial time. We claim that

these polynomial extensions may contain

1. disjunctive AVMs;

2. the special values any and none; and

3. most uses of the attributes c-set and pattern.

We therefore think that it is legitimate to demand that full FUG-grammars are poly-

nomial extensions of the fragment presented in Section 4.1. Hence by Theorems 4.4.2

and 4.4.3:

4.4.7. Theorem.

(i) The �xed recognition problem of FUG is NP-complete.

(ii) The universal recognition problem of FUG is NP-complete.

In addition to the recognition problem of FUG, complexity results of the gen-

eration problem of FUG are known. Ritchie (1986) showed that given some FUG-

grammar, the question whether an arbitrary AVM produces any string is NP -hard.

The fragment of FUG that Ritchie (1986) considers is essentially the same as the
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fragment of FUG presented in Section 4.1. Therefore Lemmas 4.4.4 and 4.4.5 hold

also for Ritchie's fragment.

Hence we strengthen Ritchie's (1986) result with an additional NP upper bound.

We formulate the generation problem as: \Given an FUG-grammar G and an AVM

[F ], does AVM [F ] produce any string?" The NP upper bound is proven as follows.

By Lemma 4.4.4, the size of a string is polynomial with respect to the size of the

AVM [F ]. So the size of the derivation is polynomial with respect to the sizes of the

AVM [F ] and the grammar G. Hence guessed sequences of applied rules and entries

from the lexicon for [F ] can be checked in polynomial time.

4.4.2 Weak Generative Capacity

We will now determine a lower bound and an upper bound on the weak generative

capacity of FUG. The lower bound results from the simulation. The upper bound

results from the upper bound of the complexity of the �xed recognition problem.

These two bounds on the weak generative capacity are represented in Theorem 4.4.8.

A lower bound on the weak generative capacity. Theorem 4.3.9 proves that

for every CUG-grammar there exists an FUG-grammar that recognizes the same

language. Hence the set of languages recognized by a CUG-grammar, the CUG-

languages, is a subset of the set of languages recognized by an FUG-grammar, FUG-

languages. So if we can prove the location of the CUG-languages in the Chomsky

hierarchy, we know that the FUG-languages take the same or a higher location in

the Chomsky hierarchy. For instance, it is known that the set of languages that the

classical categorial grammars generate is the set of context-free languages. Therefore

the CUG-languages generate all context-free languages. Hence the FUG-languages

generate all context-free languages.

An upper bound on the weak generative capacity. Once again, we are unable

to provide an upper bound for general versions of FUG. A prerequisite for such an

upper bound is a complete description of FUG, which is not available. So we settle

for the fragment of FUG presented in Section 4.1.

Chapter 2 connects the complexity of the recognition problem and weak genera-

tive capacity of restricted attribute-value grammars. These restricted attribute-value

grammars respect a liberal variation of the so-called o�-line parsability constraint.

This o�-line parsability constraint (Johnson 1988) is a well-known generalization of

the \De�nition of a Valid Derivation" from Lexical Functional Grammar (Kaplan

and Bresnan 1982). This o�-line parsability constraint relates the amount of \work"

done by the grammar to produce a string linearly to the number of terminal symbols

produced. It is therefore a sort of honesty constraint that is common in complexity

theory.

In Chapter 2 a variation on the o�-line parsability constraint is introduced: the

honest parsability constraint. This honest parsability constraint is a more liberal

constraint than the o�-line parsability constraint. The honest parsability constraint
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relates the amount of \work" done by the grammar to produce a string polynomially

to the number of terminal symbols produced. For convenience, we state the de�nition

of the honest parsability constraint, De�nition 2.5.1, below.

A grammar G satis�es the honest parsability constraint i� there exists a

polynomial p such that for each string w in the language generated by G

there exists a derivation with at most p(jwj) steps.

A nice property of the restricted attribute-value grammars that respect the honest

parsability constraint is that they generate exactly all languages in the complexity

class NP . Or, as we can restate Theorem 2.5.3:

Let L be a language that has an NP recognition algorithm. Then there

exists a restricted attribute-value grammar G, that respects the honest

parsability constraint, such that G generates the language L.

By Theorem 4.4.7 the restricted fragment of FUG has an NP recognition problem.

Hence any restricted FUG-grammar can be simulated by a restricted attribute-value

grammar. Thus the languages generated by restricted attribute-value grammars

that respect the honest parsability constraint provide an upper bound on the weak

generative capacity of restricted FUG-grammars. Hence the following theorem holds.

4.4.8. Theorem. The weak generative capacity of the restricted fragment of FUG

presented in this chapter is enclosed between the context-free languages and the col-

lection of languages generated by restricted attribute-value grammars that respect the

honest parsability constraint.

Moreover, we conjecture a stronger upper bound for the weak generative capacity

of FUG. A close look at the proof of Lemma 4.4.6 shows that the �xed recognition

problem of FUG is computable in nondeterministic linear space. We conjecture

that the polynomial extensions of the fragment presented in Section 4.1 are also

computable in nondeterministic linear space. This implies that the FUG-languages

are recognized by linear bounded automata (LBAs). Due to the equivalence of LBAs

and context-sensitive grammars, FUG generates only context-sensitive languages

(CSLs). Hence we conjecture that the collection of CSLs that are recognized in

nondeterministic polynomial time form an upper bound for the weak generative

capacity of FUG (cf., Book 1978). Or stated di�erently:

4.4.9. Conjecture. The collection of context-sensitive languages that the restricted

attribute-value grammars that respect the honest parsability constraint generate form

an upper bound for the weak generative capacity of FUG.





Chapter 5

Head-driven Phrase Structure Grammar

In this chapter we will present a formalization of Head-driven Phrase Structure Gram-

mar (HPSG). The main purpose of this chapter is to show that HPSG-grammars

can simulate any arbitrary CUG-grammar that was presented in Section 3.3. This

simulation provides a way of comparing the di�erent grammatical formalisms. For

instance, the simulation shows that the generative capacity of HPSG is at least as

high as the generative capacity of CUG. Moreover, because the simulation is com-

putable in polynomial time, it is a polynomial time many-one reduction. Therefore

the recognition problem of HPSG is at least as hard as the NP -complete recognition

problem of CUG.

The next section (Section 5.1) contains an informal introduction in HPSG and

discusses which part of HPSG are needed for a simulation of CUG. In Section 5.2

we present the simulation of CUG. In Section 5.3 we prove the correctness of the

simulation. We conclude with Section 5.4, in which we discuss the weak generative

capacity of HPSG and the complexity of its recognition problem.

5.1 Introduction in HPSG

This section contains an informal introduction in Head-driven Phrase Structure

Grammar (HPSG), for a full description see (Pollard and Sag 1987, Pollard and

Sag 1994). King (1994) presents a logic which seems close to the logical formalism

underlying HPSG. The name \Head-driven Phrase Structure Grammar" covers the

main important ideas behind HPSG. The last part of the name states that HPSG

uses phrase structures, or, as we call them, constituents. The slogan head-driven

exempli�es that the constituents discriminate one of their substructures as the head.

The head of a constituent is the most important substructure of that constituent.

The other substructures of a constituent form the complement. The development

of the HPSG theory, in particular the constituent component, was in
uenced by

Categorial Grammar.

We will now introduce HPSG in an informal way in two steps. We take the

standard feature theory from Section 3.2 as a starting point for the �rst step. We

85
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partly introduce HPSG by comparing it with this standard feature theory. We will

also indicate which parts of HPSG are needed for the simulation of CUG. In the

second step we compare HPSG and CUG. This comparison will reveal some implicit

notions of HPSG that are important for the simulation.

5.1.1 Comparison with the Standard Feature Theory

Let us �rst introduce a syntactic shorthand in attribute-value matrices (AVMs) in

order to avoid needlessly large descriptions of AVMs. Occasionally, we use the fol-

lowing shorthand in AVMs:

h

attr

1

j : : : j attr

n

[F ]

i

stands for

h

attr

1

h

: : : [attr

n

[F ] ] : : :

ii

:

Head-driven Phrase Structure Grammar di�ers from the standard feature theory

in the following four aspects.

� The AVMs in HPSG are not restricted to conjunctions of attribute-value pairs,

but can be any conjunctive or disjunctive combination of attribute-value pairs.

HPSG has these disjunctive AVMs in common with other uni�cation gram-

mars, for instance, FUG. The disjunctive combination of attribute-value pairs

in HPSG is not the only extension with respect to the AVMs of the standard

feature theory. HPSG also distinguishes disjunctive values and structured val-

ues, besides the familiar atomic and compound values. A disjunctive value

is an abbreviation for a disjunctive AVM. The structured values are sets of

values and lists of values. In the simulation, however, no use is made of the

disjunctive AVMs, the disjunctive values, or the sets. The simulation will only

use the structured value list, which is illustrated by 1 in Example 5.1.1.

� HPSG is introduced as a system of sorted AVMs. The AVMs in HPSG are

classi�ed in two distinct sorts: phrasal AVMs and lexical AVMs. An AVM is

phrasal if the AVM contains an attribute daughters; otherwise the AVM is

lexical. Although the fact that the AVMs are sorted does not play an important

role in the simulation, the simulation takes this fact into account. We discuss

the standard sort-hierarchy of HPSG in 2 of Example 5.1.1.

� HPSG treats three attributes specially: phonology (abbreviated to phon),

subcategorization (subcat), and complement-daughters (cdtrs). The

attribute phon has a list of strings as its value. The value of the attributes

subcat and cdtrs are lists of atomic and compound values. One might expect

that HPSG would also assigns a special status to the attribute head-daughter

(hdtr), because the head-daughter of a constituent is distinguished from the

other daughters. Nevertheless, the attribute hdtr is an ordinary attribute.

The special status of the head-daughter is enforced by the HPSG-principles,

which are discussed next. The three special attributes are illustrated by 3 in

Example 5.1.1. All three attributes will play an important role in the simula-

tion.

� HPSG contains principles and schemas, which control the uni�cation oper-

ation. The combined action of principles and schemas state which AVMs
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are well-formed. There are two kinds of principles: universal ones and lan-

guage speci�c ones. The universal principles hold for all HPSG-grammars, the

language speci�c principles, which might be instantiations of parameterized

universal principles, hold for some HPSG-grammars. The three main uni-

versal principles are the Head Feature Principle (HFP), the Subcategorization

Principle (SP), and the Semantics Principle (SemP). Two important language

speci�c principles are the Linear Precedence Principle (LPP) and the Immedi-

ate Dominance Principle (IDP). The IDP speci�es the schemas (ID-schemas)

that an HPSG-grammar contains. These ID-schemas describe in which way

constituents can be formed. These �ve principles are exempli�ed by 4 in Ex-

ample 5.1.1. For the actual de�nition of the Linear Precedence Principle, see

(Pollard and Sag 1987, Chapter 7). For the precise de�nition of the other four

principles, see (Pollard and Sag 1994, Appendix A.2). The simulation of CUG

only uses these �ve principles.

5.1.1. Example.

1. The structured value list is denoted by a sequence of values, which are separated

by comma's, and is enclosed in angled brackets. Thus, the list that contains

the AVMs [F ] and [H] is denoted by h[F ]; [H]i.

2. The most general sort of AVM in the standard sort-hierarchy of HPSG is called

sign. The sort sign is divided in two distinct sorts: lexical and phrasal.

Lexical AVMs contain the attribute phon (an abbreviation for phonology)

and the attribute synsem (an abbreviation for syntax&semantics). The

value of the attribute phon is a list of strings, The value of the attribute

synsem is of sort synsem. This sort synsem contains an attribute local

whose value is an AVM that contains the attributes cont and cat. The value

of attribute cont, which abbreviates content, denotes semantic relations.

Because semantic relations fall beyond the scope of this syntactic framework,

the value of cont is simply speci�ed by the sort content. The value of at-

tribute cat, which abbreviates category, is another AVM with the attributes

head and subcat. The attribute head has a value of sort head, the value of

attribute subcat, which abbreviates subcategorization, is a list of AVMs

of sort synsem. Summing up, we can say that a lexical AVM has the following

form.

2

6

6

4

phon string

synsem

2

4

local

2

4

cat

�

head head

subcat synsem� list

�

cont content

3

5

3

5

3

7

7

5

Phrasal AVMs extend lexical AVMs by an attribute dtrs (daughters), whose

value is an AVM with the two attributes hdtr (head-daughter), and cdtrs

(complement-daughters). The value of the attribute hdtr is an AVM of

sort sign. The value of the attribute cdtrs is a list of AVMs of sort sign.

Thus a phrasal AVM has the following form.
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2

6

6

6

6

6

6

4

phon string

synsem

2

4

local

2

4

cat

�

head head

subcat synsem� list

�

cont content

3

5

3

5

dtrs

�

hdtr sign

cdtrs sign� list

�

3

7

7

7

7

7

7

5

3. The attribute phon encodes lexical information. The attribute phon appears

both in lexical and phrasal AVMs. In a lexical AVM, phon encodes the lexical

form of a word. In a phrasal AVM, phon encodes the lexical form of the

constituent, like in

�

phon hbig, red, booki

�

.

The attributes hdtr and cdtrs describe the constituent structure. The fol-

lowing AVM expresses a constituent that has a VP as head-daughter and two

NP's as complement-daughters

�

hdtr VP

cdtrs hNP;NPi

�

.

The attribute subcat expresses which constituents are required to complete a

constituent structure. A ditransitive verb would be expressed as a verb phrase

(VP) that is incomplete, i.e., subcategorizes, for three noun phrases (NP's), as

indicated by the following AVM.

�

cat

�

head VP

subcat hNP;NP;NPi

� �

4. The Head Feature Principle states that in a constituent the mother and the

head-daughter share the same syntactic properties, which are speci�ed by the

attribute head. The Semantics Principle states that in a constituent the

mother and the semantic-daughter, which is often the head-daughter, share

the same semantic information. The Subcategorization Principle states that in

a constituent the head-daughter subcategorizes for a list of constituents, which

has an initial part L and a remaining part L

0

, i� the mother subcategorizes

for the list L, and the complement-daughters form the list L

0

. The Linear

Precedence Principle describes the ordering of constituents, but unfortunately

the actual description of this principle has remained unclear so far in HPSG.

Therefore, for the time being, we postulate that a function on the daugh-

ter constituents, called order-constituents, accomplishes the right ordering of

constituents. Two important ID-schemas for an HPSG-grammar for English

are the head-subject ID-schema and the head-complement ID-schema. The

head-subject ID-schema states that a constituent consists of a mother with an

empty subcategorization-list, a head-daughter and one complement-daughter.
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The head-complement ID-schema states that a constituent consists of a mother

with a subcategorization-list that contains one element, a head-daughter that

is a lexical entry, and some complement-daughters.

5.1.2 Comparison with CUG

We start this paragraph with a comparison between the production processes of

HPSG and CUG. In CUG the production process is de�ned operationally, whereas

in HPSG the production process is de�ned declaratively.

This operational way to de�ne the production process in CUG is exempli�ed by

the combinatory rules. These rules state that two categories can be combined into

one new category, and determine the result of this combination. HPSG, however,

does not contain such combinatory rules. The principles, which guide the production

process in HPSG, are de�ned as well-formedness constraints on AVMs, i.e., in a

declarative way. Thus the principles do not construct AVMs, but serve merely as

a �lter for the well-formed AVMs. That is, given some collection of AVMs, the

principles and schemas discriminates the AVMs that are well-formed from the other

AVMs.

In contrast with these declarative de�nition, an operational approach to the pro-

duction process is often found in the HPSG-literature, Especially, in the description

of examples an operational approach is frequently plied. In this operational ap-

proach the principles are not regarded as statements describing which AVMs are

well-formed, but as descriptions for the construction of the well-formed AVMs.

Let us now compare the description of HPSG given this far and the de�nition

of CUG from Section 3.3.1. This comparison results in two apparent mismatches

that have to be solved before the simulation can be presented. Both mismatches are

caused by the di�erent approaches to the production process in HPSG and CUG.

The apparent mismatches and their solutions are given below.

� CUG-grammars, on the one hand, contain combinatory rules, which determine

the result of combining categories. HPSG-grammars, on the other hand, do

not contain explicit rules that construct AVMs. However, we will show below

how the principles of HPSG can be regarded as rules that construct AVMs.

First, we assume that a set of minimal well-formed AVMs is available. All other

AVMs are then constructed from these minimal AVMs. The set of minimal

AVMs is in fact the lexicon. Second, we regard the principles as prescriptions

how AVMs are combined. To be more precise, we regard the principles as

descriptions of the form of well-formed AVMs, and we demand that well-formed

AVMs have the form described by the principles.

� In CUG arbitrary, incomplete, strings are distinguished from complete strings,

usually called sentences. The former strings are formed only to serve as a

subpart of the latter strings. This distinction is explicit made clear in CUG-

grammars: one primitive category is distinguished in the description of a CUG-

grammar. All and only all strings that result from this distinguished category
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are the sentences, i.e., the strings in the language that the particular grammar

describes.

The distinction between incomplete strings and complete strings is not made

explicitly in HPSG. However, an explicit distinction is needed, for the simu-

lation. Therefore, we introduce a distinguished AVM in the description of an

HPSG-grammar, like is done for CUG-grammars. This introduction should

not be too controversial, because the notion of a special AVM already seems to

exist in HPSG. That is, the AVMs that describe sentences all have a common

form. The typical common form of these special AVMs describes a verb that

has combined with all its arguments, i.e.,

�

synsem

�

local

�

cat

�

head verb

subcat h i

� � � �

.

An example may illustrate the distinction between the declarative and the oper-

ational approach to production process of HPSG.

5.1.2. Example. Consider the following three simpli�ed AVMs. A phrasal AVM,

i.e., an AVM with the attribute dtrs, for the constituent \Kim walks."

2

6

6

6

6

6

6

6

6

6

6

6

6

6

4

phon hKim, walksi

synsem

�

local j cat

�

head 1 verb

subcat h i

��

dtrs

2

6

6

6

6

6

6

6

4

hdtr

2

6

4

phon hwalksi

synsem j local j cat

"

head 1 verb

subcat h 2 i

#

3

7

5

cdtrs

*

2

4

phon hKimi

synsem 2

�

local j cat

�

head noun

subcat h i

��

3

5

+

3

7

7

7

7

7

7

7

5

3

7

7

7

7

7

7

7

7

7

7

7

7

7

5

(5.1)

A lexical AVM for the string \walks."

2

6

6

4

phon hwalksi

synsem j local j cat

2

4

head verb

subcat

��

local j cat

�

head noun

subcat h i

���

3

5

3

7

7

5

(5.2)

A lexical AVM for the string \Kim."

2

4

phon hKimi

synsem

�

local

�

cat

�

head noun

subcat h i

���

3

5

(5.3)

Let the Head Feature Principle be stated as follows. \In phrasal AVMs the

following two paths share the same value:

hdtrs hdtr synsem local cat headi and hsynsem local cat headi:"

Let the Subcategorization Principle be stated in the following way: \In phrasal AVMs

the concatenation of the values of the paths

hsynsem local cat subcati and hdtrs cdtrs synsemi
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equal the value of path hdtrs hdtr synsem local cat subcati."

In both the declarative approach and the operational approach all three AVMs

are well-formed. In the declarative approach the AVMs are well-formed because

they satisfy all principles, i.e., the Head Feature Principle and the Subcategorization

Principle. The AVMs in (5.2) and (5.3) satisfy the principles because they are not

applicable. The AVM in (5.1) satis�es the principles because the box-labels appear

on the right places. In this declarative approach no correlation between the AVMs

is found.

In the operational approach we would say that the AVMs in (5.2) and (5.3)

are well-formed because they come from the lexicon. The AVM in (5.1) is well-

formed because it is constructed from the AVMs in (5.2) and (5.3) according to the

prescription of the principles. That is, the AVM in (5.2) is the head-daughter of the

AVM in (5.1). Moreover, the AVM in (5.2) subcategorizes for an AVM like the AVM

in (5.3). This AVM in (5.3) is the only complement-daughter of the AVM in (5.1).

Furthermore, the value of the attribute head in the AVM in (5.2) is passed on to

the attribute head of the AVM in (5.1).

Informally, we can think of an HPSG-grammar as a set of AVMs, the lexicon, a

distinguished AVM and a set of principles. The combined action of the principles

describes forms of well-formed AVMs.

5.2 The Simulation

In this section we will present the simulation f of CUG by HPSG. In Section 5.3

we will prove the correctness of f . That is, CUG-grammar G generates string w i�

HPSG-grammar f(G) generates w. In Section 5.4 we will show that f is a polynomial

time many-one reduction. Hence the recognition problem of HPSG is NP -hard.

This simulation f resembles the simulation of CUG by FUG. We recall that a

CUG-grammar is described by its lexicon, its distinguished primitive category, and

its combinatory rules to combine categories. Below we will �rst explain how the simu-

lation maps CUG-categories onto AVMs in HPSG. This shows how the distinguished

primitive category is mapped onto the distinguished AVM of the HPSG-grammar.

Then we will show how the lexicon of CUG is mapped onto a lexicon in HPSG.

Finally we show how the principles and schemas in HPSG can copy the combinatory

rules of the CUG-grammar.

Unfortunately, the AVMs from HPSG tend to become cumbersomely large, very

easily. In order to avoid such large AVMs, we will use a compact description of

the AVMs. In these compact descriptions, we will not mention the attributes dtrs,

synsem and local.

Categories. The simulation f maps CUG-categories onto AVMs in HPSG. The

AVMs that correspond to CUG functors subcategorize for the AVMs corresponding

to the CUG arguments. As a consequence CUG functors are the head-daughters of

constituents and CUG arguments are the complement-daughters.
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The set of categories in CUG is de�ned inductively. Therefore, the simulation

is de�ned inductively on the categories. First, we de�ne how the simulation maps

a CUG-category A[F ], where A is a primitive category, onto an AVM in HPSG.

Second, given that we know how the simple CUG-categories are mapped onto AVMs,

we de�ne how more complex CUG-categories are mapped onto AVMs.

We can say roughly that the syntactic and semantic information in a CUG-

category is located under di�erent attributes of an AVM in HPSG. The attribute cat

of the AVM denotes the syntactic information that is present in a CUG-category.

That is, the category information in the CUG-category. The attribute cont of the

AVM denotes the semantic information that is present in a CUG-category. That is,

the feature information in the CUG-category.

Furthermore, notice that the AVMs in HPSG given below di�er in two aspects,

neither one essential, from the standard sort-hierarchy. First, the value of attribute

cat is augmented with an attribute dir, whose value is either left or right. Second,

the value of attribute head is atomic in the simulation. The symbols x; y stand for

atomic values; L

x

; L

y

stand for lists; and � stands for concatenation of lists.

1. Let A [F ] be a primitive category in the CUG-grammar. Then the simulation

f maps this CUG-category onto the AVM

2

4

cat

�

head A

subcat h i

�

cont [F ]

3

5

.

2. Let the simulation f map CUG-category X [F ] onto [F

0

] and CUG-category

Y [H] onto [H

0

], where

[F

0

] =

2

4

cat

�

head x

subcat L

x

�

cont [F ]

3

5

and [H

0

] =

2

4

cat

�

head y

subcat L

y

�

cont [H ]

3

5

:

Then f maps the CUG-category X[F ] n

[H]

Y onto

2

6

6

6

6

6

6

4

cat

2

6

6

6

6

4

head y

subcat L

y

�

*

2

6

6

4

cat

2

4

head x

dir left

subcat L

x

3

5

cont [F ]

3

7

7

5

+

3

7

7

7

7

5

cont [H ]

3

7

7

7

7

7

7

5

and Y =

[H]

X[F ] onto

2

6

6

6

6

6

6

4

cat

2

6

6

6

6

4

head y

subcat L

y

�

*

2

6

6

4

cat

2

4

head x

dir right

subcat L

x

3

5

cont [F ]

3

7

7

5

+

3

7

7

7

7

5

cont [H ]

3

7

7

7

7

7

7

5

.
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The following fact holds because the atomic values left and right only unify with

themselves, and the values x and y unify i� x = y.

5.2.1. Fact. The CUG-categories X [F ] and Y [H] unify i� the AVMs f(X [F ]) and

f(Y [H]) unify.

The distinguished AVM. Let S be the distinguished category in CUG, then the

distinguished AVM in HPSG is

�

cat

�

head S

subcat h i

� �

:

The lexicon. Let the simulation f map CUG-category X[F ] onto the AVM

2

4

cat

�

head x

subcat L

x

�

cont [F ]

3

5

:

Then the simulation maps the lexicon of the CUG-grammar onto the lexicon of

the HPSG-grammar in the following way. If the lexicon of the CUG-grammar G

contains entry w : X[F ], then the lexicon of the HPSG-grammar f(G) contains the

entry

f(w : X[F ]) =

2

6

6

4

phon w

cat

�

head x

subcat L

x

�

cont [F ]

3

7

7

5

;

and the lexicon of the HPSG-grammar contains no other entries.

The principles. The combined action of the universal Head Feature Principle

(HPF), Subcategorization Principle (SP), Semantics Principle (SemP), and the lan-

guage speci�c Immediate Dominance Principle (IDP) and Linear Precedence Prin-

ciple (LPP) copies the combinatory rules of CUG-grammars. The three universal

principles are restated below according to our compact notation. The two language

speci�c principles are de�ned below in a way that suits the simulation.

Each principle will be represented in two way. The �rst representation states

the principle as a well-formedness condition on AVMs. The second representation

expresses the form of the AVM as it is described by the principle.

� The Head Feature Principle is stated as the following condition. If an AVM

contains the attribute hdtr, then the value of the paths hcat headi and

hhdtr cat headi are shared. Thus this principle describes that phrasal

AVMs have the following form:

2

4

cat

h

head 1

i

hdtr

h

cat

h

head
1

i i

3

5

.
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� The Subcategorization Principle is stated as the following condition. If an

AVM contains the attributes hdtr and cdtrs, then the value of the path

hhdtr cat subcati is the concatenation of the value of path hcat subcati

and the list of attribute-value pairs with attributes cat and cont of the at-

tribute cdtrs. Thus this principle describes that phrasal AVMs have the

following form, for some values n and n

0

:

2

6

6

6

6

6

6

6

4

cat

h

subcat 1

i

hdtr

"

cat

"

subcat 1 �

*"

cat 2

cont 3

#

; : : : ;

�

cat n

cont n

0

�

+##

cdtrs

*"

cat 2

cont 3

#

; : : : ;

�

cat n

cont n

0

�

+

3

7

7

7

7

7

7

7

5

� The Semantics Principle is stated as the following condition. If an AVM con-

tains the attribute hdtr, then the value of the attribute cont and the path

hhdtr conti are shared. Thus this principle describes that phrasal AVMs

have the following form:

"

cont 1

hdtr

h

cont
1

i

#

.

� This language speci�c version of the Immediate Dominance Principle states

that there is only one ID-schema. According to this ID-schema every con-

stituent consists of exactly one mother, one head-daughter and one complement-

daughter. Thus this principle describes that constituents, i.e., phrasal AVMs,

have the following form, for some AVMs [F ] and [H]:

�

hdtr [F ]

cdtrs h[H ]i

�

.

� The Linear Precedence Principle describes the ordering of constituents. The ac-

tual description of this principle has remained unclear for a long time in HPSG.

Lately, Manandhar (1995) provided a feature logic which contains constraints

that expresses linear precedence as usually employed in HPSG. The following

linear precedence constraints are easily stated in Manandhar's (1995) feature

logic. The LPP expresses that a complement-daughter is ordered to the left

of the head-daughter if the value of the path hcat diri in the complement-

daughter is left, and a complement-daughter is ordered to the right of the

head-daughter if the value of the path hcat diri in the complement-daughter

is right. In the sequel we assume that a function on the daughters, called

order-constituents, accomplishes the right ordering. Thus this principle de-

scribes that constituents, i.e., phrasal AVMs, have the following form:

�

phon order-constituents(hdtr;cdtrs)

�

.

Each of the �ve principles above describes partly the form of a well-formed phrasal

AVM. Since a well-formed phrasal AVM satis�es all �ve principles, the �nal form
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of a well-formed phrasal AVM is described by the �ve principles together. On the

one hand, the combined action of the two language speci�c principles describe that

a well-formed phrasal AVM has the following form:

2

4

phon order-constituents(hdtr;cdtrs)

hdtr [F ]

cdtrs h[H ]i

3

5

.

On the other hand, the combined action of the three universal principles describe

that a well-formed phrasal AVM has the following form, for some values n and n

0

:

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

cat

"

head 1

subcat 2

#

cont 0

hdtr

2

6

6

6

4

cat

2

6

4

head 1

subcat 2 �

*"

cat 3

cont 4

#

; : : : ;

�

cat n

cont n

0

�

+

3

7

5

cont 0

3

7

7

7

5

cdtrs

*"

cat 3

cont 4

#

; : : : ;

�

cat n

cont n

0

�

+

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

.

The combined action of the language speci�c and universal principles describe

that a well-formed phrasal AVM has exactly one complement-daughter. Hence the

�ve principles together describe that a well-formed phrasal AVM has the following

form, which we will call [F

P

].

