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Chapter 1

Introduction.

The notion of bisimulation is simple, natural, and central for many research fields
in Logic and Computer Science. It is the link that connects all the topics discussed
in this dissertation.

Bisimulation was proposed independently in many areas in the seventies.
Probably the first one was Modal Logic where, with the name of p-relation (see
[12]) it applies to Kripke models and it is an elegant and useful tool to prove a
large number of results (interpolation theorems, preservation theorems, etc.).

In Theoretical Computer Science the bisimulation relation applies to labeled
transition systems (see [54], [52]), which is another word for Kripke models. La-
beled transition systems are used to represent processes: the basic idea is just to
interpret nodes as possible states of the processes, unary relations as properties of
states, and binary relations as atomic actions that the processes may undertake.
Bisimulation (and its variations) can be considered as equivalence relations on
labeled transition systems: two bisimilar transition systems represent the same
process.

In this area, logics are used as languages that express behavioral properties of
processes. Extended modal logics, being invariant under various forms of bisim-
ulation, turn out to be of particular interest, because we can consider properties
expressed by these logics as process-invariants, instead of mere transition system
properties.

The notion of bisimulation is a central theme also in another area: the Theory
of non-well-founded Sets. It was first introduced as an axiom characterizing
non-well-founded sets in [31] and since then is a fruitful notion in this field.
Working with non-well-founded sets, the usual criterion for equality, the so-called
extensionality axiom, cannot be applied: the argument becomes circular (!); on
the contrary, the notion of bisimulation applies to non-well-founded sets and
provides a criterion for equality. Different notions of bisimulation give rise to
different theories of non-well-founded sets. In [2], Aczel compares many such
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theories, obtaining in this way a deep insight in the possible structure of non-
well-founded sets.

Altogether bisimulation can be seen as a bridge between Modal Logic, non-
well-founded Set Theory, and Process Theory, and one can fruitfully use this
bridge to transfer results and techniques from one area to the others. In this
dissertation we cross this bridge a number of times.

e We prove results in extended modal logics that can be used in Process
Theory.

e We use extended modal formulae to describe different non-well-founded uni-
verses. This allows us to provide alternative definitions of classes of ex-
tended modal logics well-known by the modal logic community.

e We use non-well-founded set theories to study derivability in Modal Logic.

As one naturally expects, the choice of representing a process as an equivalence
class of transition systems modulo bisimulation has a strong influence on the
choice of the logics used to express properties of such processes. Essentially, we
want to restrict our attention to formulae ¢ which are bisimulation invariant in the
following sense: if two transition systems are in the same bisimulation class, then
they must agree on ¢. As we shall see, even though not all formulae of First Order
or Monadic Second Order Logic have this property, in these environments one can
try to isolate those formulae which are bisimulation invariant: the Van Benthem
Theorem [12] and the Janin-Walukiewicz Theorem [41] do the job. The first one
characterizes the formulae of Basic Modal Logic as those first-order properties of
states that are bisimulation invariant; the second one proves a similar results in
the second-order setting: the formulae of the Modal u-Calculus are exactly the
monadic second-order properties of states which are bisimulation invariant.

One of the most important aspects of these theorems lies in the fact that Basic
Modal Logic and Modal p-Calculus have desirable properties, such as a complete
calculus, decidability, and the finite model property; van Benthem’s and Janin-
Walukiewicz’s theorems guarantee that, by restricting to bisimulation invariant
properties, we obtain this nice behavior without losing the expressive power of the
logic we started with, First Order or Monadic Second Order. In particular, as far
as Process Theory is concerned, the second-order setting is especially interesting,
because well-known and much used properties of processes such as fairness and
termination are expressible in it and hence, by Janin-Walukiewicz Theorem, in
the Modal p-Calculus.

Our contribution in this dissertation with respect to this area is an inter-
polation theorem for the Modal p-Calculus. Interpolation is another desirable
property that a well-behaved logic is supposed to have. Since interpolation can



be proved whenever a Gentzen-style sequent calculus without cut is available, a
failure of interpolation can be seen as a signal that the logic cannot have such
an elegant calculus. Moreover, interpolation has a nice consequence known as
the Beth property, which says that implicit and explicit definitions in the logic
coincide.

Interpolation was also re-discovered in recent years by computer scientists from
a more practical point of view, as a useful property in the context of modular
databases. A formula ¢ can be seen as a description of a database and interpola-
tion, in its uniform version, says that the database can be split into modules: if
we submit a query dealing with a specific aspect of the database, we can restrict
ourselves to querying the corresponding module.

Summarizing, the Modal p-Calculus is a useful logic for application in Com-
puter Science and (uniform) interpolation is a useful property of a logic. In
Chapter 3 we show that Modal p-Calculus enjoys (uniform) interpolation by us-
ing automata techniques and the so-called bistmulation quantifiers.

Let us now cross another bridge and go into the realm of non-well-founded
sets.

As we already said, bisimulation has a well-established role in this theory and
hence it is quite surprising that a modal-logic perspective acquired a place in this
context only in recent times (see [7]). Using bisimulation, Modal Logic can be
used to describe sets: in the most well-known axiomatization of non-well-founded
sets, the theory ZFC~ + AF A, any set has a precise description in terms of an
infinitary modal formula. Moreover, by means of this description sets can be seen
as formulae and a model of ZFC~ + AF A consisting of infinitary modal formulae
can be built.

In addition to its fairly recent discovery, notice also that the role of Modal
Logic in non-well-founded Set Theory has been considered only in connection with
the theory ZFC~ + AF A. However important, this theory does not certainly ex-
haust all possible descriptions of non-well-founded sets. Other reasonable theories
are known, whose study helped to understand the possible structure of such sets
in more depth. Can (extended) Modal Logic be used to describe sets in other
non-well-founded theories? In Chapter 4 we show that the Scott anti-foundation
theory ([62], [2]) admits such a description in terms of a natural infinitary exten-
sion of the so-called graded modal logics. We also give some natural variations on
this theme, describing other non-well-founded universes having a similar descrip-
tion. A central role in this respect is played by the expansion operations, which
transform structures into bisimilar trees. The simplest expansion, the unraveling,
can be used to describe the Scott axiom; more elaborate expansions are used to
described different kinds of non-well-founded sets.

Crossing the bridge once more and re-entering the realm of Modal Logic,
in Chapter 5 we study interpolation for the class of logics suggested by non-
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well-founded theories. This is the well-known class of graded modal logics (in its
infinitary version) and the problem of interpolation for this class has already been
considered by Andréka in [1]. She showed that the behavior of the logics in the
class is not uniform: some logics in the class enjoy interpolation and some other do
not. In this setting we prove a weak form of interpolation for the class of graded
modal logics, the so-called elementary interpolation and prove full interpolation
whenever possible. The main idea used in this context is that of a consistency
property, which is often used in the context of infinitary logic. Following an
idea proposed by van Benthem ([11]), we tune this notion over bisimulation and
introduce consistency property modulo bisimulation to prove elementary and Craig
interpolation in the class of graded modal logics.

Finally, in Chapter 6 we use sets to describe derivability in Modal Logic.

As we shall see, in non-well-founded Set Theory Kripke frames can be used to
represent sets, with the accessibility relation playing the role of the inverse mem-
bership relation. From this point of view, we can define a semantics for Modal
Logic in which the role of a Kripke frame is taken by the simpler concept of set.
Formulae of Modal Logic are then naturally translated into set-terms representing
the set of worlds in the Kripke frame which make the formula true. We obtain
in this way a natural generalization of the interpretation of propositional connec-
tives as set operations: together with the set interpretation of disjunction as a
union, conjunction as intersection, and the other set interpretations of proposi-
tional connectives, we prove that we can consider the O-operator as the powerset
operator (to be applied to non-well-founded sets). This leads us to a translation

from Basic Modal Logic to a simple theory of non-well-founded sets, the theory
Q.

The above mentioned translation was originally proposed in the context of
Automated Theorem Proving for Modal Logic. In this area, translations from
modal logics into First Order Logic are often used, since they allow the use of very
sophisticated and well performing theorem provers to automatically derive modal
logic formulae. From this point of view, the larger the class of translatable logics,
the better. However, the most used translations in the field are the standard one
and variations of it, which essentially allow one to translate only the class of first-
order complete logics. The above mentioned set-translation is, in this sense, a
better choice: it works for all complete logics, not necessarily first-order complete.
In general, we only claim that the technique for automated deduction in modal
logic that opens up with the introduction of the set translation is widely applicable
and genuinely new. As far as computationally related issues are concerned, we
simply mention the fact that new techniques from Computable Set Theory can
be used to produce theorem provers for the set theory €2 (see [16], [58]).

The completeness and soundness of the set translation was first proved in [20]
by using tools of non-well-founded Set Theory. In this dissertation, we give a



simpler proof based on a comparison between the standard translation and the
set translation.

One of the advantage of the theory ) lies in its simplicity: we just have
axioms describing the relationship of € with the union operator, the set-difference
operator, and the powerset operator. However, even though €2 is strong enough
to deal with Basic Modal Logic, modern Modal Logic goes toward extensions of
the basic formalism and more complex logics arise and are studied. A natural
question arises: can we tune the theory €2 to deal with extended modal logics? Is
the new theory still a set theory, or do we need some artificial axioms that have
nothing to do with sets? What kind of extensions of Basic Modal Logic are we
able to cope with?

Extended modal logics may be obtained introducing new operators and, in
most cases, they have a first-order definable semantics in the language of Kripke
models. Example of such operators are the difference operator, the past operator,
the graded operators, and so forth. In this dissertation we consider a (second-
order) logic L (see [8], [10]) within which all operators with such a first-order
definable semantics can be embedded. We show that we can strengthen the
theory Q in order to capture modal derivability in Ly, and that the new theory is
still a genuine set theory: it is obtained by adding to {2 the operators that were
introduced by Godel to describe the universe of constructible sets used to prove
the consistency of the continuum hypothesis.

Organization and origin of the chapters.

Chapter 2 gives a general introduction to the topics of this dissertation. Be-
sides notations and basic definitions, it contains five more elaborate sections on
the main themes. We have a section on bisimulation and two sections introducing
the logics we are mainly interested in: the Modal p-Calculus and the family of
graded modal logics. Then we have a section on the different forms of interpo-
lation that we shall encounter and another section discussing the role played by
bisimulation in non-well-founded set theories.

Chapter 3 deals with uniform interpolation for the Modal u-Calculus. This
work is the result of a fruitful collaboration with Marco Hollenberg and, together
with other results about the Modal p-Calculus, it has been accepted for publica-
tion in the Journal of Symbolic Logic. It is now available as a preprint ([21]).

Chapter 4 discusses the relationship between non-well-founded sets and Modal
Logic. It is still unpublished material.

Chapter 5 considers the problem of interpolation for graded modal logics. As
the material in the preceding chapter, it is still unpublished.

Chapter 6 is about the set translation of Modal Logic and extended modal
logics. This is again the result of a fruitful collaboration, this time with Johan
van Benthem, Angelo Montanari, and Alberto Policriti. The various stages of the
work have been published in [20], [14], [15].
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Each chapter ends with brief concluding remarks and open questions. The
further directions of investigation listed there are by no means exhaustive, but I
hope that they do show that our intellectual bridges can support a good deal of
traffic.

Finally, I wish to ask the reader a little patience with my roman-english.



Chapter 2

General preliminaries.

In this part we introduce the basic material (definitions, notations, results) that
is needed to read this dissertation. In Section 2.1 we describe the logics we shall
use, their semantics, and we briefly discuss translations and derivability in Basic
Modal Logic. More elaborate sections follow: Section 2.2 is dedicated to a central
subject of this thesis, bisimulation, while in Section 2.3 and Section 2.4 we give
a brief introduction to the Modal u-Calculus and to the family of graded modal
logics, respectively. Section 2.5 regards the various forms of interpolation that
we shall discuss and, finally, Section 2.6 introduces the fundamentals of non-well-
founded Set Theory, with special attention to the role of bisimulation.

In these sections, proofs of stated results are given only if they are useful to
understand the rest of the thesis.

2.1 Logics.

The languages considered in this thesis essentially contain a set of unary pred-
icates, a set of binary predicates, one constant, and no function symbols. The
logics we consider are extensions of Modal Logic in their natural classical envi-
ronments (first-, or second-order, finitary or infinitary).

2.1.1 Languages and structures.

Fix a countable set PROP of propositional constants and a countable set A of
atomic actions. If ¥ C PROP and A C A, we denote by £ = (X, A) the language
built up from ¥ and A as follows: there is a single constant r (for ‘root’), each
p € Y is a unary predicate symbol of £ and for each a € A there is a binary
relation symbol R, in L.

If £ =(%,A) is a language, then a structure M on L consists of a domain
DM a root rM € DM a set of unary relations p™ on DM, for p € ¥, and a set

7
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of binary predicates R on DM, for a € A.

If M is an L-structure, we denote by (M, s) the structure M with s as a new
root. If p € PROP and S is a subset of the domain of the structure M, we denote
by M|p := S| the structure which is like M except that p is now interpreted as
S.

If the £-structure M is clear from the context, we write s — ¢ for (s,t) € RM.
For each action a, the set of a-successors of a point s in a structure M is defined
as: Ry(s) := {t|s > t}. The set of successors of s (not relativized to any specific
action) is defined as R(s) := |J,cp Ra(s)-

If M = (DM RM,...) is a structure, we write M instead of DM and wR,w'
instead of wRMw'. We also use this convention when two models M, N are
present and we avoid confusion on the binary relation R, by stipulating that the
domains of M, N are disjoint: hence uR,u’ means uRMu' if u € M and uRN v/
ifueN.

2.1.2 Syntax.

We can express various properties of an L-structure by means of different logics
on L.
The most natural is First Order Logic, which we do not define, being very

popular! The set of first-order sentences based on a language £ is still denoted
by L.

If £ is a cardinal, the k-Infinitary Logic based on L is denoted by L; and
consists of the extension of £ which allows conjunctions on sets of cardinality
strictly smaller than k. The Infinitary Logic of L is denoted by L, and there we
allow conjunctions on arbitrary sets (see [43], [23]).

We will also consider L., expanded with all cardinality quantifiers Qnx, whose
intended meaning is: there are at least h elements in the domain satisfying ¢. This
logic is denoted by Lo(Qs). If k is a limit cardinal, we will also use the logic
L (Qr) where we restrict the quantifiers @, to cardinals h < k.

The last classical logic we consider is Monadic Second Order Logic (M SO)
(see [22], [23]). Here we have an infinite supply of unary predicate variables and
we are allowed to quantify over them.

We now turn to Basic Modal Logic and its extensions.

The set of formulae of Basic Modal Logic based on £ = (X, A) is the smallest
set which contains any p € ¥ and it is closed under the operators ¢ A 9, ¢, and
(a)@, for any a € A. We denote the Basic Modal Logic of £ by £%. We will also
use the defined operator ¢ V 9, ¢ — ¥, [a]p := —(a)—¢.

Infinitary Modal Logic based on a language L is the extension of Basic Modal
Logic that allows conjunctions on arbitrary sets of formulae. We denote it by
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LS. If we restrict conjunctions to sets of cardinality smaller than k& we have the
logic Ly

Propositional Dynamic Logic ([59, 30]), PDL for short, based on L is given by
simultaneously defining propositions and programs: the set of PDL propositions
is the least set containing the propositional constants p € ¥ and closed under —,
A, and the unary operators (m), where 7 is a program. The set of PDL programs
is the least set containing the atomic propositions a € A which is closed under
the binary operations on programs ; and U, the unary Kleene star function on
programs *, and the unary function ? from propositions to programs.

Given a formula ¢ in one of the above logics, the language L(¢) of the formula
is the set of propositional constants and atomic actions that appear in ¢.

2.1.3 Semantics.

Given a structure M an £%-formula ¢ is interpreted as a subset [¢] of M, defined

as follows:
[p] = pM
[-¢] = M\[¢]
[ Ay] = [¢]N[¥]

[ayo]l = {se M|[g] N Ra(s) # 0}

The semantics of the defined operators is:

[¢ V] [o] L [¥]
[lal¢ly = {s € M| Ra(s) C [o]v}

The extension of this semantics to formulae of (k-)Infinitary Modal Logic is given

by considering
[A\ 2] = (el

pcd

As for PDL, we simultaneously interpret programs = as binary relations [r]
of the domain and propositions ¢ as subsets [¢] of the domain. More precisely

[(me]l = {sc M[[e]N[r](s) # 0}

[a = RM

7] = {(s9)eM|se o))

[mUm] = [m]U][m]

[m;me] = {(s,t) | 3z (s,2) € [m] and (z,t) € [m2]}
[7] := reflexive and transitive closure of [r].

If ¢ is a formula in £L®, LY, LS, PDL, or any of the extensions of £° defined
later in this thesis, M, s = ¢ stands for s € [¢]: s satisfies ¢ in M. M E ¢ is
used to denote M, rM |= ¢. Logical consequence is then defined accordingly.
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2.1.4 Translations.

Translations allow us to consider our extended modal logics as fragments of clas-
sical first-order, monadic second-order, or infinitary logics.

The standard translation ST of Basic (or Infinitary) Modal Logic into First
Order Logic (Infinitary Logic, respectively) is defined as follows:

ST(p) = plo);

ST(\N®) = /\¢eq> ST (¢);

ST(=¢) = ~S5T(9);

ST((ayp) := Fy(zRsy N ST(¢p)(y|x)), if y is a variable new for ST(¢).

The extension of ST to PDL into £, is given by defining ST'((m)¢) inductively
on the complexity of 7w, by means of:

(«

(« :
ST((m Um)¢) = ST( )

(« = V,peo ST((7")9),

where by (1™)¢ we denote the formula () ... (m)@, in which the operator (r) is
repeated n times.

3

g

=
|

All these extensions of ST are sound, in the sense that in any structure M the
(modal, infinitary modal, PDL) formula ¢ is equivalent to the sentence ST'(¢)(r |
z) (which we denote simply by ST (¢)(r)).

2.1.5 Derivability in Basic Modal Logic.

In this section we give a brief account of the axiomatic system K and of its
extensions K + ¢, for a modal formula ¢. This material is used in Chapter 6. We
restrict here to mono-modal logic, that is, the language only contains an atomic
action a; we denote the operator (a) by < .

The Basic Modal Logic K consists of a set of propositional axioms complete
for classical logic, the modal axiom O(P — Q) — (O(P) — 0(Q)), and the rules
of substitution, modus ponens and necessitation (infer 0(¢) from ¢). Deducibility
of ¢ from ¢ in K (notation: x4 1) is defined as follows. We add ¢ to the set
of axioms K and we close under the rules of K, obtaining the set of formulae
Th(K + ¢). Then Fgi4 ¢ iff € Th(K + ¢).