[F

P

] =

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

phon order-constituents(hdtr;cdtrs)

cat

"

head 1

subcat 2

#

cont 0

hdtr

2

6

6

6

4

cat

2

6

4

head 1

subcat 2 �

*"

cat 3

cont 4

#+

3

7

5

cont 0

3

7

7

7

5

cdtrs

*"

cat 3

cont 4

#+

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

This form of an AVM corresponds closely to the combinatory rules of CUG. As

stated before, an operational approach is more convenient in the simulation than a

declarative approach. Therefore from now on, we will mainly use the description of

the form of AVMs, [F

P

], to express the e�ect of the principles.

Summarizing, the HPSG-grammar f(G), which simulates the CUG-grammar G,

is now de�ned in the following way.

5.2.2. Definition. Given a CUG-grammarG, the simulation f maps this grammar

onto the HPSG-grammar f(G), where f(G) consists of a lexicon; a distinguished

AVM, and a description of the form of AVMs that satisfy all the principles.
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� The lexicon of f(G) is de�ned as the set of AVMs:

f[H] j f(w : X[F ]) = [H]; w : X[F ] a entry from the lexicon of Gg:

We recall that [H] has the following form

2

6

6

4

phon w

cat

�

head x

subcat L

x

�

cont [F ]

3

7

7

5

:

� The distinguished AVM is de�ned as

�

cat

�

head S

subcat h i

� �

if S is the distinguished category of G.

� The combinatory rule of the grammar is expressed by the AVM [F

P

].

Let us now consider a simple example of the simulation. We assume some small

CUG-grammar and show for some CUG-categories how they are mapped onto AVMs.

Then we present some examples of entries in the lexicon of the simulating HPSG-

grammar. We conclude with some examples of AVMs that may be constructed by

the simulating HPSG-grammar.

5.2.3. Example. Let there be a CUG-grammar with the ordinary combinatory

rules, the distinguished category S and the following lexicon with �ve entries:

the: N =

1 [def +]

N 1 a: N =

1 [def {]

N 1 [num sing] kisses: (N 1

�

pers 3rd

num sing

�

n

1

S)=N

boy: N

�

pers 3rd

num sing

�

girl: N

�

pers 3rd

num sing

�

Now the simulationmaps the CUG-categoryN =

1 [def {]

N 1 [numsing] for the string

\a" onto the following AVM.

2

6

6

6

6

6

6

4

cat

2

6

6

6

6

4

head N

subcat

*

2

6

6

4

cat

2

4

head N

dir right

subcat h i

3

5

cont 1 [num sing]

3

7

7

5

+

3

7

7

7

7

5

cont 1 [def {]

3

7

7

7

7

7

7

5

Similarly, the CUG-category N 1

"

pers 3rd

num sing

#

n

1

S is mapped onto the fol-
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2

6

6

6

6

6

6

6

6

4

phon the

cat

2

6

6

6

6

4

head N

subcat

*

2

6

6

4

cat

2

4

head N

dir right

subcat h i

3

5

cont 1

3

7

7

5

+

3

7

7

7

7

5

cont 1 [def+]

3

7

7

7

7

7

7

7

7

5

2

6

6

6

6

6

6

6

6

6

6

4

phon kisses

cat

2

6

6

6

6

6

6

4

head S

subcat

*

2

6

6

6

6

4

cat

2

4

head N

dir left

subcat h i

3

5

cont 1

�

pers 3rd

num sing

�

3

7

7

7

7

5

;

2

4

cat

2

4

head N

dir right

subcat h i

3

5

3

5

+

3

7

7

7

7

7

7

5

cont 1

3

7

7

7

7

7

7

7

7

7

7

5

Figure 5.1: Lexicon entries for the strings \the" and \kisses."

lowing AVM.

2

6

6

6

6

6

6

6

6

4

cat

2

6

6

6

6

6

6

4

head S

subcat

*

2

6

6

6

6

4

cat

2

4

head N

dir left

subcat h i

3

5

cont 1

�

pers 3rd

num sing

�

3

7

7

7

7

5

+

3

7

7

7

7

7

7

5

cont 1

3

7

7

7

7

7

7

7

7

5

The lexicon of the CUG-grammar is mapped onto the lexicon of the HPSG-

grammar. From the previous examples it is clear that the HPSG-grammar contains

the entries given in Figure 5.1 for the words \the" and \kisses."

Given the entries in the lexicon of the HPSG-grammar, we can construct complex

AVMs for constituents. These complex AVMs are constructed by unifying the lexical

AVMs with the values of the attributes hdtr and cdtrs in the description [F

P

].

Let us consider the AVMs that belong to the constituents \the boy" and \a girl."

The AVM for \the boy" will be speci�ed in its full detail. The determiner \the"

is uni�ed with the value of the attribute hdtr in the description [F

P

]. As a result

of this uni�cation the box-labels in [F

P

] receive some values. Box-label 1 in [F

P

]

receives the value N; box-label 4 receives the value [def+], and the box-labels 0

and 4 in [F

P

] are identi�ed; box-label 2 receives the empty list (h i) as value; and

box-labels 3 receives the value

2

4

head N

dir right

subcat h i

3

5

.
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2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

phon the boy

cat

�

head 1 N

subcat h i

�

cont 4

2

4

pers 3rd

num sing

def +

3

5

hdtr

2

6

6

6

6

6

6

6

6

4

phon the

cat

2

6

6

6

6

4

head 1

subcat

*

2

6

6

4

cat 3

2

4

head N

dir right

subcat h i

3

5

cont 4

3

7

7

5

+

3

7

7

7

7

5

cont 4

3

7

7

7

7

7

7

7

7

5

cdtrs

*

2

4

phon boy

cat 3

cont 4

3

5

+

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

Figure 5.2: Attribute-value matrix for the string \the boy."

In a similar way, the noun \boy" is uni�ed with the AVM described in the value

of the attribute cdtrs in the description [F

P

]. This uni�cation is possible because

the value of the attribute cat in the AVM for \boy" uni�es with the box-label 3 . A

visible result of the uni�cation is that the box-label 4 is augmented with the value

�

pers 3rd

num sing

�

.

Thus the complete AVM for the string \the boy" is as given in Figure 5.2.

We con�ne to a simpli�ed AVM for the constituent \a girl" because it is rather

similar to the AVM for \the boy."

2

6

6

6

6

6

6

6

6

6

6

4

phon a girl

cat

�

head N

subcat h i

�

cont

2

4

pers 3rd

num sing

def {

3

5

hdtr [phon a]

cdtrs h[phon girl]i

3

7

7

7

7

7

7

7

7

7

7

5

Let us now consider simpli�ed AVMs that belong to the constituents \kisses a

girl" and \the boy kisses a girl." In these cases the AVMs for the constituents

\kisses," \a girl," \the boy" and \kisses a girl" are uni�ed with the values of the

attributes hdtr and cdtrs.
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2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

phon kisses a girl

cat

2

6

6

6

6

6

6

4

head S

subcat

*

2

6

6

6

6

4

cat

2

4

head N

dir left

subcat h i

3

5

cont 1

�

pers 3rd

num sing

�

3

7

7

7

7

5

+

3

7

7

7

7

7

7

5

cont 1

hdtr [phon kisses]

cdtrs h[phon a girl]i

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

2

6

6

6

6

6

6

6

6

6

6

4

phon the boy kisses a girl

cat

�

head S

subcat h i

�

cont

2

4

pers 3rd

num sing

def +

3

5

hdtr [phon kisses a girl]

cdtrs h[phon the boy]i

3

7

7

7

7

7

7

7

7

7

7

5

The reader should notice that the AVM for \the boy kisses a girl" has the form

that corresponds to the distinguished CUG-category S. Hence this AVM describes

a complete string.

5.3 Correctness of the Simulation

The main purpose of this section is to prove the correctness of the simulation. That

is, CUG-grammar G and HPSG-grammar f(G) generate the same language. We

will now de�ne the notions \derives," \produces," and \generates" for HPSG. These

three notions are not discussed in HPSG, so we will have to de�ne them ourselves.

The de�nitions will be convenient in the proofs of the correctness of the simulation.

5.3.1 De�nitions

We will assume that complex AVMs are built from simpler AVMs, where the simplest

AVMs are the entries in the lexicon. The AVMs are built as prescribed by the

principles of the grammar. Hence all complex AVMs have the form of AVM [F

P

].

Now we come to the following de�nition of the notions \derives" and \produces,"

which are rather similar to De�nition 3.3.11 and De�nition 3.3.12.

5.3.1. Definition. Let G be an HPSG-grammar, and let [F ] be an AVM. The AVM

[F ] derives AVM [H] i� the uni�cation of [F ] with [F

P

] yields [H

0

], where the values

of the attributes hdtr and cdtrs in [H

0

] are [F

0

] and h[F

1

]i, and the values of the

attributes hdtr and cdtrs in [H] are [F

0

0

] and h[F

0

1

]i, where either [F

i

] derives [F

0

i

],

or [F

i

] = [F

0

i

].

5.3.2. Definition. Let G be an HPSG-grammar, w be a string, and [F ] be an

AVM that contains attribute phon with value w. The AVM [F ] produces string w

i� [F ] derives some AVM [H], and all terminal AVMs of [H] are subsumed by entries

in the lexicon of G.

5.3.3. Definition. The AVM [H] is a terminal AVM of AVM [F ] i�
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1. [F ] = [H], and [F ] does not contain attribute hdtr or cdtrs, or

2. [F ] contains attribute hdtr and cdtrs with values [F

0

] and h[F

1

]i, and [H] is

a terminal AVM of some [F

i

].

The HPSG-literature indicates that the strings of the language described by a

given HPSG-grammar all stem from the same category. The introduction of a dis-

tinguished AVM in Section 5.1 plays the role of this category. The de�nitions of the

notions \generates" and \language" resemble De�nition 3.3.13.

5.3.4. Definition. HPSG-grammar G generates string w i� the uni�cation of the

AVM [phon w] with the distinguished AVM of G produces string w. The language

that grammarG generates (L(G)) is de�ned as the set of all strings that G generates.

5.3.2 Proof of Correctness

Given the de�nitions above, we prove the correctness of the simulation in Theo-

rem 5.3.9. Lemmas 5.3.5 and 5.3.6 show that one single application of a combina-

tory rule for a CUG-grammar G can be simulated by the HPSG-grammar f(G).

Lemma 5.3.8 shows that CUG-categories and the corresponding AVMs in HPSG

produce the same strings.

The following lemma states roughly that an HPSG-constituent with mother

[F

3

], left complement-daughter [F

1

] and right head-daughter [F

2

] can be constructed

i� a CUG-constituent with mother Y [H], left daughter X [F ] and right daughter

U[F

0

] n

[H

0

]

V can be constructed.

5.3.5. Lemma. Let the simulation map X [F ] onto [F

1

], U[F

0

] n

[H

0

]

V onto [F

2

], and

Y [H] onto [F

3

]. CUG-category Y [H] derives the sequence X [F ] (U[F

0

] n

[H

0

]

V) by

left application i� the AVM [F

0

] derives [F

app

], where

[F

0

] =

2

6

6

6

6

4

cat

�

head y

subcat L

y

�

cont [H ]

hdtr [F

2

]

cdtrs h[F

1

]i

3

7

7

7

7

5
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and

[F

app

] =

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

phon order-constituents(hdtr;cdtrs)

cat

"

head 1 y

subcat 2

#

cont 0 [H ]

hdtr

2

6

6

6

6

6

6

4

cat

2

6

6

6

6

4

head 1 v

subcat 2 �

*

2

6

6

4

cat 3

2

4

head u

dir left

subcat L

u

3

5

cont 4 [F

0

]

3

7

7

5

+

3

7

7

7

7

5

cont 0 [H

0

]

3

7

7

7

7

7

7

5

cdtrs

*

2

4

cat 3

�

head x

subcat L

x

�

cont 4 [F ]

3

5

+

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

Proof. The simulation maps X [F ] onto [F

1

], U[F

0

] n

[H

0

]

V onto [F

2

], and Y [H] onto

[F

3

], where

[F

1

] =

2

4

cat

�

head x

subcat L

x

�

cont [F ]

3

5

[F

2

] =

2

6

6

6

6

6

6

4

cat

2

6

6

6

6

4

head v

subcat L

v

�

*

2

6

6

4

cat

2

4

head u

dir left

subcat L

u

3

5

cont [F

0

]

3

7

7

5

+

3

7

7

7

7

5

cont [H

0

]

3

7

7

7

7

7

7

5

[F

3

] =

2

4

cat

�

head y

subcat L

y

�

cont [H ]

3

5

Only if: Assume that by means of a left application CUG-category Y [H] derives

the sequence X [F ] (U[F

0

] n

[H

0

]

V). Then the uni�cation ofX [F ] withU[F

0

] succeeds

and turns V[H

0

] into Y [H].

The CUG-categories X [F ] and U[F

0

] unify i� the AVMs f(X [F ]) and f(U[F

0

])

unify. This implies that [F ] and [F

0

] unify, and the following two AVMs unify.

2

4

cat

�

head x

subcat L

x

�

cont [F ]

3

5

and

2

6

6

4

cat

2

4

head u

dir left

subcat L

u

3

5

cont [F

0

]

3

7

7

5

Because V[H

0

] turns into Y [H], V[H

0

] uni�es with Y [H]. Therefore f(V [H

0

])

and f(Y [H]) unify. Hence the uni�cation of [F

0

] with [F

P

] yields [F

app

].
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If: Assume that the AVM [F

0

] derives AVM [F

app

]. The left application of X [F ]

and U[F

0

] n

[H

0

]

V yields Y [H] i� the uni�cation of X [F ] with U [F

0

] turns V [H

0

]

into Y [H].

From the box-labels 3 and 4 in the AVM [F

app

] it follows that x uni�es with u,

L

x

uni�es with L

u

and [F ] uni�es with [F

0

]. So X [F ] uni�es with U [F

0

]. Further-

more, because [F

0

] derives AVM [F

app

] and by the box-labels 0 and 1 , it follows

that both [H

0

] and v can be extended such that v = y and [H

0

] = [H]. So V [H

0

]

turns into Y [H]. 2

The following lemma states roughly that an HPSG-constituent with mother [F

3

],

right complement-daughter [F

1

], and left head-daughter [F

2

] can be constructed.

i� a CUG-constituent with mother Y [H], right daughter X [F ], and left daughter

V =

[H

0

]

U[F

0

] can be constructed

5.3.6. Lemma. Let the simulation map Y [H] onto [F

3

], V =

[H

0

]

U[F

0

] onto [F

2

], and

X [F ] onto [F

1

]. CUG-category Y [H] derives the sequence (V =

[H

0

]

U[F

0

]) X [F ] by

right application i� the AVM [F

0

] derives [F

app

], with [F

app

] as given in Lemma 5.3.5

and

[F

0

] =

2

6

6

6

6

4

cat

�

head y

subcat L

y

�

cont [H ]

hdtr [F

1

]

cdtrs h[F

2

]i

3

7

7

7

7

5

Proof. Similar to the proof of Lemma 5.3.5 2

5.3.7. Fact. AVM [F ] produces string w

1

: : : w

n

i� [F ] derives AVM [H] whose ter-

minal AVMs are subsumed by the entries for the strings w

1

: : : w

n

i� there are lexicon

entries for the strings w

1

: : : w

n

, [G

1

] : : : [G

n

], and there is a sequence of pair-wise dis-

tinct paths, p

1

: : : p

2n�1

(where p

2n�1

is the empty path), such that the uni�cation of

[F ] with all [p

i

[G

i

]] and [p

j

[F

P

]] (1 � i � n, n < j � 2n� 1) results in [H].

5.3.8. Lemma. Given a CUG-grammar G. Let w be a string and Y [H] be a CUG-

category. CUG-category Y [H] produces string w i� the AVM f(w : Y [H]) produces

string w.

Proof. By induction on the length of the string w.

String w is in the lexicon. The CUG-lexicon contains entry w : Y [H] i� the

HPSG-lexicon contains entry f(w : Y [H]). Hence Y [H] produces w i� the AVM

f(w : Y [H]) produces string w.



5.4. Formal Properties 103

String w is not in the lexicon. Let w = w

1

w

2

, w

1

= w

0

1

: : : w

0

n

, and w

2

=

w

00

1

: : : w

00

m

. By inductionU [F

0

] produces w

1

i� f(w

1

: U [F

0

]) produces w

1

, andV [H

0

]

produces w

2

i� f(w

2

: V [H

0

]) produces w

2

. Moreover, CUG-category Y [H] derives

sequence U [F

0

] V [H

0

] i� AVM [F

0

] derives [F

app

], as in Lemmas 5.3.5 and 5.3.6.

By the previous fact, there are sequences [G

0

1

] : : : [G

0

n

] and p

0

1

: : : p

0

2n�1

such that

f(w

1

: U [F

0

]) uni�ed with [p

0

i

[G

0

i

]] and [p

0

j

[F

P

]] results in [H

0

1

] whose terminal AVMs

are subsumed by the entries for the strings w

0

1

: : : w

0

n

. Likewise, there are sequences

[G

00

1

] : : : [G

00

m

] and p

00

1

: : : p

00

2m�1

such that f(w

2

: V [H

0

]) uni�ed with [p

00

i

[G

00

i

]] and

[p

00

j

[F

P

]] results in [H

0

2

] whose terminal AVMs are subsumed by the entries for the

strings w

00

1

: : : w

00

m

. From either Lemma 5.3.5 or Lemma 5.3.6 it follows that given

the sequence of AVMs [G

0

1

] : : : [G

0

n

]; [G

00

1

] : : : [G

00

m

] and the sequence of paths q

0

1

: : : q

0

n

q

00

1

: : : q

00

m

q

1

: : : q

n+m�1

the uni�cation of f(w : Y [H]) with all [q

0

i

[G

0

i

]], [q

00

i

[G

00

i

]] and

[q

i

[F

P

]] results in [H

0

0

] whose terminal AVMs are subsumed by the entries for the

strings w

0

1

: : : w

0

n

w

00

1

: : : w

00

m

. And hence Y [H] produces w i� f(w : Y [H]) produces

w.

According to Lemma 5.3.5 the path q

n+m�1

is the empty path, q

0

i

= hcdtrs p

0

i

i,

q

00

i

= hhdtr p

00

i

i, q

j

= hcdtrs p

0

n+j

i (1 � j < n), and q

n+j

= hhdtr p

00

m+j+1

i (0 �

j < m� 1).

According to Lemma 5.3.6 the path q

n+m�1

is the empty path, q

0

i

= hhdtr p

0

i

i,

q

00

i

= hcdtrs p

00

i

i, q

j

= hhdtr p

0

n+j

i (1 � j < n), and q

n+j

= hcdtrs p

00

m+j+1

i

(0 � j < m� 1). 2

5.3.9. Theorem. Given a CUG-grammar G and string w. Let the simulation map

G onto HPSG-grammar f(G). CUG-grammar G generates string w i� HPSG-

grammar f(G) generates string w

Proof. Straightforward generalization of Lemma 5.3.8. 2

5.4 Formal Properties

We consider two formal properties. First, we handle the complexity of the recognition

problems of HPSG. Second, we handle the weak generative capacity of HPSG.

5.4.1 Complexity of the Recognition Problems

We determine the complexity of the recognition problems in two steps. First, we will

provide an NP -hard lower bound on the complexity of the recognition problem for a

�xed grammar. Second, we will provide an NP upper bound on the complexity of the

universal recognition problem. These two bounds together determine the complexity

of the recognition problems exactly.

A lower bound on the complexity. A lower bound on the complexity of the

recognition problems results easily from the simulation by the following argumen-

tation. Given any CUG-grammar, the simulation f provides us with an HPSG-
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grammar that recognizes the same language as the CUG-grammar. Thus the map-

ping from a CUG-grammarG onto an HPSG-grammar f(G) is a many-one reduction.

Moreover, the next lemma proves that the mapping is a polynomial time, many-one

reduction. Hence Theorems 5.4.2 and 5.4.3 follow immediately.

5.4.1. Lemma. The HPSG-grammar f(G) that simulates a CUG-grammar G is

computed in an amount of steps that is linear with respect to the size of the CUG-

grammar.

Proof. The mapping from the lexicon of the CUG-grammar onto the lexicon of the

HPSG-grammar has the largest impact on the cost of the computation of the HPSG-

grammar. This mapping depends mainly on the mapping from CUG-categories onto

AVMs in HPSG. This latter mapping costs an amount of time that is linear in the size

of the CUG-category. So the mapping from the CUG-lexicon costs linear time with

respect to the size of the CUG-grammar. Hence the HPSG-grammar is computed in

an amount of steps that is linear with respect to the size of the CUG-grammar. 2

5.4.2. Theorem. The recognition problem of HPSG for a �xed grammar is NP-

hard.

Proof. In Section 3.3.2 we presented a CUG-grammarG whose recognition problem is

NP -hard (Theorem 3.3.22). The simulation maps this CUG-grammar onto a HPSG-

grammar f(G). Lemma 5.4.1 shows that the HPSG-grammar f(G) is computed

in polynomial time. Furthermore, Theorem 5.3.9 shows that the CUG-grammar G

and the HPSG-grammar f(G) recognize the same language. Hence the recognition

problem of the HPSG-grammar f(G) is NP -hard. 2

5.4.3. Theorem. The universal recognition problem of HPSG is NP-hard.

Proof. The universal recognition problem is at least as hard as the recognition

problem for a �xed grammar. Theorem 5.4.2 shows that the recognition problem for

a �xed grammar is NP -hard. Hence the universal recognition problem of HPSG is

NP -hard. 2

An upper bound on the complexity. Theorems 5.4.2 and 5.4.3 present lower

bound on the complexity of the recognition problems of HPSG. Obviously, we would

also like to have an upper bound on the complexity of the recognition problems. In

the ideal situation we would provide an upper bound for general versions of HPSG.

A prerequisite for such an upper bound is that a complete description of HPSG

is available. Alas no complete description of HPSG exists. So we have to settle

for the practical situation, and consider fragments of HPSG. Let us �rst consider

the fragment of HPSG presented in Section 5.1. Then we will consider polynomial

extensions of this fragment, and argue that these extensions su�ce to describe full

HPSG-grammars.
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In Section 5.1 we showed that this fragment of HPSG is based on the standard

feature theory from Section 3.2. This standard feature theory has a nice computa-

tional property: the uni�cation problem is tractable. We indicated in Section 3.2.2

that minor changes to Smolka's (1992) constraint solving algorithm yield a polyno-

mial time uni�cation algorithm for AVMs. To be more precise, the uni�cation of

two AVMs [F ] and [H] is computable in polynomial time, with respect to the sizes

of [F ] and [H]. Moreover, the amount of space used by the uni�cation is linear with

respect to the sizes of [F ] and [H].

Now we will prove an NP upper bound on the complexity of the universal recog-

nition problem of this restricted fragment of HPSG. The instances of the universal

recognition problem are an HPSG-grammar G and a string w (see De�nition 3.2.2).

In Section 5.2 we represented principles by the form of the AVMs that they

describe. We showed that the combined action of principles and schemas can also be

expressed by the form of the AVMs that they describe. In Section 5.2 this combined

action was expressed by the form, [F

P

]. In general this combined action may result

in a bounded set of such forms for AVMs, G

P

. These forms of AVMs from the set

G

P

will be used to express the e�ect of the principles and schemas. Obviously, the

forms in G

P

may only describe the forms of AVMs from the standard feature theory.

So given the sort hierarchy, the HPSG-grammar G can be described by a set of

lexical AVMs, G

L

, a set of AVMs that encodes the combined action of principles and

schemas, G

P

, and a distinguished AVM.

Now we will call an AVM from the set G

P

a rule i� the AVM contains the

attribute dtrs. We call an AVM a k-ary rule i� the AVM contains the attribute

dtrs, and the value of this attribute describes exactly k daughter constituents, e.g.,

one head-daughter and k � 1 complement-daughters. A unary (1-ary) rule contains

the attribute dtrs, and the value of this attribute describes exactly one daughter

constituent. We say that a derivation contains a detour if the derivation contains

a sequence of unary rules, and some rule occurs twice in this sequence. Probably,

if detours are allowed in derivations, the recognition problem of HPSG will become

undecidable. In order to guarantee a decidable fragment of HPSG we forbid detours

in derivations.

The proof of the NP upper bound is based on the following two observations.

First, a derivation for a string w and an HPSG-grammar G consists of a polynomial

amount of steps. This �rst observation is proven in Lemma 5.4.4. Second, the reverse

of a derivation step is computable in polynomial time. This second observation is

proven in Lemma 5.4.5.

5.4.4. Lemma. A derivation for a string w and a grammar G has polynomial size,

with respect to the sizes of w and G.

Proof. Because we postulated a ban on detours in derivations, every derivation must

combine two AVMs after at most an amount of steps that is linear with respect to

the size of G

P

. Hence the total derivation for a string w consists of at most a linear

amount of steps with respect to the size of the string and the size of the grammar.

2
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5.4.5. Lemma. Given a k-ary rule, [G

0

], from G

P

and k AVMs, [F

1

] : : : [F

k

]. The

corresponding reversed derivation step is computable in polynomial time, with respect

to the sizes of [F

1

] : : : [F

k

] and [G

0

].

Proof. Given an AVM [G

0

] from G

P

of which the attribute dtrs describes k daughter

constituents. The reversed derivation step consists of the uni�cation of the k AVMs

[F

i

] with the daughter constituents in [G

0

]. This takes k uni�cation steps. Hence

this reversed derivation step takes an amount of time that is polynomial in the size

of the rule and the sizes of the daughter AVMs. 2

Now given a string w and an HPSG-grammar G, we guess a linear amount of

entries from the lexicon, and a polynomial sized sequence of rules that encode the

derivation for w. The previous two lemmas then show that both guesses can be

checked in polynomial time. Hence the following lemma holds.

5.4.6. Lemma. The universal recognition problem of HPSG for string w and HPSG-

grammar G is computable in nondeterministic polynomial time.

Proof. A derivation for the string w is described by a sequence of lexicon entries and

a sequence of applied rules. So we guess a sequence of entries from the lexicon of G,

for the string w. These entries have a total size that is linear in the size of the string

and the grammar. Next we guess a sequence of rules that complete the description

of the derivation for w. This sequence consists of a polynomial amount of rules, by

Lemma 5.4.4.

Now in order to check whether the guesses result in a derivation for the string w,

we compute, in reversed order, the derivation from these guesses. Lemma 5.4.5 states

that this computation takes polynomial time, with respect to the size of guessed

entries and rules, which is polynomial in the size of string w and HPSG-grammar G.

All that remains is to check that the distinguished AVM starts the derivation

and the string w results from the derivation. The only point worth noticing is that

we assume that the function order-constituents, which orders the constituents, is

computable in polynomial time. This assumption is legitimate in the practical cases,

i.e., the cases where order-constituents yields a permutation of the values of the

attributes phon of the daughter constituents (Manandhar 1995). 2

Let us now consider extensions of the fragment of HPSG that we presented in

Section 5.1. We consider \polynomial" extensions in which the reversed applica-

tion of derivation steps remain computable in polynomial time, and in which the

derivations remain of polynomial size. Clearly, the recognition problems of these

extensions are also computable in nondeterministic polynomial time. We claim that

these polynomial extensions may contain

1. all universal principles;

2. all language speci�c principles that occur in actual practice;

3. the use of the structured values set;

4. the disjunctive values and AVMs.
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All actual principles of HPSG are stated as simple relations between the mothers

and the daughters of constituents. The theory of HPSG presents itself as a theory

in which uni�cation is the only operation needed. So the e�ect of a principle is com-

putable by uni�cation with the AVMs on which the principle is applied. Therefore,

we think that it is legitimate to demand that full HPSG-grammars are polyno-

mial extensions of the fragment presented in Section 5.1. Hence by Theorems 5.4.2

and 5.4.3:

5.4.7. Theorem.

(i) The �xed recognition problem of HPSG is NP-complete.

(ii) The universal recognition problem of HPSG is NP-complete.

5.4.2 Weak Generative Capacity

We will now determine a lower bound and an upper bound on the weak generative

capacity of HPSG. The lower bound results from the simulation. The upper bound

results from the upper bound of the complexity of the �xed recognition problem.

These two bounds on the weak generative capacity are represented in Theorem 5.4.8.

A lower bound on the weak generative capacity. Theorem 5.3.9 proves that

for every CUG-grammar there exists an HPSG-grammar that recognizes the same

language. Hence the set of languages recognized by a CUG-grammar, the CUG-

languages, is a subset of the set of languages recognized by an HPSG-grammar,

the HPSG-languages. So if we can prove the location of the CUG-languages in the

Chomsky hierarchy, we know that the HPSG-languages take the same or a higher

location in the Chomsky hierarchy. For instance, it is known that the set of languages

that the classical categorial grammars generate is the set of context-free languages.

Therefore the CUG-languages generate all context-free languages. Hence the HPSG-

languages generate all context-free languages.

An upper bound on the weak generative capacity. Once again, we are unable

to provide an upper bound for general versions of HPSG. A prerequisite for such an

upper bound is a complete description of HPSG, which is not available. So once

again we settle for the fragment of HPSG presented in Section 5.1.

In Chapter 2 we connect the complexity of the recognition problem and weak gen-

erative capacity of restricted attribute-value grammars. These restricted attribute-

value grammars respect a liberal variation on the so-called o�-line parsability con-

straint. This constraint (Johnson 1988) is a well-known generalization of the \De�ni-

tion of a Valid Derivation" from Lexical Functional Grammar (Kaplan and Bresnan

1982). The o�-line parsability constraint relates the amount of \work" done by the

grammar to produce a string linearly to the number of terminal symbols produced.

It is therefore a sort of honesty constraint that is common in complexity theory.

In Chapter 2 a variation on the o�-line parsability constraint is introduced: the

honest parsability constraint . This honest parsability constraint is a more liberal

constraint than the o�-line parsability constraint. The honest parsability constraint
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relates the amount of \work" done by the grammar to produce a string polynomially

to the number of terminal symbols produced. For convenience, we state the de�nition

of the honest parsability constraint, De�nition 2.5.1, below.

A grammar G satis�es the honest parsability constraint i� there exists a

polynomial p such that for each string w in the language generated by G

there exists a derivation with at most p(jwj) steps.

A nice property of the restricted attribute-value grammars that respect the honest

parsability constraint is that they generate exactly all languages in the complexity

class NP . Or, as we can restate Theorem 2.5.3:

Let L be a language that has an NP recognition algorithm. Then there

exists a restricted attribute-value grammar G, that respects the honest

parsability constraint, such that G generates the language L.

By Theorem 5.4.7 the restricted fragment of HPSG has an NP recognition prob-

lem. Hence any restricted HPSG-grammar can be simulated by a restricted attribute-

value grammar. Thus the languages generated by restricted attribute-value gram-

mars that respect the honest parsability constraint provide an upper bound on the

weak generative capacity of restricted HPSG-grammars. Hence the following theo-

rem holds.

5.4.8. Theorem. The weak generative capacity of the restricted fragment of HPSG

presented in this chapter is enclosed between the context-free languages and the col-

lection of languages generated by restricted attribute-value grammars that respect the

honest parsability constraint.

Moreover, we conjecture a stronger upper bound for the weak generative capacity

of HPSG. A close look at the proof of Lemma 5.4.6 shows that the �xed recognition

problem of HPSG is computable in nondeterministic linear space. We conjecture

that the polynomial extensions of the fragment presented in Section 5.1 are also

computable in nondeterministic linear space. This implies that the HPSG-languages

are recognized by linear bounded automata (LBAs). Due to the equivalence of LBAs

and context-sensitive grammars, HPSG generates only context-sensitive languages

(CSLs). Hence we conjecture that the collection of CSLs that are recognized in

nondeterministic polynomial time form an upper bound for the weak generative

capacity of HPSG (cf., Book 1978). Or stated di�erently:

5.4.9. Conjecture. The collection of context-sensitive languages that the restricted

attribute-value grammars that respect the honest parsability constraint generate form

an upper bound for the weak generative capacity of HPSG.



Chapter 6

Lexical Functional Grammar

In this chapter we will present a formulation of Lexical Functional Grammar (LFG).

The chapter is based on the original formulation of Kaplan and Bresnan (1982) and

the extended survey of Sells (1985). The main purpose of this chapter is to show

that LFG-grammars can simulate any arbitrary CUG-grammar that was presented in

Section 3.3. This simulation provides a way of comparing the di�erent grammatical

formalisms. For instance, the simulation shows that the generative capacity of LFG

is at least as high as the generative capacity of CUG. Moreover, because the simula-

tion is computable in polynomial time, it is a polynomial time many-one reduction.

Therefore the recognition problem of LFG is at least as hard as the NP -complete

recognition problem of CUG.

Section 6.1 contains an informal introduction in LFG and discusses which part of

LFG are needed for a simulation of CUG. In Section 6.2 we present the simulation

of CUG. In Section 6.3 we prove the correctness of the simulation. We conclude

with Section 6.4, in which we discuss the weak generative capacity of LFG and the

complexity of its recognition problem. We compare our results with the results of

Barton, Berwick and Ristad (1987), Nakanishi et al. (1992), and Seki et al. (1993).

6.1 Introduction in LFG

This section contains an informal introduction in Lexical Functional Grammar (LFG).

LFG distinguishes two components for the syntactic description of sentences: the c-

structure and the f-structure. The c-structure is a conventional constituent structure

tree. A c-structure is de�ned in terms of nonterminals, terminal strings, and dom-

inance and precedence relationships. The f-structures are the descriptions that we

have called attribute-value matrices (AVMs) in this thesis. An f-structure, hence-

forth AVM, provides a characterization of such notions like \subject," \object,"

\complement," and \adjunct."

LFG contains combinatory rules to combine the c-structure and the f-structure

components. These rules states how constituents are formed, and how AVMs are

related to these constituents. The rules are annotated, extended context-free rewrite

109
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rules. These annotations are statements that express typically how feature informa-

tion is passed from mother nonterminal to daughter nonterminal.

Thus an LFG-grammar generates both a constituent structure tree and a collec-

tion of statements for a string. Such a collection of statements, which is called an

f-description, speci�es various properties of the AVM of the string. The f-description

of the string is an intermediate between the constituent structure tree and the AVM

of the string. The statements of the f-description can be used in a constructive and

in a declarative manner. That is, the statements can be used to construct an AVM

that satis�es the properties required by the grammar, and can be used to decide

whether or not a given AVM has all the properties required by the grammar.

The further introduction of LFG is split in two parts. First, we compare the f-

descriptions and AVMs from LFG with the standard feature theory from Section 3.2.

We will also indicate the parts that are needed for the simulation of CUG. Second,

we compare the production processes of LFG and CUG. This comparison will reveal

some notions of LFG that are important for the simulation.

6.1.1 Comparison with the Standard Feature Theory

The f-descriptions and attribute-value matrices of Lexical Functional Grammar di�er

in four aspects from the standard feature theory.

� The combinatory rules to LFG govern the combination and uni�cation of the

f-descriptions and AVMs. These rules are annotated, extended context-free

rewrite rules. The rules extend context-free rules in expressing that a nonter-

minal occurs optionally, or an arbitrary number of times. The annotations are

equations that describe a partial AVM. See 1 in Example 6.1.1 for a simpli�ed

combinatory rule. For the simulation it su�ces to consider annotated, ordinary

context-free rewrite rules.

� Besides the atomic and compound values also structured and special values

are permitted in AVMs and f-descriptions. The structured values are sets,

which are used to treat adjuncts (e.g., Kaplan and Bresnan 1982, 215 �.). The

special values, which are restricted to the attribute pred, are the semantic

forms. These semantic forms specify both the semantic interpretation and the

grammatical functions of an AVM. In the simulation, however, these structured

and special values are not needed.

� The most salient di�erence between AVMs in LFG and the standard feature

theory is the way reentrance is expressed. In the standard feature theory reen-

trance in an AVM is denoted by path-equations or box-labels. In LFG however,

reentrance in an AVM is denoted by lines. These lines link the endpoint of the

paths that share their values. In the simulation we will use box-labels instead

of these lines. The similarity between lines and box-labels is illustrated by 2

in Example 6.1.1.

� In LFG also some issues are introduced which seem to be not more than nota-

tional sugar. On these issues we take a di�erent stand than the common theory.

A �rst shortcut is found in the f-descriptions. For some feature information,
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e.g., the feature information that denotes case, a distinction is made between

the marked and the unmarked situation. When an f-description does not spec-

ify this feature information explicitly, the unmarked situation is assumed (cf.,

Sells 1985, p. 145). In the simulation we ignore the distinction between marked

and unmarked situations. We demand that all feature information is speci�ed

explicitly.

A second shortcut is also found in the f-descriptions. This shortcut seems to be

introduced because nonterminals may occur an arbitrary number of times in a

combinatory rules. The shortcut allows one to state that the atomic value of

some attribute in an AVM also exists as an attribute in an AVM (cf., Kaplan

and Bresnan 1982, p. 197). Because this shortcut seems to be restricted to

atomic values, this shortcut corresponds to �nitely many situations. These

shortcuts are not needed in the simulation.

6.1.1. Example.

1. The following simpli�ed rule serves to illustrate the combinatory rules. All

nonterminals in this rule are obligatory. The annotation of the rule consists of

equations, indicated by

:

=, that are linked to some nonterminal on the right-

hand side. The equations contain metavariables in the shape of arrows. An

upward arrow refers to the AVM of the mother nonterminal, the VP. A down-

ward arrow refers to the AVM of the nonterminal to which the equation is

linked, the V and NP's. Intuitively, the equations state that the AVM of the

V and the VP are the same. Furthermore, this AVM contains attributes obj

and obj2 with as value the AVMs of the �rst and second NP, respectively.

VP! V NP NP

"

:

=# (" obj)

:

= # (" obj2)

:

= #

Formally the equations state the following. Let f

0

be a variable that corre-

sponds to the AVM of the VP, f

1

correspond to the AVM of the V, and f

2

and

f

3

correspond to the AVM of the �rst and second NP, respectively. Then this

rule yield the following three f-description statements: f

0

:

= f

1

, (f

0

obj)

:

= f

2

,

(f

0

obj2)

:

= f

3

.

Fully worked-out examples how an f-description for a string is produced and

how the f-description is used to construct an AVM are found in (Kaplan and

Bresnan 1982, 183 �.)

2. Consider the following simpli�ed entry from the lexicon for the verb \per-

suade." The entry consists of a string, a nonterminal, and an annotation.

persuade : V; (" vcomp subj)

:

= (" obj):

This entry would give rise to an AVM in which the paths hvcomp subji and

hobji share their values. In the LFG-literature, this AVM would contain a line

that connects the values of the two paths.

�

obj [ ]

vcomp

�

subj [ ]

�

�

p

p

�



112 Chapter 6. Lexical Functional Grammar

In the simulation we will express this reentrance by box-labels. Box-labels with

equal indices correspond to the endpoint of the same line.

"

obj 1

vcomp

h

subj 1

i

#

6.1.2 Comparison with CUG

Let us now compare the production processes of LFG and CUG. Three di�erences

will be mentioned.

1. The �niteness of constituent structure trees for strings is achieved di�erently

in CUG and LFG. CUG one the one hand is a lexicon based formalism. That

is, the entries in the lexicon determine how words are combined, whereas the

rules of CUG-grammars are �xed. Consequently, a CUG-grammar assigns

binary branching constituent structure trees to strings. This binary branching

ensures that constituent structure trees for strings are �nite. LFG on the other

hand is a rule based formalism. That is, the lexicon is largely �xed, whereas the

rules of an LFG-grammar have an arbitrary form. Thus in principle arbitrary

constituent structure trees may be assigned to strings. A separate constraint,

expressed in the \De�nition of a Valid Derivation" (Kaplan and Bresnan 1982,

p. 266), is required to force �niteness of constituent structure trees. This

constraint states that a constituent structure tree is valid only if no nonterminal

appears twice in a non-branching dominance chain. We will see later that the

simulation obeys this constraint. Including this constraint distinguishes our

formulation of LFG from formulations of Nakanishi et al. (1992), and Seki et

al. (1993).

2. There are two views on derivations in LFG. One is sometimes called o�-line,

the other on-line (cf., Pereira and Warren 1983). In the o�-line view, a deriva-

tion consists of two phases. In the �rst phase, a total derivation-tree for the

constituent structure tree is constructed and f-description statements are col-

lected into an f-description E. In the second phase, the AVMs described by the

f-description E are computed. In the on-line view, there is only one phase in

the derivation. The AVMs described by the f-description statements are com-

puted by uni�cation while the derivation-tree for the constituent structure tree

is constructed. The AVMs that result from both views are the same because

a derivation only adds f-description statements and uni�cation is associative

and commutative. We will use both the o�-line and the on-line view in the

simulation, whichever seems to be the most convenient at a particular moment.

In order to switch easily from the o�-line view to the on-line view, and vice

versa, we introduce the notion of an inconsistent f-description. For a pre-

cise de�nition of an inconsistent f-description we refer to Kaplan and Bresnan

(1982). Informally, we say that an f-description is inconsistent if from its equa-

tions we can conclude that a path has two distinct atomic values, or a path has
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an atomic and a non-atomic value, or a path has some part of itself as value.

Just like the uni�cation of AVMs fails when it is inconsistent, the construction

of an f-description fails when it is inconsistent.

3. The combinatory rules of CUG and LFG di�er remarkably. On the one hand,

there are the daughters of a constituent in CUG. These daughters are related,

viz., they are uni�able. To be more precise, a rule is applicable only if the

argument category of one daughter uni�es with the other daughter. On the

other hand, there are the daughters of a constituent in LFG. These daughters

are not directly related with one another. These daughters are related at most

to their mother. Obviously, two daughters that are related in the same way to

their joint mother, are also mutually related, albeit indirectly.

Given a set of attributes L and a set of atomic values A, we can describe of

an LFG-grammar by its lexicon, its set of combinatory rules, its distinguished non-

terminal. The rules are annotated context-free rewrite rules. The annotations are

restricted to the nonterminals on the right-hand side of the rule. Let p; q be paths

from L

�

, a be a atomic value from A, and M;M

0

be metavariables in the shape of

arrows. Then an annotation is a set of equations of the following form

M

1

p

:

=M

2

q; or M

1

p

:

= a:

Moreover, we demand that the LFG-grammars conform to the De�nition of a Valid

Derivation.

Consider the following example of the production process of a simpli�ed LFG-

grammar. The example will clarify the o�-line view on derivations. The example

will also show how an annotation is turned into a set of f-description statements.

6.1.2. Example. Consider the following simpli�ed LFG-grammar that contains

three lexicon entries and two combinatory rules. The nonterminal S is distinguished

as the nonterminal that generates sentences.

1. The lexicon consists of three entries. Each entry consists of a string, a nonter-

minal, and an annotation.

(a) John: NP, f(" pers)

:

= 3rd; (" num)

:

= singg

(b) girls: NP, f(" pers)

:

= 3rd; (" num)

:

= plurg

(c) kisses: V, f(" subj pers)

:

= 3rd; (" subj num)

:

= singg

2. The LFG-grammar contains two rules. The �rst rule states that a sentence

consists of a noun phrase, which is the subject, followed by a verb phrase. The

second rule states that a verb phrase is a verb followed by a noun phrase, which

is the object.

(a)

S! NP VP

(" subj)

:

= # "

:

= #

(b)

VP! V NP

"

:

= # (" obj)

:

= #

Given the lexicon and the rules above, let us consider a derivation according

to the o�-line view. The distinguished nonterminal S and an f-description without
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T

1

S

NP VP

�

�

�

�

L

L

L

L

T

2

S

NP VP

John

�

�

�

�

L

L

L

L

T

3

S

NP VP

John
V NP

�

�

�

�

L

L

L

L

�

�

�

�

L

L

L

L

T

4

S

NP VP

John
V NP

kisses

girls

�

�

�

�

L

L

L

L

�

�

�

�

L

L

L

L

Figure 6.1: Four constituent structure trees.

any statements starts the derivation. Let us call the AVM that belongs to the

distinguished nonterminal f

0

.

Let us assume that the rule 2a is applied. This application yields the constituent

structure tree T

1

given in Figure 6.1. Let us call the AVM that belongs to the NP

nonterminal f

1

and the AVM of the VP nonterminal f

2

. Then the annotation of the

NP, (" subj)

:

= #, is turned into an f-description statement by substituting the "

by f

0

and # by f

1

. Likewise the annotation of the VP is turned into an f-description

statement by substituting the " by f

0

and # by f

2

. The resulting f-description

statements are then added to the, empty, f-description yielding:

f(f

0

subj)

:

= f

1

; f

0

:

= f

2

g:

Let us assume that the lexicon entry 1a is applied to the NP in constituent

structure tree T

1

. This application yields the constituent structure tree T

2

given in

Figure 6.1. The AVM that belongs to the NP nonterminal is f

1

. Hence the annota-

tion of the lexicon entry for \John" is turned into a set of f-description statements

by substituting the " by f

1

. These resulting f-description statements are then added

to the f-description yielding:

f(f

0

subj)

:

= f

1

; f

0

:

= f

2

; (f

1

pers)

:

= 3rd; (f

1

num)

:

= singg:

Now let the rule 2b be applied to the VP nonterminal in the constituent structure

tree T

2

. This application yields the constituent structure tree T

3

in Figure 6.1. Let

the AVM belonging to the V nonterminal be f

3

and the AVM belonging to the NP

nonterminal f

4

. Now the annotations are turned into an f-description statements

by substituting the " by f

2

and # by f

3

or f

4

. Hence the following f-description
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statements are then added to the f-description:

f

2

:

= f

3

; (f

2

obj)

:

= f

4

:

Now let the lexicon entries 1c and 1b be applied to the V and NP in constituent

structure tree T

3

. This application yields the constituent structure tree T

4

in Fig-

ure 6.1. Now the annotation of the lexicon entries are turned into f-description

statements by substituting the " by f

3

or f

4

. Hence the following f-description state-

ments are then added to the f-description:

(f

3

subj pers)

:

= 3rd; (f

3

subj num)

:

= sing; (f

4

pers)

:

= 3rd; (f

4

num)

:

= plur:

The derivation has resulted in a constituent structure tree and an f-description

for the string \John kisses girls." This f-description consists of ten statements,

which describe �ve AVMs. The AVMs have a large overlap, the AVMs f

1

and f

4

are

substructures of the AVMs f

0

, f

2

, and f

3

. The AVMs of the nonterminals NP, f

1

and f

4

, are both described by two f-description statements, resulting in:

�

pers 3rd

num sing

�

and

�

pers 3rd

num plur

�

.

The AVMs f

0

, f

2

, and f

3

are the same, as expressed by the f-description state-

ments f

0

:

= f

2

and f

2

:

= f

3

. According to the f-description statement (f

2

obj)

:

= f

4

the AVM f

4

is a substructure of f

2

. The f-description statements (f

0

subj)

:

=

f

1

; (f

3

subj pers)

:

= 3rd and (f

3

subj num)

:

= sing express that f

1

is a substruc-

ture of f

0

. Meanwhile the equations check the agreement in person and number

between the subject and the verb. Hence the f-description statements describe that

the AVM of the nonterminals S, VP and V is

2

6

6

4

subj

�

pers 3rd

num sing

�

obj

�

pers 3rd

num plur

�

3

7

7

5

.

6.2 The Simulation

In this section we will present a simulation f of CUG by LFG. In Section 6.3 we

will prove the correctness of f . That is, CUG-grammar G generates string w i�

LFG-grammar f(G) generates w. In Section 6.4 we will show that f is a polynomial

time many-one reduction. Hence the recognition problem of LFG is NP -hard.

The simulation f resembles strongly the simulation of CUG by FUG. We recall

that a CUG-grammar is described by its lexicon, its distinguished primitive category,

and its combinatory rules to combine categories. Below we will �rst explain how the

simulation maps a CUG-category onto a set of statements. Then we will show how

the lexicon of CUG is mapped onto a lexicon in LFG. Finally we will show how the

distinguished primitive category is mapped onto the distinguished nonterminal of the

LFG-grammar, and how the combinatory rules of the CUG-grammar are mapped

onto the combinatory rules of the LFG-grammar.
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Categories. The simulation f will map a CUG-category onto a set of statements,

which forms the annotation of a lexicon entry. This mapping consists of three steps.

The �rst step, by auxiliary function h

1

, resembles the mapping from CUG-categories

onto AVMs in the simulation of FUG (Section 4.2). The second step, by auxiliary

function h

2

, turns the AVM constructed in the �rst step into a set of equations.

The third and �nal step, by auxiliary function h

3

, turns the set of equations into an

annotation.

The �rst step, which maps CUG-categories onto AVMs is de�ned as follows. The

set of CUG-categories is de�ned inductively. Therefore, the auxiliary function h

1

is

de�ned inductively on the categories. Let the values x; y be either atomic or AVMs

with attributes val, dir and arg.

1. If A [F ] is a primitive CUG-category then the function h

1

maps this CUG-

category onto the following AVM

�

cat A

feat [F ]

�

.

2. Let the function h

1

map CUG-category X [F ] and CUG-category Y [H] onto

the following two AVMs, respectively,

�

cat x

feat [F ]

�

and

�

cat y

feat [H ]

�

.

Then h

1

maps the CUG-categories X[F ] n

[H]

Y and Y =

[H]

X[F ] onto the fol-

lowing two AVMs,

2

6

6

6

6

4

cat

2

6

6

4

val

�

cat y

�

dir left

arg

�

cat x

feat [F ]

�

3

7

7

5

feat [H ]

3

7

7

7

7

5

and

2

6

6

6

6

4

cat

2

6

6

4

val

�

cat y

�

dir right

arg

�

cat x

feat [F ]

�

3

7

7

5

feat [H ]

3

7

7

7

7

5

.

The following fact is proven by induction on the number of slashes in a CUG-

category because the atomic values left and right only unify with themselves.

6.2.1. Fact. The uni�cation of the CUG-categories X [F ] and Y [H] yields CUG-

category U[F

0

] i� the uni�cation of the AVMs h

1

(X [F ]) and h

1

(Y [H]) yields the

AVM h

1

(U[F

0

]).

The function h

1

expresses the important ideas of the simulation. The next two

functions, h

2

and h

3

, merely serve to express the information contained in the AVMs

that result from h

1

in a form that LFG-grammars can manipulate.

The following function h

2

maps AVMs onto sets of equations in an e�cient and

rather obvious way. Only the treatment of the box-labels deserves some attention.

Mainly for e�ciency reasons, the box-labels in the AVM are encoded by some new

attributes, viz., for each box-label i an attribute box

i

in introduced.

The auxiliary function h

2

is de�ned as follows, where attr, attr

j

, box

i

are

attributes, v, v

j

are values, a is an atomic value, p is a path consisting of zero or

more attributes, and i is a box-label.
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1. If [F ] has the form

2

6

6

4

p

2

6

6

4

attr

1

w

1

.

.

.

.

.

.

attr

n

w

n

3

7

7

5

3

7

7

5

; where w

j

= i v

j

, or w

j

= v

j

, then

h

2

([F ]) :=

[

1�j�n

h

2

(

h

p [attr

j

w

j

]

i

)

2. If [F ] has the form

h

p [attr i v ]

i

then

h

2

([F ]) := h

2

(

h

p [attr i ]

i

) [ h

2

(

h

p [attr v ]

i

)

3. If [F ] has the form

h

p [attr
i
]

i

then

h

2

([F ]) := fhpattri

:

= hbox

i

ig

4. If [F ] has the form

h

p [attr a ]

i

then

h

2

([F ]) := fhpattri

:

= ag

Let us assume that the function h

2

, is applied to some AVM [F ] with box-labels

1 : : : n . Then the set of equations h

2

([F ]) can be partitioned into equations whose

right-hand side is an atomic value, E, and whose right-hand side is path hbox

i

i, E

i

.

Thus E = fp

:

= a j p

:

= a 2 h

2

([F ])g, and E

i

= fp

:

= hbox

i

i j p

:

= hbox

i

i 2 h

2

([F ])g.

The �nal function h

3

maps these set of equations E, E

1

; : : : ; E

n

onto a set of

statements, which as we will see later form an annotation for an entry in the lexicon.

1. If h

2

([F ]) =

S

i

E

i

[ E, then h

3

(h

2

([F ])) :=

S

i

h

3

(E

i

) [ h

3

(E).

2. h

3

(E) := f(" p)

:

= a j p

:

= a 2 Eg

3. For some equation p

:

= hbox

i

i in the set E

i

, we de�ne h

3

(E

i

) := h

3

(E

i

; p).

4. h

3

(E

i

; p) := f(" p)

:

= (" q) j q

:

= box

i

2 E

i

g

6.2.2. Fact. The AVM denoted by the metavariable " in the annotation h

3

(h

2

([F ]))

is the AVM [F ].

By the previous fact and Fact 6.2.1 the following fact holds.

6.2.3. Fact. The uni�cation of the CUG-categories X [F ] and Y [H] yields CUG-

categoryU[F

0

] i� the AVM denoted by the metavariable " in the annotation f(U [F

0

])

= h

3

(h

2

(h

1

(U [F

0

]))) equals the AVM denoted by the metavariable " in f(X [F ]) [

f(Y [H]).

6.2.4. Example. Consider how the simulation maps CUG-category N =

1 [def+ ]

N 1 ,

onto an annotation.

First h

1

maps the CUG-categories N 1 [def + ] and N 1 onto the following two

AVMs:

�

cat N

feat 1 [def + ]

�

and

�

cat N

feat 1

�

.
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Thus h

1

maps N =

1 [def+ ]

N 1 onto the AVM [F ]

[F ] =

2

6

6

6

6

4

cat

2

6

6

4

val [cat N ]

dir right

arg

�

cat N

feat 1

�

3

7

7

5

feat 1 [def + ]

3

7

7

7

7

5

Next h

2

maps the AVM [F ] in the following way onto a set of equations.

h

2

([F ]) = h

2

0

B

B

B

@

2

6

6

6

4

cat

2

6

6

6

4

val [cat N ]

dir right

arg

"

cat N

feat 1

#

3

7

7

7

5

3

7

7

7

5

1

C

C

C

A

[ h

2

(

h

feat 1 [def + ]

i

)

= h

2

(

h

cat j val [cat N ]

i

) [ h

2

(

h

cat [dir right ]

i

)

[ h

2

(

h

cat j arg [cat N ]

i

) [ h

2

(

h

cat j arg [feat
1
]

i

)

[ h

2

(

h

feat 1

i

) [ h

2

(

h

feat [def + ]

i

)

= fhcat val cati

:

= N; hcat diri

:

= right; hcat arg cati

:

= N;

hcat arg feati

:

= hbox

1

i; hfeati

:

= hbox

1

i; hfeat defi

:

= +g

Finally h

3

maps this set of equations on the following annotation.

f (" cat val cat)

:

= N; (" cat dir)

:

= right;

(" cat arg cat)

:

= N; (" feat def)

:

= +;

(" cat arg feat)

:

= (" cat arg feat); (" cat arg feat)

:

= (" feat)g

Similarly, the CUG-category N 1

"

pers 3rd

num sing

#

n

1

S is successively mapped

onto the following AVM, set of equations and annotation:

2

6

6

6

6

6

6

4

cat

2

6

6

6

6

4

val [cat S ]

dir left

arg

2

4

cat N

feat 1

�

pers 3rd

num sing

�

3

5

3

7

7

7

7

5

feat 1

3

7

7

7

7

7

7

5

f hcat val cati

:

= S; hcat diri

:

= left;

hcat arg cati

:

= N; hcat arg feati

:

= hbox

1

i;

hcat arg feat persi

:

= 3rd; hcat arg feat numi

:

= sing;

hfeati

:

= hbox

1

i g
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f (" cat val cat)

:

= S; (" cat dir)

:

= left;

(" cat arg cat)

:

= N; (" cat arg feat pers)

:

= 3rd;

(" cat arg feat num)

:

= sing; (" cat arg feat)

:

= (" cat arg feat);

(" feat)

:

= (" cat arg feat) g

The lexicon. Now let us show how the lexicon of the CUG-grammar is mapped

onto the lexicon of the LFG-grammar. Given the auxiliary functions h

1

, h

2

, and

h

3

above, the simulation of the lexicon is rather straightforward. The nonterminals

in the entries of the lexicon of the LFG-grammar do not contribute much to the

intension of the entries. The simulation encodes the category information of the

simulated CUG-categories in the AVMs of the nonterminals. All entries of the CUG-

lexicon are mapped onto entries in the lexicon of LFG, and the lexicon of the LFG-

grammar contains no other entries. This mapping is de�ned in the following way.

Given an entry of the CUG-lexicon, w : X[F ]. The CUG-category X [F ] is

mapped onto the set of statements f(X [F ]) = h

3

(h

2

(h

1

(X [F ]))). Now the simula-

tion f maps this entry of the CUG-lexicon onto the following entry in the lexicon of

the LFG-grammar:

(w;A; f(X [F ])):

Distinguished nonterminal. The distinguished category in CUG identi�es deriva-

tions that produce sentences. The sentences that an LFG-grammar produces are

identi�ed by the distinguished nonterminal. The simulation maps the distinguished

primitive category S onto the distinguished nonterminal S, and one special combi-

natory rule, called R

s

, which is discussed below.

Combinatory rules. The LFG-grammar contains the four combinatory rules from

Table 6.1. The reader can easily check that the derivations that result from the rules

obey the \De�nition of a Valid Derivation." The �rst combinatory rule, which is

called R

s

, starts the derivations. This rule accomplishes that sentences are pro-

duced only by nonterminals whose AVM contains the category information of the

distinguished category S. The two rules R

l

and R

r

correspond to the left and right

application rules of CUG. A simple trick is used to express the constraint in CUG

that the daughters of a constituent must unify. To be precise, the argument category

of the functor daughter, and the other daughter are passed on to a special attribute,

tst, of the mother. The attribute tst is mainly used to check whether the argument

category of the functor daughter and the other daughter, the argument daughter, are

uni�able. The exact value of the attribute tst, however, is irrelevant for the mother

nonterminal. All the relevant information in the AVM of the mother nonterminal is

reachable from the attributes cat and feat. The fourth rule, R

b

, is used to extract

only the relevant information from the AVM of a nonterminal B.
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(R

s

)

S! A

(# cat)

:

= S

(R

l

)

B! A A

(" tst)

:

= # (" tst)

:

=(# cat arg)

(" cat)

:

=(# cat val cat)

(" feat)

:

=(# feat)

(# cat dir)

:

= left

(R

r

)

B! A A

(" tst)

:

= (# cat arg) (" tst)

:

= #

(" cat)

:

= (# cat val cat)

(" feat)

:

= (# feat)

(# cat dir)

:

= right

(R

b

)

A! B

(" cat)

:

= (# cat)

(" feat)

:

= (# feat)

Table 6.1: Combinatory rules of LFG-grammar f(G), provided that S is the distin-

guished CUG-category.