Frame completeness.

A frame consists of a domain and of a binary relation on it, that is, it is a
structure for a language without propositional constants. A formula ¢ € L is
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valid in a frame F if and only if F satisfies the monadic second-order formula
Vp1...Vp, VST (p), where py,...p, are all propositional constants in ¢. We
denote this sentence by ST (¢). A formula ¢ is a frame logical consequence of a
formula ¢ (¢ |=; ¢) if and only if, for all frames F', if ¢ is valid in F, then 1 is
valid in F, that is, iff = ST(¢) — ST(¢). A formula ¢ is said to be complete if
and only if, for all ¢, Fxs ¢ < ¢ =¢ ¢. Examples of incomplete formulae can
be found in the literature.

General frame semantics.

A semantic characterization of K is obtained via general frames. A general frame
is a pair (F, W), where F is a frame and W is a set of subsets of W, which is
closed under the boolean operations of union, complementation w.r.t. W, and
O(X) ={w e W : Vv (wRv — v € X)}. Validity in general frames is defined
as for frames except for the fact that we only consider second-order quantifiers
to range on W. Logical consequence in general frames (¢ k=45 1) is defined
accordingly.
Fact: for all modal formulae ¢, we have

Frio V& @ FEgr .

An axiomatic system describing general frame semantics is obtained by con-
sidering a two-sorted first-order language, with worlds and sets, with binary pred-
icates R (on worlds) and € (between worlds and sets), as well as operations —, U,
and O on the set sort. The minimal logic describing logical consequence in general
frame semantics is obtained by considering the following theory wu:

- first-order principles for both sorts;

- VpVw(w € —p +» —w € p);

- VpVgVw(w € pU g+ w € pVw € q);
- VpVw(w € Op < Vo(wRv — v € p))

- VpVg(VYw(w € p <+ w € q¢) — p = q) (extensionality),

where letters w, v denote words and letters p, ¢ denote sets.

It is then clear that the theory pu is sound and complete w.r.t. general frames
and by comparing this with the previous result we obtain:

Fact: for all pairs of modal formulae ¢, 1, we have:

Frig & pt ST(¢) — ST(¥).
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2.2 Bisimulation and the like.

The concept of bisimulation is central in this dissertation, being the main link
between the different topics of extended modal logics and non-well-founded sets.

We first consider the basic definition and some classical operations on struc-
tures preserving bisimulation. We use these operations to characterize bisimilar
structures, a task that can also be achieved by using the modal language. We
then consider the bounded version of bisimulation and, finally, we state an amal-
gamation lemma, which is often used in interpolation proofs.

Basic bisimulation.

2.2.1. DEFINITION. Let M and N be two L-structures and let Z C M x N. Z
is a bisimulation between M and N (notation Z : M ~ N) if:

1. rMZN,

2. Z-connected points agree on the proposition constants: if sZt then M, s =
p iff N, t = p for every unary p in L.

3. s 5 s' and sZt implies that there is a ¢’ such that s'Zt' and t — ¢';
4. Vice versa: if sZt and t = t' then there is an s’ with s = s’ and s'Zt'.

Two structures M and N are bisimilar (notation M ~ N) if there exists a
bisimulation between them. If M and A are structures of respectively £; and
L5, both of which contain £, then an L-bisimulation between M and N is a
relation Z satisfying the above clauses just for the symbols in £. The notion of

L-bisimilar structures is defined accordingly (notation Z : M ~ N, M ~. N).
(|

A sentence ¢ in a language that can speak about structures is invariant for
bisimulation if whenever Z : M ~ N then ¢ holds in M iff it holds in V.

Basic Modal Logic and any extension of it introduced so far consist of formulae
which are invariant for bisimulation.

Characterizations of bisimilar structures.

If two structures are isomorphic, they are obviously bisimilar. The vice versa is
easily seen to be false, but it becomes true modulo certain operations on struc-
tures. Here we consider two different kinds of operations: the collapse (that
makes structures smaller) and the various forms of expansion (that make struc-
tures larger).

The first one we consider is the collapse.
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2.2.2. DEFINITION. Given a structure G, its collapse Coll(G) is defined as follows.

e Its domain consists of the equivalence classes of G with respect to the equiv-
alence relation ~ defined as follows:

w ~ v iff there exists a bisimulation between (G, w) and (G, v).

e The relation R9) is given by
[w]REM 9 [y] & ' € [v] wRY'.

Coll(G)

e The root r is equal to [r9].

e The unary predicates are defined by
P ([w]) & p (w).
(|
One can easily prove that Coll(G) is bisimilar to G via the relation wZ[w].
Moreover, any bisimulation between collapsed structures must be a bijective func-

tion, as it is easy to prove. It follows that if Coll(G) is bisimilar to C'oll(#) then
they are isomorphic. This gives:

2.2.3. LEMMA. G is bisimilar to H iff Coll(G) is isomorphic to Coll(H).

The second construction we consider transforms any structure into a bisimilar
tree.

2.2.4. DEFINITION. For any structure M in a language (X, A), the unraveling
M of M is defined as follows.

e Its domain M! consists of all finite sequences vy, a;, v1, . . ., ag, vy Where:

a; € A\, for all i < k;
vo = M

for all 7+ < k we have Uz'Ré\:(+IUz'+1-

We define the function end : M' — M as follows: end(r™) = r™
end(ocaw) = w.

e The accessibility relations are defined by

.
oRM 7 iff T = caw.
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e The root is the sequence v having only one element.

e The unary predicates are defined by
p™ (o) & p™(end(0)).

|

Notice that the unraveling M?! of a structure M is a tree, which is bisimilar
to M via the relation Z = {(o,end(0)) : 0 € M'}. Hence, if M! is isomorphic
to N1, then the two structures M and N are bisimilar. The converse is not true,
however (just consider the full binary tree and a reflexive node), but it becomes
true if in the unraveling we are careful enough to copy each node a sufficient
number of times (Ro, in the previous example):

2.2.5. DEFINITION. Let £ > 0 be a cardinal number. For any structure M in a
language (3, A), the k-ezpansion M* of M is defined as follows.

e Its domain MF* consists of all finite sequences vy, a, a1, vy, ..., an, on, Up
where:
a; € A, for all ¢;
ai, ..., qp are ordinals strictly less than k;
vo = M,
for all 7 < h we have Uz'Ré\::_lUiJrl-

We define the function end : MF — M as follows: end(r™) = r™
end(caow) = w.

e The accessibility relations are defined by

n .
oRM' 7 iff T = caaw.

e The root is the sequence r having only one element.

e The unary predicates are defined by
p™ (o) & p™(end(0)).

|

Notice that the k-expansion MP* of a structure M is a tree, which is bisimilar
to M via the relation Z = {(0,end(o)) : o € M¥}. Moreover, any a-successor v
of a node w = end(o) in M is bisimilar to any successor of o of the form caav,
with o < k. We say that the node v has been copied k times in MF¥. Notice that
the 1-expansion of a structure is isomorphic to the usual unraveling.

Using expansions we can characterize bisimilar structures.
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2.2.6. THEOREM. Two structure G and H are bisimilar iff there exists a cardinal
k such that G* and H* are isomorphic.

The cardinal k& of the above theorem can be chosen to be the maximum between
the cardinality of G and .

Bisimulation and language invariance.

Another way to characterize bisimilar structures is via logics. If two structures
are bisimilar then they satisfy the same formulae of all extended modal logics
considered above. The converse is false for Basic Modal Logic and PDL if we do
not restrict the class of structures, but it is true if we consider Infinitary Modal
Logic.

2.2.7. THEOREM. Two structure G and H are bisimilar iff they satisfy the same
infinitary modal formulae.

Moreover, it is possible to prove that any structure G is characterized modulo
bisimulation by a single infinitary formula ([7]):

2.2.8. THEOREM. For any structure G there exists an infinitary modal formula
¢g such that, for any structure H, it holds:

H = ¢pg < H is bisimilar to G.

Bounded bisimulation.

One disadvantage of the logic £ is that the formulae in this logic do not form a
set. It is then sometimes useful to consider fragments of £ that do form a set.
One way to do this is to bound the modal depth of formulae to a fixed ordinal:
the degree or modal depth of formula is defined as follows:

U

(p) =0

(—¢) = d(¢)

(V@) = sup{d(¢)|¢c @}
((a)¢) = d(¢)+1

Consider the fragment of £ which consists of all formulae whose depth is
bounded by a fixed ordinal a. For this logic we have a natural notion of bisimu-
lation:

QU L

2.2.9. DEFINITION. Let o be an ordinal. An a-bisimulation between two models
M and N is a set of relations Zz with § < « such that:

1. The roots are connected via Z,;
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2. Zg-connected points agree on the proposition constants;
3. If s % 5" in M and sZg.t then there is a ¢ in N with ¢t = ¢’ and s'Zt';
4. Vice versa.

5. if o is a limit then Z, = ﬂ5<a Zg. O

All Infinitary Modal Logic formulae ¢ of depth bounded by a are invariant
for a-bisimulation. That is, if (Z3)g<q is an a-bisimulation and sZ,t then s = ¢

iff t £ ¢.
Notice that we have a real bisimulation between M and N if and only if we
can find a (non-well-founded!) sequence of relations (Z;);c,, such that

1. The roots are connected via Zy;
2. If s % 5" in M and sZ;t then there is a t' in A with ¢t % ¢’ and §'Z; . 1t';
3. Vice versa.

It is indeed clear that the relation Z = J
N.

icw Zi is a bisimulation between M and

Amalgamation.

Amalgamation is a classical tool which is often used to prove interpolation. There
is a long tradition in the area of algebraic logic connecting (algebraic) amalga-
mation properties with (logical) interpolation properties (e.g. [1], [55], [49], and
[50]). In this dissertation we shall use a construction (related to the zig-zag prod-
ucts of [50]) that amalgamates two structures, which are bisimilar with respect
to the common language, in a third one.

2.2.10. LEMMA. Let M, N be structures for the languages L and L' respectively.
If M ~cnpr N, then there is an (LU L')-structure K which is L-bisimilar to M
and L'- bisimilar to N

Proof.
Fix an £ N £'-bisimulation Z between M and N. K is defined as follows.

1. The domain is the disjoint union of {(m,n) € M x N : mZn}, M, and N;
the root is 7 := (rM, V).

2. If k, k' € M and a is an action in £, then kRNE" iff kRME' .
If k,k' € N and a is an action in £, then kRFK" iff kRVE' .
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If a is an action in £ N £, then (m,n)RNE iff k = (m/,n'), mRMm', and
nRNn'.

If a is an action in (£ \ £') then (m,n)R*k iff k € M and mRMk.

If  is an action in (£'\ £) then (m,n)RFk iff k € N and nRNk.

3. For any p € LU L' define: K, (m,n) Epiffpe Land M,m =porpe L’
and N, n | p. Note that this is well-defined, because if p € LN L' then m
and n must agree on p, since they are £ N L'-bisimilar. If k € M (k € N)
then K,k Ep iff M,k = p (N, k E p, respectively).

We claim that K is L-bisimilar to M via the relation S = {(m,m) : m €
M} U {((m,n),m) : (m,n) € K} and L'-bisimilar to N via the relation 7' =
{(n,n) : n € N} U{((m,n),n) : (m,n) € K}. By symmetry we only need to
prove that the relation S is an £-bisimulation between /C and M.

1. The roots are connected by definition. If £Sm and £k = m € M then k and
m satisfy the same L-propositions by definition of the valuation in K. The
same holds if k£ = (m,n), because then m and n are £ N L'-bisimilar and
thus satisfy the same propositional constants in £ N L'

2. Suppose that kSm. If k € M then k£ = m and the back and forth con-
ditions for an L-bisimulation are trivially satisfied. If & = (m,n) with
mZn, the back and forth conditions for an action a in £\ £’ are satisfied
because (m,n)RXE" iff k' € M and mRME'. Next, consider a € £ N L'
If (m,n)RXE') then k' = (m',n’) with mRMm' and k'Sm’. Vice versa,
if mRMm' then since Z is a £ N L£'-bisimulation and mZn, there exists
n' € N such that nR¥n' and m'Zn/. Then (m/,n') € K, (m,n)RS(m',n'),
and (m',n")Sm’. O

2.3 A brief introduction to the p-Calculus.

Basic Modal Logic is computationally attractive but not very expressive; in the
previous section to get more power we extended Basic Modal Logic until we
reached Infinitary Modal Logic, going through PDL. The latter is still compu-
tationally attractive, while Infinitary Modal Logic is highly non-constructive. In
this section we introduce another extension of Basic Modal Logic which is stronger
than PDL, but it still behaves well from a computational point of view.

The Modal u-Calculus ([44]) is an extension of Basic Modal Logic with least
and greatest fixed point operators. It is a very powerful formalism into which
many other well-studied modal logics can be embedded. Examples are Linear
Temporal Logic (LTL, [57]), Computation Tree Logic (CTL, [17]), CTL* ([25, 26]),
PDL, and of course Basic Modal Logic. Moreover, the Modal p-Calculus is of
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great interest to Computer Science since it expresses important properties of
processes, such as termination (every run is finite) and fairness (on every infinite
run, no action is repeated infinitely often to the exclusion of all others).

The power of the Modal p-Calculus is also evident from a more theoretical
perspective: as we shall see, the Modal p-Calculus is a fragment of Monadic
Second Order Logic containing only formulae that are invariant for bisimula-
tion. Janin and Walukiewicz prove the converse: any property which is invariant
for bisimulation and expressible in Monadic Second Order Logic is already ex-
pressible in the Modal u-Calculus ([41]). Yet the Modal p-Calculus enjoys many
desirable properties which Monadic Second Order Logic lacks: a complete calcu-
lus ([67]), an exponential-time decision procedure, and the finite model property
([63]). Switching from MSO to its bisimulation-invariant fragment gives us these
desirable properties.

Given £ = (X,A) and an infinite set of variables VAR, the set of formulae of
the Modal p-Calculus is defined as the smallest set containing any p € X, the
propositional variables X € VAR and which is closed under boolean operators,
modal operators (a)¢, for a € A, and under the least fized point operator pX.¢,
if ¢ is positive in X (i.e. all occurrences of X in ¢ fall under an even number of
negations).

The dual operator vX.¢ is defined as vX.¢ := =u—¢(—-X|X). A uX- and vX-
operator binds occurrences of X in the usual way: the notion of closed p-formula,
or u-sentence, is then given as usual.

Given a structure M and a valuation V' : VAR — Pow(M), a p-formula is

interpreted as a subset [¢]y of M, defined as follows:
[p]v = pM

[-»lv M\ p™
[X]v V(X)
[o Ay = [dlv N [¥]v
[
[

(a)o]v {SGMH[]]VWR()#@}
puX.ly = (S S M| [lvix=s) € S}

where V[X := 5] is equal to the valuation function V' except that S is assigned
to X. Note that [uX.¢]y is the least fixed point of the monotone operator that
assigns to S the set [¢]y(x.—s). The semantics of the dual operators is:

[ovVyly = [¢]vU[v]y
[lalg]ly = {s€ M| Ru(s) C [d]v}
[vX.¢ly = U{SCSM]|SC[lvix:—si}

Note that if ¢ is a formula containing as free variables only X1, ..., X, the val-
uation need only to assign a value to these variables. In such a case we may write
[#]1x.:=41,..., X,:=4,] instead of [#]y. We may leave out the valuation altogether if ¢
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is a sentence. If ¢ is a formula, X7, ..., X, are all its free variables, and Ay, ..., A,
are subsets of the domain of a structure M, we denote by ¢(A4y, ..., A,) the set

[[¢H[X1::A1 ..... Xn:=Ayn]"
M, V, s = ¢stands for s € [@]y: s satisfies ¢ under V in M. If ¢ is a sentence
we may leave out the valuation. M = ¢ is used to denote M, r™M = ¢. Logical

consequence is then defined accordingly.

By looking at the semantics of the p-operator we can easily translate the u-
sentences of a language £ into sentences of the Monadic Second Order Logic of
L, by means of an extension of the standard translation ST, defined in Section
2.1.4. We let:

ST(uX.4) = VX (V2(ST(9) — X (z)) — X (x)).

Then a p-sentence ¢ is equivalent to the MSO-sentence ST'(¢)(r).

Examples.

e Consider the sentence ¢ = uX.(pV (a)X). We claim that the valuation [¢]
of a sentence ¢ in a structure M is equal to the set

A=A{w:Jwy =w,.. .,wn(/\ w; RMwi 1 Awy, = p)},
i<n
that is, ¢ is equivalent to the PDL sentence (a*)p.

Since
[1X.(pV (@) X)] =[S S M |[pV (@ X]vix.=s) € S},
to prove that A = [uX.(p V (a)X)] we have to show:
a) AD [uX.(pV (a)X)], which can be proved by showing that pM U {w :
Fo(wRMv Av e A)} C A;
b) [uX.(p V (a)X)] 2 A, which can be proved by showing that for any
S C M with pMU{w: w(wRMvAv € S)} C S it is true that A C S.
The first condition is easily verified and we leave it to the reader.

As for the second one, suppose that S C M is such that p™ U {w :
Jv(wRMv Av € S) C S. If u € A, then there are wy = u,...,w, such
that wiRﬁ/‘le for all i < n and w, = p. We prove by induction on n that
uweS. Ifn=0,then u =pand ueS. If n >0, consider the node w;. By
induction, w; € S and from {w : W(wRMvAv € S) C S, we obtain u € S.

e Let ¢(X,Y) be the formula (p A (a)X) V (a)Y and consider the sentence
vX.pYp(X,Y). We prove that [vX.uY.¢(X,Y)] is equal to the set A of
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points w for which there is an infinite chain of a-transitions starting from w
in which p holds infinitely often. It is known that expressing this property in
the Modal u-Calculus requires nesting of v and p operators (This is proved
in [24]. For results related to the nesting of fixed points operators, see [47]).

First, using the preceding example we write the formula pY.9(X,Y) as
(a*)(p A (a)X). By looking at the semantics of the greatest fixed point
operator v we see that in order to prove that A = [vX.(a*)(p A (a)X)] we
need:

a) AC (a)(p N (@)A);
b) if S is a set with S C (a*)(p A (a)S), then S C A.

In order to prove a), suppose that w € A. Then there is an infinite a-
sequence 0 = (w;);e, With wg = w, where p appears infinitely often. Any
node in this sequence belongs to A and after a finite number of a-steps from
w we reach a node where p holds, hence w € (a*)(p A (a)A).