6.2.5. Definition. Given a CUG-grammarG, the simulation f maps this grammar

onto the LFG-grammar f(G), where f(G) is a set of combinatory rules, a lexicon

and distinguished nonterminal.

� The lexicon is de�ned as the set of entries

f(w;A; f(X [F ])) j w : X [F ] an entry from the lexicon of Gg:

� The set of combinatory rules is de�ned as the set of rules given in Table 6.1,

provided that S is the distinguished category of G.

� The distinguished nonterminal of the LFG-grammar is de�ned as S, if S is the

distinguished category of G.

Let us now consider a simple example of the simulation. We will present some

examples of entries in the lexicon of the simulating LFG-grammar. We conclude

with some examples of constituents that may be constructed by the simulating LFG-

grammar.

6.2.6. Example. Let there be a CUG-grammar with the ordinary combinatory

rules, the distinguished category S and the following lexicon with �ve entries:
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the: N =

1 [def +]

N 1 a: N =

1 [def {]

N 1 [num sing] kisses: (N 1

�

pers 3rd

num sing

�

n

1

S)=N

boy: N

�

pers 3rd

num sing

�

girl: N

�

pers 3rd

num sing

�

The lexicon of the CUG-grammar is mapped onto the lexicon of the LFG-grammar.

Now the simulation maps the entry from the lexicon of CUG-grammar for the string

\a," N =

1 [def { ]

N 1 [num sing], onto the entry (a;A; T ) from the lexicon of the LFG-

grammar, where T is the following annotation.

f (" cat val cat)

:

= N; (" cat dir)

:

= right;

(" cat arg cat)

:

= N; (" feat def)

:

= {;

(" cat arg feat num)

:

= sing (" cat arg feat)

:

= (" cat arg feat);

(" cat arg feat)

:

= (" feat) g

Similarly, the entry for the string \kisses" is (N 1

"

pers 3rd

num sing

#

n

1

S)=N is

mapped onto the entry (kisses;A; T ) from the lexicon of the LFG-grammar, where

T is the following set.

f (" cat val cat val cat)

:

= S; (" cat val cat dir)

:

= left;

(" cat val cat arg cat)

:

= N; (" cat arg cat)

:

= N;

(" cat val cat arg feat pers)

:

= 3rd (" cat dir)

:

= right;

(" cat val cat arg feat num)

:

= sing (" feat)

:

= (" feat)

(" feat)

:

= (" cat val cat arg feat) g

Given the combinatory rules and the entries in the lexicon of the LFG-grammar,

we can construct the strings \the boy" and \a girl." We will consider the construction

of the string \the boy" in detail. We con�ne to a sketch of the construction of the

string \a girl" because it is rather similar to the construction of \the boy". The

LFG-grammar generates a constituent structure tree and an f-description for each of

the two strings. The rules R

b

and R

r

, and the lexicon entries for \the" and \boy"

construct the left constituent structure tree in Figure 6.2.

Assume that the AVM for the upper nonterminal A in the constituent structure

tree of \the boy" is f , the AVM for the nonterminal B is f

0

, f

1

is the AVM for the

leftmost daughter of nonterminal B, and f

2

is the AVM for its rightmost daughter.

The f-description for the constituent structure of \the boy" in Figure 6.2, then is as

given in Table 6.2.

The f-description given in Table 6.2 describes four AVMs, viz., f , f

0

, f

1

and f

2

.

These four AVMs have a large overlap. We have added indices as superscripts in the

AVMs below to emphasize which parts of the AVMs are the same.
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A

B

A A

the

boy

�

�

T

T

A

B

A A

a

girl

�

�

T

T

Figure 6.2: Constituent structure trees for \the boy" and \a girl."

f =

2

6

6

4

cat

1

N

feat

2

2

4

def +

pers 3rd

num sing

3

5

3

7

7

5

f

0

=

2

6

6

6

6

6

6

4

cat

1

N

feat

2

1

2

4

def +

pers 3rd

num sing

3

5

tst

3

�

cat N

feat 1

�

3

7

7

7

7

7

7

5

f

1

=

2

6

6

6

6

6

6

6

6

4

cat

2

6

6

4

val [cat

1

N ]

dir right

arg

3

�

cat N

feat 2

�

3

7

7

5

feat

2

2

2

4

def +

pers 3rd

num sing

3

5

3

7

7

7

7

7

7

7

7

5

f

2

=

2

6

6

4

cat N

feat

2

4

def +

pers 3rd

num sing

3

5

3

7

7

5

3

We will now give a sketch of the construction of the string \a girl." The LFG-

grammar generates a constituent structure tree for \a girl" similar to the constituent

structure tree for \the boy," which is given in Figure 6.2. The only di�erence is that

the leaves are \a" and \girl" instead of \the" and \boy."

Assume that the AVM for the upper nonterminal A in structure tree for \a girl"

is f

0

, for the nonterminal B f

3

, for the leftmost daughter f

4

, and the rightmost

daughter f

5

. The f-description for \a girl" is also similar to the f-description given

in Table 6.2, when the variables f , f

0

, f

1

and f

2

are replaced by the variables f

0

, f

3

,

f

4

, and f

5

, respectively. The only real di�erences lies in the f-description statements

that come from the entry \a", given at the begin of this example:

1. Statement (f

4

hfeat defi)

:

= { replaces statement (f

1

hfeat defi)

:

= + .
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From the lexicon entry \the"

(f

1

hcat val cati)

:

= N;

(f

1

hcat diri)

:

= right;

(f

1

hcat arg cati)

:

= N;

(f

1

hfeat defi)

:

= +;

(f

1

hcat arg feati)

:

= (f

1

hcat arg feati);

(f

1

hcat arg feati)

:

= (f

1

hfeati)

From the lexicon entry \boy"

(f

2

hcati)

:

= N;

(f

2

hfeat persi)

:

= 3rd;

(f

2

hfeat numi)

:

= sing;

From the combinatory rule R

r

(f

0

htsti)

:

= (f

1

hcat argi)

(f

0

hcati)

:

= (f

1

hcat val cati)

(f

0

hfeati)

:

= (f

1

hfeati)

(f

1

hcat diri)

:

= right

(f

0

htsti)

:

= f

2

From the combinatory rule R

b

(f hcati)

:

= (f

0

hcati)

(f hfeati)

:

= (f

0

hfeati)

Table 6.2: An f-description for \the boy."

2. The statement (f

4

hcat arg feat numi)

:

= sing is added.

It is evident that the f-description for \a girl" describes the three AVMs f

0

, f

3

,

f

4

, and f

5

, which di�er only in the value of the attribute def from the AVMs f , f

0

,

f

1

and f

2

.

Let us now consider simpli�ed constituent structure trees and AVMs that belong

to the strings \kisses a girl" and \the boy kisses a girl." The �rst string is constructed

from the strings \kisses" and \a girl" by the rules R

b

and R

r

. The second string is

constructed from the strings \the boy" and \kisses a girl" by the rules R

s

, R

b

, and

R

l

. The constituent structure trees for both strings are given in Figure 6.3.

Schematic representations of the AVMs for the nonterminals B in the constituent

structure trees in Figure 6.3 are given below, as f

6

and f

7

, respectively. The value of

attribute tst in f

6

is the AVM for the string \a girl," f

3

. The value of attribute tst

in f

7

is the AVM for the string \the boy," f

0

. The AVMs for the upper nonterminals

A of these constituent structure trees are obtained from f

6

and f

7

, by removing the

attribute tst and its value.
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A

B

A A

kisses a girl

�

�

T

T

�

�

A

A

S

A

B

A A

the boy kisses a girl

,

,

,

l

l

l

�

�

A

A

�

�

@

@

Figure 6.3: Constituent structure trees for \kisses a girl" and \the boy kisses a girl."

f

6

=

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

cat

2

6

6

6

6

4

val [cat S ]

dir left

arg 1

2

4

cat N

feat

�

pers 3rd

num sing

�

3

5

3

7

7

7

7

5

feat 1

tst

2

6

6

6

6

6

6

4

cat N

feat 2

2

4

def {

pers 3rd

num sing

3

5

tst

�

cat N

feat 2

�

3

7

7

7

7

7

7

5

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

f

7

=

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

cat S

feat 1

2

4

def +

pers 3rd

num sing

3

5

tst

2

6

6

6

6

6

6

4

cat N

feat 1

2

4

def +

pers 3rd

num sing

3

5

tst

�

cat N

feat 1

�

3

7

7

7

7

7

7

5

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

The reader should notice that the top nonterminal of the constituent structure

tree for \the boy kisses a girl" is S. Hence the string \the boy kisses a girl" is a

sentence.
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6.3 Correctness of the Simulation

In the previous section we have presented the simulation. The main purpose of

this section is to prove the correctness of the simulation. That is, CUG-grammar

G and LFG-grammar f(G) generate the same language. Before we will prove the

correctness of the simulation we will present some de�nitions and facts that will be

convenient in the lemmas to come.

6.3.1 Notation and De�nitions

Let us start with the introduction of a notation that connects annotations and set

of f-description statements.

6.3.1. Definition. Let f

0

and f

1

be variables for AVMs from LFG, and T and T

0

be annotations. Suppose that T contains both metavariables " and # and T

0

contains

only metavariable ".

1. The f-description T j

f"=f

0

#=f

0

g

is the set of equations from T in which each

occurrence of metavariable " is instantiated by f

0

, and each occurrence of

metavariable # is instantiated by f

1

.

2. Likewise, the f-description T

0

j

f"=f

0

g

is the set of equations T

0

in which each

occurrence of metavariable " is instantiated by f

0

.

For the bene�t of the simulation, we present our own de�nitions of the notions

\derives," \produces" and \generates" for LFG. The de�nition of the notions \de-

rives" and \produces" are rather similar to De�nition 3.3.11 and 3.3.12.

6.3.2. Definition. A nonterminal A

0

with AVM f

0

and f-description E derives a

sequence of nonterminalsA

1

: : :A

n

with AVMs f

1

: : : f

n

, and f-descriptions E

1

: : : E

n

,

respectively, i�

1. the grammar contains a rule

A

0

! A

1

T

1

: : : A

n

T

n

and T

i

are annotations, and E

0

=

S

1�i�n

T

i

j

f"=f

0

;#=f

i

g

[ E

i

, or

2. the grammar contains a rule

A

0

! B

1

T

1

: : : B

m

T

m

and T

i

are annotations, and E =

S

1�i�m

E

i

[ T

i

j

f"=f

0

;#=g

i

g

, and B

i

with AVM

g

i

and f-description E

i

derives the sequence of nonterminals A

b

i

: : :A

e

i

with

AVMs f

b

i

: : : f

e

i

, and f-descriptions E

b

i

: : : E

e

i

, respectively, and A

1

: : :A

n

=

A

b

1

: : :A

e

j

A

b

j+1

: : :A

e

m

, (1 � j < m).
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6.3.3. Definition. A nonterminal A with AVM f

0

and f-description E produces a

string w = w

1

: : : w

n

i�

1. the LFG-lexicon contains an entry (w;A; T ) and T j

f"=f

0

g

� E, or

2. nonterminal A with AVM f

0

and f-description E

0

� E derives a sequence of

nonterminals A

1

: : :A

n

with AVMs f

1

: : : f

n

, respectively, and A

i

with AVM f

i

and f-description E produces w

i

.

6.3.4. Definition. LFG-grammar G generates string w i� the distinguished non-

terminal S, with some AVM f

0

and some f-description E, produces w. The language

that grammar G generates (L(G)) is de�ned as the set of all strings that S produces.

6.3.2 Proof of Correctness

Given the de�nitions above, we can prove the correctness of the simulation in The-

orem 6.3.8. Lemmas 6.3.5 and 6.3.6 show that one single application of a combi-

natory rule for a CUG-grammar G can be simulated by the LFG-grammar f(G).

Lemma 6.3.7 shows that a CUG-category and the corresponding (nonterminal, f-

description)-pair produce the same strings.

The following lemma states roughly that a CUG-constituent with mother Y [H],

left daughter X [F ] and right daughter U[F

0

] n

[H

0

]

V can be constructed i� an LFG-

constituent can be constructed, whose top nonterminal is A with AVM f

0

and whose

bottom nonterminals are A and A with AVM f

1

with AVM f

2

, respectively

6.3.5. Lemma. Let the simulation map X [F ] onto the annotation T

1

, U[F

0

] n

[H

0

]

V

onto the annotation T

2

, and Y [H] onto T

0

, and let there be a nonterminal A with

AVM f

1

and f-description T

1

j

f"=f

1

g

, and another nonterminal A with AVM f

2

and

f-description T

2

j

f"=f

2

g

.

The left application of the CUG-categories X [F ] and (U[F

0

] n

[H

0

]

V) yields Y [H]

i� nonterminal A with AVM f

0

and f-description E derives, by rules R

b

and R

l

, the

sequence of nonterminals AA with f

1

; T

1

j

f"=f

1

g

and f

2

; T

2

j

f"=f

2

g

, respectively, and

the AVM f

0

in E equals the AVM denoted in T

0

.

Proof. The simulation maps X [F ] onto T

1

, U[F

0

] n

[H

0

]

V onto T

2

, and Y [H] onto

T

0

, where

T

1

= h

3

(h

2

([F

1

])); [F

1

] =

�

cat x

feat [F ]

�

T

2

= h

3

(h

2

([F

2

])); [F

2

] =

2

6

6

6

6

4

cat

2

6

6

4

val [cat v]

dir left

arg

�

cat u

feat [F

0

]

�

3

7

7

5

feat [H

0

]

3

7

7

7

7

5
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T

0

= h

3

(h

2

([F

0

])); [F

3

] =

�

cat y

feat [H ]

�

Only if: Assume that the left application of X [F ] and U[F

0

] n

[H

0

]

V yields Y [H].

Then both X [F ] and U[F

0

], and V [H

0

] and Y [H] are uni�able.

Now let the nonterminal B with AVM f

0

and f-description E

0

derive, by rule R

l

,

the sequence of nonterminals AA. Then the f-description E

0

equals

T

1

j

f"=f

1

g

[ T

2

j

f"=f

2

g

[ f(f

0

htsti)

:

= f

1

; (f

0

htsti)

:

= (f

2

hcat argi);

(f

0

hcati)

:

= (f

2

hcat val cati); (f

0

hfeati)

:

= (f

2

hfeati); (f

2

hcat diri)

:

= leftg:

The f-description E

0

is consistent i� the AVM f

1

uni�es with the value of path

hcat argi in AVM f

2

, and the value of path hcat diri in AVM f

2

is left. By

Fact 6.2.2 the AVMs f

1

and f

2

equal the AVMs [F

1

] and [F

2

] above. Hence the

value of path hcat diri in AVM f

2

is indeed left. By the assumption that the CUG-

categories X [F ] and U[F

0

] unify and Fact 6.2.3 the uni�cation of AVM f

1

with the

value of path hcat argi in AVM f

2

succeeds. Hence E

0

is a consistent f-description.

Thus the AVM f

0

that is described in E

0

consists of an attribute tst whose value is

the uni�cation of f

1

with the value of hcat argi in f

2

. Furthermore, the value of

attribute cat in f

0

is equal to the value of path hcat val cati in f

2

and the value

of attribute feat is f

0

is equal to the value of attribute feat is f

2

. The assumption

states that these values are changed into y and [F ] due to the uni�cation of f

1

with

the value of hcat argi in f

2

.

Now let the nonterminal A with AVM f

0

and f-description E derive B, by rule

R

b

. Then the f-description E equals E

0

[ f(f

0

hcati)

:

= (f

0

hcati); (f

0

hfeati)

:

=

(f

0

hfeati)g. Hence the AVM f

0

in E equals the AVM denoted in T

0

: [F

0

].

If: Assume that nonterminal A with AVM f

0

and f-description E derives, by rules

R

b

and R

l

, the sequence of nonterminals AA with f

1

; T

1

j

f"=f

1

g

and f

2

; T

2

j

f"=f

2

g

,

respectively, and the AVM f

0

in E equals the AVM denoted in T

0

. Then non-

terminal A derives, by rule R

b

, nonterminal B with AVM f

0

and f-description E

0

.

This nonterminal B derives the sequence of nonterminals AA by rule R

l

. Hence f-

description E

0

= T

1

j

f"=f

1

g

[T

2

j

f"=f

2

g

[f(f

0

htsti)

:

= f

1

; (f

0

htsti)

:

= (f

2

hcat argi);

(f

0

hcati)

:

= (f

2

hcat val cati); (f

0

hfeati)

:

= (f

2

hfeati); (f

2

hcat diri)

:

= leftg.

Now the left application of the CUG-categories X [F ] and (U[F

0

] n

[H

0

]

V) yields

Y [H] i� X [F ] uni�es with U [F

0

] and the CUG-category (U[F

0

] n

[H

0

]

V) contains

box-labels such that the uni�cation of X [F ] with U [F

0

] turns the CUG-category

V [H

0

] into Y [H].

From the assumption it follows that the AVM f

1

in T

1

j

f"=f

1

g

equals [F

1

] and f

2

in

T

2

j

f"=f

2

g

equals [F

2

]. The statements (f

0

htsti)

:

= f

1

and (f

0

htsti)

:

= (f

2

hcat argi)

in E

0

show that the AVMs

�

cat x

feat [F ]

�

and

�

cat u

feat [F

0

]

�

unify. Hence the CUG-

categories X [F ] and U[F

0

] unify.



128 Chapter 6. Lexical Functional Grammar

According to the AVM denoted by the metavariable " in the annotation T

2

,

the value of path hcat val cati is v, and the value of attribute feat is [H

0

].

However, the value of the attribute cat in the f-description E is y. The value of this

attribute equals the value of path hcat val cati in T

2

j

f"=f

2

g

after the uni�cation at

the attribute tst has taken place. Similarly, after the uni�cation at the attribute

tst has taken place, the value of attribute feat in the f-description E is [F ]. This

shows that the uni�cation of X [F ] and U[F

0

] turns the CUG-category V [H

0

] into

Y [H]. Hence the left application of the CUG-categories X [F ] and (U[F

0

] n

[H

0

]

V)

yields Y [H]. 2

The following lemma states roughly that a CUG-constituent with mother Y [H],

left daughter V =

[H

0

]

U[F

0

] and right daughter X [F ] can be constructed i� an LFG-

constituent can be constructed, whose top nonterminal is A with AVM f

0

and whose

bottom nonterminals are A and A with AVM f

1

with AVM f

2

, respectively

6.3.6. Lemma. Let the simulation map V =

[H

0

]

U[F

0

] onto the annotation T

1

, X [F ]

onto the annotation T

2

, and Y [H] onto T

0

, and let there be a nonterminal A with

AVM f

1

and f-description T

1

j

f"=f

1

g

, and another nonterminal A with AVM f

2

and

f-description T

2

j

f"=f

2

g

.

The right application of the CUG-categories V =

[H

0

]

U[F

0

] and X [F ] yields Y [H]

i� nonterminal A with AVM f

0

and f-description E derives, by rules R

b

and R

r

, the

sequence of nonterminals AA with f

1

; T

1

j

f"=f

1

g

and f

2

; T

2

j

f"=f

2

g

, respectively, and

the AVM f

0

in E equals the AVM denoted in T

0

.

Proof. Similar to the proof of Lemma 6.3.5. 2

6.3.7. Lemma. Given a CUG-grammar G. Let w be a string and Y [H] be a CUG-

category. Let the simulation map Y [H] onto T

0

. CUG-category Y [H] produces string

w in G i� the nonterminal A with AVM f

0

and f-description T

0

j

f"=f

0

g

produces string

w in LFG-grammar f(G).

Proof. By induction on the length of the string w.

String w is in the lexicon. The CUG-lexicon contains entry w : Y [H] i� the

LFG-lexicon contains entry (w;A; T

0

). Hence CUG-category Y [H] produces string

w i� nonterminal A with AVM f

0

and f-description T

0

j

f"=f

0

g

produces w.

String w is not in the lexicon. Because string w is not in the lexicon, w = w

1

w

2

,

and CUG-category Y [H] produces string w i� Y [H] derives sequence U [F

0

] V [H

0

]

such that U [F

0

] produces w

1

and V [H

0

] produces w

2

. Let the simulation map Y [H]

onto T

0

, U [F

0

] onto T

1

, and V [H

0

] onto T

2

. By induction the nonterminal A with

AVM f

1

and f-description T

1

j

f"=f

1

g

produces string w

1

and the nonterminal A with
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AVM f

2

and f-description T

2

j

f"=f

2

g

produces string w

2

i� U [F

0

] produces w

1

and

V [H

0

] produces w

2

. By either Lemma 6.3.5 or Lemma 6.3.6 the nonterminal A with

f-description T

0

derives AA with AVM f

1

and f-description T

1

j

f"=f

1

g

, and AVM f

2

and f-description T

2

j

f"=f

2

g

. Hence nonterminal A with f-description T

0

and AVM f

0

produces w = w

1

w

2

. i� CUG-category Y [H] produces string w = w

1

w

2

. 2

6.3.8. Theorem. Given a CUG-grammar G and string w. Let the simulation map

G onto LFG-grammar f(G). CUG-grammar G generates string w i� LFG-grammar

f(G) generates string w.

Proof. The LFG-grammar generates string w i� the distinguished nonterminal S

produces w. According to rule R

s

S derives A with AVM f

0

and f-description

(f

0

hcati)

:

= S.

The CUG-grammarG generates string w i� the distinguished category S produces

w. The category S is mapped onto the annotation (" cat)

:

= S. According to

Lemma 6.3.7 CUG-category S produces string w i� nonterminal A with AVM f

0

and f-description (f

0

hcati)

:

= S produces w.

Hence the CUG-grammar G and the LFG-grammar f(G) generate the same

strings. 2

6.4 Formal Properties

In this section we consider two formal properties. First, we handle the complexity of

the recognition problems of LFG. Second, we handle the weak generative capacity

of LFG.

6.4.1 Complexity of the Recognition Problems

A lower bound on the complexity of the universal recognition problem of LFG is

known for some time. Barton, Berwick and Ristad (1987) proved an NP -hard lower

bound. We will now prove the stronger result that the recognition problem for a

�xed LFG-grammar G is NP -hard. Furthermore, we will also prove an NP upper

bound on the complexity of the universal recognition problem. These two proofs

together determine the complexity of the recognition problems exactly.

A lower bound on the complexity. A lower bound on the complexity of the

recognition problems results from the simulation by the following argumentation.

Given any CUG-grammar, the simulation f provides us with an LFG-grammar that

recognizes the same language as the CUG-grammar. Thus the mapping from a

CUG-grammar G onto an LFG-grammar f(G) is a many-one reduction. Moreover,

Lemma 6.4.2 proves that the mapping is a polynomial time, many-one reduction.

In Lemma 6.4.2 we consider the costs of computing the grammar LFG-grammar

f(G) that simulates the CUG-grammar G. Before we will consider the costs of the

total simulation, let us consider the cost of the auxiliary functions h

1

, h

2

, and h

3

.
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6.4.1. Lemma. The auxiliary functions h

1

, h

2

, and h

3

compute a set of statements

from a given CUG-category in quadratic time, with respect to the size of this CUG-

category.

Proof. The function h

1

maps a given CUG-category onto an AVM. Next the function

h

2

maps this AVM onto a set of equations. Finally the function h

3

maps this set of

equations onto a set of statements.

The function h

1

decomposes a complex CUG-category into two smaller CUG-

categories. After an linear amount of steps the CUG-category is decomposed in

primitive CUG-categories. Each primitive CUG-category is mapped onto an AVM,

and these AVMs are composed in linear time into the AVM that corresponds to the

original CUG-category. The total computation of h

1

takes linear time, with respect

to the size of the CUG-category.

The function h

2

regards the AVM as a tree instead of a graph. Multiple oc-

currences of the same box-label are considered to be di�erent nodes. So there is a

unique path from the root of the tree to a node. These paths are at most as long as

the size of the AVM: the length of each path is linear. The number of nodes in the

tree is smaller than the size of the AVM. Hence the set of equations is computable

in quadratic time, and has quadratic size with respect to the size of the AVM, i.e.,

with respect to the size of the CUG-category.

The function h

3

partitions a set of equations into subsets. Then the function

adds a metavariable to each equations, and conjoint some equations. The total

computation of h

3

takes linear time in the size of the set of equations. Hence the

composition of the auxiliary functions h

1

, h

2

, and h

3

compute a set of statements

from a given CUG-category in quadratic time, with respect to the size of this CUG-

category. 2

6.4.2. Lemma. The LFG-grammar f(G) that simulates a CUG-grammar G is com-

puted in quadratic time, with respect to the size of the CUG-grammar G.

Proof. The mapping from the lexicon of the CUG-grammar onto the lexicon of the

LFG-grammar has the largest impact on the cost of the computation of the LFG-

grammar. This mapping depends mainly on the mapping from CUG-categories onto

set of statements. This latter mapping costs quadratic time, with respect to the size

of the CUG-category. So the mapping from the CUG-lexicon costs quadratic time

with respect to the size of the CUG-grammar. Hence the LFG-grammar is computed

in quadratic time, with respect to the size of the CUG-grammar G. 2

So Theorem 6.3.8 and Lemma 6.4.2 show that the simulation of CUG by LFG

that we presented in Section 4.2 is in fact a polynomial time, many-one reduction.

By Theorem 3.3.22, the recognition problem of CUG for a �xed grammar is NP -hard.

Hence the recognition problem of LFG for a �xed grammar is NP -hard, as indicated

by the following theorem.

6.4.3. Theorem. The recognition problem of LFG for a �xed grammar is NP-hard.
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Proof. According to Theorem 6.3.8, the LFG-grammar f(G) recognizes the same

language as the CUG-grammar G presented in Section 3.3.2. Lemma 6.4.2 shows

that the LFG-grammar f(G) is computable in polynomial time, with respect to the

size of G. Hence the recognition problem of LFG for a �xed grammar is as hard as

the recognition problem of CUG for a �xed grammar. Theorem 3.3.22 proves that

the �xed recognition problem of CUG is NP -hard. Hence the recognition problem

of LFG for a �xed grammar is NP -hard. 2

Because the universal recognition problem is at least as hard as the �xed recogni-

tion problem, as an immediate consequence, we obtain the result proven by Barton,

Berwick and Ristad (1987): the universal recognition problem of LFG is NP -hard.

6.4.4. Theorem. (Barton, Berwick and Ristad 1987) The universal recogni-

tion problem of LFG is NP-hard.

An upper bound on the complexity. Theorems 6.4.3 and 6.4.4 present lower

bounds on the complexity of the recognition problems of LFG. Obviously, we would

also like to have an upper bound on the complexity of the recognition problems. In

the ideal situation we would provide an upper bound for general versions of LFG.

A prerequisite for such an upper bound is that a complete description of LFG is

available. Alas no such complete description of LFG exists. So we have to settle

for the practical situation, and consider fragments of LFG. Let us �rst consider

the fragment of LFG presented in Section 6.1. Then we will consider polynomial

extensions of this fragment, and argue that these extensions su�ce to describe full

LFG-grammars.

In Section 6.1 we showed that this fragment of LFG is based on the standard fea-

ture theory from the introduction. This standard feature theory has a nice computa-

tional property: the uni�cation problem is tractable. We indicated in Section 3.2.2

that minor changes to Smolka's (1992) constraint solving algorithm yield a polyno-

mial time uni�cation algorithm for AVMs. To be more precise, the uni�cation of

two AVMs [F ] and [H] is computable in polynomial time, with respect to the sizes

of [F ] and [H]. Moreover, the amount of space used by the uni�cation is linear with

respect to the sizes of [F ] and [H].

We can easily prove an NP upper bound on the complexity of the universal

recognition problem of this restricted fragment of LFG. The instances of the univer-

sal recognition problem are an LFG-grammarG and a string w (see De�nition 3.2.2).

The LFG-grammar G consists of a lexicon, a set of combinatory rules, and a distin-

guished nonterminal.

The proof of the NP upper bound is based on the following two observations.

First, a derivation for a string w and an LFG-grammar G consists of a polynomial

amount of steps. This �rst observation is proven in Lemma 6.4.5. Second, the

reversed application of a derivation step is computable in polynomial time. We

can prove this second observation by means of the o�-line view on derivations (see

Lemma 6.4.6). In the o�-line view, a derivation consists of two phases. In the �rst

phase, a total derivation-tree for the constituent structure tree is constructed and f-
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description statements are collected into an f-description E. In the second phase, the

AVMs described by the f-description E are computed. Both phases are computable

in polynomial time.

6.4.5. Lemma. A derivation for a string w and a grammar G has polynomial size,

with respect to the sizes of w and G.

Proof. The derivations of an LFG-grammar are short by the \De�nition of a Valid

Derivation." This de�nition states that a constituent structure is valid, only if no

category appears twice in a non-branching dominance chain (Kaplan and Bresnan

1982, p.266). It follows that the number of steps in a derivation for a string w is at

most linear with respect to the size of the string and the size of the grammar. 2

Now given a string w and an LFG-grammarG, we guess a linear amount of entries

from the lexicon, and a polynomial sized sequence of combinatory rules that encode

the derivation for w. The previous lemma shows that both guesses can be checked

in polynomial time. Hence the following lemma holds.

6.4.6. Lemma. The universal recognition problem of LFG for string w and LFG-

grammar G is computable in nondeterministic polynomial time.

Proof. A derivation for the string w is described by a sequence of lexicon entries and

a sequence of applied combinatory rules. We will guess both sequences and check in

polynomial time that the described derivation indeed yields w.

We can guess a sequence of entries from the lexicon for the string w. These

entries have a total size that is linear in the size of the string and the grammar. So

the check that the entries form the string w takes linear time.

We can guess a sequence of combinatory rules that complete the description of

the derivation. The size of this sequence of rules is polynomial in the size of the

string w and the size of the grammar G. Given both sequences of polynomial size,

we can compute the derivation for w in polynomial time, in the following way.

Given a sequence of rules and lexicon entries, the constituent structure tree is

constructed in linear time, with respect to the size of the sequence. The number

of f-description statements is also linear in the size of the sequence. So given the

sequence of rules and lexicon entries, the �rst phase is computable in polynomial

time.

Given the f-description E, the second phase is computable in polynomial time

as indicated in Section 3.2. Hence given a sequence of rules and lexicon entries,

the derivation steps are computable in polynomial time. The �nal check that the

distinguished nonterminal produces w takes linear time. 2

Let us now consider extensions of the fragment of LFG that we presented in

Section 6.1. We consider \polynomial" extensions in which the reversed applica-

tion of derivation steps remain computable in polynomial time, and in which the

derivations remain of polynomial size. Clearly, the recognition problems of these

extensions are also computable in nondeterministic polynomial time. We claim that

these polynomial extensions may contain the following devices (Shieber 1986):
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1. Lexicon entries for the empty string, which are needed to treat long-distance

dependencies. The De�nition of a Valid Derivation (Kaplan and Bresnan 1982,

p. 266) bounds the number of empty strings in a derivation for a string w

linearly to the size of w.

2. Context-free rules that are extended with regular expressions as described in

Section 6.1.1.

3. Set values, which allow attributes to take sets of AVMs as their values.

4. Constraint equations, which are used to guarantee a value for an attribute

without specifying that value. These equations play a major role in the use of

attribute pred (Section 6.1.1).

5. Disjunctions of values and AVMs.

6. Long-distance metavariables that are used in the analysis of unbounded depen-

dencies.

The devices 1, 2, 5, and 6 only require a polynomial increase of the number of

guesses and some extra bookkeeping. The use of device 3 is limited to tests for

membership and simple operations, which require polynomial time, like union. The

device 4 seems to require only a simple test on the �nal result of a derivation.

The above seems to indicate that the devices used by full LFG-grammars increase

neither the size of a derivation, nor the time to compute derivation steps, in a

substantial way. Therefore we think that it is justi�ed to state that in general (i) the

derivations of LFG-grammars have polynomial size; (ii) the reversed application of

derivation steps is computable in polynomial time. Thus, we claim that the universal

recognition problem of LFG-grammars is computable in nondeterministic polynomial

time. Hence by Theorems 6.4.3 and 6.4.4:

6.4.7. Theorem.

(i) The �xed recognition problem of LFG is NP-complete.

(ii) The universal recognition problem of LFG is NP-complete.

6.4.2 Weak Generative Capacity

We will now determine a lower bound and an upper bound on the weak generative

capacity of LFG. The lower bound results from the simulation. The upper bound

results from the upper bound of the complexity of the �xed recognition problem.

These two bounds on the weak generative capacity are represented in Theorem 6.4.8.

A lower bound on the weak generative capacity. Theorem 6.3.8 proves that

for every CUG-grammar there exists an LFG-grammar that recognizes the same

language. Hence the set of languages recognized by a CUG-grammar, the CUG-

languages, is a subset of the set of languages recognized by an LFG-grammar, the

LFG-languages. So if we can prove the location of the CUG-languages in the Chom-

sky hierarchy, we know that the LFG-languages take the same or a higher location in

the Chomsky hierarchy. For instance, it is known that the set of languages that the

classical categorial grammars generate is the set of context-free languages. Therefore
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the CUG-languages generate all context-free languages. Hence the LFG-languages

generate all context-free languages.

An upper bound on the weak generative capacity. Once again, we are unable

to provide an upper bound for general versions of LFG. A prerequisite for such an

upper bound is a complete description of LFG, which is not available. So we settle

for the polynomial extensions of the fragment presented in Section 6.1.

In Chapter 2 we connect the complexity of the recognition problem and weak gen-

erative capacity of restricted attribute-value grammars. These restricted attribute-

value grammars respect a liberal variation on the so-called o�-line parsability con-

straint. The o�-line parsability constraint (OLP) (Johnson 1988) is a generalization

of the \De�nition of a Valid Derivation." The OLP relates the amount of \work"

done by the grammar to produce a string linearly to the number of terminal symbols

produced. It is therefore a sort of honesty constraint that is common in complexity

theory.

In Chapter 2 a variation on the o�-line parsability constraint is introduced: the

honest parsability constraint. This honest parsability constraint is a more liberal

constraint than the o�-line parsability constraint. The honest parsability constraint

relates the amount of \work" done by the grammar to produce a string polynomially

to the number of terminal symbols produced. For convenience, we state the de�nition

of the honest parsability constraint, De�nition 2.5.1, below.

A grammar G satis�es the honest parsability constraint i� there exists a

polynomial p such that for each string w in the language generated by G

there exists a derivation with at most p(jwj) steps.

A nice property of the restricted attribute-value grammars that respect the honest

parsability constraint is that they generate exactly all languages in the complexity

class NP . Or, as we can restate Theorem 2.5.3:

Let L be a language that has an NP recognition algorithm. Then there

exists a restricted attribute-value grammar G, that respects the honest

parsability constraint, such that G generates the language L.

By Theorem 6.4.7 the restricted fragment of LFG has an NP recognition problem.

Hence any restricted LFG-grammar can be simulated by a restricted attribute-value

grammar. Thus the languages generated by restricted attribute-value grammars

that respect the honest parsability constraint provide an upper bound on the weak

generative capacity of restricted LFG-grammars. Hence the following theorem holds.

6.4.8. Theorem. The weak generative capacity of the restricted fragment of LFG

presented in this chapter is enclosed between the context-free languages and the col-

lection of languages generated by restricted attribute-value grammars that respect the

honest parsability constraint.

Moreover, we conjecture a stronger upper bound for the weak generative capacity

of LFG. A close look at the proof of Lemma 6.4.6 shows that the �xed recognition

problem of LFG is computable in nondeterministic linear space. We conjecture that
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the polynomial extensions of the fragment presented in Section 6.1 are also com-

putable in nondeterministic linear space. This implies that the LFG-languages are

recognized by linear bounded automata (LBAs). Due to the equivalence of LBAs and

context-sensitive grammars, LFG generates only context-sensitive languages (CSLs).

Hence we conjecture that the collection of CSLs that are recognized in nondetermin-

istic polynomial time form an upper bound for the weak generative capacity of LFG

(cf., Book 1978). Or stated di�erently:

6.4.9. Conjecture. The collection of context-sensitive languages that the restricted

attribute-value grammars that respect the honest parsability constraint generate form

an upper bound for the weak generative capacity of LFG.

Seki et al. (1993) and Nakanishi et al. (1992) also study the complexity and gen-

erative capacity of LFG. They take a generalization of Kaplan and Bresnan's (1982)

original formulation as a starting point. Seki et al. (1993) introduce two polyno-

mial time recognizable generalizations of context-free grammars: parallel multiple

context-free grammars and multiple context-free grammars. Then they introduce

three restricted versions of their generalization of LFG: nondeterministic copying

LFGs, deterministic copying LFGs, and �nite copying LFGs. Finally they prove

that the following generalizations generate the same set of languages: (i) the multi-

ple context-free grammars and the �nite copying LFGs, and (ii) the parallel multiple

context-free grammars and the deterministic copying LFGs. Furthermore, they show

that the nondeterministic copying LFGs generate an NP -complete language.

Seki et al.'s (1993) approach to LFG and our approach to LFG depart from dif-

ferent principles. Seki et al. (1993) and Nakanishi et al. (1992) restrict the AVMs,

but not the constituent structures. For instance, the admissible annotations of rules

in nondeterministic copying LFGs are only \" attr

:

= #" and \" attr

:

= value."

Hence the AVM of a mother nonterminal is always larger than the AVMs of its daugh-

ters. However, Seki et al. (1993) and Nakanishi et al. (1992) neglect the De�nition of

a Valid Derivation. Contrariwise, we follow the standard literature and restrict the

constituent structures. We include the De�nition of a Valid Derivation, which states

that no nonterminal appears twice in a non-branching dominance chain. Further

research should indicate to what extent these two approaches may complement each

other.





Chapter 7

Complexity of Functional Grammar

7.1 Introduction

7.1.1 Functional Grammar

Dik (1978) developed the theory of Functional Grammar (FG) in the late 70's. The

version of FG that is mostly used nowadays is Dik's (1989) major revision. This

chapter is also mainly based on that version of FG.

The theory of Functional Grammar stems from predicate logic, and can be seen

as a reaction to the Transformational Grammar of Chomsky. This reaction manifests

itself by forbidding transformations, like deletions or movements. For instance, the

sentence \I consider John un�t for the job" is not derived from the sentence \I

consider John to be un�t for the job" by deleting the phrase \to be." Also, the

sentence \I believe John to be un�t for the job" is not derived from the sentence \I

believe that John is un�t for the job" by moving John from subject position in the

subordinate sentence to the object position in the main sentence.

An FG-grammar consists of several hierarchically organized processes, each with

its own task (see Figure 7.1). At the lowest level there is the lexicon, which consists

of a �nite set of basic predicates and basic terms. The process called fund formation

constructs derived predicates and derived terms from the basic predicates and terms

in the lexicon. These derived predicates and terms form the fund. A further process,

called clause structure formation, combines predicates and terms from the fund with

operators and functions, which are taken from some �xed set, into a clause struc-

ture. These clause structures serve as the underlying representations of sentences.

Two further processes are needed to come from an underlying representation to a

sentence. First the lexical form of the words in the sentence are speci�ed by the form

speci�cation process. Next the order of these words within a sentence is determined

by the order speci�cation process.
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Figure 7.1: The generation process of Functional Grammar.

7.1.2 Complexity Theory

In complexity theory one tries to determine the complexity of problems. The com-

plexity is measured by the amount of time and space needed to solve a problem.

Usually, one considers decision problems, i.e., problems that are answered \Yes" or

\No." For instance, the problem whether a given grammar generates a given string

is a decision problem. Not all problems can in fact be solved. A well-known problem

from formal language theory for which no algorithm exists that solves the problem is

the Halting Problem for a Turing machineM and string w. Such problems are called

undecidable problems. In complexity theory we are mostly interested in problems

that can be solved. These problems are called decidable problems. (See any text-

book on formal language theory for further de�nitions (e.g., Hopcroft and Ullman

1979, Partee, ter Meulen and Wall 1990)).

Some complexity classes. Often we are interested in the distinction between

tractable and intractable problems. A problem is tractable if its solution requires

an amount of steps that is polynomial in the size of the input: we say that the
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problem requires polynomial time. Likewise, we speak of linear time, quadratic time,

etcetera. The class of all tractable problems is called P . Occasionally we will refer to

the tractable problems as P problems. The intractable problems are called NP-hard

problems. The easiest intractable problems are the NP-complete problems. The NP -

complete problems are contained in the complexity class NP . Solutions for problems

in NP can be guessed and checked in polynomial time. It is strongly believed that

the complexity class P and the complexity class NP are di�erent, although this has

not been proven. In fact this is the major open problem in complexity theory.

Honest functions & oracles. Honest functions and oracles are familiar notions

from complexity theory. A function is honest if the size of the input is polynomial

in the size of the output. The input of an honest function that is also computable

in polynomial time is neither much larger, nor much smaller than the output. The

honest functions appear in several places in this chapter. They are important be-

cause honest functions are a 
exible and abstract formalization for operations that

manipulate structures without deleting a substantial amount of material. So the

honest functions correspond nicely with the FG principles, which forbid deletions.

An oracle can be seen as a machine that solves questions of a particular problem.

The user of an oracle does not know (and need not know) how the oracle performs

its computation. The user only needs to know in which form questions to the oracle

have to be asked. The oracle takes the question as input and outputs, magically,

the correct answers to the question. The magic is that the whole computation of

the question takes only one step. So, consulting an oracle costs only one step more

than the amount of steps that are needed to write down the question. The oracle is

a nice way to abstract from some complexity in a problem that is, in fact, irrelevant

for complexity of the actual problem.

The precise de�nitions, as well as some nice characteristics, of honest functions

and oracles may be found in (Balc�azar, D��az and Gabarr�o 1988).

Many-one reductions & 3-Satis�ability. There is a direct manner to determine

the upper bound complexity of a problem, if there is an algorithm that solves the

problem: determine the complexity of that algorithm. An indirect way to determine

the lower bound complexity of a problem is the reduction. A reduction from some

problemA to some problemB maps instances of problemA onto instances of problem

B. The intuition behind reductions is that a solution for problem B helps to solve

problem A. Therefore, if the reduction is simple, problem B is at least as hard as

problem A.

The reductions that we will consider are known as polynomial time, many-one

reductions. These many-one reductions are subject to two conditions: (i) the reduc-

tions are easy to compute, and (ii) the reductions preserve the answers. A reduction

from A to B is easy to compute, if the mapping takes polynomial time. A reduction

preserves answers if the answer to the instance of A is the same as the answer to

the instance of B. That is, the answer to the instance of A is \Yes" if and only if

the answer to the instance of B is also \Yes."
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A reduction is an elegant way to classify a problem as intractable. Suppose

problem B is a problem with unknown complexity. Let there be a reduction f

from an NP -hard problem A to problem B. Furthermore, let f conform to the two

conditions above. By an indirect proof, it follows from this reduction that B is at

least as hard as A. Hence B is also an NP -hard problem. If we also prove that we

can guess a solution for B and check that guessed solution in polynomial time, then

B is an NP -complete problem.

A well-known NP -complete problem is 3-Satisfiability (3SAT):

7.1.1. Definition. 3-Satisfiability

Instance: A formula ', from propositional logic, in 3-conjunctive normal form,

where each disjunction consists of exactly three literals.

Question: Is there an assignment of truth-values to the propositional variables of

', such that ' is true?

The instances of 3-Satisfiability are formulas in 3-conjunctive normal form,

i.e., the formulas are conjunctions of clauses. The clauses are disjunctions of exactly

three literals, and the literals are positive and negative occurrences of propositional

variables. We call formula ' a satis�able formula if an assignment exists that makes

formula ' true.

An assignment assigns either the value true or false to a propositional variable.

Given such an assignment, we can determine the truth-value of a formula. The

formula ' = (


1

^: : :^


m

) is true i� each clause, 


i

, is true. A clause 
 = (l

1

_l

2

_l

3

)

is true i� at least one literal, l

i

, is true. A positive literal, l

i

= p

j

, is true i� the

variable p

j

is assigned the value true. A negative literal, l

i

= p

j

, is true i� the

variable p

j

is assigned the value false.

Universal version versus �xed version. One of the most signi�cant works on

complexity theory and natural language is (Barton, Berwick and Ristad 1987). They

recognize that there are two versions of problems for grammatical formalisms. In the

general case, a problem concerns an arbitrary string and an arbitrary grammar. This

version of a problem is called universal. A more speci�c version of a problem results

when one considers a �xed grammar instead of an arbitrary one. This version is

often called �xed.

A universal version of a problem is always at least as di�cult as its �xed version.

The universal version may be more di�cult. An algorithm that solves the universal

version e�ciently also solves the �xed version e�ciently. On the other hand, an e�-

cient algorithm for the �xed version may take an amount of time that is exponential

in the size of the grammar. Clearly, such an algorithm does not solve the universal

version e�ciently.

7.1.3 Outline of this chapter

A computationally attractive property of FG is its aversion to transformations. That

is, no changes are allowed within structures that are composed at an earlier stage.
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In this chapter we investigate the computational complexity of parsing in FG. The

complexity of FG has not been examined before. Therefore the search for a global

impression of its complexity is a well-founded goal for this investigation. The uni-

versal version of a problem provides such a global impression. Therefore we will

consider the complexity of the universal version of the various problems in FG.

A prerequisite for complexity analyses is a formalization of the problem. Because

the formalization of FG is still very sketchy, we often have to formalize FG ourselves.

As a consequence, a large part of this chapter will be devoted to the formalization

of FG. The starting point of our formalization of FG is (Dik 1989). The ideas from

Bakker (1994) and Kwee (1994) also have a large impact on the formalization. This

latter work shows that our formalization of FG might have di�culties with complex

clauses. We have not taken these complex clauses into consideration, because Dik

(1989) postpones the discussion of complex clauses until the follow-up, which is called

TFG2. We conjecture that if the treatment of complex clauses in TFG2 �ts within

the theory laid down by Dik (1989), then our formalization will also be able to treat

complex clauses. Future research will have to prove or disprove this conjecture.

The structure of this chapter follows the structure of an FG-grammar. In the next

four sections (Sections 7.2{7.5) we will consider the four processes (see Figure 7.1)

one after the other. Each of these sections is divided into three parts.

� The �rst part consists of examples that should clarify the process. These

examples serve as a starting point for the formalization in the second part.

� The second part starts with a formalization of the rules and the structures

that play a role in the process. Then we compare the formalization and the

examples from the �rst part. Our main attention goes out to the di�erences in

capacity. To be more precise, the descriptions that are used in the examples,

but cannot be expressed by the formalization, and the descriptions that can

be expressed by the formalization, but were not found in the examples. This

part ends with a formulation of the process as a decision problem.

� In the third part, we prove the complexity bounds of the process under this

formalization, and we propose some restrictions that lower the complexity.

7.2 Fund Formation Process

A sketch of the situation. An FG-grammar contains a �nite collection of terms

and predicates, which is called the lexicon. The lexicon contains all and only all basic

terms and basic predicates. An unbounded supply of derived terms and predicates

can be made by the fund formation rules (FFRs). The combination of all basic

predicates and terms, and all derived predicates and terms form the fund.
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7.2.1 An Informal Introduction

The lexicon. The lexicon consists of basic terms and basic predicates. The basic

terms are pronouns and proper names. The pronoun \I" is represented as:

(Sp1 x):

This basic term consists of two components: the two term operators Sp and 1, and

the variable x. The term operator Sp states that entity x is the speaker, rather than

the addressee. The term operator 1 states that entity x is singular, as opposed to

plural. Thus the basic term (Sp1 x) denotes the singular speaker: \I."

The other sort of basic terms are proper names. As an example of a proper name

consider the representation of \John":

(d1x : john(x)):

In this basic term two components are worth mentioning: the body and the term

operators. The body of this basic term is \john," indicating that the entity x is a

\john." The basic term contains two term operators, denoted by d1. The operator

d stands for \de�nite," the operator 1 for \singular." So the entity x is de�nite and

singular. Thus the basic term denotes the de�nite, singular entity x, such that x is

\john."

The basic predicates come in more variety than the terms. There are, for in-

stance, basic adjectival, nominal and verbal predicates. As an example consider the

representation of the basic verbal predicate for \to kiss."

kiss

V

(x

1

: hanimatei(x

1

))

Ag

(x

2

: hanimatei(x

2

))

Go

mp

!

touch

V

(x

1

: hanimatei(x

1

))

Ag

(x

2

: hanimatei(x

2

))

Go

(dmx

3

: lip

N

(x

3

))

Instr

We distinguish four components in the predicate: the category, the body, the ar-

gument positions, and the meaning postulate. The last two components are complex.

We will explain them in a moment, but we start with explaining the two simple

components.

� The predicate is a verbal predicate, which is indicated by its category V .

� The body of this basic predicate is \kiss," i.e., this predicate denotes a kiss

event.

� The predicate takes two arguments, indicated by the two variables x

1

and x

2

in

the argument positions (x

1

: hanimatei(x

1

))

Ag

and (x

2

: hanimatei(x

2

))

Go

. The

�rst one bears the semantic function Ag, which identi�es the agent. The second

one bears the semantic function Go, which identi�es the goal. The argument

positions also indicate that the predicate cannot take all kinds of arguments.

Both positions are restricted to animate beings, which is expressed by the

selection restriction hanimatei. The number of arguments that a predicate

takes is called its arity.
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� The representations of the meaning postulate and the rest of this basic pred-

icate are separated by the symbol

mp

!. We con�ne ourselves to a sloppy rep-

resentation of the meaning postulate in which the semantic function Instr

identi�es the \Instrument." The meaning postulate is intended to state that

if x

1

kisses x

2

then x

1

touches x

2

with the lips.

The fund. The lexicon is the source of the fund. All predicates and terms of the

lexicon are contained in the fund. The fund formation rules extend the fund with

derived terms and predicates (cf., Dik 1980). Some typical examples of FFRs that

create derived terms are the following.

� Turn a nominal predicate into a term, e.g., turn the nominal predicate \man"

(man

N

(x)) into the term \the man":

(d1x : man

N

(x)):

� Add an operator to a term. For instance, add the diminutive operator Dim to

the term \the book"

(d1x : book

N

(x))

in order to obtain the term \the booklet":

(Dim d1x : book

N

(x)):

� Place a restriction on a term, e.g., the term \the man" (d1x : man

N

(x)) may

be restricted by an adjectival predicate \old" with one free variable (old

A

(x)),

turning it into \the old man":

(d1x : man

N

(x) : old

A

(x)):

More complicated cases of fund formation appear in the creation of derived pred-

icates. Some typical examples of FFRs that create derived predicates are the follow-

ing.

� Combine a nominal and a verbal predicate into a verbal predicate if the nom-

inal predicate conforms to the selection restriction imposed by the argument

position that the nominal predicate will �ll. For instance, the verb \to watch"

and the noun \bird"

watch

V

(x

1

: hanimatei(x

1

))(x

2

: hanimatei(x

2

)) bird

N

(y

1

)

can be combined into a verb that means \bird watching"

fbird

N

� watch

V

g

V

(x

1

: hanimatei(x

1

));

because the noun conforms to the selection restriction of the second argument

position.
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� Remove the argument position that is identi�ed as the semantic goal of a verbal

predicate that indicates an action with a clear endpoint. For instance, from

the transitive form of the verb \eat"

eat

V

(x

1

: hanimatei(x

1

))

Ag

(x

2

)

Go

the intransitive form can be obtained (cf., Bakker 1994).

eat

V

(x

1

: hanimatei(x

1

))

Ag

:

� Change the semantic function of an argument position of a verbal predicate if

the predicate indicates an action by which something is applied to some surface

in such a way that the surface gets covered with something as a result of the

action. For instance, the predicate for \x

1

smears x

2

on x

3

"

smear

V

(x

1

)

Ag

(x

2

)

Go

(x

3

)

Loc

may be turned into a predicate for \x

1

smears x

3

with x

2

"

smear

V

(x

1

)

Ag

(x

3

)

Go

(x

2

)

Instr

:

� Change a verbal predicate whose argument position is identi�ed as the semantic

agent into a nominal predicate. For instance, the verb \walk"

walk

V

(x

1

)

Ag

may be turned into the noun \walker"

fwalk

N

-erg

N

(x

1

):

� Turn a term into a predicate by extending the term with an argument posi-

tion. For instance, the possessive \John's" (fd1x

1

: john(x

1

)g

Poss

(x

2

)) is a

predicate that is derived from a term, in this case \John" (d1x

1

: john(x

1

)).

The �rst and last examples show that combinations of FFRs can be applied

recursively. The examples also show that the inputs of FFRs are one or more terms

or predicates. The FFRs may change the body, the category, the arguments, and

the meaning postulate. We also presented transformation-like examples that reduce

the number of arguments. These transformation-like examples show that the fund

formation rules are exceptional in FG. On the one hand, the principles of FG forbid

changes within structures that are composed at an earlier stage. On the other hand,

the fund formation rules seem to perform deletions. However, it is claimed that

the FFRs do not violate the principles of FG because the FFRs describe and do

not compose the fund, which simply exists. So in this sense, the FFRs do not

change structures that are composed at an earlier stage, and hence do not violate

the principles of FG. Thus the only reason that the FFRs are exceptional is because

they describe, instead of construct, structures.
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7.2.2 The Formalization

Before we will formalize the fund formation process, we make a brief remark about

the elementary entities that are distinguished in an FG-grammar. These entities

will appear every now and then in the formalizations to come. In the sequel of this

chapter we will presuppose that these entities are speci�ed by the particular FG-

grammar. We assume a �nite set of strings �; a �nite set of categories C; a �nite set

of functions F , in which FG distinguishes three disjunct subsets: syntactic, semantic,

and pragmatic functions; a �nite set of operators 
, in which FG distinguishes three

distinct subsets: term, clause-structure, and auxiliary operators; and a countably

in�nite set of variables V that refer to either individuals or events.

In the previous part of this section we presented some examples that make clear

what the typical fund formation rules can do. Now we will formalize the fund for-

mation process. First we will formalize the notions of terms and predicates. Then

we formalize the fund formation rules. Next we compare the formalization and the

examples. We end with a formulation of the fund formation problem.

The lexicon is a �nite set that contains all basic terms and all basic predicates.

The basic terms are pronouns and proper names. We assume that in addition to the

components stated in the examples above a meaning postulate is assigned to these

basic terms.

7.2.1. Definition. Basic Terms

In the structure of pronouns three components are distinguished:

� A set of term operators from 
.

� A variable that refers to an individual from V .

� A meaning postulate, which is a partial description by semantically more prim-

itive elements of the fund. We defer a further discussion of meaning postulates

until after De�nition 7.2.3.

In the structure of proper names four components are distinguished:

� A set of term operators from 
.

� A variable that refers to an individual for V .

� A body, which is a unary predicate of some special category from C.

� A meaning postulate, which is a partial description by semantically more prim-

itive elements of the fund. We defer a further discussion of meaning postulates

until after De�nition 7.2.3.

Though the basic terms are speci�ed vaguely in FG, the derived terms are spec-

i�ed rather precisely. The structure of derived terms is similar to the structure of

proper names.

7.2.2. Definition. Derived Terms

In the structure of derived terms four components are distinguished:

� A set of term operators from 
.

� A variable from V that refers to an individual.
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� A meaning postulate.

� A body, which is a list of 1-open predications; a 1-open predication is an n-ary

predicate of which (n� 1) argument positions are �lled with terms.

The predicates are also speci�ed rather precisely in FG. The basic and derived

predicates have the same structure.

7.2.3. Definition. Predicates & Argument Positions

In the structure of predicates four components are distinguished. We distinguish the

following components in a predicate of arity n (n-ary predicate):

� A body, which is a string from � for basic predicates.

� A category from C.

� A list of n argument positions, which are complex structures that we will

formalize below.

� A meaning postulate, which is a partial description by semantically more prim-

itive elements of the fund. We defer a further discussion of meaning postulates

until after this de�nition.

The argument positions are complex structures. In each argument position three

components are distinguished:

� A function from F .

� A variable from V .

� A selection restriction, which we assume to be a combination of zero or more

unary predicates from the lexicon. The further discussion of selection restric-

tions is deferred until after this de�nition.

The meaning postulates are di�cult to formalize because examples of meaning

postulates in the FG-literature are rare. According to Dik (1989) the meaning pos-

tulate of a term or predicate is a partial description by semantically more primitive

elements of the fund. The intention is the following: \if B is a meaning postulate of

A, then B holds if A holds." We will call B a meaning de�nition when the meaning

postulate B holds if and only if A holds. Since this chapter is about complexity the-

ory, we should remark that the problem of determining a minimal set of the semantic

primitive predicates and terms from a given lexicon is an NP -complete problem (Dai-

ley 1986). Apart from what is stated in this section, the meaning postulates will be

ignored.

A selection restriction is de�ned as a combination of zero or more basic unary

predicates. In this chapter we treat the combinations as conjunctions. This su�ces

for most cases where selection restrictions occur. As a consequence, the selection

restrictions can be seen as subsets of the lexicon. Therefore we can de�ne the selection

restrictions of a term as the union of the selection restrictions of the predicates in

its body.

The selection restrictions are used to restrain the ways in which predicates and

terms can be combined. For example, if an adjectival restriction is added to a term,
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the selection restriction of the adjective must be as least as speci�c as the selection

restriction of the term. These restraints are formulated by a partial relation on

selection restrictions that denotes at least as speci�c. This partial relation is a partial

order, which the particular grammar de�nes. In most cases, and the only cases that

we consider, the partial order is imposed on the basic predicates. The relation

then follows for arbitrary selection restrictions in the following way. A selection

restriction hSi is at least as speci�c as another selection restriction hRi i� for every

basic predicate in the selection restriction hRi, the selection restriction hSi contains

a basic predicate that is at least as speci�c. Thus we can for instance say that a

predicate or term conforms to the selection restrictions of an argument position if

the selection restriction of the predicate or term is at least as speci�c as the selection

restriction of the argument position.

The de�nitions above make clear what the predicates and terms are. With these

de�nitions in mind we will now formalize the FFRs. A distinction is made between

the FFRs that create predicates and FFRs that create terms. Recall that a function

is honest if the size of the input is polynomial in the size of the output. A polynomial

time computable honest function ensures that the output of the fund formation rules

is not totally di�erent from the input: the output is neither much larger, nor much

smaller than the input.