We now prove b). Suppose S C (a*)(p A (a)S) and take s € S. Then
s € (a*)(p A (a)S) and there is a finite chain of a-transition starting from s
with an end node s; which satisfies p A (a)S, that is, s; = p and have an
a-successor sp € S. By applying the same argument to s; we obtain a finite
chain of a-transition starting from s, with an end node s; which satisfies p
and have an a-successor s, € S, and so on. This proves that that s € A.

(|

A basic result applicable to the Modal p-Calculus is the Tarski Theorem,
which says that the least fixed point p(F') of a monotone operator F' : Pow(A) —
Pow(A) is equal to F, = J,, F,, where

Fa—l—l = F(Fa)a
Fy = | Fa, for a limit ordinal ).
B<a

Dually, the greatest fixed point operator of a monotone operator F' on a set X is
equal to F* = (), F*, where
F'= A,

Fa+1 — F(Fa),
F* = ﬂ F% for a limit ordinal .
B<a

The Tarski Theorem can be used as a tool to get a better understanding of
the evaluation of a p-sentence ¢ on a point w of a structure M.
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Consider, for example, the formula ¢ = puX.[a]X. Using the Tarski Theorem
we can show that the formula pX.[a]X is true in w iff there is no infinite chain
of a-transitions starting from w. If w = ¢, then w belongs to the fixed point
F, of the operator [[a|X]. Since F\ is a fixed point, we have F, = [a|F,, and
w € [a]F,. Hence, if w; is an a-successor of w we have w; € F,: we say that
the formula ¢ has been regemerated in w,, since in w; we have to restart the
evaluation of ¢. However, this regeneration cannot occur infinitely many times in
an a-path starting from w. This is true because we can consider the transfinite
approximations F, of F, and, by the Tarski Theorem, we know that if w € F,
then there exists an ordinal 3 such that w € Fj.;. Hence if w = ¢, then w € [a]Fj
and all a-successors w; of w belongs to Fj3 C F,. Hence, the sentence ¢ has been
regenerated, but at an inferior level. If we perform the same evaluation on an
a-successor wy of w, we see that all a-successors of w; are in F,, for v < @ and
this process of regeneration can continue only a finite number of times along a
path, because after a finite number of regenerations we must end with Fy = (.
Hence, no infinite chain of a-transitions starts from w.

Notice that things are different if we consider greatest fixed point operators:
here the Tarski Theorem implies that w € F* iff w € [, F'*. Hence, on evaluating
a greatest fixed point sentence ¢ = vX.1¢, it is possible that we are obliged to
regenerate the sentence ¢ infinitely many times along a path.

More complex situations can arise if we have nested fixed points operators in a
sentence ¢, as for example in ¢ = vX.uY.(pV (a)X)V (a)Y. On evaluating ¢, the
formula [ X := ¢] = uY.(pV{a)¢)V(a)Y can be regenerated infinitely many times
although it starts with a p-operator. The reason for this is that the subformula
Y(X,Y) of ¢ contains the variable Y which is in the scope of a greatest fixed point
operator vY: if w |= ¢ then w € [uY.(pV(a)X)V(a)Y ] x.=[¢ and this implies that
after a finite number of a-steps we reach a node wy with wy € [p V (a) X]ix.=4))
(see the first of the examples given above). Hence, either w; = p, or w; has an
a-successor wy such that wy = ¢. Then wy € [uY.(pV (a)X) V (a)Y]ix:=[¢) and
the formula ¢[X := ¢| has been regenerated in ws: we can have a regeneration
of ¥[X := @] any time we regenerate ¢, possibly infinitely many times. a

The range of the ordinals in the definition of F, and F™*, for F' : Pow(A) —
Pow(A), can be taken to be {a : @ < 7}, where 7 is the least ordinal with
v > |A|. This allows us to show that on structures of cardinality smaller than a
fixed k, any p-sentence is equivalent to an infinitary modal formula:

2.3.1. PROPOSITION. Let k be a cardinal. Given a p-sentence ¢, there exists an
infinitary modal formula ¢* in the same language, such that on any structure M
with |M| < k ¢* is equivalent to ¢.

Proof.
Let ¢ be of the form puX.1)(X). Consider the sequence defined by Ay = 0,
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Aat1 = [Ylix=a.), and Aq = Uz, As. By the Tarski Theorem we have that
w € [¢] iff we A,, where v = min{a | |a] > |X|}. Hence, if we can use
disjunctions on infinite sets, we can inductively define the formula 1, by

Yo =L, Va1 = Y[X = o), 0x = \/ Va,

a<<A

and
w e [pXy] iff we [v,].

The thesis is obtained by applying the above reduction to all occurrences of
least fixed points operators in ¢. O

From Proposition 2.3.1 it follows that any sentence of the Modal p-Calculus
is invariant for bisimulation:

2.3.2. PROPOSITION. If ¢ is a sentence of the Modal u-Calculus, M and N are
bisimilar structures, and M = ¢, then N = ¢.

Proof.

Consider a p-sentence in the language £ and let M, N be L-structures such
that M E ¢ and M ~ N. If k is a cardinal such that & > |[M]|, |N], then
¢ is equivalent on M and N to an infinitary modal sentence by the preceding
proposition. But infinitary modal sentences are invariant for bisimulation. a

Notice however that the Modal p-Calculus is not equivalent to Infinitary
Modal Logic on arbitrary structures: non-well-foundedness of a relation R, is an
example of a property which is expressible in the Modal p-Calculus by vX.(a) X,
but not in Infinitary Modal Logic.

2.4 The family of graded modal logics and their
semantics.

All extensions of Basic Modal Logic we encountered so far are invariant under the
basic notion of bisimulation. We went through PDL and the Modal p-Calculus
until we reached Infinitary Modal Logic, but we did not have to change the notion
of bisimulation. However, we could have acted differently, considering from the
beginning logics that do need a different notion of bisimulation. None of the
logics we encountered so far give us the simple ability of counting successors,
although we are able to do so in First Order Logic with equality. The basic idea
of the graded modalities is to extend Basic Modal Logic with graded operators
that give this possibility: we define, for any natural number n and action a € A,
the operator (a),¢, whose interpretation in a structure M is given by

[(a)nd] = {s € M :[[] N Ra(s)| = n}-
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Notice that the new formulae we obtain are not invariant for the basic form of
bisimulation.

The Logic of Finite Graded Modalities LZ<X is defined as Basic Modal Logic
extended with the operators (a),¢ for n < w and a € A. The logic where we only
allow the use of a graded operator (a),, if m < n, for a fixed natural number n,
is denoted by L£%<™,

The idea of graded operators, introduced in the seventies (see [34], [42], [28])
and studied in the eighties in [27] where a sound and complete system for the logic
L°<X0 is proposed, is a simple and pervasive notion. It can be naturally connected
with many other formalisms coming from the areas of generalized quantifiers
theory and knowledge representation. A survey of such connections is presented
in [37].

Many technicals results and classical tools from modal model theory can be
applied to graded modalities. A detailed study of expressiveness issues using such
instruments can be found in [36].

Consider now a sequence ¢y, ..., P,_1 of formulae and suppose we want to
ask for m different successors wy, . .., w,,_1 such that w; satisfies ¢;, for all : < m.
This seems a more difficult task than the previous one, but we can prove that
we can express this property using the graded operators (a),, for h < m. More
formally, consider for any m € w the operator {a},,, which applies to a sequence
(0o, - -, Pm—1) of formulae and is interpreted in a structure M by:

s = {atm(do, - .-, dm-1)
0

there are m different successors vy, ..., ym_1 of s with y; = ¢;, for all i < m.

We can prove that the operator {a}, can be expressed using the operators
(a)p, for h < m. The proof (see [1] and [51], Th 1.1.6.) is an interesting example
of an application to Modal Logic of a combinatorial result known as the Marriage
Theorem, which we state in the following. Let {Ay,..., A, 1} be a finite family
of sets. A set of distinct representatives for this family is a set {ag,...,am_1}
such that a; € A; for all ¢ < m and a; # a; for i # j, i« < m,j < m. The
Marriage Theorem gives a necessary and sufficient condition that a family of set
must satisfy in order to have a set of distinct representatives.

2.4.1. THEOREM. A finite family {Ay,...,An 1} of sets has a set of distinct
representatives iff for allk < m, 0 < ¢ < ... <14 < m, the set A;; U...UA,;,
has cardinality greater than or equal to k.

We use this theorem to show that the operator {a},, can be expressed by
means of the operators (a);, for i < m.

2.4.2. PROPOSITION. If m < n and ¢y, ..., ¢m_1 are in LO", then the formula
{a}m(Po,-- -, Pm_1) is equivalent to a formula in LO<".
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Proof.
Using the Marriage Theorem, we prove that the formula {a}n,(¢o, ..., ¢m—1) is
equivalent to the formula

= Nlagin N\ (g Vi) A A

<m i1 <ig<m

N @ma(di VeV i) A @)m(bo V-V fma).
11<...<bpp—1<m
It is clear that ¢ implies 9. Vice versa, if M, w |= v, then apply the Marriage
Theorem to the sets A; = {w': wR,w' A W' = ¢;}. O

In this thesis we will consider the natural generalization of the operators (a),
to infinite cardinals: for any cardinal h consider the operator (a),¢ whose inter-
pretation in a model M is given by

[(a)nd] = {s € M:[[¢] N Ra(s)| = h}.

These ‘infinite’ modalities are studied from an algebraic point of view in [46],
where various kind of infinite cardinality quantifiers are added to weakly associa-
tive relation algebras and decision results are obtained for the resulting varieties.
A study of the finite variants of these operations can be found in [51]. Considering
these operators in a modal logic context gives:

2.4.3. DEFINITION. For any cardinal k the logic £°<* is defined as Basic Modal
Logic extended with the operators (a),¢ for h < k and a € A.

L9794 is defined as Basic Modal Logic extended with all operators (a),¢ for all
cardinals h and a € A. O

A generalization of Proposition 2.4.2 to infinite cardinals can be found in
Chapter 4.

The extensions of LO<*  £97%¢ which allow conjunctions over sets of cardinality
strictly smaller than &' are denoted respectively by £5<F, £97%¢ while in £3<*,
L£97% arbitrary set conjunctions are permitted.

As we have seen, in the logics £LI<* we are allowed to count up to cardinal
k. In Chapter 4, while considering non-well-founded sets, we shall encounter the
dual class of logics, in which we are allowed to count only with cardinals strictly
greater than k.

2.4.4. DEFINITION. If k is a cardinal, £L¥= is the fragment of £37°¢ which allows
the use of the operators (a), only for k£ < h and h =1 (that is, in these logics we
always have the classical diamond operator). O
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Given two cardinals k& < k' we will also use the logic £ES°<F | defined as the
fragment of £97% which allows the use of the operators (a); only for k < h < k'
and h = 1. As usual, the use of a cardinal £” as a subscript in denoting one of
the previous logics means that we are considering the fragment which only allows
conjunctions on sets of cardinality strictly less than k".

Translations of the graded logics.

We will use the following extension of the standard translation.
First, we extend the standard translation ST from Basic Modal Logic £ to
the Logic of Graded Modalities £L9<%0 as follows:

ST({a)n8) = o .. Y1 (N eRayi A N\wi 2 v; A \ ST(#)(w: | 2)),

i<n 1<jJ i<n

(where v, ..., y,—1 are variables new for ST(¢)). ST(¢)(r) is then a first-order
sentence with equality which is equivalent to ¢.
The extension of ST to L~® is obvious and results in a sentence of L.
We shall also use the translation ST naturally extended to the full Logic
of Graded Modalities £I7*¢ but in this case the range of the translation is the
Infinitary First Order Logic Lo (Qx) (see Section 2.1).

Counting bisimulations

A bisimulation is insensible to the number of successors of a given node: bisimilar
nodes can have a different number of successors. It is then clear that, in order to
obtain a suitable definition of bisimulation for graded modal logics, we have to
restrict the notion of bisimulation. We first consider the case of the logics £L<*,
for a cardinal number k and then give the dual definition, for the logics £F<°.

2.4.5. DEFINITION. Let k be a cardinal. A (< k)—counting bisimulation between
two models M, N of a language L is a relation Z C M x N such that if wZv
then:

1. rMZrN:
2. if wZv then w, v validate the same propositional constants of L;

3. if wZv then for any action a € A, if X is a subset of R,(w) of cardinality
strictly smaller than &, then there is an injective function f between X and
R,(v) such that w'Z f(w'), for all w' € X,

4. and vice versa. O
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If Z is a (< k)-counting bisimulation between M and N, we say that M and
N are (< k)-counting bisimilar.

If M is a structure for a language £ and N is a structure for a language £’
we will also consider (< k)-counting bisimulation w.r.t. a language £; contained
in LN L": the definition is as above except that in 2) the nodes w, v validate the
same propositional constants of £; and 3),4) are restricted to atomic actions of
this language.

2.4.6. LEMMA. Let k be cardinal. If M is an L structure, N is an L' structure,
L1 CLNL', and Z is a (< k)—counting bisimulation between (M, w) and (N, v)
w.r.t. L1, then w and v satisfy the same (L1)LF formulae.

Proof.

By induction on the complexity of formulae. We just deal with one case. If
w = (a)p¢ for h < k we consider the set {w' : wR,w',w' = ¢}, which has a
subset X of cardinality h. Let f be the corresponding injective function as in in
Definition 2.4.5. By induction all points in f(X) validate ¢ and v |= (a),o.

2.4.7. REMARK. Notice that we could give an apparently weaker definition of
bisimulation in such a way that Proposition 2.4.6 still holds. We could change
points 3),4) of Definition 2.4.5 into the following: 3') if X is a subset of R,(w)
of cardinality strictly smaller than k then |[{y € R,(v) : 3z € X zZy}| > |X|
(without asking the existence of an injective function preserving Z); 4') and vice
versa. However, it can be shown that a bisimulation Z of this type between
models M, N is a (< k)-counting bisimulation as defined in 2.4.5. To see this,
we prove that if Z is a bisimulation between M and A that satisfies condition
3'), then it satisfies condition 3) of Definition 2.4.5. Suppose that wZv and
let X = {wo,...,2,—1} be a subset of R,(w) of cardinality equal to r < k.
We prove that the family {Ay,..., A, 1}, where A4; = {y € R,(v) : z;Zy},
has a set of distinct representatives by checking the hypotheses of the Marriage
Theorem 2.4.1. If h < rand 0 < ¢; < ... < 15 < r, we have to show that
|A;; U...UA,;,| > h. Consider the set X' = {z;,,...,z;, }; since |X'| < k by
3') we have that [{y € R,(v) : 32’ € X' 2'Zy}| > |X'|. But {y € R,(v) : J2' €
X'a'Zy} C A;,U...UA,;, and so |A;, U...UA;, | > h. Since the hypotheses of the
Marriage Theorem are satisfied, the family {A,,..., A, 1} has a set of distinct

representatives {ay,...,a,_1} and the function f(z;) = a; is an injective function
between X and R,(v) with 2Z f(x) for all z € X. Hence Z satisfies condition 3)
of 2.4.5. a

Next, we consider the notion of bisimulation which corresponds to the logic

which contains (a), only if h is bigger than a fixed cardinal k, that is, the logic
£k<<>:



2.4. The family of graded modal logics and their semantics. 27

2.4.8. DEFINITION. A (k <)-counting bisimulation Z between two structures G
and H is a relation Z C G x H such that

1. rMZrN:
2. if wZv then w, v validate the same propositional constants;

3. if wZv and if X is a subset of R,(w) with either |X| =1 or |X| > k then
{y € Ra(v) : 32 € X xZy}| > | X];

4. vice versa. O

Given two structures G and H, we write G =F=° H if the two structures satisfy
the same formulae of L5,

2.4.9. LEMMA. If Z is a (k <)-counting bisimulation between G and H then
G =k

We leave the easy proof to the reader.

Finally, the appropriate notion of bisimulation for £7%? is easily guessed.

2.4.10. DEFINITION. A counting bisimulation Z between two structures G and
H is a relation Z C G x H such that

1. PMZpN:

)

2. if wZv then w, v validate the same propositional constants;
3. if wZv and X is a subset of R,(w) then [{y € R,(v) : Jx € X zZy}| > |X|;
4. vice versa. O

Given two structures G and H, we write G Eogad ‘H if the two structures satisfy
the same formulae of £7%.

2.4.11. LEMMA. If Z is a counting bisimulation between G and H then G Egg“d
H;

The converse of Lemma 2.4.6, Lemma 2.4.9 and Lemma 2.4.11 can also be
proved. In Chapter 5, in the context of non-well-founded set theory, we will
prove a strong form of these converses.
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2.5 Interpolation.

In this section we give a brief account of the various forms of interpolation that
we consider in this thesis, describing the behavior of the logics we introduced so
far with respect to it.

2.5.1. DEFINITION. Given a logic, an interpolant 6 for a pair (¢,1)) of formulae
of the logic is a formula of the logic in the language £(#) N £(¢) such that

)
e 01 O

It is clear that a necessary condition for two formulae to have an interpolant
is that ¢ = 1. A logic is said to have Craig interpolation if each pair of formulae
(¢p,v) with ¢ = 1) have an interpolant.

Craig interpolation (or, simply, interpolation) was first proved for First Order
Logic by Craig ([18]). Let us consider the other logics introduced so far with
respect to interpolation. Monadic Second Order logic and Infinitary Logic L
are examples of logics that do not have the interpolation property. If we restrict
the use of conjunctions in L., to countable sets of formulae, however, we obtain
the logic £, which does have interpolation. This result was first proved by Lopez-
Escobar in 1965 ([48]) with a proof-theoretical argument using cut elimination
and can also be proved using consistency properties for Infinitary Logic. It is the
latter proof that one can generalize to get a weaker form of interpolation for £,
as we shall see in Section 2.5.2.

As for the extended modal logics we defined, we have the following situation:

1. Basic Modal Logic enjoys interpolation. There is a proof-theoretic argument
using a Gentzen-style calculus of sequents, as well as a model-theoretical
argument, using a strong form of amalgamation and bounded bisimulation.

2. Infinitary Modal Logic L, as well as countable Infinitary Modal Logic £,
have the interpolation property. Interpolation for £ is proved in [11] using
amalgamation and consistency properties modulo bistmulation, that we will
encounter in Chapter 5. The countable version is proved in [64], which also
gives a completeness theorem for this logic.