7.2.4. Definition. Fund Formation Rules

We de�ne the fund formation rules for predicates by the following six conditions.

� The FFRs take predicates and terms as input.

� If a predicate serves as input of an FFR, then the FFR speci�es the cate-

gory, the arity, and the functions of the argument positions of the predicate in

advance.

If a term serves as input of an FFR, then the FFR may specify that the term

contains or does not contain some term operators.

� The FFRs do not refer to the body, the variables of the argument positions, or

the meaning postulate.

� The FFRs may place conditions on the meaning postulate. The FFRs may also

place conditions on the selection restrictions of the input. These conditions are

computable in polynomial time.

� The category, the arity, and the functions of the argument positions of the

predicate that is the output of the FFR are �xed. That is, the category, the

arity, and the functions of the argument positions do not depend on the input.

� The input and output are related in the following way.

{ The body of the output is the result of some polynomial time computable,

honest function on the bodies and the categories of the input.

{ The argument positions of the output are the result of some polynomial

time computable, honest function on the argument positions of the input.

{ The meaning postulate of the output is the result of some polynomial time

computable, honest function on the meaning postulate of the input.

We de�ne the fund formation rules for terms by the following �ve conditions.
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� The FFRs take predicates and terms as input.

� If a predicate serves as input of an FFR, then the FFR speci�es the cate-

gory, the arity, and the functions of the argument positions of the predicate in

advance.

If a term serves as input of an FFR, then the FFR may specify that the term

contains or does not contain some term operators.

� The FFRs do not refer to the body, the variables of the argument positions, or

the meaning postulate.

� The FFRs may place conditions on the meaning postulate. The FFRs may also

place conditions on the selection restrictions of the input. These conditions are

computable in polynomial time.

� The input and output are related in the following way.

{ The body of the output is a 1-open predication, which is the result of some

polynomial time computable honest function on the body and categories

of the input.

{ The set of term operators of the output is the result of some polynomial

time computable honest function on the sets of term operators of the

input.

{ The meaning postulate of the output is the result of some polynomial time

computable honest function on the meaning postulate of the input.

Let us now compare the formalization given above and the examples presented

in Section 7.2.1. After two minor remarks about the formalization of terms and

predicates, we consider the formalization of the FFRs.

1. The basic terms in the formalization contain a meaning postulate that was not

present in the examples. The main reason to introduce the meaning postulates

is to arrive at a more or less uniform representation of basic and derived terms.

2. In the examples the selection restrictions consists of one predicate. In the

literature, however, examples are given where the selection restrictions are

combinations of unary predicates. These combinations can often be treated as

conjunctions. We will not consider cases where selection restrictions cannot be

treated as conjunctions, or contain predicates that are not unary.

3. In the �rst example of an FFR for derived predicates, the functions of the

argument positions are not speci�ed. However, from a computational point

of view it is more convenient if the functions are speci�ed. Moreover, we

conjecture that from a linguistic point of view the FFR is more adequate if the

functions are speci�ed.

4. The conditions that are stated in the examples of formation rules seem to be

computable by a polynomial time function. Of course, if the conditions are

not computable by a polynomial function, then this process is not e�ciently

computable.

5. The examples of FFRs that are found in the literature all seem to relate the

output in a natural way to the input. We claim that natural FFRs are nat-
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ural to compute, i.e., computable by a polynomial time honest function. It

seems that all examples of FFRs described in the literature are computable by

polynomial time honest functions.

We will now formulate the fund formation problem for a lexicon L and a set of

fund formation rules F .

7.2.5. Definition. The Fund Formation Problem (FFP(L; F ))

Given a lexicon L and a set of fund formation rules F as de�ned above.

Instance: A predicate p or a term t.

Question: Is p (or t) derivable from L by F ?

7.2.3 The Fund Formation Problem is Undecidable

Although our de�nition of the fund formation rules may seem to be restrictive, we

will show in this section that the FFP is still undecidable. In general, a problem is

often undecidable when

1. in the computation of the problem some structure of arbitrary size can be

constructed,

2. the input and output of the problem do not have to account for all structures

that are constructed in the computation of the problem.

A problem in which these two conditions are ful�lled is often undecidable because

during the computation of the problem a structure of arbitrary size, which does not

show up in the input or output, can be constructed. Such a structure of arbitrary

size can be used, for instance, to simulate the tape of a Turing machine. A further

step towards the simulation of the Halting Problem of Turing machines is then often

straightforward, and thus the undecidability follows.

In the fund formation process there are two candidate places where structures of

arbitrary size can be constructed. The �rst place is the body of the predicate. The

second place is the meaning postulate of the predicate.

We expect that the body is not a good place to construct structures of arbitrary

size, for the following reasons. Let us consider the question whether p is a derived

predicate. This predicate p is a derived predicate i� p stems from basic predicates

and terms in L. Therefore in order to construct a structure of arbitrary size, the

fund formation rules need to have rules to build these structures from the basic

predicates and terms, and rules to decompose these structures to arrive at predicate

p. The decomposition step in the fund formation process seems unusual. Especially,

the decomposition of the body of a predicate seems counterintuitive. Therefore the

body is probably not a good place to create structures of arbitrary size. However,

the decomposition is less peculiar for meaning postulates because we may reduce the

arity of a predicate. Hence we expect that the meaning postulate is a good place to

construct structures of arbitrary size.

The following theorem proves what we demonstrated above. The theorem shows

that no general algorithm exists that for any set of fund formation rules, F , lexicon,
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L, and predicate p, or term t, determines whether the predicate, or term, is contained

in the fund. that F and L together describe. whether a predicate is derivable from

a lexicon and a set of fund formation rules.

7.2.6. Theorem. The universal version of the fund formation problem for lexicon

L and set of fund formation rules F is undecidable.

Proof. (Sketch of the proof.)

We simulate the computation of a Turing machineM , which has some nice properties,

on input $#. The properties, however, do not e�ect the computational capacity of

the Turing machine. It is clear from general formal language theory, that there is a

reduction from the question whether an arbitrary Turing machine halts on the empty

string to the question whether a Turing machine with the nice properties accepts the

string $#.

Now let M be a Turing machine with the following nice properties

� M has one accepting state q

f

,

� M accepts only if the tape is empty,

� M has a two-way in�nite tape,

� M has begin-tape marker $ and end-tape marker # for the portion of the tape

scanned,

� M has a binary tape alphabet, and

� M moves its head at each computation step.

We simulate the computation of M on input $# by choosing an appropriate

set of fund formation rules and lexicon. The reader should check that the fund

formation rules satisfy the �ve conditions in the de�nition of the fund formation

rules for predicates.

The set of fund formation rules F that is appropriate is constructed as follows.

� For each instruction ((q; a); (q

0

; b; R)) in the program of M the set of fund

formation rules contains the following rule.

Input: pred

q

(x

1

)(x

2

)

L

(x

3

)

R

Output: pred

q

0

(x

1

)(x

2

)

L

(x

3

)

R

Condition: The meaning postulate of the input describes a state

where the L argument indicates a stack a
 with top a

and the R argument indicates a stack c


0

with top c.

The meaning postulate of the output describes a state

where the L argument indicates a stack cb
 with top

c and the R argument indicates a stack 


0

.

� For each instruction ((q; a); (q

0

; b; L)) in the program of M the set of fund

formation rules contains a similar rule.

� For the accepting state q

f

the set of fund formation rules contains the following

rule.
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Input: pred

q

f

(x

1

)(x

2

)

L

(x

3

)

R

Output: pred

q

f

(x

1

)

Condition: The meaning postulate of the input describes a state

where the L argument indicates an empty stack, and

the R argument indicates an empty stack.

� For the starting state q

0

the set of fund formation rules contains a similar rule.

Input: pred

q

0

(x

1

)

Output: pred

q

0

(x

1

)(x

2

)

L

(x

3

)

R

Condition: The meaning postulate of the output describes a

state where the L argument indicates an empty stack,

and the R argument indicates an empty stack.

The lexicon L contains only one predicate id

q

0

(x

1

). This predicate corresponds to

the immediate description of the Turing machine for the starting state. Let a similar

predicate id

q

f

(x

1

) correspond to the immediate description of the Turing machine

for the accepting state.

We now claim that given this set of fund formation rules F and lexicon L, the

predicate id

q

f

(x

1

) is in the fund described by F and L i� the Turing machine M

halts on input $#. 2

Restrictions that lead towards decidability. We see two restrictions that

would tackle the undecidability of the fund formation problem. Both restrictions

are based on the idea to guide a parsing algorithm by means of an abstract mea-

sure. This idea originates from Landsbergen (1981) and is later used in the machine

translation system Rosetta (Rosetta 1994). The notion of an abstract measure was

�rst introduced in FG by Janssen (1989), where it is called \complexity."

Decidability of the FFP follows if we demand that the FFRs compose predicates

and terms from smaller predicates and terms only. The intuition of \smaller" is

formalized by the requirement that FFRs should be measure-increasing. To be more

precise, the fund formation process is accompagnied with a measure function � that

assigns a measure to every predicate and term. Now the FFRs are measure-increasing

when an FFR with input �

1

; : : : ; �

n

yields output  only if �(�

i

) < �( ) for all

1 � i � n. In other words, the measure of the output must be larger than the

measure of each part of the input.

The requirement that the FFRs are measure-increasing implies that the fund

formation problem is decidable, for the following reasons. Given a �nite lexicon, a

�nite set of FFRs and a predicte p, whose measure is �(p). Because the number

of FFRs is �nite and the FFRs are measure-increasing, there are only �nitely many

predicates with measure less or equal to �(p) in the fund. Now the following algo-

rithm, which terminates after a �nite number of steps, determines whether p is in

the fund: \Compute the �nite collection of all predicates in the fund with measure

less or equal to �(p); predicate p is in the fund i� p is in this collection."
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FFRs increase the information in meaning postulates. The �rst restric-

tion that we propose to in order to tackle the undecidability, involves the treatment

of meaning postulates. In an informal sense, it seems that the output of a fund

formation rule is always more speci�c than the input. That is, the output contains

more information than the input. This information is typically denoted in the mean-

ing postulates of predicates and terms. Therefore, we think that it is admissible to

require that the function that computes the meaning postulate of the output is a

monotonically increasing function. With this requirement on FFRs, the amount of

information expressed by meaning postulates is a measure that ensures decidability.

So the �rst restriction on the FFRs that we propose is that the FFRs must increase

the amount of information that a meaning postulate denotes. A disadvantage of

the previous restriction is that the notion of meaning postulates has sofar remained

unclear in FG. A better restriction is given next.

FFRs never decrease the size of the body. The second restriction that we

will present below, is in fact a group of three restrictions. The measure function �

for this second restriction is a little complicated. The measure of a predicate will

involve its body and its argument positions. Before we introduce the measure of

a predicate, let us examine the sizes of the body and the argument positions more

closely.

� The body of a predicate is composed of a number of elementary entities. These

elementary entities are strings given in the lexicon, a�xes, categories, term

operators, and functions. The total number of these elementary entities in an

FG-grammar is �nite. So the number of the various elementary entities that

occur in the body of a predicate seems to indicate the size of the body.

� The size of an argument position depends on the size of its function and its

selection restrictions. Because the number of functions is �nite, the size of

the function is constant. The size of the selection restrictions depends on the

number of predicates in the selection restrictions. However, because the selec-

tion restrictions are de�ned as combinations of basic predicates, the number of

di�erent selection restrictions is �nite. Thus the size of an argument position

is constant.

From the observations above, it follows that the size of a predicate mainly depends on

the number of elementary entities that occur in its body and the number of argument

positions.

Given the group of three restrictions on FFRs to be describe below, the following

measure ensures decidability. This measure consists of two parts. The �rst part is

the number of elementary entities in the body of a predicate. This part contributes to

the measure unconditionally and positively. That is, an increase in this part always

implies an increase in the measure. The second part of the measure is the number

of argument positions. This part contributes to the measure in a conditional and

negative way. That is, if the �rst part of the measure does not change and the second

part is decreased then the measure is increased.
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Now we propose the following group of three restrictions on the FFRs, which

yield a decidable fund formation problem:

1. FFRs never decrease the size of the body of a predicate.

2. if an FFR increases the number of argument positions, then the size of the

body of the result must also be increased.

3. If the FFRs create two predicates with the same body, the same category, and

the same argument positions, then the two predicates are the same predicate.

We will now show that the number of FFRs that can be applied to a predicate

without increasing the measure of the predicate is bounded with respect to the size

of the FG-grammar and the predicate. The FFRs that do not increase the measure

of a predicate are FFRs that change the category of the predicate or the function or

selection restrictions of the predicate's argument positions. Now because the number

of functions and di�erent selection restrictions are all bounded with respect to the

size of the FG-grammar, the number of di�erent forms of an argument position is

bounded, with respect to the size of the FG-grammar. Because the set of categories

in an FG-grammar is �nite, the number of categories is bounded with respect to the

size of the FG-grammar. Obviously, the number of argument positions of a predicate

is bounded with respect to the size of the predicate. And therefore the number of

di�erent argument positions of a predicate is bounded with respect to the sizes of the

FG-grammar and the predicate. Hence the number of FFRs that can be applied to a

predicate without increasing the measure of the predicate is bounded with respect to

the size of the FG-grammar and the predicate. Thus for any predicate we know that

after a bounded sequence of FFRs the measure of the predicate must be increased.

So given a predicate p with measure �(p), we can compute the bounded collection

of all predicates in the fund with measure less or equal to �(p) and check whether

the predicate p is in this collection, thus in the fund.

Although the measure is slightly more complicated than the �rst measure we

introduced, the restriction on the FFRs seems less severe. Given the measure, all

the examples of FFRs that we gave in Section 7.2.1 conform to the three restrictions.

7.3 Clause Structure Formation Process

A sketch of the situation. We presuppose a fund that contains all predicates

and terms. In this process, predicates and terms from this fund, and operators and

functions are combined into clause structures. These clause structures serve as the

underlying representation of sentences.

7.3.1 An Informal Introduction

In the clause structure formation process, a predicate from the fund is turned into

an underlying representation for a sentence. Given that certain conditions, examples

of which are described below, are satis�ed, a clause structure is formed by

� �lling in the argument positions of the predicate,
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� extending the predicate with satellites,

� adding operators to the predicate, and

� adding functions to the arguments of the predicate.

The argument positions are �lled with predicates and terms from the fund. The

satellites are optional arguments of the predicate, like prepositions. The operators

typically express tense (past, present, future) and illocution (declarative, interrog-

ative, imperative). In this chapter we have little to say about the syntactic and

pragmatic functions that are added in this process.

As examples we consider �rst three correct sentences, and then four incorrect

sentences. The �rst correct sentence, \John kisses Mary," may be represented by the

clause structure

Decl Pres kiss

V

(d1x

1

: john(x

1

))

AgSubj

(d1x

2

: mary(x

2

))

GoObj

: (7.1)

Both the argument positions are �lled with basic terms. No use is made of the

possibility to extend the predicate with a satellite. The predicate is extended with the

operators Decl for declarative, and Pres for present tense. The syntactic functions

subject (Subj) and object (Obj) are added to the arguments.

A simpli�ed clause structure for the second correct sentence, \John kisses Mary in

the garden," is an extension, of the previous clause structure. The clause structure

that is given in (7.1). is extended by the satellite (d1x

3

: garden(x

3

))

Loc

, which

denotes a location:

Decl Pres kiss

V

(john)

AgSubj

(mary)

GoObj

(d1x

3

: garden(x

3

))

Loc

:

A simpli�ed clause structure for the third correct sentence, \John will kiss Mary

because John loves Mary," may be represented by the following clause structure. The

operator Fut stands for future tense, the function Rsn expresses that the satellite

denotes a reason.

Decl Fut kiss

V

(john)

AgSubj

(mary)

GoObj

(Pres love

V

(john)

Subj

(mary)

Obj

)

Rsn

Now let us consider the following four incorrect sentences, and explain their

ungrammaticality.

1. * The book kisses the sky.

2. * John is old in the garden.

3. * John kissed Mary tomorrow.

4. * John kisses Mary, so that Mary loved John.

These incorrect sentences show that satellites, operators and arguments may

only be added under certain conditions. For instance we mentioned in Section 7.2.1

that arguments may �ll the argument positions only if the selection restrictions of

the argument positions are satis�ed by the arguments. The �rst ungrammatical

sentence shows two arguments, \The book" and \the sky," that violate the selection

restrictions imposed by the verb \to kiss." The second sentence is ungrammatical

if we assume that the satellite \in the garden" can only be added to a predicate
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that indicates an action. The third sentence is ungrammatical, because the satellite

\tomorrow" requires future tense. The fourth ungrammatical sentence contains a

satellite that denotes a result. Such a satellite must describe an event that occurs

later in time than the event that caused the result. In this sentence, however, the

satellite \so that Mary loved John" denotes an event that occurs prior to the event

denoted by \John kisses Mary."

7.3.2 The Formalization

Above we presented some examples that make clear what the clause structure for-

mation process does. Now we will formalize the clause structure formation process.

First we will discuss the input and output of the clause structure formation process

and formalize the notion of a clause structure. Then we formalize the clause struc-

ture formation rules. Next we compare the formalization and the examples. We end

with a formulation of the clause structure formation problem.

Given some set of clause structure rules, the clause structure formation process

constructs a clause structure. The next process, the form speci�cation process, must

express any clause structure resulting from this process as some string. So in a

certain sense, the clause structure formation process determines the grammaticality

of strings.

The input of the clause structure formation process consists of terms and pred-

icates from the fund, clause-structure operators, and semantic functions. In Sec-

tion 7.2 we have formalized the notions of terms and predicates. The other entities

that are used in the clause structure formation are the clause-structure operators

and semantic functions. Both kinds of entities are taken from �xed �nite sets, which

are speci�ed by the particular FG-grammar.

The output of the clause structure formation process is a clause structure. We

de�ne the clause structures as follows.

7.3.1. Definition. Clause Structures

In the structure of clause structures three components can be distinguished.

� A set of clause-structure operators from 
.

� A set of satellites, which are pairs that consist of a semantic function from F ,

and either a term or a clause structure.

� A predication, which is a predicate whose argument positions are �lled with

terms and clause structures. Optionally, syntactic functions from F are as-

signed to argument positions.

Four successive steps may be distinguished in the clause structure formation. See

Bakker (1994, x8.2) and Kwee (1994, x3.5.2) for some worked-out examples of the

clause structure formation.

1. In the �rst step of the clause structure formation terms and clause structures

are inserted in the argument positions of a predicate.
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2. When all the argument positions of the predicate are �lled, syntactic and prag-

matic functions are assigned to some of the argument positions. The resulting

structure is a predication.

3. The third step starts with extending the predication with an empty set of oper-

ators and an empty set of satellites. Successively, this initial clause structure is

extended with satellites and operators. The clause structure that results from

this third step is called a candidate clause structure.

4. The fourth and �nal step of the clause structure formation checks whether

the candidate clause structure conforms to the imposed clause structure con-

straints. Obviously, the clause structure formation process outputs only can-

didate clause structures that conform to the clause structure constraints.

Our main attention goes to the clause structure formation rules that are used

in the �rst and fourth step. In the �rst step two kinds of restrictions play a role.

The one kind of restrictions we have seen before. In Section 7.2.1, we mentioned

that the selection restrictions given in the argument positions of a predicate restrict

the kind of arguments that the predicate takes. Although this conception of the

selection restrictions is a slight misrepresentation of the actual situation in FG, we

hold on to this idea because no real alternative is provided. According to the theory

of FG (Dik 1989), a violation of the selection restrictions does not block the further

generation of the clause structure, but provokes a special interpretation of the clause

structure. However, FG does not dilate upon this special interpretation whatsoever.

The other kind of restriction on the arguments is the sort of variable in the argument

position. In Section 7.2.2 we introduced two types of variables: variables that refer

to individuals and variables that refer to events. Obviously an argument position

that is speci�ed for a variable that refers to one type of variable may not be �lled

with an argument of the other type.

Now we claim that the clause structure formation rules that play a role in the

�rst step of the clause structure formation process hold for all FG-grammars. Thus,

the �rst step is de�ned in the following way.

7.3.2. Definition. Clause Structures Insertion Rules

In a predicate p it is allowed to insert

� a clause structure C for a variable e

i

in p i� the variable e

i

refers to an event,

or

� a term t for a variable x

i

in p i� the variable x

i

refers to an individual and

the selection restrictions of the term t are at least as speci�c as the selection

restrictions of the i-th argument position of p.

In contrast to the previous rules, the rules that play a role in the fourth step

depend on the particular FG-grammar that is considered. The rules in the fourth

step are constraints on the well-formedness of a clause structure. As for these clause

structure constraints, no formalism whatsoever has been put forward by FG. We

propose that clause structure constraints are stated in terms of the properties of a

clause structure. To be more precise, we de�ne
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htopi

hconcretei hinconcretei

hinanimatei hanimatei

hhumani hanimali
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a
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Figure 7.2: A possible partial order on selection restrictions.

7.3.3. Definition. Clause Structure Constraints

A clause structure constraint is a boolean combination of properties of clause struc-

tures, and properties of satellites.

Now we de�ne the properties of a satellite, and a clause structure as follows.

� The only properties of a satellite are the semantic function of the satellite,

and either the term operators of the satellite's term, or the clause-structure

operators of the satellite's clause structure.

� The only properties of a clause structure are its clause-structure operators, the

functions of its satellites, and the semantic functions of the arguments of its

predication.

Let us now compare the formalization given above and the examples presented in

Section 7.3.1. We will �rst consider the four incorrect sentences and their ungram-

maticality. Then we consider brie
y the three correct sentences.

� In the �rst example of an incorrect sentence, \The book kisses the sky," the

arguments do not satisfy the selection restrictions of their argument positions.

We may safely assume that the selection restrictions of \The book" and \the

sky" are hinanimatei and hinconcretei, respectively. The selection restrictions

of the argument positions of the verb \to kiss" are hanimatei, see Section 7.2.1.

Let the partial order on selection restrictions be as given in Figure 7.2. The

least speci�c selection restriction is htopi. In this (incomplete) hierarchy neither

hinanimatei, nor hinconcretei is more speci�c than hanimatei.

� In the second example of an incorrect sentence the adjective \old" is used as

a predicate. A candidate clause structure for this sentence might contain the

following set of operators, predication, and set of satellites:

fDecl; Presg; old

A

(d1x : john(x))

Zero

; f(d1y : garden(y))

Loc

g:

The semantic function Zero denotes that the argument of the predication does

not have a semantic function.

We stated that the second example of an incorrect sentence is ungrammatical

because the satellite \in the garden" can only be added to a predicate that
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indicates an action. A predicate indicates an action if it contains an argument

position that bears the semantic function Ag. Thus the clause structure con-

straint can be stated as: \If a clause structure has the property Loc, then the

clause structure must also have the property Ag." Clearly, the candidate clause

structure for this sentence does not have this property Ag. So the candidate

clause structure does not satisfy the constraint.

� The third example of an incorrect sentence contains the satellite \tomorrow,"

which denotes time. In the literature this satellite is treated in di�erent ways.

On the one hand, Dik (1992, p. 50) treats \tomorrow" as a kind of basic

satellite. On the other hand, Dik (1989, p. 181) treats entities similar to

\tomorrow" as terms. The observation that we want to make however, does

not depend on the actual representation of \tomorrow."

We stated that this sentence is ungrammatical because the satellite \tomor-

row" may only be added if the predication describes an event in the future.

However, it does not seem to be in the spirit of FG to have a constraint stating

that the speci�c satellite \tomorrow" can only extend clause structures that

contain clause-structure operator Fut. Therefore we assume that the satellite

\tomorrow" contains some property \future." The ungrammaticality of this

sentence would then be described by a violation of the following general con-

straint: \If a clause structure contains a satellite with semantic function Time

and this satellite contains property \future," then the clause structure contains

clause-structure operator Fut."

� The fourth example of an incorrect sentence contains the satellite of reason

\so that Mary loved John," which is a clause structure. A schematic candi-

date clause structure for the sentence contains the following set of operators,

predication, and set of satellites:

fDecl; Presg; kiss

V

(john)(mary); f(fPastg; love

V

(mary)(john); ;)

Rsn

g:

We stated that the fourth example of an incorrect sentence is ungrammatical

because a satellite that denotes a result must describe an event that occurs later

in time than the event that caused the result. This clause structure constraint

can be stated as: \If a clause structure has the properties Rsn and Pres,

then the satellite with property Rsn has property Pres, or Fut." Clearly, this

constraint is violated by the candidate clause structure because the satellite

has property Past.

� In each of the three examples of correct sentences the argument positions of

the predicate kiss

V

are �lled with the arguments \john" and \mary." We

presuppose that the selection restrictions of both arguments are hhumani. Thus

given the partial order in Figure 7.2, the selection restrictions of both arguments

are more speci�c than the selection restrictions of the argument positions of

the verb \to kiss." So the �rst step of the clause structure formation process is

possible for each of the three correct sentences. Hence the �rst example, \John

kisses Mary," satis�es the clause structure formation rules.

� The second example, \John kisses Mary in the garden," shows a clause struc-

ture with a satellite that denotes a location. The set of the properties of
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the satellite is fd; 1; Locg. The set of the properties of the clause structure

is fDecl; Pres; AgSubj; GoObj; Locg. Clearly, the constraint that if a clause

structure has the property Loc, then the clause structure must also have the

property Ag, is satis�ed.

� In the third example, \John will kiss Mary because John loves Mary," the

satellite, which consists of a clause structure, denotes a reason. The set of the

properties of the satellite is fPres; Rsng. The set of the properties of the main

clause structure is fDecl; Fut; AgSubj; GoObj; Rsng. Clearly, the constraint

that if a clause structure has the properties Rsn and Pres, then the satellite

with property Rsn has property Pres or Fut, is satis�ed.

We have illustrated above that the formalizations of clause structures and clause

structure rules seems acceptable. Now we have come to the point where we will

formulate the clause structure formation process as a decision problem: the clause

structure formation problem.

In the clause structure formation process predicates and term from the fund are

turned into clause structures. So the clause structure formation problem can be

seen as the following problem: \Given some predicates and terms and a set of clause

structure rules; is some clause structure C formed by combining these predicates and

terms according to these rules?"

A small complication in this formulation of the clause structure formation prob-

lem is that the problem has to solve the fund formation problem from De�nition 7.2.5.

As we saw in the previous section it is not at all trivial to determine whether predi-

cates or terms are in the fund. So if we try to analyze the complexity of the clause

structure formation problem, we should be careful not to include the complexity of

the fund formation problem in our analyses. We avoid this inclusion when we assume

that there is a easy way to determine whether terms and predicates are in the fund.

A common technique to solve di�cult questions in an easy way is to introduce an

oracle that answers the question. In this case we say that the oracle A answers the

fund formation problem from De�nition 7.2.5.

We pointed out in Section 7.2 that the notion of meaning postulates is not worked-

out in FG. So we ignore the existence of meaning postulates completely in the clause

structure formation problem. Thus the oracle A answers the questions for the fund

formation problem regardless of meaning postulates. Now we de�ne the clause struc-

ture formation problem as follows.

7.3.4. Definition. The Clause Structure Formation Problem (CSP(L; F;R))

Given a lexicon L, a set of fund formation rules F , an oracleA for \p; t 2 FFP(L; F )?,"

and a set of clause structure formation rules R.

Instance: A clause structure C.

Question: Is C formed by R from predicates and terms in FFP(L; F )?
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7.3.3 The Complexity of the Clause Structure Formation

Problem

In this section we consider the complexity of the clause structure formation problem.

First we will show that given De�nition 7.3.4 CSP is an NP -problem. We will prove

that CSP is in NP by means of an NP -algorithm. This algorithm will show that the

nondeterministic character of CSP is in fact caused by the limited de�nition of the

notion selection restriction. After this NP -algorithm we will propose two alterations

which both lead to a tractable CSP.

CSP(L; F;R) is in NP . We will prove that CSP(L; F;R) is in NP , by the following

sketch of an nondeterministic polynomial time algorithm. Given a lexicon L, a set of

fund formation rules F , an oracle A for \p; t 2 FFP(L; F )?," a set of clause structure

formation rules R, and a clause structure C.

7.3.5. Lemma. Given a clause structure C, the elementary components of C and

their properties are computable in polynomial time, with respect to the size of C.

Proof. We mean by elementary components predicates, terms, clause-structure oper-

ators, predications, satellites, etcetera. By de�nition, the clause-structure operators,

predication and set of satellites in a clause structure is easily distinguished. We can

also directly determine the functions, predicate, terms and clause structures from

which the predication and satellites are built. Thus we can determine which pred-

icates, terms, clause structures, functions, and clause-structure operators build up

the clause structure C. Given all the elementary components of C, we can deter-

mine their properties. From De�nition 7.3.3 it follows that all properties are locally

speci�ed. Hence the elementary components and their properties can be computed

in polynomial time, with respect to the size of the clause structure C. 2

One of the problems that CSP has to solve is whether a clause structure satis�es

a set of clause structure constraints.

7.3.6. Lemma. Given a clause structure C, and a set of clause structure constraints

R

0

. It can be computed in polynomial time, with respect to the size of R

0

and the size

of C, whether C satis�es all clause structure constraints.