3. It is not known whether PDL enjoys interpolation or not.

4. The Modal p-Calculus enjoys interpolation. We give a proof of this in
Chapter 3.
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5. In the family of graded modal logics, interpolation is known to be true for
L9<%0 and false for £9<", for a natural number n (see [1]). In Chapter 5
we prove the interpolation property for the logic ngxo, as well as for the
full Logic of Graded Modalities £7%¢.

By looking at points 2,4, we see that in these cases the modal fragments
behave better than their classical environments: £ has interpolation, while £,
does not and the same holds for the Modal p-Calculus with respect to Monadic
Second Order Logic.

2.5.1 Uniform interpolation.

We now consider a stronger form of interpolation, the so-called uniform inter-
polation. To introduce this notion, let us first consider classical Propositional
Logic. In this logic, given a formula ¢(p) one can easily prove that the formula
&(T/p) V ¢(L/p) serves as an interpolant for all formulae ¢ with ¢ = 9 and
L(p) N L(Y) C L(p) \ {p}, that is, we have ¢ = 6 and for all ¢ as above we
have 6 = 1. In other words: the interpolant depends on ¢ and on the com-
mon language of ¢ and ¥, but not on . This can be easily generalized from
L(#)\ {p} to arbitrary subsets of L(¢): we say that classical Propositional Logic
enjoys uniform interpolation, a property that can be stated for general logics:

2.5.2. DEFINITION. Given a logic, a sentence ¢ in it and a language £ C L(¢),
a uniform interpolant of ¢ with respect to £ is a formula 6 such that:

1. £(§) C L;

2. 9 =96
3. if ¢ =1 and L(¢) N L(¢Y) C L' then 0 = 1. O

A logic enjoys uniform interpolation if any sentence ¢ of the logic has a uniform
interpolant with respect to any £ C L(¢).

Thus, classical Propositional Logic enjoys uniform interpolation. Intuitionistic
Propositional Logic IL is another example of a logic in which uniform interpola-
tion holds, albeit in this context the proof becomes nontrivial. It was first proved
by Pitts in [56], by means of proof theoretical methods. Using a contraction free
variant of the Gentzen sequent calculus for IL, it is possible to define a well-
founded relation on sequents in such a way that the hypotheses of a rule of the
calculus are always smaller than the conclusion. The proof of the existence of the
uniform interpolant is done by recursion on this relation.

If a logic does not have interpolation, then it is clear that it cannot have uni-
form interpolation. First Order Logic is an example of a logic having interpolation
that does not have the uniform version of it (this was first proved in [35]). To see



30 Chapter 2. General preliminaries.

this, consider the first-order sentence ¢(R) expressing the fact that R is irreflex-
ive, transitive and serial (that is: Vz3dyzRy). Suppose ¢ is a uniform interpolant
for ¢(R) with respect to L(¢) \ {R}. ¥ may thus only contain =. Then one can
show that i) must be true precisely in the infinite models. As infinity cannot be
expressed in First Order Logic, we have a contradiction.

Let us see the behavior of the logic we have encounter so far with respect
to uniform interpolation (obviously, we only consider the logics that do have
interpolation, or for which it is unknown).

1. Basic Modal Logic enjoys uniform interpolation. We will sketch a proof of
this fact in Chapter 3.

2. Infinitary Modal Logic £, its fragment £ , and PDL do not have uniform
interpolation. This will be proved in Chapter 3.

3. The Modal p-Calculus enjoys uniform interpolation. We give a proof of this
in Chapter 3.

4. The logics LJ="0 and £7° do not have uniform interpolation (this follows
from a result in [21]). A way to prove uniform interpolation for L£¢<%o
could be to use bounded < Nj-counting bisimulation and amalgamation, as
for £°. However, amalgamation in this context would probably be a more
difficult task than in the basic modal case.

2.5.2 Elementary interpolation.

As we already pointed out, not all logics have interpolation. Can we characterize
the pairs of formulae which do have an interpolant in a reasonable way, in logic
where interpolation fails? This question can be posed for example for: Infinitary
Logic, MSO, First Order Logic on finite models, First Order Logic with the
quantifier there exists uncountably many, and, on the modal side, Graded Modal
Logic with a finite number of operators. In these logics, ¢ = 1 is a necessary but
not sufficient condition for (¢, 1) to have an interpolant, hence we have to look
for a stronger condition.

The problem of characterizing pairs with interpolant in logic without interpo-
lation is considered in [5] and solved for Infinitary Logic as follows. The idea is to
strengthen the condition ¢ = 1 in order to obtain all pairs having an interpolant.
Since ¢ = 1 means that given a model M the truth of ¢ implies the truth of ¥,
we could strengthen this condition by asking this transfer property not only inside
a single model M, but from a model M to any other model which is related to
M in a reasonable way. For example, we could ask that if M = ¢ then N = ¢
for any N which is isomorphic to M w.r.t. the language £ = L(¢) N L()). After
all, this is certainly a necessary condition for an interpolation pair! However, this
transfer property gives nothing new because it is equivalent to ¢ = ¢: if ¢ | ¥,
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M = ¢ and M is isomorphic to N, w.r.t. £, consider the model N'* obtained
from N by changing the interpretation of any predicate in £(¢) \ £(¢) in such
a way that N* = ¢ (just copy the interpretation of the predicate in M via the
L-isomorphism); by hypothesis, N* |= 1, hence N |= 9 because N and N'* agree
on L(1).

We are however in the right direction. The next choice is to consider this trans-
fer along L—elementary equivalence, instead of along L-isomorphism. Suppose
(¢,) have an interpolant 8, M | ¢, and M and N satisfy the same formulae
of the logic in the language £. Then M = 6, N | 6 since 6 is an L-formula,
and from 0 = ¢ we obtain N |= 9. This kind of transfer is at least a necessary
condition.

2.5.3. DEFINITION. We say that a logic has elementary interpolation if pairs
having an interpolant can be characterized as the pairs (¢, ¢) such that ¢ entails
Y along £ = L(¢) N L(1))-equivalence, that is:

if M = ¢ and M =; N then N | 1.

|

The first natural questions to answer are the following. Does a logic without
interpolation which has elementary interpolation exist? Does a logic which does
not have elementary interpolation exist?

The following well-known argument shows that we must look for a non-
compact counterexample.

2.5.4. PROPOSITION. Any compact logic enjoys elementary interpolation.

Proof.
Suppose the logic is compact and ¢ entails ¢ along £ = L($) N L(1))-equivalence
w.r.t. this logic. If Th;(¢) denotes the set

{6 : 0 is in the logic, £(f) C L and ¢ |= 6},

we prove that
Thﬁ(gb) ): wa

and we get an interpolant by compactness. Suppose then that M | Th.(¢).
Using compactness again it follows that The(M) U {#} has a model: otherwise
there would be a ¢ € Thy(M) with ¢ | —, that is, =0 € Thr(¢), which
contradicts M = The(¢). But a model N of The(M)U{¢} is such that N = ¢
and N satisfies the same L-formulae as M. Hence from the hypothesis we get
M E . O

We find a counterexample to elementary interpolation in Monadic Second
Order logic (this counterexample is from [21]):
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2.5.5. THEOREM. Monadic Second Order Logic does not have elementary inter-
polation.

Proof.
Let ¢(<) be a sentence expressing that < is a strict linear order. Let ¢(<) be
the conjunction of the following:

1. < has a least point (which we’ll refer to as min) and a greatest point (max);
2. Either = max or = has a direct successor S(z).
3. ‘Induction’:

VP.([P(min) A Vz.((z # max A P(z)) — P(S(x)))] — Vz.P(x))

(<) A (<) can only be true in finite models. Any linear ordering < on a finite
model must be of the form sy < s; < ... < s,, so on finite models ¢(<) implies
$(<). Thus $(Ra) A (Ra) = B(Rs) = $(Ry).

We can also prove that ¢(R,) A ¥(R,) entails ¢(Rp) — ¥(Rp) along MSO-
equivalence w.r.t. the language of pure equality. If M = ¢(R,) A Y(R,) then M
is finite and if N' =pr50 M then N is finite too. Hence we have N' = ¢(R,) —
)

We now show that an interpolant x for these two sentences would be a sentence
expressing finiteness.

For suppose M is finite, say its universe is {so, ..., s,}. Define R, by s;R,s;
iff i < j. Clearly then M = ¢(R,) A Y(R,). So M = x.

For the converse, suppose M |= x. We may order the domain of M linearly
and denote this ordering by R,. Because x is the interpolant, (M, Ry) = ¢(Rp) —
Y(Rp). As ¢(Rp) holds in (M, Ry), ¥(R) must also hold there. But then M must
be finite.

As finiteness cannot be expressed in Monadic Second Order logic we have a
contradiction. O

Hence, not all logics have elementary interpolation. Another counterexample
is First Order Logic on finite models, but we omit the proof.

In [5] Barwise and van Benthem proved that Infinitary Logic has elementary
interpolation. They actually proved that interpolation pairs can be characterized
as the pairs (¢, 9) such that ¢ entails ¢ along potential isomorphism. Since two
structures satisfy the same infinitary sentences iff they are potentially isomor-
phic, this result gives elementary interpolation for Infinitary Logic. The proof
uses essentially the Boundedness Theorem for Infinitary Logic, the definability of
potential isomorphism as the greatest fixed point of a monotone operator defin-
able inside the logic, and the Scott property of this logic. The same proof applies
to any logic satisfying these conditions.
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As it is shown in [11], elementary interpolation for infinitary logic can also be
proved using the notion of good triples, which is a generalization of the consistency
property of Infinitary Logic. This method can be adapted to prove elementary
interpolation for extended modal logics such as the (infinitary) graded modal
logics (see Chapter 5).

2.6 Non-well-founded sets and bisimulation.

Finally, we introduce the basic material on non-well-founded sets. Since this
subject is probably not very familiar for many readers, in this section we give
more proofs than in the preceding ones. Whoever knows Aczel book [2] may just
read Theorem 2.6.5 and use this section just for notation when reading Chapter
4.

Since the Russel Paradox, sets that belong to themselves have been looked at
suspiciously. The most used axiomatization of set theory, the Zermelo Fraenkel
one, contains the axiom of foundation that forces the membership relation be-
tween sets to be (inversely) well-founded: under this axiomatization we can never
have an infinite chain of sets ay, as, ... with a;1 € a;, for all ¢. In particular, this
axiom does not allow the existence of sets that belong to themselves. However,
non-well-founded sets ezist, in the following sense:

e there are other possible axiomatizations of set theory which imply the nega-
tion of the axiom of foundation;

e these axiomatizations are consistent relative to the Zermelo Fraenkel theory
without the axiom of foundation (ZFC~, from now on).

In these theories, sets can belong to themselves, there can be sets a,b with
a € band b € a, and so on. Non-well-founded axiomatizations, beside being of
interest because they give more insight on the structure of sets, have applications
to Communicating Systems (see [2]) and Situation Theory (see [6]).

In this section we give a brief introduction to one of the most famous non-
well-founded axiomatizations, the theory ZFC~+ AF A, considering in particular
its relations with the notion of bisimulation and Modal Logic.

In order to describe the anti-foundation axiom AF A, consider a structure G
for the language {R, 7}, where R is a binary relation symbol and r is a constant
symbol; suppose also that any element w € G can be reached in a finite number
of RY steps from r9. Given a structure G, a decoration of it is an assignment of a
set to each node of the structure, in such a way that if a is assigned to w then a
is the set of all elements that are assigned to RY9-successors of w. More precisely,
a decoration of G is a function whose domain contains G, such that

d(w) = {d(v) : wR%}.
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It is obvious that in ZF'C only well-founded structures can have a decoration,
where a structure is called well-founded if no infinite path wyR9w; RY ... exists on
it. Working in ZFC~ one can prove the converse, which is known as Mostowski’s
Collapsing Lemma: any well-founded-structure G has a unique decoration.

0 {0}

0,01} O

A decorated structure. A structure without
a ZF(C-decoration.

What about other {R,r}-structures (which we simply call structures, from
now on)? If the axiom of foundation ¢s present, then there are structures without
any decoration, for example, a single reflexive node: G = {w}, with wR%w. On
the other hand, it is possible to show that (a formalization of) the property:

any structure has a unique decoration

is consistent with ZFC~. This axiom is called AF A in [2]. If we work in ZFC~+
AF A, we will indicate by dg the (unique) decoration of the structure G.

What is the role of bisimulation in this context? Using only ZFC~, we see
that if two structures G and G’ have a common decoration (that is, a decoration
d of G and G’ such that d(r9) = d(r9)), then they are bisimilar: the relation
S C G x G defined by uSv < d(u) = d(v) is a bisimulation between G and G’
w.r.t. the language {R,r}.

The converse cannot be proved in ZFC~, but it is true under AF'A (see
Corollary 2.6.2). To prove this result, we use the notion of collapse, introduced
in Definition 2.2.2: under ZF'C™ not all structures have a decoration, but we can
prove that if Coll(G) has a decoration, then we have a decoration of G as well.

2.6.1. PROPOSITION. (ZFC~) Ifd is a decoration of Coll(G), then the function
d* defined on G by d*(xz) = d([z]) is a decoration of G.

Proof.
To prove that d* is a decoration of G we have to show that for all z € G it holds:

d*(z) = {d*(y) : 2Ry}
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If Ry, then [2]RC"9)[y] and d*(y) = d([y]) € d([z]) = d*(x).

Vice versa, if z € d*(z) = d([z]), then z = d([y]), with [z]RC"9)]y]. By
definition of RE?!(9) there exists a y' such that zR%’ and [y'] = [y]. But then
d([y]) = d([y)) and 2 = d([y"]) = d"(y') with zR%y'. R

2.6.2. COROLLARY. (ZFC~ + AFA) Two structures G and G' have the same
decoration iff they are bisimilar.

Proof.

We already proved the direction from left to right in ZFC~. Vice versa, if G is
bisimilar to G', then Coll(G) is isomorphic to Coll(G') (see Theorem 2.2.3). By
the above proposition and by the uniqueness of decorations we have:

dg(rg) = dcou(g)([rg]) = dC’oll(g’)([Tgl]) = dg’(rg’)»
proving that G and G’ have the same decoration. O

Hence, the concept of bisimulation reappears in a set context, where it is used
to decide when two structures have the same decoration.

Among all possible structures, we are particularly interested in those that are
pictures of sets. Given a set a, define its canonical structure G, as follows. The
set of nodes of G, is given by the transitive closure of a together with the node
a, which represents the root of G, and uR%v iff v € u. We say that G, is a
picture of the set a. What structures are pictures of sets, i.e. what structures
are (isomorphic to) canonical structures? Notice that a canonical structure has
the identity function d(x) = x as decoration, hence, a canonical structure has an
injective decoration. Vice versa, if a structure G has an injective decoration d,
then d is an isomorphism between the structure G and the canonical structure
of the set d(G). Hence we can reply to the previous question by saying that a
structure is a canonical structure iff it has an injective decoration. However, this
characterization is in a sense circular, because it describes structures that are
pictures of sets as the ones in which different nodes are decorated by different
sets.

We can use the notion of bisimulation to give a characterization of canonical
structures that does not involve decorations.

A structure G is said to be strongly extensional if different nodes in it are never
bisimilar, that is, if w,v € G and w is bisimilar to v, then w = v. We have:

2.6.3. PROPOSITION. (ZFC~) The azxiom AF A is equivalent to:

AF A% .= A structure is strongly extensional iff it is a canonical structure.
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Proof.
Suppose AF A holds. By the discussion above, to prove AF A% it is enough to
show that

A structure is strongly extensional iff it has an injective decoration.

If G is strongly extensional, then by Corollary 2.6.2 its decoration dg is injec-
tive. Vice versa, if G has an injective decoration two different nodes of G cannot
be bisimilar by Corollary 2.6.2.

Vice versa, suppose that AF A holds and consider a structure G. Then
Coll(G) is strongly extensional, hence by AFA®* it is canonical and has an in-
jective decoration dcoy(g). This decoration can be used as in the proof of the
preceding proposition to define a decoration d(x) = dcou(g)([z]) of G. In this way
we proved that any structure G has at least one decoration.

It remains to prove that a structure cannot have two different decorations.
Suppose that dq,ds are decorations of a structure G and consider the two sets
a=d;(r9) and b = dy(r9). We must prove that a = b.

1. We claim that the canonical structures of ¢ and b are bisimilar.

Consider the following relation S C G, X G:

uSv < there exists x € G with di(z) = v and ds(z) = v.

We prove that S is a bisimulation between the canonical structures of a and
b. By hypothesis we have aSb. If ¢ € a, then since a = d;(r9) and d; is a
decoration of G, there must be a nod y € G with r9R% and d;(y) = c. But
then, since dy is a decoration of G as well, dx(y) € d2(r9) = b, and cSds(y).
The symmetric condition of a bisimulation is proved similarly.

2. Using the previous claim, we can now prove that a = b. Consider the
canonical structure of the set ¢ = {a,b}. By AFA®" this structure is
strongly extensional and since G, is bisimilar to G, we obtain a = b. O
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A picture of an AF A-set. Structures which are not AF A-pictures.

The previous proposition tell us that in universes satisfying AF'A, strongly
extensional structures can be identified with (canonical structures of) sets. This
allows us to prove the consistency of ZFC~ + AF A relatively to ZFC'": roughly
speaking, one can construct a model of ZFC~ + AF A out of a model of ZFC~
by considering the strongly extensional structures as the new sets, with G € H iff
G is isomorphic to a structure of type (#, h), with 7? R*h (a detailed proof can
be found in [2]). Another proof of the relative consistency of ZFC~ + AF A with
respect to ZFC~ can be found in Chapter 4, where a model for ZFC~ + AF A
is constructed by means of infinitary modal formulae.

In the next proposition we show that AF A implies a strengthening of the
extensionality axiom. Notice first that we can define bisimulation also on sets, via
canonical structures: we say that two sets a and b are bisimilar if the structures
Ga, Gy are so. The extensionality axiom in ZFC~ says that two sets having the
same elements are equal; using AF A% we see in the next proposition that we
can use a weaker hypothesis and reach the same conclusion: under AF A®*t if
two sets are bisimilar, then they are equal:

2.6.4. PROPOSITION. (ZFC~) The following 1) and 2) are equivalent:
1. All canonical structures are strongly extensional.

2. If the set a is bisimilar to the set b them a = b.

Proof.
(1=2) If @ is bisimilar to b, consider the set ¢ = {a,b} and its canonical
structure G.. By 1, G. must be strongly extensional, hence a = b.

(2=1) Consider a canonical structure G If u, v are two bisimilar nodes

in G, then u and v are two bisimilar sets and from 2 we obtain v = v. This proves
that G is strongly extensional. O
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Let us stress the following once again: by the previous proposition it follows
that two AF' A sets are bisimilar if ad only if they are equal.