Proof. Clause structure constraints are boolean combinations of properties of satel-

lites and clause structures. Lemma 7.3.5 shows that these properties are computed

in polynomial time from a given clause structure. Given these properties the con-

ditions are checked by evaluating them. It takes on amount of steps that is linear

in the size of the boolean formula in order to evaluate a boolean formula for some

given values. Hence we can check the clause structure constraints in an amount of

time that is linear in the size of the set of clause structure constraints. 2

All that remains is to determine whether the predicates and terms that built the

clause structure come from the fund and whether these predicates and terms satisfy

the clause structure insertion rules. Because the clause structure contains no clues
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to determine the selection restrictions of terms and predicates, we compute these

selection restrictions nondeterministically.

7.3.7. Lemma. Given a clause structure C and oracle A for \p; t 2 FFP(L; F )."

We can check in nondeterministic polynomial time with respect to the size of C and

L whether the predicates and terms in C are in the fund and whether the arguments

conform to the selection restrictions of the argument positions.

Proof. Lemma 7.3.5 shows that, deterministically, in polynomial time the elementary

components of C and their properties are established. Because selection restrictions

are subsets of the lexicon L, we can, nondeterministically, compute each selection

restriction in polynomial time, with respect to the size of L. A linear amount of

questions, with respect to the size of C, to oracle A su�ces to determine whether all

predicates and terms are in the fund. Given the selection restrictions of each term

and predicate, the partial relation \at least as speci�c" provides the answer whether

arguments conform to the selection restrictions of the argument positions. 2

7.3.8. Theorem. The universal version of the clause structure formation problem

is computable in nondeterministic polynomial time.

Proof. By Lemmas 7.3.6 and 7.3.7. 2

Towards a tractable clause structure formation problem. Let us reconsider

the clause structure formation problem. Lemma 7.3.7 shows that the most di�cult

part of the clause structure formation problem is the �rst step in the clause structure

formation. In the �rst step, terms and clause structures are inserted in argument

positions. The insertion of these arguments in argument positions is partially man-

aged by selection restrictions. This step is di�cult because the meaning of a clause

structure is involved, whereas FG has not taken meaning into account, yet.

Now we will explain why the insertion-step is di�cult for the clause structure

formation problem. The reader should realize that the insertion-step boils down

to the following problem in the clause structure formation problem: \Given some

predication, determine whether the arguments conform to the selection restrictions of

the argument positions." The di�culty now lies in the fact that selection restrictions

are not easily available. The only place in which the selection restrictions are found

is the fund. Furthermore, information from the fund can only be obtained in a

constraint way. That is, we can only ask the oracle A whether some predicate or

term is in the fund. Moreover, each component of the questioned predicate or term,

except for the meaning postulate, has to be speci�ed.

This constraint way implies that in the worst case, e.g., when the questioned

predicate or term is not in the fund, only after exponentially many questions to the

oracle A the selection restriction of a predicate or term is known. Clearly, this is not

an e�cient way to compute the selection restriction for a given predicate or term.

What is more, this ine�ciency is actually due to FFP and not, in essence, part of

CSP.
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We will now propose two alterations that lead to a tractable clause structure

formation problem. Further research should indicate whether the proposals are ac-

ceptable.

Include selection restrictions in grammar descriptions. In Section 7.2.2

we de�ned the form and use of selection restrictions. We con�ned ourselves to a

general description because it is not apparent from the literature what the precise

nature is of selection restrictions. We conjecture that a thorough discussion of the

selection restrictions and their use will demand that the selection restrictions are

included in the description of FG-grammars.

Our �rst proposal now is to add the set of all possible selection restrictions that

may play a role in an FG-grammar to the description of that FG-grammar. This

proposal yields that the number of selection restrictions is linear with respect to the

size of the FG-grammar. Hence Lemma 7.3.7 need not compute the right selection

restrictions of predicates and terms nondeterministically. Instead Lemma 7.3.7 can

simply try all possible selection restrictions and thus compute whether predicates and

terms are in the fund and whether arguments conform to the selection restrictions

of the argument positions. Because the number of selection restrictions is bounded

with respect to the size of the grammar, this computation is bounded polynomially

with respect to the sizes of the clause structure and the grammar.

Thus we claim that this �rst proposal not only facilitates a thorough discussion of

selection restrictions, but also yields a tractable clause structure formation problem.

Link selection restrictions to semantic functions. In this second proposal

two extra assumptions make the CSP tractable. First, we assume that there is an

oracle A

0

, which is less stringent than the oracle A. Second, we assume a connec-

tion between selection restrictions and semantic functions. Further research should

indicate whether this connection is acceptable on linguistic grounds.

First, consider an oracle A

0

that is similar to A, but less stringent. The oracle A

0

answers \yes" i� the fund contains a predicate or term that is an equally or more

speci�c version of the questioned predicate or term. We mean by an equally or more

speci�c version that the two predicates only di�er in selection restrictions, where

the selection restrictions of the predicate in the fund are at least as speci�c as the

selection restrictions of the questioned predicate.

For instance, suppose that the fund contains the predicate \john

N

(x : hmalei(x))"

and the selection restriction hmalei is more speci�c than the selection restriction

hhumani. The oracle A will answer \No" to the question whether the predicate

\john

N

(x : hhumani(x))" is in the fund. However, the less stringent oracle A

0

will

answer \Yes" to the same question.

Second, Bakker (1994) argues that the semantic function of an argument posi-

tion determines to some extent the selection restriction of the argument-position.

For instance, the semantic function that indicates an agent is restricted to animate

beings. We propose to enforce Bakker's (1994) argumentation further and assume

that each semantic function corresponds to at most one selection restriction. Hence
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we restrict the FG-grammars by demanding that a very strong dependence hold be-

tween semantic functions and selection restrictions. Further research should indicate

whether this demand is acceptable on linguistic grounds.

Now we will show that the insertion-step is easy to compute if the restriction

on FG-grammars and the assumption of a less stringent oracle A

0

hold. We show

how the insertion-step is computed in case of a simple predication. In the case of

arbitrary predications a generalization su�ces.

Given a predication that consists of a predicate with n terms. The semantic

functions of the argument-position are given by the predication. From these semantic

functions we can compute the selection restrictions of the argument-positions of the

predicate. Now we consult the oracle A

0

to determine whether the predicate with

the appropriate selection restrictions is in the fund. The oracle answers \yes" i� the

predicate with exactly these n selection restrictions appears in the fund. (If the fund

would contain a more speci�c version of the predicate then some semantic function

would correspond to more than one selection restriction.) Now we consult the oracle

whether the terms with the appropriate selection restrictions are in the fund. An

a�rmative answer of the oracle then proves that the questioned term conforms to

the selection restriction imposed by the argument-position.

7.4 Form Speci�cation Process

A sketch of the situation. The form speci�cation process determines the form

that the predicates and terms of a clause structure will take in the sentence. The

words \inherit" the properties of the predicates and terms, for instance, category

and operators. These properties are necessary for the left-to-right ordering of the

words in the order speci�cation process (see Section 7.5).

7.4.1 An Informal Introduction

In the form speci�cation process terms and predicates are expressed as words. Form

speci�cation rules determine the lexical form of terms and predicates, based on the

presence of, for instance, operators and functions in the clause structure in which

these terms and predicates appear. As examples, consider the following typical form

speci�cation rules.

� Let the following clause structure be the underlying representation of the sen-

tence \John kisses the girl"

Decl Pres kiss

V

(d1x : john(x))

AgSubj

(d1y : girl

N

(y))

GoObj

The basic term for the proper name \John" is simply expressed as the string

in the term's body. The derived term (d1y : girl

N

(y)) is expressed as the two

words \the" and \girl." The verbal predicate kiss

V

is expressed as the word

\kisses," because the subject is a third person singular agent and the clause

structure represents present tense.
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� The verbal predicate kiss

V

within the simpli�ed clause structure for the sen-

tence \John is kissed by Mary"

Decl Pres kiss

V

(john)

AgObj

(mary)

GoSubj

is expressed as the two words \is" and \kissed," because the subject is a third

person singular goal and the clause structure represents present tense.

� The anaphoric terms (Ax

1

) and (Ax

2

) in the next simpli�ed clause structure for

the sentence \John believes that Mary told the police that she will kiss him"

are expresses as \him" and \she," respectively,

Decl Pres believe

V

(d1x

1

: john(x

1

))(Past tell

V

(d1x

2

: mary(x

2

))(the police)

(Fut kiss

V

(Ax

2

)

Subj

(Ax

1

)

Obj

) )

because the subject x

2

is female, and the object x

1

is male.

7.4.2 The Formalization

Above we presented some examples that make clear what the typical form speci-

�cation rules can do. Now we will formalize the form speci�cation process. The

input of the form speci�cation process are clause structures, which are de�ned in

Section 7.3.2. So we start this section with a thorough discussion of the output of

the form speci�cation process. We then, gradually, move on to a formalization of

the form speci�cation rules. Next we compare the formalizations and the examples.

We end with a formulation of the form speci�cation problem.

According to Dik (1989), the form and order speci�cation processes are distinct

processes and the order is determined after the form. However, the precise nature

of the form and order speci�cation process is unclear. Because the form and the

order speci�cation processes both seem to refer to properties of predicates and terms

in a clause structure, it is argued that the form and order speci�cation processes

should be combined (cf., Bakker 1994, Kwee 1994). This later idea also does justice

to the conception that the clause structure is the �nal underlying representation of a

sentence. Although we believe that this latter approach is interesting, we hold on to

Dik's (1989) original idea that separates the form and order speci�cation processes.

The form speci�cation process determines the surface forms that the various

elements in a clause structure will take in the represented sentence. The form speci-

�cation rules express predicates and terms as set of words. Operators and functions

are optionally expressed as separate words or a�xes. A clause structure is expressed

when all the predicates and term in the clause structure are expressed. Thus in a

simpli�ed view a clause structure would be expressed as a set of strings. In a more

accurate view, however, we would see that a clause structure is expressed as some

recursive structure. The recursive elements in such a structure correspond roughly

to what are called constituents.

The predicate and arguments of a predication, and the satellites are each ex-

pressed as a set within the set that is the expression of the clause structure in which

they occur.



7.4. Form Speci�cation Process 165

The description that we gave of the output of the form speci�cation process up

to now, is clearly insu�cient. The next process, the order speci�cation process, can

never purely on the basis of the form of words determine in which way these words

must be ordered. The information that is needed in the forms speci�cation process

in order to settle the surface form of a predicate or term, is also needed in the order

speci�cation process to order these words linearly. For instance, a word \can" is

either a verb or a noun, a word \John" may be a subject or equally well an object,

and from a set of words declarative and interrogative sentences can be formed.

In order to meet the requirements of the order speci�cation process, we assume

that the output of the forms speci�cation process consists of recursive structures of

which the basic elements are pairs of a word and its properties. This output is called

a template-�ller," and de�ned as follows.

7.4.1. Definition. Template-�llers

Presuppose a collection of properties that play a role in the form and order speci�-

cation processes.

1. If w is a word and Q is a set of properties, then the pair (w;Q) is a template-

�ller. These template-�llers are the basic template-�llers.

2. If �

1

; : : : ; �

n

are template-�llers, then the set f�

1

; : : : ; �

n

g is a template-�ller.

3. Nothing else is a template-�ller.

The properties that play a role in both the form speci�cation process and the

order speci�cation process stem from the predicates and terms in a clause structure.

We de�ne these properties as follows

� The only properties of a predicate in a clause structure are

{ the category of the predicate,

{ the function of the predicate as a satellite or argument,

{ the functions of the arguments of the predicate,

{ the clause-structure operators that are applied to the predicate.

� The only properties of a term in a clause structure are

{ the variable of the term,

{ the function that the term has as a satellite or argument,

{ the term operators that are applied to the term.

Now that the template-�llers and properties are de�ned, we will formalize the

form speci�cation rules. Three types of form speci�cation rules are distinguished:

ordinary, contextual and auxiliary form speci�cation rules. The �rst two types are

very similar; the third type is rather exceptional.

The ordinary form speci�cation rule maps a predicate (or term) and its set of

properties onto a template-�ller which consists only of one or more basic template-

�llers. The set of properties of each basic template-�ller is assumed to be equal to

the set of properties of the input predicate (or term).

The contextual form speci�cation rule also maps a predicate (or term) and its

set of properties onto a template-�ller which consists only of, one or more, basic
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template-�llers. The set of properties of each basic template-�ller is assumed to be

equal to the set of properties of the input predicate (or term). In addition to the

ordinary form speci�cation rule, the contextual form speci�cation rule presupposes

that the clause structure also contains some other predicates and sets of properties.

The auxiliary form speci�cation rule is exceptional, because it does not map a

predicate (or term) and its set of properties onto a template-�ller. Instead, a predi-

cate (or term) and its set of properties is mapped onto a number of predicates and

terms and their sets of properties. We require that the output of the auxiliary form

speci�cation rule extends the input. We say that the output extends the input if the

input occurs in the output and either the set of properties of the input is increased,

or at least one new predicate (or term) and its properties occurs in the output. An

ample discussion by Dik (1989) is devoted to the kinds of auxiliary properties that an

auxiliary rule introduces. This results in the observation that auxiliary rules intro-

duce operators that do not appear in the clause structure. These operators are only

used to trigger other expression rules. We will call these auxiliary operators trigger

operators. These trigger operators are auxiliary properties that only exist during the

form speci�cation process. We will assume that only the input predicate or term of

an auxiliary form speci�cation rule may be extended with trigger operators. Eventu-

ally every predicate or term in the output of an auxiliary form speci�cation rule must

be expressed by an ordinary or contextual form speci�cation rule. Furthermore, the

auxiliary form speci�cation rules are sensitive to the fact whether properties have

served to satisfy the conditions of other auxiliary form speci�cation rules. In this

way we avoid that an auxiliary form speci�cation rule is applied twice to a predicate,

and that mutually exclusive auxiliary form speci�cation rules are applied to the same

predicate one after the other.

Now let us de�ne these three types of form speci�cation rules.

7.4.2. Definition. Ordinary Form Speci�cation Rules

We de�ne an ordinary form speci�cation rule for a predicate as follows.

� The form speci�cation rule speci�es a set of properties Q

0

that the input must

contain, if the rule is applicable.

� The form speci�cation rule speci�es a polynomial time computable, honest

function f , which computes from the body of the input the set of words as

which the predicate is expressed.

So on input predicate P with set of properties Q, the ordinary form speci�cation

rule computes the template-�ller f(w

1

; Q); : : : ; (w

n

; Q)g, provided that Q � Q

0

and

f(b) = fw

1

; : : : ; w

n

g where b is the body of P .

The contextual form speci�cation rules determine the string of the predicate

based on the predicate's properties and the properties of other predicates in the

clause structure.

7.4.3. Definition. Contextual Form Speci�cation Rules

We de�ne a contextual form speci�cation rule for a predicate as follows.
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� The form speci�cation rule speci�es a set of properties Q

0

0

that the input must

contain, if the rule is applicable.

� The form speci�cation rule speci�es one or more sets of properties fQ

0

1

; : : : ; Q

0

m

g,

that other predicates or terms in the clause structure must contain, if the rule

is applicable.

� The form speci�cation rule speci�es a polynomial time computable, honest

function f , which computes from the body of the input the set of words as

which the predicate is expressed.

So given a clause structure C and predicate P with set of propertiesQ, the contextual

form speci�cation rule computes the template-�ller f(w

1

; Q); : : : ; (w

n

; Q)g, provided

that Q � Q

0

0

and f(b) = fw

1

; : : : ; w

n

g where b is the body of P , and C contains

predicates and terms with properties Q

1

: : : Q

m

and Q

1

� Q

0

1

; : : : ; Q

m

� Q

0

m

.

The auxiliary form speci�cation rules introduce new (auxiliary) properties and

predicates.

7.4.4. Definition. Auxiliary Form Speci�cation Rules

We de�ne an auxiliary form speci�cation rule for a predicate as follows.

� The form speci�cation rule speci�es a set of properties Q

0

0

. Only if the input

contains these properties and these properties have not been \used" before,

the rule is applicable. After the rule is applied the set of properties Q

0

0

in the

input are \used."

� Optionally, the form speci�cation rule speci�es a set of properties Q

0

1

that are

added to the properties of the input, and a set of trigger operators Q

t

.

� Optionally, the form speci�cation rule speci�es a set of auxiliary predicates and

terms P

0

2

: : : P

0

m

, and sets of properties for this auxiliary predicate Q

0

2

: : : Q

0

m

.

Let predicate P with set of propertiesQ be the input of an auxiliary form speci�cation

rule. We can extract from the set Q the subset of all used properties Q

u

. Assume

that the set Q contains all the properties denoted in Q

0

0

. Furthermore, let the sets

Q

u

and Q

0

0

be disjunct. Then and only then this auxiliary form speci�cation rule

yields the predicate P with set of properties Q [ Q

0

1

, and the predicates and terms

P

0

2

: : : P

0

m

, with sets of properties Q

0

2

: : : Q

0

m

, respectively. The set of used properties

in Q [Q

0

1

is Q

u

[Q

0

0

.

Let us now compare the formalization given above and the three examples pre-

sented in Section 7.4.1. The terms \John" and \the girl" in the �rst example of

Section 7.4.1 may be expressed by ordinary form speci�cation rules. The surface

form of the verbal predicate may be the result of a contextual form speci�cation

rule, which speci�es that

� the input should have the properties V and AgSubj,

� the term with function Subj is third person singular, and

� the predicate is expressed as the body of the input plus the su�x \es."
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The surface form of the verbal predicate in the second example may be the result

of a series of three form speci�cation rules. First, an auxiliary form speci�cation rule

may have speci�ed that

� the input should have the properties V , GoSubj, Decl, and Pres,

� the operator PaP, which stands for past particle, has to be added to the prop-

erties of the input, and

� the auxiliary predicate be

Aux

with the properties GoSubj, Decl, and Pres is

introduced.

Second, the predicate kiss

V

with property PaP may be expressed as \kissed" by

an ordinary form speci�cation rule, which speci�es that

� the input should have the property PaP,

� the predicate is expressed as the body of the input plus the su�x \ed."

Third, the auxiliary predicate be

Aux

may be expressed as \is" by a contextual

form speci�cation rule, which speci�es that

� the input should have the properties Aux and GoSubj,

� the term with function Subj is third person singular, and

� the predicate is expressed as the irregular form \is."

The last example in Section 7.4.1 shows the e�ect of a contextual form speci�-

cation rule for terms. This form speci�cation rule has to search the whole clause

structure in order to �nd that x

2

is female, and (Ax

2

)

Subj

must be expressed as

\she." This example may be the result of a contextual form speci�cation rule for

terms, which speci�es that

� the input should have the properties A and Subj,

� the clause structure contains a term, which has the property female, with the

same variable as the input, and

� the anaphoric term is expressed as the third person, singular, female pronoun

\she."

In order to formulate the form speci�cation problem, we introduce an oracle B

that answers the clause structure formation problem from De�nition 7.3.4.

7.4.5. Definition. The Form Speci�cation Problem (FSP(L; F;R; S

f

))

Given a lexicon L, a set of fund formation rules F , a set of clause structure formation

rules R, an oracle B for \C 2 CSP(L; F;R)?," and a set of form speci�cation rules

S

f

.

Instance: A template-�ller x, i.e., a sequence of strings with their properties.

Question: Is there a clause structure C 2 CSP(L; F;R) such that C is expressed

as x by S

f

?

7.4.3 The Form Speci�cation Problem is NP-complete

In this section we will prove that the universal version of the form speci�cation

problem is NP -complete. First, we will present a reduction from the NP -complete
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problem 3-Satisfiability (3SAT) to the universal version of FSP(L; F;R; S

f

). In

Lemma 7.4.6 we will prove that this reduction is computable in polynomial time,

and preserves answers. Second, we will show in Theorem 7.4.8 that the universal

version of FSP(L; F;R; S

f

) is in fact NP -complete.

We conjecture that FSP(L; F;R; S

f

) is NP -hard, because NP -hardness is likely

if a, locally made, choice in a computation has a global e�ect on a computation. The

contextual operator seems to have such a global e�ect. To make this clear: Suppose

that the template-�ller x contains multiple occurrences of the string y. Let s

f

and s

0

f

be two form speci�cation rules that express predicate Y as y. Let s

f

and s

0

f

contain

contextual operators that search for con
icting properties of predicate Y in a clause

structure. Then di�erent occurrences of the string y cannot be expressed by di�erent

rules. Thus if we make a local choice that some occurrence of string y is expressed

by rule s

f

, then all occurrences of string y are expressed by rule s

f

. Hence a locally

made choice has a global e�ect on the computation of the form speci�cation process.

Now more formally, we have to show that given a 3SAT formula ', we can

compute in polynomial time a lexicon L, a set of fund formation rules F , a set

of clause structure formation rules R, a set of form speci�cation rules S

f

, and a

template-�ller x, such that

1. if formula ' is satis�able, then template-�ller x is the result of applying form

speci�cation rules in S

f

to some clause structure C 2 CSP (L; F;R).

2. if formula ' is not satis�able, then there does not exist a clause structure

C 2 CSP (L; F;R), such that template-�ller x is the result of applying form

speci�cation rules in S

f

to C.

The reduction. Let ' be a 3SAT formula that consists of n variables and m

clauses. Without loss of generality we say that all clauses contain three distinct

literals of the form p

i

or p

i

. The reduction is now as follows.

� Let the lexicon L of the FG-grammar contain two predicates of category F and

C , respectively,

Formula

F

(x) and Clause

C

(x):

� The grammar contains no term operators and no fund formation rules.

� The set of clause-structure operators, �, of the FG-grammar is de�ned as the

set

f�

i

; �

i

; �

0

j 1 � i � ng:

The FG-grammar contains no syntactic or pragmatic functions.

� The clause structure formation process constructs clause structures that consist

of

{ a set of operators �

00

� �,

{ a predication whose category is F or C ,

{ and a, possibly empty, set of satellites, which are clause structures.

� The form speci�cation process contains 3n trigger operators

f�

i

; �

f

i

; �

t

i

j 1 � i � ng:
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The set of form speci�cation rules consists of ordinary, contextual and auxiliary

form speci�cation rules. The ordinary form speci�cation rules are speci�ed as

pair (I; f; ), where I is the set of properties that the input must contain and

f is the function that computes how the predicate is expressed. Likewise, the

contextual form speci�cation rules are speci�ed as triples (I;K; f), where K is

an additional collection of sets of properties that other predicates or terms in

the clause structure must contain. The auxiliary form speci�cation rules are

here speci�ed as pairs (I; T ), where I is the set of properties that the input

must contain and T is the set of trigger operators added to the input. We

assume that the auxiliary rules only introduce auxiliary properties and do not

introduce auxiliary predicates.

Now the 2n auxiliary form speci�cation rules are speci�ed as the pairs (1 �

i � n):

(f�

i�1

g; f�

i

; �

f

i

g)

(f�

i�1

g; f�

i

; �

t

i

g:)

The FG-grammar contains slightly less than 24n

3

contextual form speci�cation

rules (1 � i < j < k � n):

(fC ; �

i

; �

j

; �

k

g; ffF ; �

t

i

gg ; f

7

ijk

)

(

.

.

. ; ffF ; �

t

j

gg;

.

.

. )

(

.

.

. ; ffF ; �

t

k

gg;

.

.

. )

(fC ; �

i

; �

j

; �

k

g; ffF ; �

f

i

gg; f

6

ijk

)

(

.

.

. ; ffF ; �

t

j

gg;

.

.

. )

(

.

.

. ; ffF ; �

t

k

gg;

.

.

. )

(

.

.

. ;

.

.

. ;

.

.

. )

(fC ; �

i

; �

j

; �

k

g ; ffF ; �

f

i

gg; f

0

ijk

)

(

.

.

. ; ffF ; �

f

j

gg;

.

.

. )

(

.

.

. ; ffF ; �

f

k

gg;

.

.

.: )

The only ordinary form speci�cation rule is speci�ed as

(f�

n

g; f

id

:)

The polynomial time computable, honest functions f that are speci�ed in the

ordinary and contextual form speci�cation rules are de�ned as follows. The

function f

id

is the identity function on the body of predicates. The functions

f

h

ijk

(0 � h � 7; 1 � i < j < k � n) are de�ned as

f

7

ijk

(body) = body{p

i

{p

j

{p

k

f

6

ijk

(body) = body{p

i

{p

j

{p

k

: : :

f

0

ijk

(body) = body{p

i

{p

j

{p

k
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� Map the formula ' = 


1

^ : : : ^ 


m

onto the template-�ller

f(Formula; fF ; �

0

g); �

1

; : : : �

m

g;

where a clause 


i

= l

i

1

_ l

i

2

_ l

i

3

is mapped onto the template-�ller

�

i

= (Clause{l

i

1

{l

i

2

{l

i

3

; fC ; �

i

1

; �

i

2

; �

i

3

g)

where �

i

j

= �

k

i� l

i

j

= p

k

, and �

i

j

= �

k

i� l

i

j

= p

k

.

7.4.6. Lemma. The universal version of the form speci�cation problem is NP-hard.

Proof.(Sketch of the proof.)

We have to show that the reduction above is computable in polynomial time, and

preserves answers. It is easy to see that the reduction takes polynomial time in the

length of the 3SAT formula.

We prove that the reduction preserves answers in two steps. First, we consider

the case when ' is satis�able. Second, we consider the case when ' is not satis�able.

Let ' = (l

1

1

_ l

1

2

_ l

1

3

) ^ : : : ^ (l

m

1

_ l

m

2

_ l

m

3

) be mapped onto template-�ller

x

'

= f(Formula; fF ; �

0

g); f(Clause{l

i

1

{l

i

2

{l

i

3

); fC ; �

i

1

; �

i

2

; �

i

3

g) j 1 � i � ngg:

If ' is satis�able, then there is a, consistent, assignment g such that each clause

contains at least one literal, p

i

or p

i

, that is true. We claim, without proof, that

the following clause structure, C

'

, is expressed as the template-�ller x

'

if trigger

operator �

t

i

is added to the word Formula and g assigns true to variable p

i

, or �

f

i

is

added and g assigns false to variable p

i

. The clause structure C

'

consists of

� the set of operators f�

0

g,

� the predication Formula

F

(x),

� and the set of satellites f(h; S

i

) j 1 � i � ng, where h is some semantic function,

which we will neglect, and S

i

a clause structure that consists of

{ the set of operators f�

i

1

; �

i

2

; �

i

3

g, where �

i

j

= �

k

i� l

i

j

= p

k

, and �

i

j

= �

k

i�

l

i

j

= p

k

,

{ the predication Clause

C

(x),

{ and no satellites.

If ' is not satis�able, then there is no, consistent, assignment g such that each

clause contains at least one literal, p

i

or p

i

, that is true. Let us assume, however,

that there exists a clause structure C

'

2 OSP (L; F;R) such that applying the form

speci�cation rules from S

f

to C

'

results in x.

Let us consider the �rst template-�ller in x

'

: (Formula; fF ; �

0

g). The grammar

shows that the word Formula stems from the predicate Formula

F

. The property �

0

indicates that Formula has property �

0

in the underlying clause structure C

'

. From

the form speci�cation rules we see that the predicate Formula

F

with property �

0

is expresses by a sequence of n auxiliary form speci�cation rules, which adds the

trigger operators �

1

: : : �

n

and, moreover, the trigger operators �

0

1

: : : �

0

n

, where �

0

i

is

either �

f

i

or �

t

i

. The sequence of rules cannot have added both trigger operators �

f

i
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and �

t

i

because �

f

i

and �

t

i

are triggered by the same operator �

i�1

, but by di�erent

rules.

Now consider any other template-�ller in x

'

: (Clause{l

i

1

{l

i

2

{l

i

3

; fC ; �

i

1

; �

i

2

; �

i

3

g).

Let us consider a generic instance of this template-�ller, for instance, let l

i

1

be p

1

, l

i

2

be p

2

, l

i

3

be p

3

. Then �

i

1

is �

1

, �

i

2

is �

2

, and �

i

3

is �

3

. The set of form speci�cation

rules shows that there are three, contextual, form speci�cation rules that may have

expressed predicate Clause

C

with the set of properties fC ; �

1

; �

2

; �

3

g as surface form

Clause{p

1

{p

2

{p

3

:

(fC ; �

1

; �

2

; �

3

g; ffF ; �

f

1

gg; f

2

123

)

(fC ; �

1

; �

2

; �

3

g; ffF ; �

f

2

gg; f

2

123

)

(fC ; �

1

; �

2

; �

3

g; ffF ; �

t

3

gg; f

2

123

:)

The �rst rule assume a context fF ; �

f

1

g, the second fF ; �

f

2

g, and the third

fF ; �

t

3

g. Because the template-�ller contains only one predicate with property F ,

the contexts refer to the trigger operators of the predicate Formula

F

. So in order to

express this predicate at least one of the trigger operators �

f

1

; �

f

2

; �

t

3

was added to

the predicate Formula

F

.

In the same manner, each of the remaining template-�llers claim that some trigger

operator was added to the predicate Formula

F

. We stated before that the trigger

operators �

f

i

and �

t

i

cannot be added both to the predicate Formula

F

. So the

template-�llers that contain property C make consistent claims about the trigger

operators of the predicate Formula

F

. Moreover, the template-�llers claim that �

f

i

was added to Formula

F

only if they contain property �

i

, and �

t

i

if they contain �

i

.