What is the role of Modal Logics in all this? Let us consider a very simple
language, in which there is a single binary relation R, a constant r, and no
propositional constants. An infinitary modal formula in this language can be
evaluated in a set a, via the canonical structure of a: we say that the set a satisfy
¢ (in symbols: a = ¢) iff G, = ¢. Richer languages which allow a non-empty
set of propositional constants can also be interpreted in sets, but in this case we
must consider a universe with urelements, as it is done in [7]. For the sake of
simplicity we restrict here to the language {R, r}, although all results in Chapter
4 can be generalized (using universes with urelements) to reacher languages.

We know (see Theorem 2.2.8) that for any structure G there exists a sentence
dg € L such that for all structures H it holds:

H = ¢g < H is bisimilar to G.

Since in any universe satisfying AF' A bisimilar sets are equal, we see that any
set admits a complete description in terms of a formula of £, that is:

2.6.5. THEOREM. For any AF A-set a there exists ¢, € LS such that for all
AF A-sets b it holds:
bE ¢a=b=a.

O P = Npeo B"OT.

Q

A circular AF A-set and its formula.

Hence, in a universe satisfying AF' A sets are described by
infinitary modal formulae. This suggests the possibility of building a model of
ZFC~ + AF A using infinitary modal formulae as sets (see Chapter 4).

Further investigations along the lines of Theorem 2.6.5 are considered by Bal-
tag in [3] (see also [7]), where the following questions are addressed: what kind of
sets can be described using only formulae or theories of the finitary logic £%? To
answer this question, denote by H? the set of all well-founded sets whose transi-
tive closure is finite and by H! the largest collection of sets C' such that every c
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in C' is a subset of C' and has finite size: Baltag proved that for any AF A-set a
the following holds:

a € H® & a is characterizable by a formula of £%;

a € H' & a is characterizable by a theory of £°.

The last result was also obtained, in a modal logic setting, by Marco Hollenberg
in [38].






Chapter 3

Uniform interpolation for the
u-Calculus.

The main result of this chapter is a proof of uniform interpolation for the Modal
p-Calculus. We prove this theorem by showing that certain non-standard second-
order quantifiers, the so-called bisimulation quantifiers ([66]), are definable within
the Modal p-Calculus. These quantifiers and their relationships with uniform in-
terpolation are of interest for all logics that are invariant under bisimulation and
we will prove some general facts about them in Section 3.1. After that, the next
task will be to prove that the Modal p-Calculus has bisimulation quantifiers. The
proof we give uses p-automata, introduced by Janin and Walukiewicz in [40] to
demonstrate that p-sentences can be characterized as the fragment of MSO that
is invariant for bisimulation. To prove this result, Janin and Walukiewicz ([40])
define a notion of automaton (a so-called p-automaton) that operates on struc-
tures and which corresponds exactly to the Modal p-Calculus on such structures.
We devote Section 3.2 to a brief introduction to the subject. We use automata
in Section 3.3, which contains the proof of uniform interpolation for the Modal
p-Calculus via bisimulation quantifiers. Finally, in Section 3.4 we give counterex-
amples to uniform interpolation in Infinitary Modal Logics and in PDL.

3.1 Bisimulation quantifiers and uniform inter-
polation
Suppose a logic L is closed under the propositional existential quantifier Ip¢, that

is, for any formula ¢ of the logic there exists formula 6, in the language £(¢)\ {p},
such that for any structure M it holds:

M = 0 & there is a valuation of p in M such that M,p | ¢.

41
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It is then clear that # would behave as a uniform interpolant of ¢ with respect to
L(#) \ {p}. However, it is easy to see that we are asking too much. Consider for
example Basic Modal Logic: we will show that this logic enjoys uniform interpola-
tion. However, it is certainly not closed for classical propositional quantifiers: this
is easily seen, because for example Ip(a)p is not invariant under {a}-bisimulation
and hence it cannot be equivalent to a modal formula in {a}.

However, we just have to tune the notion of propositional quantifiers, to obtain
a more sensible definition:

3.1.1. DEFINITION. A logic that can speak about structures is said to have bisim-
ulation quantifiers if for any formula ¢ of the logic and any subset L' of L(¢) there
is a formula € of the logic such that

1. £(9) = L;

2. for any structure M of £’ it holds: M |= 6 iff there exists a structure N of
L(¢) which is bisimilar to M w.r.t. £ and N [ ¢. O

The formula 6 of the preceding definition is denoted by 3(£\ £')$, which becomes
dpg or Jag if L(p) \ L' is equal to {p}, for a propositional constant p, or to {a},
for an action a, respectively.

3.1.2. PROPOSITION. Any logic that is invariant under bisimulation and it is
closed for bisimulation quantifiers enjoys uniform interpolation.

Proof.

Using the amalgamation property of structures (see Lemma 2.2.10), we show that
the uniform interpolant of ¢ w.r.t. £' C £ is exactly the formula 3(£\ £')¢. From
the semantics of (£ \ L£')¢, it is clear that ¢(p) = (L \ L')¢. We prove that if
¢ = ¢ with £() N L(y) = L', then I(L\ L)¢ |= . If not there is a structure
M such that M = 3(L\ £')¢ A—. Then the semantics of I(L£\ £')¢ implies the
existence of a structure N which is £'-bisimilar to M such that N = ¢. But then

there exists I which is bisimilar to both M and N, in the appropriate languages,
hence K = ¢ A =, contradicting ¢ = 1. a

Proposition 3.1.2 suggests a way to prove uniform interpolation for logics
which are invariant under bisimulation: it suffices to prove that the logic is closed
under bisimulation quantifiers.

Let us prove, for example, that Basic Modal Logic is closed under bisimulation
quantifiers. We just sketch a proof, that can be found in [66]. The proof uses
essentially two ingredients:

e for any structure M and natural number n, there exists a modal formula
oM of modal depth equal to n that characterizes M modulo n-bounded
bisimulation (see Definition 2.2.9);
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e the amalgamation Lemma 2.2.10 can be improved as follows.

Let M, N be structures for the languages £ and L', respectively. If n is a
natural number and M is n-bisimilar to N, with respect to the language
LN L', then there is an (£ U L')-structure K which is (fully!) bisimilar to
M with respect to £ and n- bisimilar to N, with respect to £'.

Suppose that n is the modal depth of ¢. Using the two observations above, it
is not difficult to see that the formula

6=\/{6): M=o},

which is a modal formula because the disjunction is finite, satisfies Definition
3.1.1.

Let us consider now a kind of converse of Proposition 3.1.2. A logic is said to
have bistmulation descriptions for a class C of structures, if for all M € C there
exists a formula 7,4 in the logic such that N | 7y iff N/~ M, for all structure
N.

For example, Infinitary Modal Logic can be shown to have bisimulation de-
scriptions for the full class of structures (see [7]), while Propositional Dynamic
Logic has bisimulation descriptions for the class of finite models (see [13]).

We have:

3.1.3. PROPOSITION. Suppose that a logic is invariant for bisimulation and has
bisimulation descriptions for a class C of structures. Then, if 6 is a uniform
interpolant of a formula ¢ w.r.t. L' C L(¢) and M € C, then
M = 0 iff there exists N which is L' —bisimilar to M and N = ¢.

In other words, 6 behaves like a bisimulation quantifier w.r.t. L' on all struc-
tures of C. Moreover, if any satisfiable formula of the logic has a model in C, then
the above model N can be taken in the class C.

Proof.
Suppose the above hypotheses hold and consider a structure M in C.
If there exists a structure N' with N = ¢ which is £'—bisimilar to M, then
N [ 6 because ¢ = 6 and since M is L'-bisimilar to N, it follows that M = 6.
Vice versa, suppose M = 6. and let 75y be the £'-formula that characterizes
the model M up to bisimulation, that is, for any £'-model M':

M' E 7y iff M'is L£'-bisimilar to M.

Consider the set of £(¢)-formulae {@, 7o(}. This set must have a model, otherwise
we would have that ¢ — —7) is valid. But since # is the uniform interpolant
of ¢, then & — —7), should be valid as well, which cannot be, as M | 0 A 7).
Hence {@, 7o} is satisfiable and by hypothesis it has a model. Any model N of
@ A Tpq is L'-bisimilar to M and N ¢, so we are done.
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If any satisfiable formula of the logic has a model in C, then ¢ ATy, is satisfiable
in C and the above model N can be taken in this class. O

Proposition 3.1.3 give us a very incomplete answer to the following interesting
question: is it true that on logics that are bisimulation invariant the closure under
bisimulation quantifiers implies uniform interpolation? Although it is not really a
complete answer, Proposition 3.1.3 will be used in Section 3.4 to disprove uniform
interpolation for both Infinitary Modal Logic and Propositional Dynamic Logic.

3.2 Automata.

To prove uniform interpolation for the Modal u-Calculus, we show that this logic
is closed under bisimulation quantifiers (see Proposition 3.1.2). By looking at
the proof of the closure for Basic Modal Logic that we gave in the preceding
section, we see that a basic ingredient in that proof, which is totally missed in
the Modal p-Calculus, is the notion of modal depth. But a new technique is
introduced in Janin Walukiewicz paper [40]: they define a class of automata
suitable for representing the p-formulae and one can prove that the Modal pu-
Calculus is closed under bisimulation quantifiers by operating on these automata
instead that on the formulae.

In the following section we give a brief introduction to these automata, and
provide a few examples of their behavior.

In the following we define automata that can read arbitrary structures and
an automaton will accept or reject a structure according to some acceptance
conditions. We first give the definition of an automaton and then we will try
to justify the acceptance conditions by keeping in mind that we want automata
to correspond exactly to modal p-sentences: for any p-sentence ¢ there must be
an automaton A accepting exactly the class of structures in which ¢ holds and
vice versa, for any automaton A such a p-sentence ¢ must exist. One obvious
consequence of this fact is that our acceptance conditions must be invariant under
bisimulation: if A accepts M and N is bisimilar to M then A must be accepted
by A as well.

3.2.1. DEFINITION. A p-automaton A is a tuple (Q, X, A, go, 6, 2) such that:
1. @ is a finite set of states;
2. ¥ is a finite subset of PROP;
3. A is a finite subset of A;
4. qo € @ is the initial state;

5. 6 : Q@ X Pow(X) — Pow(Pow(A x Q)) is the transition function;
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6. 2:Q — Nis the parity function. O

We will also refer to such an automaton as a (X, A)-automaton, to stress its
language.

Roughly speaking, the transition function ¢ of an automaton A gives a set
of rules for labeling with ()-elements the set of successors of a node s of an £-
structure M, which has been previously labeled by ¢. To label such a set, choose
aDind(qg,{p € X |s = p}). D gives necessary conditions that the labeling of
R,(s) must fulfill: for any action a € A, the set of states appearing as labels of
a—successors of s must be exactly the set {(a,q) | (a,q) € D}.

3.2.2. DEFINITION. Given an automaton A = (Q, X, A, q,6,Q2) and a (X, A)-
structure M, a total function [ : M — @ is called an A-labeling of M if the
following conditions are satisfied:

L 1(r™M) = qo;
2. if I(s) = q then:
D(s) :=={(a,¢") e Ax Q| 3t € Ry(s).1(t) =q¢'} € 0(q, La(s)),
where La(s) = {p € T | s k= p}
3. for any infinite path ¥ = sy 23 s; & ... in M:
min{Q(q) | there are infinitely many s; in the path s.t. I(s;) = ¢}

1s even. O

Once we have the notion of an A-labeling at hand, we can define the no-
tion of acceptance of a structure M by an automaton A. Unfortunately, to say
that M is accepted by A iff M has an A-labeling does not work, because it
is not even invariant under bisimulation. To see this, consider the automaton
A= {q,n},0,{a}, q,d Q) where 6(go,0) = 6(q1,0) = {(a, q), (a,q1)}, and the
parity function is defined as Q(gqp) = 0, 2(¢1) = 0. Let M be the infinite binary
tree and N a single reflexive node. M and N are bisimilar with respect to the
language £ = {a}, but, while the first has an A-labeling, the second has none.
In fact, an A-labeling of a structure, via the transition function §, imposes to a
node labeled by ¢g or ¢; to have at least two successors, one labeled by ¢y and
the other by ¢;: hence N cannot have an A labeling.

Thus, having an A-labeling cannot be the right request of acceptance if au-
tomata have to be equivalent to (i.e. accept the same structure as) p-sentences.
However, this problem is overcome by considering labelings over expanded struc-
tures (see Definition 2.2.5). Suppose that the automaton A has n states. It can
be proved that if M is bisimilar to /' and M" has an A-labeling, then this is
true for N™ as well.
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3.2.3. DEFINITION. A (X, A)-structure M is accepted by A = (Q, %, A, qo, 0, Q)
if the expansion M™, where n = |@Q|, has an A-labeling. a

Janin and Walukiewicz ([40]) prove that u-automata correspond precisely to
p-sentences:

3.2.4. THEOREM. For every p-automaton A there is a p-sentence ¢4 such that
A accepts M iff M \= ¢ 4. Moreover, if A is a (X, A)-automaton then the corre-
sponding sentence is also in this language.

Vice versa, for every p-sentence ¢ there is an automaton Ay such that Ay
accepts M iff M |= ¢. If the set of proposition constants in ¢ is ¥ and its set of
atomic actions is A, then the corresponding automaton may be assumed to be a
(2, A)-automaton.

The proof of this theorem is too long to be presented here and the interested
reader can consult [40]. We only point out the relation between the Q-condition
on A-labelings and the nesting of fixed point operators. In a very imprecise way,
an A-labeling on a structure M represents the evaluation of a sentence in that
structure. States ¢ with an odd value of £2(q) will represent the regeneration of a -
subformula, while states with an even value of Q(g) will represent the regeneration
of a v-subformula. Moreover, if a fixed point formula ) is a subformula of a fixed
point subformula 8, and ¢y, ¢ represent the regeneration of ¢, 8, respectively, then
Q(q1) > Q(g2). In this way we see how the (2-condition of a labeling corresponds
to the fact that a p-subformula can be regenerated infinitely often only if it is
inside the scope of a v-one.

The definition of acceptance which uses labelings on expanded structures dif-
fers from the one given in [40] where, to decide if a structure M is accepted by
A, games played directly on M are used. The equivalence of the two notions of
acceptance can be derived using Lemma 3.4.3 and Lemma 3.4.4 of [38].

Examples.

e The first example is a p-automaton that corresponds to the PDL (PDL)
formula (a*)p (in Modal p-Calculus notation: uX.(p V (a)X). Define A =

({q0, a1}, {r}, {a}, 9, 6,2) where:

. {{(aqu)v(avql)}} ifq:qO andL:Q);
oa, L) = { {0, {(a,q1)} } else.

and the parity function is defined as Q(gy) =1, Q(q1) = 0.

First we prove that any structure M accepted by A makes the formula (a*)p
true. Suppose there is a labeling [ from M? to Q that satisfies Definition
3.2.2 and suppose by contradiction that M (hence M?) makes (a*)p false.
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Then in any node s of M? the proposition constant p is false. Using this,
we show how to obtain an infinite sequence T = sy = s; — ... in M?
such that {(s;) = qo, in contradiction with the third condition in Definition
3.2.2. Suppose we already have a sequence M =g S s B s, with
[(si) = qo for i = 1,...,m. We show how we can add a node $,, 41 with
[(sm+1) = qo to this sequence. By Definition 3.2.3 we have that

D(sm) :={(a,q') € Ax Q| 3t € Ro(sm).U(t) =¢'} € 6(qo, La(sm)) =

8(q0,0) = {{(a,q),(a,q1)}}. Hence D(s,,) = {(a,q),(a,q1)} and there
exists a Spmi1 € Ro(Sm) with I(spmi1) = qo-

Vice versa, suppose that M = (a*)p. Then M? = (a*)p too and there is
M2 . Q Q .

a sequence " = sg — $; — ...Sp such that s; = —p for i < m, and

Sm [= p. Since M? is a tree in which every node of M is copied twice, any

node in M2, except the root, has only one immediate predecessor and any

node that has at least one successor must have at least two. Define [ on
M? as follows:

) g ifs=s0,...,5m;
s) = { q else.

We prove that [ is an A-labeling, that is, it verifies the conditions of Defini-
tion 3.2.3. It is clear that any infinite path will eventually be labeled only
by g1, hence the (2-condition of a labeling is trivially satisfied.

As for the second condition of a labeling, suppose first that s belongs to
{s0,---,8m_1}. Then Ry(s)N{sq,-..,sm}| = 1and R,(s)| > 2, because M?>
is two-expanded. Hence D(s) = {(a, ), (a,q1)} € 6(q0,0) = 6(I(s), L 4(s)).
If s = s, then either s has no successors at all and D(s) = 0 € §(qo, {p}) =
5(1(s), La(s)), or any s' € R,(s) is labeled by ¢;. In this case D(s) =
{(a,q1)} € 0(qo,{p}) = 0(l(s),La(s)). Finally, if s # so,...,8m, then
R.(s)N{so,-.-,8m} =0 and D(s) is either empty or equal to {(a,q;)}. In
both cases D(s) belongs to d(q1, La(s)) = d(I(s), La(s)). O

Before presenting the second example we just point out the following fact:
to prove that M = ¢ in the previous example, one could have used labeling
directly on M instead of using its expansion M?2. This holds in general: if
¢ is a sentence with corresponding automaton 4, then it can be proved that
any structure with an A-labeling makes ¢ true. The expansion is needed
in the converse direction, because it is not true that M | ¢ implies the
existence of an A-labeling on M. In our example, a single reflexive node w
that makes p true cannot have an A-labeling, because the root w should be
labeled by g, while the second condition of a labeling would force w to be
labeled also by ¢;.
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e Our second example is an automaton corresponding to vX.(a)X, which

is true at all nodes from which an infinite a-path emerges. Define A as
({0, 1}, 0, {a}, qo, 6, ) where:

0(q0,0) = {{(a,q),(a,q)}}
0(q,0) = {0, {(a,q)}}

and Q(qo) = Q(q1) = 0.

Suppose that a structure M has an A-labeling. If I(s) = g then s has an
a-successor t with [(t) = go, because D(s) must be equal to {(a, g), (a,q1)}-
This enables us to construct an infinite a-path starting from the root r*.

Vice versa, suppose that M = vX.(a)X. Then we want to show that M?
has an A-labeling. Let r™° = sy % s; - ... be an infinite path starting
from the root in the structure M2. We define the labeling [ as follows:

z@)::{q" if s =5, for § €N
q1 else.

We show that [ verifies the conditions of Definition 3.2.3. Since Q(qo) =
Q(q1) = 0, it is clear that the 2-condition of a labeling is satisfied.

As for the second condition of a labeling, suppose first that s belongs to
{s0,---,8i,...}. Since M? is two-expanded we have that the sets R,(s) N
{s0y.--y8iy...}, Ra(s) N (M {s0,...,Si,...}) are both non-empty ( and
D(s) = {(a, ), (a,q1)} € 6(I(s), La(s))-

If s & {s0,...,8i,...}, then I(s) = q1, Ra(s) N {so,...,8;,...} = 0, and
D(s) is either empty or equal to {(a,q;)}. In both cases it belongs to

d(U(s), L.a(s)).

Our third example is an automaton corresponding to vX.uY.(p A (a)X) V
(a)Y, which is true in all points w from which an infinite path, where p
appears infinitely often, starts. The corresponding automaton is given by

A= ({QO, q1, (I2}a {P}, {a}, o, 0, Q) where:

{{(a,q),(a, 1)} } ifg=gqoorqg=geand L =0
d(q, L) :== {(a,q1),(a,q2)}} ifg=gqoorq=gqs and L = {p};
{@,{a,ql)}} if ¢ = qi;

and the parity function is defined as Q(q) = 1, Q(q1) =0, 2(g2) = 0.

First we suppose that there is a labeling [ from M to @ that satisfies
Definition 3.2.2. We claim that from any node w labeled by gy or g» there
is a finite a-path w = wy — wy; — ... — w, with n > 1, that there exists
i > n such that w; = p, and l(w,) = qo, or l(w,) = g. If this claim
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is true, one can repeat the argument, obtaining an infinite path starting

from w, where p appears infinitely often. By applying this to 7" we obtain
M EvX.uY.(pAa)X)V{(a)Y.

The proof of the claim goes as follows. Suppose w is a node in M with
[(w) = g or l(w) = g2. We consider two cases.

1. If w | p then §(l(w), La(w)) = {{(a,q1), (a,¢2)}} and since [ is an
A-labeling, we must have an a-successor w; of w labeled by g». Then
the path w, w, satisfies the claim.

2. If w [~ p, then (a,q) € D(w) and we must have an a-successor of w
still labeled by qo. If this successor does not satisfy p, we can repeat the
same argument, but after a finite number of steps a node w,, labeled
by qo and satisfying p must be reached: otherwise we would have an
infinite path labeled by ¢ and since Q(gp) = 1 this is in contradiction
with the fact that [ is an A-labeling. Then the path w = wy L w >
... 35 w, satisfies the claim.

Vice versa, suppose that M | vX.uY.(p A (a)X) V (a)Y. Then M3 =
vX.uY.(p A {a)X) V (a)Y too and there is an infinite sequence o = wy —
w; % ... with ° = w, in which p appears infinitely often, say at points
Wiyy Wigy e v -t

Define [ on M? as follows:

Qo if w e {U)(),’wl,...}\{’wil+1,wi2+1,...};
l(w):=<¢ ¢ ifwe {wyi1, Wi,
q1 else.

We now check that [ is an A-labeling. It is clear that any infinite path
different from o will eventually be labeled only by ¢; and since Q(g;) = 0,
these paths do not cause any problem. On the other hand,

min{§(q) | there are infinitely many w; in o s.t. [(w;) = ¢} =0,
because ¢ appears infinitely often as a label in o and Q(g2) = 0. Hence the

(2-condition of a labeling is satisfied by .

As for the second condition of a labeling, we consider two cases.

1) Suppose first that w & {wp, ws,...}. In this case [(w) = ¢1, R,(w) N
{wyp,...} = 0 and either w does not have any successor, or all its
successors are labeled by ¢;. In both cases D(w) € 6(l(w), L(w)) =

{0, {(a, q1)}}-
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2)If w € {wy,wy,...}, then [(w) = gy or l(w) = ¢. If w = p, then
there exists j such that w = w;; and its a-successor w;; 11 is labeled by
@2. Moreover, w has a successor different from w;,; (because M3 is
three expanded) and all successors different from w;; 41 do not belong
to the path o and are hence labeled by ¢;. This proves that D(w) €
0(l(w), La(w)) = {(a,q1), (a,q2)}-
If w [~ p, then the a-successor w' of w in the path o is labeled by ¢
and all successors different from w’ do not belong to the path ¢ and
are hence labeled by ¢;. This proves that D(w) € §(l(w), La(w)) =

{(aqu)v(aaql)}' (|

3.3 Uniform interpolation

In this section we prove the Uniform Interpolation Theorem for the Modal u-
Calculus. This is done via an interpretation of second-order quantifiers within
the Modal u-Calculus itself. This approach is inspired by [66] and [56]. The
results of this section were proved in collaboration with Marco Hollenberg in [21].

We start by proving that the Modal p-Calculus allows existential quantifica-
tion on proposition constants, modulo bisimulation.

3.3.1. THEOREM. Let ¢ be a p-sentence and L its language. Let p be a proposi-
tion constant. Then there is a u-sentence 6 in the language L\ {p} such that:

M = 8 iff there is a structure N with M ~ o\ oy N and N = ¢.

Proof.
Clearly, if p ¢ 3 then ¢ itself does not contain p, so we may simply choose 6 := ¢.
What remains is the case that p € X.

Let A = (Q,%, A, qo,6,Q) be an automaton for ¢, with £ = ¥ U A. Starting
from A we construct an automaton B in the language (X \ {p}, A) and prove that
the sentence corresponding to B behave as required. We first give an informal
description of B. This automaton is the same as A except for the transition
function . When labeling a structure by following the instruction of B we want
to be able, for each node w of the structure, to choose a labeling of the set
of a-successors of w either according to an instructions in §(g, L) or to one in
d(g, L U {p}). Then, if M is accepted by B, we can define an interpretation of p
in M@l as follows. Consider a B-labeling [ of MI?l and define s = p iff [ labels
the set of the a-successors of s with an instruction of §(¢, L U {p}). In this p-
extension of MI®l we can easily prove that the labeling [ is also an .A-labeling. In
this way we will see that if ¢ is true in M, then M is bisimilar to the structure
(M1l p) in which ¢ holds.
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More formally, let B be the automaton (@, \ {p}, A, g0, ¢’, Q) with:

6'(q, L) := d(q, L) U d(q, LU {p})

This is well-defined precisely because p is assumed to be an element of ¥. B
corresponds to a u-sentence ¢p in the language £\ {p}. We will prove that this
formula satisfies the requirements, that is,

M = ¢ iff there is a structure N with M ~ 1) N and N = ¢.

e We first claim that any structure accepted by A is also accepted by B.
Once we have proved this, it will be clear that if there is a structure N with
M~y N and N = ¢, then M = ¢p: if N |= ¢ then N is accepted
by A, hence by the claim is accepted by B; but then N = ¢p and M will
satisfy it as well, since it is (£ \ {p})-bisimilar to V.

To prove the claim, notice that if we show that an A-labeling on any struc-
ture is also a B-labeling, then we are done: if M is accepted by A then
M9l has an A-labeling, hence a B labeling and B accepts M.

Suppose that M is a structure and [ an A-labeling on M. We prove that
[ is a B-labeling. Since the Q-function of B is the same as that of A, the
2-condition of a labeling is trivially satisfied and we just prove the third
condition.

If I(s) = q we have to show that
D(s):={(a,q') e A x Q| 3t € Ry(s).1(t) =¢'} € 6(q, Ls(s)).

To see this, notice that if M, s |= p then 6(q, La(s)) = d(q, Ls(s) U {p}),
otherwise §(q, La(s)) = 0(q, Ls(s)). Since [ is an A-labeling, we know that
D(s) € 6(q,L4(s)), and in both cases D(s) € ¢'(¢q, Ls(s)) = d(g, Ls(s)) U
0(q, Ls(s) U {p})-

e Second, we claim that if B accepts a structure M, then it is (£ \ {p})-
bisimilar with some structures accepted by .A. Then we easily obtain that
if M = ¢g, then there is a structure N with M ~ ¢\ 1) N and N = ¢.

By hypothesis the structure M", where n = |@|, has a B-labeling . We
define a subset P of the domain of M™ by: s € P iff

D(s) :={(a,q) € Ax Q[ 3t € Ra(s).1(t) = q} € 6(I(s), Ls(s) U {p})

If (M", P) is the structure that differs from M™ only because the inter-
pretation of p is P, then (M™, P) is (£ \ {p})-bisimilar to M and [ is an
A-labeling for (M™, P). To see this, consider a point s in M". By defini-
tion of labelings, D(s) must be in ¢'(I(s), Ls(s)). There are two cases to
consider:
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[

S

D(s) € §(I(s), Lg(s) U{p}). Then s € P, 6(I(s), L4(s)) is equal to
5(1(s), Li(s) U {p}) and D(s) € 3(1(s), La(s)).
D(

s) & 6(l(s), Ls(s) U{p}). Then D(s) € 6(I(s), Ls(s)), and s ¢ P so:
D(s) € 6(I(s), La(s)) = 6(I(s), Ls(s))-

The other conditions of labelings are trivially satisfied, simply because [ is a
B-labeling and the initial state and the Q-function are unchanged. (M", P)
is thus accepted by A. O

We turn our attention to atomic actions.

3.3.2. THEOREM. Let ¢ be a p-sentence with L(¢) = L. Let a be an atomic
action. Then there is a p-sentence 0 with L(8) = L\ {a} such that:

M = 0 iff there is a structure N with M ~p\japy N and N = ¢.

Proof.
Let A = (Q,%,A,q,6,Q) be an automaton for ¢, with L = L U A. If ¢ is

unsatisfiable we may take 1) := 1 ; hence we may suppose that ¢ is satisfiable.
Define the automaton B as (Q, X, A\ {a}, qo, ', ) where:

0'(q, L) :={D N ((A\{a}) x Q) | D € 6(q, L)}

We prove that any structure M accepted by A is also accepted by B. As in
the previous proof, we just show that an A-labeling on any structure is also a
B-labeling. The (2-condition is trivially satisfied, hence we just have to show that
for any s € M we have

D'(s) :={(a,¢') € (A\{a}) x @ | 3t € Ra(s).1(t) = ¢'} € 6'(I(s), Ls(s)).

Since [ is a A labeling, we know that

D(s) :={(a,q') € (A) x Q| 3t € Ra(s).1(t) = ¢'} € 6(I(s), La(s)),

and D'(s) = D(s) N ((A\ {a}) x Q). Since Lg(s) = L4(s), we obtain that D'(s)
belongs to ¢'(1(s), La(s)).

Now for the converse. Suppose that B accepts a structure M: we prove that
it is (£ \ {a})-bisimilar to some structure accepted by A.

First notice that since ¢ is satisfiable we may suppose without loss of generality
that its automaton A does not contain any empty state: a state q of an automaton
C is said to be empty if the automaton (C, g), which is equal to C except that the
initial state is ¢, does not accept any structure. If g is a state of the automaton
A corresponding to ¢, then consider the following two cases.

1. q is never used in labelings of models of ¢. Then we can erase it from the
states of A without changing the class of models accepted by the automaton.
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2. There is a model M of ¢ and a labeling | of M with [(s) = ¢ for some
s € M. Then the automaton (A, q) accepts (M, s) and the state ¢ is non
empty.

Hence we may suppose that any state of A is non empty and we may choose,
for each g € @, a structure M, with an A-labeling [,.

Suppose M is accepted by B. This means that there exists a B-labeling on
M" where n = |@Q|. We define a mapping d : M"™ — Pow(A x Q) as follows. By
definition of labelings, for every s in the domain of M™ it holds:

D(s) == {(b,q) € (A\ {a}) x Q | 3t € Ry(s).I(t) = q} € &'(i(s), L(s)).

So there must be some D € 6(I(s), Lg(s) = La(s)) with DN((A\{a})xQ) = D(s).
Choose such a D arbitrarily and fix d(s) := D.

Let A be the disjoint union of M"™ and M, for all ¢ € @, with the root of
M™ as its root and with some new a-transitions: we add an a-transition from
s to the root of M, for every s € M", ¢ € @ such that (a,q) € d(s). Clearly
the embedding of M" into N is an (£ \ {a})-bisimulation and since M is in
turn (£ \ {a})-bisimilar to M™ we obtain that N is (£ \ {a})-bisimilar to M.
Furthermore, it is easy to check that lUquQ ly is an A-labeling of N, which ends
the proof of the theorem. O

3.3.3. COROLLARY. For any p-sentence ¢ and every proposition constant p there
1S a p-sentence dp.¢ such that:

1. ¢ =Tp.o;
2. L(3p.6) = L(¢) \ {p};
3. If ¢ = and p & L(V) then Ip.¢ |= 1.

For any p-sentence ¢ and every atomic action a € A there is a formula éa.qﬁ such
that:

1. ¢ = Ja.¢;
2. L(3a.¢) = L(¢)\ {a};
3. Ifp = and a & L(¥) then Ja.¢ = .

Proof.

We claim that the sentence 6 constructed from ¢ as in Theorem 3.3.1 enjoys the
first three properties. It is clear that ¢ |= 6 and £(8) = L(¢) \ {p}. Let ¢ be such
that ¢ =1 and p & L£(1). We want to prove that for any (£(0)U L(v))-structure
M, if M = 6 then M = 4.
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Let £(8) U L(¢) = L, L(p) = L' and let M be an L-structure such that
M E 0. If we consider M as an L(6)-structure, then by the property of 6
we know that there exists an £'-structure N which is £(6)-bisimilar to M and
satisfies the formula ¢. Since LN L' = L£(0), we can apply Lemma 2.2.10 to get
an (L U L')-structure K which is £-bisimilar to M and £'-bisimilar to N. From
I~z N it follows K = ¢, from ¢ | 9 it follows K | ¢ and from M ~; K we
obtain M | 1.

The proof for éa.gb is completely analogous. O

Notice that the conditions in the above corollary state that ip.qzﬁ, ga.qﬁ are the
uniform interpolants of ¢ with respect to ¢’s language without p and without a, re-
spectively. The reason for the existential notation is that the uniform interpolant
behaves like a second-order quantification of ¢, as the conditions demonstrate:
the first and the third items correspond to J-introduction and dJ-elimination in
natural deduction.

3.3.4. COROLLARY. The Modal pi-Calculus enjoys uniform interpolation.

Proof.
Let ¢ be a p-sentence. Fix some L' C L(¢). Suppose

LANL ={p1,...,0n,01,..., 00}

Then the uniform interpolant is: §p1 . .ﬁpn.ﬁal . .ﬁam.¢. O

3.4 Negative results

In this section we show that Infinitary Modal Logic and PDL do not enjoy uniform
interpolation. This was proved in collaboration with Marco Hollenberg in [21] and
can be easily derived from Proposition 3.1.3. It is known (see [7]) that Infinitary
Modal Logic is bisimulation complete for the class of all structures (in other words,
we have, up to bisimulation, a description of any structure inside the logic), while
PDL is bisimulation complete for the class of finite models (see [13]). Hence,
if Infinitary Modal Logic or PDL enjoyed uniform interpolation they would be
closed for bisimulation quantifiers, in the full class of models in the first case and
in the finite class in the second one.

Consider now the formula ¢ := p A [a*](p — (a)p), which can be expressed
in both logics. We show that for any structure M it holds: M = §p¢ iff there
exists a sequence (w;)ic, With wy = ™ and w;RMw;,, (in this case we say that
R, is non-well-founded on M). If M §p¢, consider a model N ~ )\ (py M
with N' |E ¢. Then in N there is an infinite a-chain in which p holds and since
M is bisimilar to N w.r.t a language containing {a}, there is an infinite a-chain
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in M as well. Hence R, is non-well-founded on M. Vice versa, if R, is non-well-
founded, then we can find an infinite a-path (w;);c, in M. Let p be true in all
w; and false outside (w;);c,. Then (M, p) E ¢.

Hence if Infinitary Modal Logic enjoyed uniform interpolation, by Lemma
3.1.3 Infinitary Modal Logic would be closed for bisimulation quantifiers and we
could express the non-well-foundedness of R,. But this is not possible, even in
Infinitary Logic:

3.4.1. LEMMA. Non-well-foundedness is not expressible in Infinitary Logic.

Proof.

For this we use the notion of bounded bisimulation from Definition 2.2.9. Suppose
¥ is an infinitary logic sentence expressing non-well-foundedness. As non-well-
foundedness is invariant for bisimulation, by a result of [11], ¢) must be equivalent
to an infinitary modal sentence. Therefore 1) must be invariant for a-bisimulation,
for some ordinal «. Consider now two models, M and N defined as follows:

1. The domain of both is e + 1, that is: {# | 8 < a}.
2. In M: m 5 niff m > n.

3. N has one extra a-transition (besides those that are also present in M),
namely from « to a.

4. The root in both is a.

So M is well-founded (as > is well-founded), while A is not, because it has
a loop at its root. Nevertheless, M and N are a-bisimilar, via the sequence of
relations (Z3)g<a, with:

mZgn it f=m < aorm=n.
(|

Consider now PDL. As we have seen, if PDL enjoyed interpolation then it
would be closed for bisimulation quantifiers in the class of finite models. But:

3.4.2. LEMMA. PDL is not closed for bisimulation quantifiers, even on finite
models.

Proof.