It should be clear that the trigger operators �

f

i

; �

t

i

(1 � i � n) that are added

to Formula

F

correspond to a satisfying assignment of formula '. But this contradict

the starting situation that ' is not satis�able. Therefore, the assumption that there

exists a clause structure C

'

2 OSP (L; F;R) that is expressed as x

'

, is false. We

conclude that the reduction preserves answers. 2

The previous lemma provided a lower bound on the complexity of the form spec-

i�cation process. By means of the following six facts we can prove that the form

speci�cation problem is included in NP .

7.4.7. Fact. Let x be a template-�ller, and let G be an FG-grammar which contains

N elementary entities and M rules:

1. In the form speci�cation process only auxiliary properties are deleted.

2. An auxiliary form speci�cation rule introduces at most N auxiliary properties.

3. In order to express the template-�ller x, the number of auxiliary form speci�-

cation rules that are applied is linear with respect to the size of the grammar

and the template-�ller.

4. Because the form speci�cation rules must express all predicates in the clause

structure, the clause structure contains at most as many predicates as the size

of the template-�ller x.

5. A clause structure contains at most as many terms without a body, which are

not expressed as some surface form, as the size of the template-�ller because
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these terms have �lled an argument position in the clause structure and this

position must have left a property in the clause structure.

6. The size of terms without a body is linear with respect to the size of the

grammar G because terms without a body are basic terms.

7.4.8. Theorem. The universal version of the form speci�cation problem is NP-

complete.

Proof. Given the previous lemma, we now only have to provide an NP upper bound

on the complexity. Given the facts stated above the following argumentation proves

this upper bound.

The six facts above explain that if C is the clause structure for template-�ller x,

then C and x have almost the same size. Moreover, if a sequence of form speci�cation

rules express some clause structure as template-�ller x, then the size of the sequence is

linear in the size of x. Hence a clause structure C and a sequence of form speci�cation

rules for template-�ller x can be guessed. Once the clause structure and the series of

form speci�cation rules are given, it is easy to check that C is expressed as x because

the number of auxiliary properties is linear in the size of x. 2

Hence a nondeterministic, polynomial time algorithm exists that determines

whether an arbitrary template-�ller can be generated by an FG-grammar, and no

substantially more e�cient algorithm exists, unless P = NP .

7.5 Order Speci�cation Process

A sketch of the situation. The order speci�cation process orders a sequence of

words linearly, on the basis of some properties of these words. The words are ordered

by a means of a template, which consists of positions that may be �lled by the words.

The positions may only be �lled if some conditions are satis�ed. These conditions

are formulated as rules that are associated with the template.

7.5.1 An Informal Introduction

Little has been said in the literature about the precise nature of the order speci�cation

process. The example that we will give stems from Dik (1989). We recommended

Bakker's (1994, x7.1.2) discussion on the formal representation of form and order

speci�cation rules to the interested reader. In this section, we denote a word and its

relevant set of properties as a pair. For instance, the word \John" with the property

\Subj" is represented as (John; fSubjg).

Suppose that the previous form speci�cation process has resulted in the following

sequence of four words with the properties, Aux , Decl, V , Subj, and Obj:

(had; fAuxg); (kissed; fDecl;V g); (John; fSubjg); (Mary; fObjg):

Let the order speci�cation process contain the order speci�cation rules for English

main clauses, which is given in Table 7.1. This order speci�cation rule consists of
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Template: V

Aux

0

S V

Aux

1

V

Main

O X

Rules: 1 If the word with property V has the property Int, then

the word with property Aux is placed in position V

Aux

0

.

2 The word with property Subj is placed in position S.

3 If there is (another) word with property Aux , then this

word is placed in position V

Aux

1

.

4 The word with property V is placed in position V

Main

.

5 If there is a word with property Obj, then this word is

placed in position O.

6 All remaining words are placed in position X.

Table 7.1: An order speci�cation rule.

a template with six positions, and six associated rules. The �rst rule mentions the

property Int, which stands for interrogative. This property results from the clause-

structure operator that expresses the illocution of a clause structure. The second

and fourth rule presuppose that there are words with property Subj, V . We assume

that if there is no word with property Subj or V in the sequence, then this template

is not applicable for that sequence.

According to this template and these six rules, the ordering of the four words

above results in the sentence

\John had kissed Mary."

If the word \kissed" would have property Int instead of Decl, then the ordering of

the four words would have resulted in the question

\Had John kissed Mary?"

7.5.2 The Formalization

Above we presented an example that should make clear what the order speci�cation

process does: Given some set of order speci�cation rules, the order speci�cation

process maps a template-�ller that resulted from the form speci�cation process onto

a string. In this section, we will formalize the order speci�cation process. We will

not formalize the input and output of the order speci�cation process in this section.

The input of the order speci�cation process, the template-�ller, is formalized in

Section 7.4.2. The output of the order speci�cation process is simply a string. Thus

we will start this section with a formalization of the notion of order speci�cation rules.

Next we compare this formalization and the examples. We end with a formulation

of the order speci�cation problem.

The order speci�cation rules consist of a template and a sequence of rules. The

template is a series of positions. The positions are often labeled by mnemonics.

These labels can be chosen completely free, as long as they are used in a consistent

way.
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The rules state under which conditions which element from the template-�ller

will �ll which position in the template. The rules associated with a template are

applied by a deterministic procedure and each element of a template-�ller is place

in exactly one position. In principle, the positions may be �lled by more than one

element of the template-�ller. The ordering of the elements in such positions is then

determined by an other order speci�cation rule.

7.5.1. Definition. Order Speci�cation Rules

We de�ne the order speci�cation rules in the following way.

� An order speci�cation rule is a pair that consists of a template and a sequence

of rules.

� The template is a sequence of labeled positions.

� The rules are speci�ed as triples that consist of a set of conditions, a set of

properties, and a position. The intended meaning of the rule is if the template-

�ller satis�es each of the conditions, then place the words with the speci�ed

properties in the indicated position.

� The conditions are stated as boolean combination of the presence of a word

with some properties in the template-�ller.

Let us now compare the formalization given above and the example presented

in the Table 7.1. The template given of the order speci�cation rule consists of six

positions, which are mnemonics. The �rst rule may be speci�ed by the triple with

the set of conditions fInt^V g, the set of properties fAuxg, and the position V

Aux

0

,

which means the following:

If the template-�ller contains

a word with the properties Int and V ,

then place the words with

property Aux

in the template position with label

V

Aux

0

.

The second rule may be speci�ed in a similar way, by an empty set of conditions,

the set of properties fSubjg, and the position S, which means

If the template-�ller contains

anything,

then place the words with

property Subj

in the template position with label

S.

The third rule may be speci�ed as follows because the phrase \another" is im-

plicitly account for by the ordering of the rules.

If the template-�ller contains

a word with the property Aux ,
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then place the words with

property Aux

in the template position with label

V

Aux

1

.

The fourth and �fth rules are speci�ed similarly. The six rule can be formulated

because the previous rules have used up their material. So, \all remaining words" is

in fact represented as \all words."

In the examples we have seen now, no real use is made of the fact that the

template-�ller has to satisfy a set of conditions. However, Bakker (1994, x7.1.2)

gives a source where the following condition is used: \If the verb contains three

arguments, : : : ." The set-construction in the formalization presented above can

probably be used to formulate this condition.

Now let us formulate the order speci�cation problem. We introduce an oracle C

that answers the form speci�cation problem from De�nition 7.4.5.

7.5.2. Definition. The Order Speci�cation Problem (OSP(L; F;R; S

f

; S

o

))

Given a lexicon L, a set of fund formation rules F , a set of clause structure formation

rules R, a set of form speci�cation rules S

f

, an oracle C for \x 2 FSP(L; F;R; S

f

)?,"

and a set of order speci�cation rules S

o

.

Instance: A string w.

Question: Is there a template-�ller x (x 2 FSP(L; F;R; S

f

)) such that x is ex-

pressed as w by S

o

?

7.5.3 The Order Speci�cation Problem is NP-complete

Now we will �rst prove a reduction from the well-known NP -complete problem 3-

Satisfiability (3SAT) to the universal version of OSP(L; F;R; S

f

; S

o

). Second, we

will show that the universal version of OSP(L; F;R; S

f

; S

o

) is in fact NP -complete.

We have to show that given a 3SAT formula ', we can compute in polynomial

time a lexicon L, a set of fund formation rules F , a set of clause structure formation

rules R, a set of form speci�cation rules S

f

, a set of order speci�cation rules S

o

, and

a string w, such that

1. if formula ' is satis�able, then string w is the result of applying order speci�-

cation rules in S

o

to some template-�ller x 2 FSP (L; F;R; S

f

);

2. if formula ' is not satis�able, then there does not exist a template-�ller x 2

FSP (L; F;R; S

f

), such that stringw is the result of applying order speci�cation

rules in S

o

to x.

The reduction. Let ' be a 3SAT formula that consists of n variables and m

clauses. Without loss of generality we say that all clauses contain three distinct

literals of the form p

i

or p

i

. The reduction is now de�ned as follows.

� The lexicon consists of two predicates of category F and C , respectively,

Formula

F

(x

1

) : : : (x

m

) and Clause

C

(x

1

):
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� The set of term operators, 
, is de�ned as

fp

i

; p

i

j 1 � i � ng:

� The grammar contains only fund formation rules to construct terms with at

most three term operators from predicates of category C . That is,

(!x : pred

C

(x))

is a term provided that ! � 
, j!j � 3, and pred

C

(x) is in a predicate of the

lexicon.

� The set of clause-structure operators, �, is de�ned as

ft

i

j 1 � i � ng:

� The clause structure formation process constructs clause structures that consist

of

{ a set of operators �

0

� �,

{ a predication whose category is F ,

{ and an empty set of satellites.

The clause structures will look like

�

0

Formula

F

(!

1

x

1

: Clause

C

(x

1

)) : : : (!

m

x

m

: Clause

C

(x

m

))

� The set of form speci�cation rules will consist of O(n

3

) rules.

{ Regardless of the set of clause-structure operators �

0

, predicates of cate-

gory F are mapped onto the word that is indicated by their body.

{ Depending on the set of term operators !

i

, predicates of category C are

mapped onto the word that is indicated by their body plus the su�x

indicated by the term operators.

To be more precise, for all sets of clause-structure operators, �

0

, the predicate

Formula

F

is mapped onto the template �ller (Formula; fFg[�

0

). For each set

of term operators, say ! = p

i

p

j

p

k

, the term (!x : Clause

C

(x)) is mapped onto

the template-�ller (Clause{p

i

{p

j

{p

k

; fC ; p

i

; p

j

; p

k

g).

� The grammar will contain only one order speci�cation rule. This order spec-

i�cation rule is speci�ed by 2n + 2 rules and a template with three positions.

The template is de�ned as follows

C

0

F C

1

The rules are de�ned as follows. The �rst rule is de�ned as the triple with the

empty set of conditions, the set of properties fFg, and the position F . The

2i-th rule is de�ned as the triple with the set of conditions fF ^ t

i

g, the set of

properties fC ; p

i

g, and the position C

1

. The (2i + 1)-st rule is de�ned as the

triple with the set of conditions f:(F ^ t

i

)g, the set of properties fC ; p

i

g, and

the position C

1

. The �nal rule is de�ned as the triple with the empty set of

conditions, the empty set of properties, and the position C

0

.
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The �rst rule can be read as: \If the template-�ller contains anything, then

place the words with property F in the template position with label F ." The

�nal rule can be read as: \If the template-�ller contains anything, then place

the remaining words in the template position with label C

0

." The other rules

can be read as either one of the following two paraphrases: \If the template-

�ller contains a word with the properties F and t

i

, then place the words with

property C and p

i

in the template position with label C

1

" or \If the template-

�ller contains no word with the properties F and t

i

, then place the words with

property C and p

i

in the template position with label C

1

."

� The string w is computed as follows.

{ A clause (l

1

_ l

2

_ l

3

) (l

i

a literal) is mapped onto string \Clause{l

1

{l

2

{l

3

."

{ A formula ' = 


1

^: : :^


m

is mapped onto the string \Formulaw

1

: : : w

m

,"

where clause 


i

is mapped onto string w

i

.

7.5.3. Lemma. The universal version of the order speci�cation problem is NP-hard.

Proof. (Sketch of the proof.)

We have to show that the reduction above is computable in polynomial time, and

preserves answers. It is easy to see that the reduction takes polynomial time in the

length of the 3SAT formula.

We prove that the reduction preserves answers in two steps. First, we consider

the case when ' is satis�able. Second, we consider the case when ' is not satis�able.

Let ' = (l

1

1

_ l

1

2

_ l

1

3

) ^ : : : ^ (l

m

1

_ l

m

2

_ l

m

3

) be mapped onto string w.

If ' is satis�able, then there is a, consistent, assignment g such that each clause

contains at least one literal, p

i

or p

i

, that is true. We claim, without proof, that the

template-�ller

f(Formula; fFg [ �

0

); (Clause{l

1

1

{l

1

2

{l

1

3

; fC ; l

1

1

; l

1

2

; l

1

3

g) : : :

(Clause{l

m

1

{l

m

2

{l

m

3

; fC ; l

m

1

; l

m

2

; l

m

3

g) g

is expressed as string w, where �

0

contains clause-structure operator t

i

i� g assigns

true to variable p

i

.

If ' is not satis�able, then there is no, consistent, assignment g such that each

clause contains at least one literal, p

i

or p

i

, that is true. Let us assume, however, that

there exists a template-�ller x 2 OSP (L; F;R; S

f

) such that applying the order spec-

i�cation rules from S

o

to x results in w. This implies that each word Clause{l

i

1

{l

i

2

{l

i

3

is placed in position C

1

. Hence each of these words has either property p

j

and the

word Formula has property t

j

, or property p

j

and the word Formula does not have

property t

j

. But, now, the properties of word Formula denote a, consistent, as-

signment for ' in the following way: g assigns true to variable p

i

i� word Formula

has property t

i

. This contradicts the fact that ' is not satis�able, therefore the

assumption is false. It follows that the reduction preserves answers. 2

The following fact will be useful to prove inclusion in NP . The fact follows

because when an order speci�cation rule is applied to a template-�ller, the result

is either exactly the same template-�ller, or an ordered sequence of strictly smaller

template-�llers.
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7.5.4. Fact. Let S

o

be a set of m order speci�cation rules, and let x be a template-

�ller that contains n elements. If there is a sequence of order speci�cation rules that

orders the template-�ller x, then this sequence is at most nm steps long.

The examples of form and order speci�cation rules that we have seen in the

literature seem to suggest that the properties of a word are elementary entities of

the grammar, like functions, operators and categories. Because these entities are

speci�ed by the grammar, the maximum number of properties of a word is linear in

the size of the grammar.

7.5.5. Theorem. The universal version of the order speci�cation problem is NP-

complete.

Proof. Given the previous lemma, we now only have to provide an NP upper bound

for w 2 OSP(L; F;R; S

f

; S

o

). Given the assumption that the maximum number of

properties is bounded by the size of the grammar, the following argumentation proves

this upper bound.

1. For the string w, guess a template-�ller x.

2. Guess a sequence of order speci�cation rules that eventually express template-

�ller x as the string w.

3. Apply the sequence of order speci�cation rules to the template-�llers, in a fully

deterministic way.

4. Check that the template-�ller x is expressed as string w by the guessed rules.

5. Given the template-�ller x, consult the oracle C for x 2 FSP(L; F;R; S

f

). We

claim that the oracle will answer yes i� w 2 OSP(L; F;R; S

f

; S

o

).

The total number of guesses is polynomially bounded, because the sequence of order

speci�cation rules and the number of properties are both linearly bounded in the

size of the grammar and string. Given a template-�ller x and an order speci�cation

rule the result of the order speci�cation rule is computed deterministically. 2

Hence given the fund, the set of clause structure formation rules, the set of

form speci�cation rules, and the set of order speci�cation rules of an arbitrary FG-

grammar. Assume that we have a simple method to decide whether a template-

�ller is generated by the FG-grammar. Then a nondeterministic, polynomial time

algorithm exists that determines whether an arbitrary string can be generated by

the FG-grammar. Moreover, no substantially more e�cient algorithm exists, unless

P = NP .

7.6 Conclusions and Further Research

In this chapter, we have considered the various processes from a parsing, bottom-up,

point of view. We will now, brie
y, consider some of the processes from a generation,

top-down, point of view.

Clause structure formation process. A nice formulation of the generation ver-

sion of this process is the following problem: \Given a collection of predicates
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and terms, and a set of clause structure formation rules, can these predicates

and terms form a clause structure?"

This problem is computable in nondeterministic polynomial time, for the fol-

lowing reasons. If the predicates and terms can form a clause structure, then

this clause structure is approximately of the same size as the collection of

predicates and terms. Hence this clause structure, say C, can be computed

nondeterministically. Given this clause structure C, the above problem boils

down to CSP, which is computable in nondeterministic polynomial time.

From and order speci�cation processes. Similar formulations of the generation

versions of these processes to the one given for the clause structure formation

process are not interesting. The problems describe in such formulations have

the trivial answer \Yes," because the two speci�cation processes must always

express the structures onto which they are applied.

Now let us consider di�erent formulations of the generation versions for these

two processes: \Given a clause structure C (template-�ller x) and a set of form

(order) speci�cation rules, determine a template-�ller y (string w) such that C

(x) is expressed as y (w) by the speci�cation rules."

Both of these problems are computable in nondeterministic polynomial time,

for the following reasons. The output of these problems is almost of the same

size as the input. Hence the output can be determined nondeterministically.

Given the output, the above problems boils down to FSP and OSP, which are

computable in nondeterministic polynomial time.

A prerequisite for the complexity analyses in this chapter is a formalization of the

various speci�cation- and formation-problems. Because the formalization of FG is

still very sketchy, we often have formalized FG ourselves. We have con�ned ourselves

to the kernel of the theory of Functional Grammar. We claim that the formalizations

that we have given do not violate the actual use of FG by the linguistic community.

The complexity analyses force us to give a precise characterization of various rules

and structures of FG. We will consider it a token of recognition if the characteriza-

tions given will raise some discussions.

Furthermore, this research on the computational complexity of FG has identi�ed

several sources of intractability within FG. The complexity analyses indicate that

the fund formation, the form speci�cation and the order speci�cation are the most

di�cult parts of an FG-grammar. The complexity of these processes is due to the

fact that the principles of FG to avoid deletions, etcetera, (Dik 1989, x1.6) only

apply to lexical material, and not to operators, or functions. For instance, a process

may introduce auxiliary properties. Because these auxiliary properties need not be

passed on to the next process, the information encoded by these properties may be

lost. Obviously, if this information is essential, then these auxiliary properties are a

source of complexity.

The complexity analyses suggest that FG should constrain the fund formation,

the form speci�cation and the order speci�cation processes. That is, place constraints

on the phenomena that cause this complexity. For example, the auxiliary speci�ca-

tion rules of the form speci�cation process cause the complexity because they may
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introduce trigger operators that trigger other auxiliary speci�cation rules. A possi-

ble constraint would be to demand that trigger operators only trigger ordinary or

contextual speci�cation rules

We see two main directions for further research. The one direction should con-

centrate on the further formalization of FG. In this chapter we presented de�nitions

of various notions in FG. Further research must indicate whether these de�nitions

are powerful enough to describe all structures that appear in FG. The other direction

should concentrate on the complexity results. In this direction the various de�nitions

presented in this chapter serve as a starting point. Given these de�nitions, one should

try to �nd linguistically motivated restrictions that would lower the complexity of

the processes. In particular, the fund formation process deserves special attention.





Chapter 8

Conclusions

In the previous chapters we have applied complexity theory to six grammatical

formalisms: restricted attribute-value grammars, Categorial Uni�cation Grammar,

Functional Uni�cation Grammar, Head-driven Phrase Structure Grammar, Lexical

Functional Grammar, and Functional Grammar. The �rst �ve formalisms mentioned

are uni�cation-based formalisms, which are based on feature theory. The remaining

formalism, Functional Grammar, is based on predicate logic. In particular, we have

studied \recognition" problems of these grammatical formalisms. We distinguished

the \universal" and the \�xed" variants of these recognition problems.

Our attention aimed at the development of the theories of the grammatical for-

malisms that we considered. Central to our approach was the idea that the complex-

ity analyses should contribute to this development. Therefore we did not consider

isolated components that together form a grammar. Instead, we considered the de-

scription of grammars as a whole. The existing literature, however, describes isolated

parts of the grammatical formalisms. We had to merge these divers descriptions into

full formalizations of the grammatical formalisms. Because the descriptions did not

always match, we sometimes had to use our own insight to reach a su�cient formal-

ization of a grammatical formalism. The formalizations that we obtained in this way

are one of the side-e�ects of our research.

In this dissertation we classi�ed the grammatical formalisms on computational

grounds. The lower bounds of these classi�cations are in conformity with the expec-

tations of Barton, Berwick and Ristad (1987). In addition to these lower bounds,

we have also provided upper bounds of these classi�cations. Barton, Berwick and

Ristad (1987), by contrast, do not discuss such upper bounds.

In the �rst instance we consider the uni�cation-based formalisms. Although we

con�ned ourselves to primitive fragments of these formalisms, their recognition prob-

lems proved to be NP -complete. However, we conjectured that by means of polyno-

mial extensions we can come from these primitive fragments to descriptions of the full

formalisms. Moreover, these polynomial extensions will not increase the complexity

of the recognition problems. Further research should con�rm this conjecture.

By means of the close connection between the �xed variant of the recognition

183
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problems and the weak generative capacity, we were able to settle the weak gener-

ative capacity of the uni�cation-based formalisms. The closest connection between

complexity and generative capacity was given for the restricted attribute-value gram-

mars (R-AVGs). We proved that the R-AVGs that satisfy the honest parsability

constraint, a liberalization of Johnson's (1988) o�-line parsability constraint, gener-

ate exactly all sets in NP . We also showed that relaxing or tightening this honest

parsability constraint, let di�erent types of R-AVGs coincide precisely with other

well-known time complexity classes. This shows that the complexity theory provides

more �ne-tuned tools to determine the expressivity of a grammatical formalism than

the generative capacity, which is traditionally used. In our opinion, it would be

interesting to �nd more tight relations between complexity classes and grammatical

formalisms.

We proved an NP -hard lower bound for Categorial Uni�cation Grammar (CUG)

by means of a reduction from 3-Satisfiability. The NP -hard lower bounds for the

other uni�cation-based formalisms were proven by means of simulations of CUG. We

showed that as a direct consequence of these simulations formal properties that hold

for CUG also hold for the other uni�cation-based formalisms. These simulations,

or translations, are a second kind of side-e�ect of our research. A further study of

the formal properties of CUG may also shed light on the formal properties of these

formalisms. A related topic for future research is to compare the uni�cation-based

formalisms and Functional Grammar (cf., Hoekstra, van der Hulst and Moortgat

1981).

The intractability results that have been obtained in this thesis do not only con-

tribute to the development of theories, but are also useful from a more practical point

of view. The intractability results prove that there do not exist e�cient algorithms

for general implementations of the six grammatical formalisms. Hence implementa-

tions for these formalisms are either ine�cient, or do not implement the full theory.

Not withstanding the intractability of the full theory, e�cient implementations

for speci�c grammars might exist. A feasible algorithm for some particular gram-

mar may cleverly use some speci�c characteristics of that grammar. However, the

intractability results state that this algorithm will only be useful for that particular

grammar. So if an e�cient algorithm is also needed for another grammar, some

clever computational linguist has to redesign a fully new algorithm.

The complexity analyses of the six grammatical formalisms yielded a few indirect

results, two of which we mentioned above. The main results that we obtained in this

indirect way are the formalizations of the six grammatical formalisms. In addition,

the analyses of the formalizations resulted in suggestions for extensions and restric-

tions of the theories of the grammatical formalisms. Last, but not least, we presented

translations of one grammatical formalism into other grammatical formalisms. These

translations themselves revealed several connections between the uni�cation-based

formalisms.
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Samenvatting

Computationele valkuilen in handelbare gramma-

ticale formalismen

In dit proefschrift passen we complexiteitstheorie toe op grammaticale formalismen.

Een aangename eigenschap van complexiteitstheorie is dat complexiteitsanalyses di-

verse soorten informatie geven. Complexiteitsanalyses kunnen zowel het feit dat, als

de reden waarom, een probleem moeilijk is, aantonen. Daarnaast kunnen zij soms

aanbevelingen geven hoe het probleem makkelijker te maken is.

Complexiteitsanalyses van grammaticale formalismen zijn op twee manieren van

dienst. Enerzijds helpen de analyses bij de theorievorming van de grammaticale

formalismen. Anderzijds doen de analyses algemene uitspraken over mogelijke im-

plementaties van de grammaticale formalismen. In deze thesis ligt de nadruk op de

theorievorming.

Aan de hulp die complexiteitsanalyses kunnen geven, ligt de volgende redenering

ten grondslag. De manier waarop mensen natuurlijke taal verwerken suggereert dat

de structuur van natuurlijke taal genoeg informatie bevat om e�ci�ente verwerking

mogelijk te maken. Deze e�ci�ente verwerking impliceert dat het herkennen van een

rij woorden als een zin (of als geen zin) een handelbaar probleem is. Voor nauwgezette

formalismen van natuurlijke taal moet het herkennen van een rij woorden daarom

ook handelbaar zijn. Dientengevolge zouden de formalismen die we in dit proefschrift

bestuderen, bijna per de�nitie, handelbare grammaticale formalismen moeten zijn.

Het resultaat van complexiteitsanalyses moet echter op een intelligente wijze

ge��nterpreteerd worden. Een formalisme dat volgens de analyses onhandelbaar is,

is niet direct een verkeerde formalisme. De onhandelbaarheid van het formalisme

geeft eerder aan dat (en waar) het formalisme structuren die onvoldoende informatie

bevatten, toekent aan taal uitingen. Op deze wijze helpen complexiteitsanalyses de

theorievorming van grammaticale formalismen. We zijn er echter stellig van overtuigd

dat de theorie�en de onvolmaaktheden verhelpen kunnen die door de analyses worden

blootlegt. Vanuit dat oogpunt kunnen we de onvolmaaktheden van de theorie�en zien
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196 Samenvatting

als computationele valkuilen.

De algemene uitspraken die complexiteitsanalyses over implementaties doen, zijn

van de volgende aard: Het bewijs dat een formalisme onhandelbaar is, betekent

dat er geen e�ci�ente algoritmen bestaan voor algemeen bruikbare implementaties

van het formalisme. Desalniettemin kan een e�ci�ente algoritme bestaan voor �e�en

bepaalde grammatica. Deze algoritme heeft dan op een vernuftige manier gebruik

gemaakt van enkele speciale eigenschappen van de speci�eke grammatica. De on-

handelbaarheid van het formalisme geeft echter aan dat deze algoritme niet om te

vormen is tot een e�ci�ente algoritme voor andere grammatica's. Is men dus op zoek

naar een e�ci�ente algoritme voor een andere grammatica, dan zal men geheel op-

nieuw onderzoek moeten verrichten naar eventuele speci�eke eigenschappen van de

betre�ende grammatica.

We be�eindigen deze korte samenvatting met een beknopt overzicht van de in-

houd van dit proefschrift. Hoofdstuk 1 geeft de motivatie voor onze aanpak van

complexiteitsanalyses. Deze aanpak is gebaseerd op de beschrijvingen van gramma-

ticale formalismen zoals deze in de praktijk voorkomen. In Hoofdstuk 2 bestuderen

we \restricted attribute-value grammars". We introduceren een versoepeling van

de \o�-line parsability constraint": de \honest parsability constraint." We bewijzen

vervolgens dat de \restricted attribute-value grammars" onder deze versoepeling pre-

cies alle verzamelingen in de complexiteitsklasse NP genereren. Dit geeft ons een

koppeling tussen complexiteit en zwak generatieve kracht. In Hoofdstuk 3 de�ni�eren

we \Categorial Uni�cation Grammar" (CUG). We tonen aan dat het herkennings-

probleem van rijen woorden voor CUG NP -volledig (onhandelbaar) is. Met deze

complexiteitsmaat kunnen we de zwak generatieve kracht van CUG vaststellen. We

tonen in Hoofdstuk 4, 5 en 6 aan dat CUG gesimuleerd kan worden met respectievelijk

\Functional Uni�cation Grammar" (FUG), \Head-driven Phrase Structure Gram-

mar" (HPSG) en \Lexical Functional Grammar" (LFG) . We bewijzen verder dat de

herkenningsproblemen voor FUG, HPSG en LFG ook NP -volledig (onhandelbaar)

zijn. Deze complexiteitsmaat stelt ons wederom in staat de zwak generatieve kracht

vast te stellen. Hoofdstuk 7 behandelt \Functional Grammar" (FG). Bij het gene-

ratieproces in FG worden doorgaans vier processen onderscheiden. We formuleren

ieder van de vier processen als een afzonderlijk beslissingsprobleem. Van ieder van

deze beslissingsproblemen analyseren we de complexiteit. In het laatste hoofdstuk

(Hoofdstuk 8) formuleren we onze algemene conclusies en geven we richtingen aan

voor verder onderzoek.
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