Consider again the formula ¢ := p A [a*](p — (a)p). If PDL were closed for
bisimulation quantifiers on finite models, then there would be a PDL formula 6
such that, for all finite M:

M [= 0 iff there exists a finite structure N such that N~y M and N = ¢, iff
R, is non-well-founded on M.
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But this formula cannot exists. If 6 is such a formula, consider the Fisher-
Ladner closure FL(6) of § and an a-chain M = wy, > wy,...,— w, with n >
|FL(#)|. Then M | —6 and by the small model property of PDL we could
collapse M to a model N by considering as equivalent all nodes which agree on
FL(#). Since n > |FL(#)|, two nodes w;, w; with i # j must agree on F'L(#) and
N contains an a-loop. Hence R, is non-well-founded on N and N |= 6. But M
and N agree on all formulae of FL(6), hence N = 6, a contradiction. O

As a consequence of Lemma 3.4.1 and Lemma 3.4.2 we have:

3.4.3. COROLLARY. Uniform interpolation does not hold for Infinitary (Modal)
Logic and PDL.

3.4.4. REMARK. Marco Hollenberg showed in [38, 21] that to add bisimulation
quantifiers to PDL results in a logic which is equivalent to the Modal p-Calculus.
More precisely, consider the extension of PDL which allows formulae of type dpa,
to be interpreted in the usual way. We denote this logic by BQL. Hollenberg
showed that BQL has the same expressive power than the Modal u-Calculus. O

3.5 Concluding remarks.

In this chapter we proved uniform interpolation for the Modal p-Calculus, via
bisimulation quantifiers.
Some related open questions are the following.

e It is easily seen (Proposition 3.1.2) that a logic which is invariant under
bisimulation and has bisimulation quantifiers enjoys uniform interpolation,
but what about the inverse implication? Is it true that uniform interpolation
gives bisimulation quantifiers in these logics? Proposition 3.1.3 gives only
a partial answer and thus this question needs further investigation. In this
connection it could be worthwhile to confront our question with a general
characterization of uniform interpolation given in categorical terms in [32].

e Existential quantification modulo bisimulation has a natural generalization
if we consider other equivalence relations on structures than bisimulation.
As an example, one could let potential isomorphism take over the role of
bisimulation and move to First Order Logic. Are there significant analogies
with the results of this chapter in this new setting?

e As Marco Hollenberg showed in his dissertation, PDL plus bisimulation
quantifiers has the same expressive power than the Modal p-Calculus. How-
ever, in applications it is often useful to have results relative to the class of
finite structures. What about PDL plus bisimulation quantifiers on finite
models? Lemma 3.4.2 says that this logic is strictly more expressive than
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PDL; is it then equally expressive as the Modal p-Calculus on finite mod-
els? A related question is: is the Modal p-Calculus closed for bisimulation
quantifiers in the class of finite structures?






Chapter 4

Modal languages and non-well-founded
universes.

In this chapter we use extended modal logics to describe sets. As we pointed out
in Section 2.6, there is a close connection between infinitary modal formulae and
AF A sets: the former can be used to describe the latter completely. It is not too
surprising then that we can build a model of ZFC~ + AF A in which sets are
infinitary modal formulae.

Although AF A is probably the most famous axiomatization of a non-well-
founded universe, it is not the only anti-foundation axiom which deserves investi-
gation. Other anti-foundation axioms are known and they can be studied to un-
derstand the possible structure of non-well-founded sets in depth. In this chapter
we address the following question: are there other theories besides ZFC~+ AF A
in which sets have a characterization in terms of (possibly extended) modal for-
mulae?

Aczel in [2] compares AF A with an anti-foundation axiom due to Scott ([62]).
In this chapter we consider this axiom and we give a language description for it
by means of the Infinitary Logic of Graded Modalities £J7%.

As we shall see, the Scott axiom is defined by using the unraveling operation
(see Definition 2.2.4). This operation is the first of a series of ezpansions (see
Definition 2.2.5) that in the limit can be used to define bisimulation (see Theo-
rem 2.2.6); bisimulation, in turn, can be used to describe the axiom AFA (see
Proposition 2.6.3). In this chapter we show that the other expansions can be used
in a similar way: any expansion describes a non-well-founded universe in which
sets have a description in terms of formulae of an extended infinitary modal logic.
Hence, results obtained in [7] about AF A-sets can be generalized to deal with
other non-well-founded sets (or, on the modal side, results about bisimulation can
be generalized to deal with other structure-simulations, such as the Scott one, or
the ones obtained by means of expanded structures).

The chapter is organized as follows. In the first section we describe a model
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for ZFC~ + AF A in which sets are infinitary modal formulae. In Section 4.2 we
consider the Scott axiom and prove that £7%-formulae can be used as descrip-
tions of the Scott-sets. In Section 4.3 we consider an infinite cardinal £ and we
first characterize isomorphisms between k-expanded structures by means of the
fragment £5<° of £97%4. Then we use this result to build other non-well-founded
universes in which sets are described by graded infinitary formulae.

In this chapter we only consider the simple language {r, R}, containing no
propositional constants and only one binary relation symbol. As we pointed out
in Section 2.6, richer languages which allow a non-empty set of propositional
constants can also be interpreted in sets, but in this case we must consider a uni-
verse with urelements. For the sake of simplicity we restrict here to the language
{R,r}, although all results in Chapter 4 can be generalized (using universes with
urelements) to richer languages.

4.1 A model of ZFC~+AF A built with infinitary
modal formulae.

As we have seen in Chapter 2 any set in a universe satisfying AF A is characterized
by an infinitary modal formula (see Theorem 2.6.5). This suggests a way to build
a model for ZFC™ + AF A, out of a model of ZF(C~, in which the domain of
the universe is made by considering a fragment of the class of infinitary modal
formulae. To prove this theorem, we first consider a result of [7] that characterizes
the infinitary modal formulae that are descriptions of sets.

4.1.1. DEFINITION. Consider the preorder < defined in £ by

b<peEY =9,

and define the class Set(L) as the one containing all satisfiable £ -formulae
which are minimal with respect to < on satisfiable formulae, that is:

¢ € Set(LL)
)

¢ is satisfiable and for all satisfiable v if ¢ < ¢ then 1) is equivalent to ¢.
(|

Given a structure G, we denote by ¢g the infinitary modal formula that char-
acterizes G modulo bisimulation (see Theorem 2.2.8).

4.1.2. PROPOSITION. ([7]) For all ¢ € LS,

¢ € Set(L) & there exists a structure G such that ¢g is equivalent to ¢.
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Proof.

If ¢ € Set(LY) then by definition of Set(LS) the formula ¢ has a model G. Since
¢ is minimal, we can prove that ¢ is equivalent to ¢g by showing that = ¢g — ¢.
To this end, let £ be a model of ¢g: then H is bisimilar to G and since G = ¢,
we obtain that H = ¢.

Vice versa, we want to prove that a formula of type ¢g is minimal. ¢g is
clearly satisfiable. If = ¢ — ¢¢g and 1 has a model H, we want to prove that
= ¢g — 1. Notice first that two models of ¢g are always bisimilar, being both
bisimilar to G. But then if K is an arbitrary model of ¢g, it is bisimilar to H and
hence it satisfies ¢, proving that = ¢g — 1. O

We are now ready to build our formula-model:
4.1.3. DEFINITION. Define the universe U as follows:

e The domain is given by the infinitary modal formulae in the class Set(LY),
modulo equivalence.

v e Eé— O

|

4.1.4. REMARK. When writing modulo equivalence in the previous definition,
we are cheating a little because the class of formulae which are equivalent to a
given one does not form a set. Hence we cannot use it as an element. To be
precise, one should reason as follows (see [2] or [7], where a similar discussion is
made in connection with the construction of models of ZFC~ 4+ AFA). Given
an equivalence class A, we consider the subset of A of those elements of the class
that have the least possible rank in the cumulative hierarchy of well-founded
sets (remember that we are building our universe out of a model of ZFC, hence
infinitary modal formulae are well-founded sets themselves). This set can then
be used to represent the class. From now on we will not be so scrupulous on
this particular point and use freely classes as elements knowing that we could
always consider a subset of any class to represent it. Actually, even the use of
the cumulative hierarchy can be eliminated by using some clever tricks, as it is
done in [2]. This means that we could actually build our model inside a model of
ZFC~, without using the foundation axiom. We choose to keep things as simple
as possible and for this reason we started our construction from a model of ZFC'

(|

4.1.5. REMARK. If ¢, ¢’ € U° have a common model, then they are equivalent.
To see this, let L be the common model. By Proposition 4.1.2 it follows that if
‘H is another model of ¢ then K is bisimilar to H and hence # is a model for ¢’
as well. Thus, = ¢ — ¢'. The converse is proved similarly. O
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To prove that U is a model of ZFC~ we shall use Theorem 4.1.7, which is
due to Rieger (see [60]).

4.1.6. DEFINITION. A class structure U for the language {€} is a full system if:
e for all u € U, the class {b € U : b €” u} forms a set;

e for each set X which is a subset of U, there is a unique ax € U with

{beU:bc"ax} =X.

A note of warning is due at this point. In a full system U there are collections of
elements that cannot be sets. For example, one can reproduce Russel’s paradox
in a full system U/ and show that the elements v having the property u ¢“ u do
not form a set.

4.1.7. THEOREM. ( ZFC~) Any full system is a model for ZFC~.
We omit the proof, that can be found in [2].

4.1.8. LEMMA. (ZFC) U° is a full system.

Proof.
We leave to the reader the verification that the first requirement of a full system
is satisfied by U®. To prove this, notice that, by using Proposition 4.1.2, we
can consider any element u € U as a description of a structure G; then for any
b e’ u there is a v with 79 R9v such that b is equivalent to PG v)-

As for the second requirement of a full system, consider a subset X of the
domain of U°.

e We first prove that there is an element ax € U with
{bet : b’ ax}=X.

For each ¢ € X, choose a structure G, such that G4 = ¢ (again, here we use
the axiom of choice on classes only apparently, because one could reason
as in the above remark). Let G* be the disjoint union of all the Gy, for
¢ € X, to which we add the new root 79" and the new edges (r9",r%), for
all ¢ € X. Consider the infinitary modal formula ¢g« which characterizes
G* modulo bisimulation (see Theorem 2.2.8).

We prove that {¢ : ¢ €¥° ¢g.} = X.
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If eu’ bg+, then = g« — <1 and since G* is a model of ¢g-, there exists
¢ € X with r9% |= 1. But then ¢ and ¢ have G4 as common model and
hence, by Remark 4.1.5, they are equivalent. Therefore, ¥ = ¢ € X.

Vice versa, if 9 € X, then 79" RY"r% and we can prove that = ¢g. — O,
This is shown as follows: if H is a model of ¢g«, then H is bisimilar to G*.
Since 79" R9 19 there exists a v with 7* R*v such that (H,v) is bisimilar
to Gy. This implies that (#H,v) =9 and H = &9, from which ¢ S

We now prove that for any set X, there is a unique element ax in U such
that

{(bet® b ax} =X

Notice that this is equivalent to prove that the extensionality axiom holds
in U°. If we have two formulae ¢, ¢' € U with

{V o= Ov)={y ¢ = Ov},

then we want to prove that ¢, ¢’ are equivalent. This follows if we show
that a model M of ¢ and a model N of ¢’ are always bisimilar.

To this end, consider two structures M, N, with M = ¢, N = ¢/, and let
w be such that 7 RMw. Then it is easily checked that = ¢ — CP(Mw)
and by hypothesis we obtain |= ¢ — O¢aqw). Since N is a model of ¢,
there exists a successor v of rV with (NV,v) E ¢w), that is: (N, v) is
bisimilar to (M, w). Hence any successor of 7 is bisimilar to a successor
of 7V since also the converse holds, M and N are bisimilar. O

From Theorem 4.1.7 and Lemma 4.1.8 it follows that &/ is a model for ZFC~.
In the following we prove that &/ is a model for AF A, by using the following

version of the axiom (see Proposition 2.6.3):

AF A% .= A structure is strongly extensional iff it is canonical.

4.1.9. LEMMA.

U° = ‘if a is a strongly extensional structure then it is canonical’

Proof.

Suppose a is a strongly extensional structure w.r.t. Y. This means that U
‘sees’ a as a triple, consisting of a domain d,, a binary relation r, on d,, and of
an element d (the root) in d,. To prove that U sees a as a picture of a set, we
can make the following steps:
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1. We consider the elements a, dg, r,, d from the outside (i.e. from the point of
view of the model of ZFC we are working with). More precisely, we define
the structure O, having domain equal to {b € U° : b €¥° d,}, the root
equal to d, and

RO = {(b,c) € Oy x Oy : (b, )*° €¥° d,},
where (b, ¢)° is the ordered pair of b, ¢ inside U®.
2. We prove that O, is strongly extensional.

3. We prove that U sees an isomorphism between a and the formula ¢, € U®
which characterizes O, modulo bisimulation.

The second point is a delicate one: we are actually claiming that U can see
any bisimulation R between the nodes of a that can be seen from the outside.
This is true because U is a full system. To prove this, suppose there exists a
bisimulation Z between b,c € O,. Then Z is a subset of O, x O, and we can
consider the following subset X of U :

X ={(b,c)*° : bRc}.

Since U is full, there exists a z € U such that {e € U® : e €° 2} = X. Then
it is not difficult to prove that

U° = ‘2 is a bisimulation between b and c'.

We leave this verification to the reader, as well as the proof of the third point
above. O

We are now left with the other direction of the axiom AF A that is, we
need to prove that canonical structures are seen by U as strongly extensional
structures. This will be proved first in Lemma 4.1.10 from the outside. Then,
using the fact that &/ is full, we will obtain the same result from the point of
view of U°.

How does a canonical structure of 4 look from the outside? The domain is
a set of formulae in U° and ¢ is related to ¢ iff E ¢ — <O1p. In the following
lemma we prove that structures of this kind are strongly extensional.

4.1.10. LEMMA. Any structure G consisting of formulae in U with ¢RYY iff
E ¢ — O, is strongly extensional.

Proof.

Suppose there is a bisimulation Z that links two points ¢, ¥ of G. We must prove
that ¢ is equivalent to . If H and K are models of ¢, ¥, respectively, we claim
that they are bisimilar. In this way we prove that ¢ and ¢ have a common model
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and by Remark 4.1.5 they are equivalent. To prove the claim, define the following
relation S C H x K:

wSwv iff there exist 6,y with (H,w) =6, (IC,v) 7, and 6Z7.

We prove that S is a bisimulation between H and /.

From the hypothesis it follows that r*Sr*.

Suppose wSv, that is, there exist 6,y with (H,w) = 6, (K,v) E v, and 6Z7.
If wRMw' we show that there exists a v’ with v R*v" and w'Sv'. Since (H, w) = 6,
it is easily proved that |= 6 — O¢g .. Since Z is a bisimulation on G and 627,
there exists 7' with = v — O and ¢ Z7'. But (K,v) = v, hence there
exists a v’ with vR*v' and (K,v') | /. By definition of S we conclude w'Sv'.
The other condition of a bisimulation is verified similarly. O

4.1.11. LEMMA.

ue = ‘if a is a canonical structure then it is strongly extensional’.

Proof.

By Lemma 4.1.11 a canonical structure of U< is strongly extensional from the
outside and one can reason as in the second point of Lemma 4.1.9 to prove that
it is also strongly extensional from the point of view of U°. O

4.1.12. THEOREM. U is a model for ZFC~ + AF A

Proof.
Just put together Lemma 4.1.8, Rieger’s Theorem, Lemma 4.1.9, and Lemma
4.1.11. a

4.2 The Scott anti-foundation axiom and the
Logic of Graded Modalities.

In this section we show that the Infinitary Logic of Graded Modalities £7%¢ (see
Section 2.1) is the appropriate language description for the theory ZFC~+SAF A:
for any set a in a universe satisfying SAF A there exists a formula ¢, € £7% such
that for all sets b in the same universe it holds:

bE ¢o = b=a.

In words: any set a in a universe satisfying SAF A admits a description by means
of a graded infinitary modal formula. This section is divided into two parts. In
the first one we briefly describe the axiom SAF A and in the second one we prove
the formula-characterization Theorem (Theorem 4.2.8).
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4.2.1 The Scott anti-foundation axiom.

By weakening the definition of a strongly extensional structure, Aczel was able
to obtain different anti-foundation axioms and, among them, the Scott axiom
(see [2]). In the Aczel-version this axiom is described by defining the following
relation ~g..i between structures.

g ~Scott H = gl = %17

where G' and H! are the unravelings of G and H respectively (see Definition
2.2.4). It is easy to prove that ~g. is a bisimulation and we can define the
notion of an extensional structure with respect to it.

4.2.1. DEFINITION. A structure G is Scott-extensional if two different nodes are
never ~gqou-bisimilar (i.e. (G, w)' ~ (G, v)! implies w = v, for all w,v € G). 0O

The Scott anti-foundation axiom SAF A can be stated as follows:
A structure is Scott-extensional iff it is canonical.

It can be proved that ZFC~ + SAF A is consistent and Aczel in [2] proved
that ZFC~ 4+ SAFA and ZFC~ 4+ AF A are pairwise incompatible.

Let us compare the two theories with respect to decorations of structures.
In ZFC~ + SAFA as in ZFC~ + AFA we can prove that any structure G
has a decoration. To see this, consider again the collapse of G. Being strongly
extensional, Coll(G) is also Scott-extensional and we can use Proposition 2.6.1 to
define a decoration of G from a decoration of its collapse.

On the other hand, there are structures with more than one decoration: con-
sider for example the structure G, which consists of a single reflexive node 79 and
the structure A which consists of two nodes w,v with r* = w, wR"w, wRMv,
and vR™v, as in fig.1.

O

g H
fig.1: two different AF A-sets.
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It is easy to see that both G and H are Scott-extensional, hence under the
Scott axiom they have injective decorations dg and dy respectively. Now, consider
the function d with domain H defined by d(w) = d(v) = dg(r9). This is easily
seen to be a decoration of H which is not injective, hence it must be different
from dy. Thus, H is a structure with more than one decoration.

Finally, notice that having a common decoration in ZFC~ + SAF A does not
imply Scott-bisimilarity. Consider a single reflexive node and the full binary tree:
these two structures have the constant function which is always equal to a set
Q= {Q} as common decoration, but they are not Scott-bisimilar.

As for ZFC~ + AF A we can prove that the axiom SAF A implies a strength-
ening of the extensionality axiom. Given two sets a, b, we say that they are Scott-
bisimilar if the corresponding canonical structures G,, G, are Scott-bisimilar. We
leave the verification of the following proposition to the reader (compare with
Proposition 2.6.4).

4.2.2. PROPOSITION. (ZFC~) The following are equivalent:
1) All structures with an injective decoration are Scott-extensional.

2) If the set a is Scott-bisimilar to the set b then a = b.

From this proposition it follows that under the Scott axiom two Scott-bisimilar
sets are equal. By comparing this result with the corresponding one in ZFC™ +
AF A, which says that bisimilar sets are equal, we see that in a certain sense Scott-
sets are more than AF A-sets. In a Scott-universe, there can be two bisimilar
different sets: consider for example the sets dg, dy defined above.

4.2.2 Scott-sets and the Logic of Graded Modalities.

In this part we prove that the logic £7%? is the appropriate language description
for the Scott-sets. First, we show in Lemma 4.2.3 that for each structure G there
exists a formula ¢3¢ € £97% that characterizes G modulo counting bisimulation
(see Definition 2.4.10). Then we prove in Theorem 4.2.7 that two structures are
Scott-bisimilar iff they satisfy the same L£97%-formulae. Putting these results
together we obtain the £47%¢ description of Scott-sets in Theorem 4.2.8.

4.2.3. LEMMA. For any structure G there exists a formula ¢g € L2 such that
for any structure H 1t holds:,

H = g < G and H are counting bisimilar.

Proof.
Fix a structure G and let k be a cardinal such that |G| < k. Consider the logic
E,?fw, that is, the logic that allows conjunctions only on sets of cardinality
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strictly smaller than k% and that uses only the operators ¢, for h < k*. Denote

by Ekof’ﬁ the relation to satisfy the same E,?fw—formulae.

Claim. For any model #, if G and H satisfy the same E:f’ﬁ formulae then the

relation E]?fk restricted to nodes in G X H is a counting bisimulation between

G and H.
Let us prove the claim.

e The roots are connected by hypothesis.

e To prove the third clause of Definition 2.4.10 (there is no problem with the
second clause because the language we consider in this chapter is {r, R}),
we first show that if (G,w) =% (H,v), then for any w' € R(w) there
exists a formula ¢, € E,?f” such that for any z € R(w) U R(v):

(%) zE ¢ o z=0F W',

This is proved as follows. If w' € R(w), let [w'] = {w* € R(w) : w* Eff’ﬁ
w'}. For any w" € R(w) \ [w'], let ¢ € E,?f” be such that w" [~ 1, and
w’ ): ¢w”-
We define

¢w’ = /\ ¢w”-

w” €R(w)\ [w’]
Then ¢, € [,:f’ch and we can prove that ¢, verifies property (x) above.
The direction from right to left is obvious since w' = ¢, and ¢, € [,ff’#.

For the other direction, suppose first that z € R(w): if z ;éff’ﬁ w', then
z = 1, and hence z £~ ¢y, If 2 € R(v) and z = ¢y, we prove that for
any formula 6 € [,ff’#, if z |= 6 then w' = 0. This is enough to prove that
z E:f’ﬁ w'. If z = 6 then v = O(0 A ¢yr), hence w = O(0 A ¢yy) and there
exists w" € R(w) with w" }= 0 A ¢y. From w” = ¢, it follows w” E:f’ﬁ w'
and thus w' = 6.

Having found a ¢, with property (x) for any w' € R(w), we can now prove
the second clause of the definition of a counting bisimulation.

Let X be a subset of R(w). If | X| = h, then w = Op(\V,cx ¢u) and since
this formula belongs to [,ff’#, by hypothesis we obtain v = Cr(V e x duw)-

. : : —O<kt
But any successor of v that satisfies \/ .y ¢u must be in relation =,’;

with at least an element of X, hence

{ye R(v): Jx € X xsz’ﬁ y}2{yeRv):y = \/ G }-

w'eX

This implies that [{y € R(v) : 3z € X = ="7%" y}| > |X|.
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e To prove the last clause of the definition of a counting bisimulation, suppose
that X is a subset of R(v). We have to prove that |Y| > |X|, where Y is
the set Y = {w' € R(w) : ' € X o' E,?f“ v'}.

Let h = |Y|. Since h < k, the formula
_‘<>h+( \/ ¢w’)

w'eY

belongs to E,?f“. Since Y is closed under Ekofk+, any w* € R(w) which

satisfies the formula \/,, .y ¢ belongs to Y and w = =Op+ (Vyey dw).

By hypothesis, v = =Cp+(V,ey ) as well. Notice that for all v' € X

there exists w' € R(w) with w’ Eff’ﬁ v': this is simply because

(g’w) ): D( \/ ¢TU’)7
w'eR(w)
and w Eff’ﬁ v. By definition, this w’ belongs to ¥ and we obtain that
any element of X satisfies \/ /oy ¢w. From v = =Op+(\ ey dur) it then
follows | X| < h =Y.

Using the claim we can prove that the formula
05" = No € L5 g = o}

characterizes G modulo counting bisimulation. Notice that even though ¢¢ is
no longer an [,fflch formula, it is still an LS<*" formula (and hence an £97%¢

formula) because [,:f’ch forms a set. We want to prove that if % = ¢5°% then H
is counting bisimilar to G. But H = ¢Z°" implies that G and H verify the same

E,?f“—formulae, hence by the previous claim A and G are counting bisimilar. O

Q ¢SSICOtt = /\nEw(DnOT /\ Dn_'<>2—|—)
Q

A circular SAF A-set and its formula.

From the previous lemma it follows:
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4.2.4. COROLLARY. Two structures G and H satisfy the same LI -formulae iff
they are counting bisimilar.

We are now going to prove (Theorem 4.2.7) that the relation to satisfy the same
L£97%_formulae, which we denote by =974, coincides with the Scott-bisimulation
defined in the previous part of this section.

We first need some lemmas.

4.2.5. LEMMA. If G is a structure and o € G* then (G,end(c)) =% (G, 0).

Proof.
This is true because the relation Z C G' x G defined by Z = {(0,end(0)) : 0 € G*}
is a counting bisimulation between G! and G. a

4.2.6. LEMMA. If G,H are structures with (G,w) =97 (H,v), then there exists
a bijective function f¥ : R(w) — R(v) such that (G, w) =2 (H, f¥(w)), for any
w € R(w).

Proof.
We first prove that if w € R(w) the two sets [w]g = {vw' € R(w) : (G, w') =47
(G,w)} and [w]y = {v' € R(v) : (H,v') =% (G,w)} have the same cardinality.
Once we have proved this, if fz is a bijection between [w]|g and [wly, for any
w € R(w) and {w;}ics is a set of representatives for the =97%-equivalence classes
of successors of w, we can define f}’ = (J;c fu,-

Since =97 is a counting bisimulation we have that the set

Y = {’U’ - R(’U) : EI’LU, e [ ]g w[ :grad ,}

has cardinality grater or equal to [w]g. But [w]y 2 Y, hence |[w]y| > |[w]g|. The
reverse inequality is similarly proved. O

4.2.7. THEOREM. If G, H are structures then

g Eggad H < G is isomorphic to H*.

Proof.
If G =9 7, then by Lemma 4.2.5 we have G! =9% H1. We will define a
function F : G — H! inductively in such a way that (G!, o) =979 (H!, F(0)).
Let F(r9") = ™. Suppose F(o) has already been defined and (G, o) =9red
(H!, F(0)). By applying Lemma 4.2.6 to the unraveled structures G!, H!, we ob—
tain a bijective function ff,) between R(o) and R(F'(c)). For any w' € R(end(o),
define F'(ow') = f7,)(ow').
We now prove that F is an isomorphism between G' and #H!.
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1. F'is injective.
We prove that F'(c) = F(o') implies 0 = ¢’ by induction on the length of
o.
If o = r9, then F(o) = r™'; hence, F(o') = ™ and o' = r9", because if
o' were a successor of any node, so would be F'(¢'), by definition of F.
If ¢ = oywy, then F(o) = fr,, (o1w1). If o' = oyws, then F(o') =
fiios)(02w2). Hence, F(o) is a successor of F(o1), while F(c') is a suc-
cessors of F(oy). But F(o) = F(o') and a node in H'! cannot have two
different predecessors, so F(o1) = F(o03): by induction o7 = 03. From
EUI))(Ulwl) = f;%gz)(azwg) it follows oyw; = ow,, because the function

o
F
PN 0 ey 2N . - . -
Flon) = fF(UZ) is injective. Since oy = 09 we obtain w; = ws.

2. oRo" iff F(o)RF(0").

From left to right by definition of F.

From right to left. Suppose F(o)RF(d'). Since f7, is a bijection between
the successors of o and the successors of F(o), there exists 7 € R(o) such
that f7,(7) = F(o'). We want to show that 7 = o’. By definition of F' we
have F(7) = F(o') and then 7 = ¢’ because F is injective.

3. F is surjective. Left to the reader.

Vice versa, if G! is isomorphic to H!, then by Lemma 4.2.5 G =74 H. O

Summarizing, in this section we proved that Scott-bisimulation can be char-
acterized via £7% equivalence. More than this, using counting bisimulations we
proved that any structure is characterized modulo Scott-bisimulation by an £97%
formula. Since Scott-sets are equal iff they are Scott-bisimilar, we have proved
the following:

4.2.8. THEOREM. If a is a set in a Scott-universe, then there exists a LI-
formula ¢, such that for any set b:

bE ¢o = b=a.

4.2.9. REMARK. Theorem 4.2.8 suggests a possible proof of the consistency of
ZFC™ +SAFA wrt. ZFC: we could try to build a model for ZFC~ + SAFA
starting from formulae of £ as we did for ZFC~ + AF A using £ -formulae.
However, we cannot use the minimal formulae with respect to implication on
satisfiable formulae, with the membership relation defined as in the AF A-case.
To see this, notice that these formulae are exactly the ones that characterize
structures modulo counting bisimulation: just use the same proof of Proposition
4.1.2. But then we have a problem with the extensionality axiom: consider
the structures G and H defined as follows: G = {w,v,u} with r9 = w, RY =
{(w,v), (w,u)}, and H = {w',v'} with r** = w' and w' R*v' (see figure).
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V £

g H

gEeott = OO L A0y T ¢ = OOL A =0, T

The formula ¢§" (viewed as a set) has the same elements as $57°, but these
two formulae are not equivalent. A true formula-model for ZFC~ + SAF A can
be obtained by considering just the formulae of type ¢3°*, for Scott-eztensional
structures G. Notice that in the AF' A case the restriction to strongly canonical
structures, when considering formulae of type ¢g, would have made no differ-
ence, because any structure G is bisimilar to its collapse G, which is strongly
extensional. Unfortunately, if we consider counting bisimulation, then we do not
have a corresponding notion of collapse and the restriction to Scott-extensional
structures is a true one. Hence, the problem of finding a nice, bisimulation-free
description of the sets of this model, as in Definition 4.1.3, is still open. O

4.3 k-expansions and non-well-founded sets.

In the previous section we proved that the unraveling operation can be used to
define the Scott anti-foundation axiom, which gives us a different conception of
non-well-founded sets than the one obtained using AFA. Moreover, the unrav-
eling construction is just the first of a series of operations, the k-expansions for
each cardinal k, that in the limit defines bisimulation: two structures G and H
are bisimilar if and only if there exists a cardinal k& such that the k-expansions
G* and HF* are isomorphic (see Theorem 2.2.6). It is then natural to investigate
whether we can use the other expansions as well, obtaining different conceptions
of non-well-founded sets than the SAF A and AF A ones and if we can obtain for
these sets a description in terms of infinitary extended modal formulae. In this
section we give a positive answer to this question. The section is divided into two
parts. In the first part we show how the technical results under the SAF A char-
acterization of sets by means of graded infinitary formulae, that is Lemma 4.2.3
and Theorem 4.2.7, can be generalized to k-expanded structures, for an infinite
cardinal k. In the second part we discuss the possibility of using these results for
describing non-well-founded universes in which sets are described by formulae.



4.8. k-expansions and non-well-founded sets. 73

4.3.1 Graded modalities and expanded structures

In this section we work on generalizing Theorem 4.2.7 to k-expanded structures
(see Definition 2.2.5). We will see that if k is an infinite cardinal then two
structures are equivalent with respect to L= (see Definition 2.4.4) iff their k-
expansions are isomorphic. This is easily seen to be false if & is finite (see Lemma
4.3.6). Moreover, we will also prove the analogous of Lemma 4.2.3 for the logics
LE<C: any structure G can be characterized modulo (k <)-counting bisimulation
with a formula in £5<°. The proofs of these results are similar to the ones given
in the previous section for the Scott-bisimulation, hence we will merely indicate
differences between the corresponding proofs.

4.3.1. LEMMA. Let k be a cardinal. For any structure G there exists a formula
gb’é € LF<C such that for any structure H it holds:,

H = ¢t = G and H are (k <)-counting bisimilar.

Proof.
Let us fix a structure G and let &’ be a cardinal greater than & such that |G| < &'.

Consider the logic [,Z,<f><k'+. As in Theorem 4.2.3, to prove the lemma it is enough

to show that, for any other model A, if G and H satisfy the same E’,z,i<><k'+ formu-

lae (notation: (G, w) E’,z,i<><k'+ (H,v)), then they are (k <)-counting bisimilar.
To this end, suppose that (G, w) Ez,iod“”r (H,v). As in Theorem 4.2.3, for

any w' € R(w), we can define a formula ¢, € Ez,i<><k'+ with the property that

for any z € R(w) U R(v) it holds
2 b &2 Ez,iod“”r w'.

Then the proof proceeds with minor adjustments as in Theorem 4.2.3. Let us
just show that if X C R(v) and |X| > k, then |Y| > |X|, where

Y={yecRw):IxrecXuz E',z,<f<k'+ y}.
First, let us show that |Y| > k. If not, then
w = =0 (\/ dw),
w/'eY

and ~Cpt(Voyey dw) € E’,z,i<><k'+. By hypothesis v satisfies this formula as well,
and from this we obtain |X| < k, which is not. Then if |Y| = h > k, the formula
~Opt (V ey ur) belongs to £55°<F" and we know that

w ): _‘<>h+( \/ ¢w’)-

w'eY

Hence, v satisfies this formula as well and | X| < h = |Y|. O
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4.3.2. COROLLARY. Two structures G and H satisfy the same LESC formulae iff
they are (k <)-counting bisimilar.

If £ > w, we are now going to prove (Theorem 4.3.5) that two structures
satisfy the same £F<°-formulae iff they have isomorphic k-expansions. This result
generalizes Theorem 4.2.7 (in which % is equal to 1).

We first need two lemmas.

4.3.3. LEMMA. Let k be an infinite cardinal. If G is a structure and o € G* then
(G, end(0)) =k5° (G*, 0).

Proof.
Let Z C G* x G be the relation defined as Z = {(0,end(c)) : 0 € G*}. We
show that Z is a (k <)-counting bisimulation between G*¥ and G. To prove this,
suppose that 0 € GF and let X C R(o) be such that |X| > k. If Y = {y €
R(end(o)) : d0' € X y = end(c')}, we must show that Y| > |X]|. Since k is
an infinite cardinal smaller than |X|, if |Y| < |X]|, the set k x Y has cardinality
smaller than X as well. But there is an injection f between X and k X Y defined
as f(ocaw') = (o, w'): a contradiction.

Vice versa, if X C R(end(o)) and |X| > k, then the set Y = {0’ € R(0) :
Juw’ € X w' = end(o')} contains, for any w' € X, all elements of the form oOw'.
Hence Y| > |X]|. O

4.3.4. LEMMA. If k is an infinite cardinal, G and H are structures, o0 € G¥, 7 €
HE, and (GF,0) =E5° (H*, ), then there exists a bijective function f¢ : R(o) —
R(7) such that (H*, f2(5)) =F=° (G*,7), for any & € R(0).

Proof.
We first prove that if @ € R(c), the two sets [7]g = {0’ € R(o) : (G*,0') =k=°
(G*,5)} and [7]y = {7' € R(7) : (HF,7") =k (G*,7)} have the same cardmahty
Once we have proved this, if f; is a bijection between [7]g and [7]y for any
7 € R(0), and {0;}ics is a set of representatives for the =F~-equivalence classes
of successors of o, we can define f7 = J,.; fo,-

It can be easily proved that

T € [7lg & ' € R(end(0))Ia < k (G,w') =% (G, end(7)) and z = caw/,
and
€ [y & ' € R(end(7))Ja < k (H,v') =L5° (G, end(7)) and y = T’

Since == is a (k <)-counting bisimulation between (G, end(c)) and (H, end(7))
it is easy to see that the two sets

{w' € R(end(0)) : (G,w') =% (G, end(7))}
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and
{v' € R(end(r)) : (H,v") =557 (G, end(9))}
either have cardinality smaller than &k or have the same cardinality. From this it

follows that |[@]g| = |[T]x]- O

4.3.5. THEOREM. If G, H are structures then
g Eﬁ:o H < G* is isomorphic to H*.

Proof.
Analogous to the proof of Theorem 4.2.7, using Lemma 4.3.4. O

4.3.2 The case of finite cardinalities.

Let us now see that Lemma 4.3.4 and Theorem 4.3.5 can fail when £k is a natural
number greater than one.

4.3.6. LEMMA. For any natural number k > 1, there is a structure G such that

G #55° g,

Proof.
Let the domain of G be the set {w,a,b} and RY = {(w,a), (w,b)}. Then G W
Opy1(0L), while GF = Oy 4 (OL). 0

4.3.7. LEMMA. For any natural number k greater than 1, there are two structures
G and H such that G E’go<<> H but G* is not isomorphic to HF.

Proof.

Let G = {w,w;,wy} with r9 = w, wR%w;, and wR%w,, and let H = {v,v,}
with »* = v, vRMv,. If k is a natural number greater than 1, then G* is not
isomorphic to H* because the roots do not have the same number of successors.
On the other hand, G =¥ #, since the relation Z = {(w,v), (wy,vy), (wa,v1)}
is a (k <)-counting bisimulation between G and . O

Why do we have these problems in the case 1 < k < w? Our claim is that
the relation to have isomorphic k-expansion for a natural number £ > 1 is the
familiar Scott-bisimulation. We present a proof of this claim in the case of image
finite structures, that is, for structures in which the set of successors of any node
is finite. The proof of this result (and a possible extension of it to the general
case) has been suggested by Domenico Zambella.
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4.3.8. THEOREM. For all image finite structures G and H and for any natural
number k it holds:

G* is isomorphic to H* < G' is isomorphic to H'.

Proof.
We only sketch the proof, leaving the details to the reader.

By considering G! and H! instead of G and H we may suppose without loss
of generality that G and # are trees. Suppose F is an isomorphism between G*
and H*. By composing F with the projection end of H* into # = H' we obtain
a surjective homomorphism g = end o F' between G* and H.

For any node o € G* if end(c) = w and R(w) = {wy, ..., w,} we divide the
set of successors of o into the sets Xy, ..., X, defined as X; = {omw; : m < k}.

We claim that it is possible to find a bijective function f, between the set
{wy, ..., w,} and the set g(Xo U ... U X,,) which respects g, in the sense that if
fw(w;) = y then there exists at least an element o; € X; such that g(o;) = y.

To this end, we apply the Marriage Theorem to the sets A; = {y : g7'(y) N
X; # 0}. In this case the theorem says that {Ay,..., A,} has a set of distinct
representatives (i.e. there exists a set {ao, ..., a,} such that, a; € A; and a; # a;
for i # j)iffforallh <n+1,0<4 <...<ip<n+1, theset 4, U...UA;,
has cardinality greater or equal to h (Hall’s condition). Once we have proved the
existence of the set of distinct representatives {ay, ..., a,}, we can safely define
fw(w;) = a;. Let us check the Hall condition. We have:

e by construction, |g~(y)| = k and |X;| = k, for all 3;
o gil(Azl UUAzh) QX“ UUth

Hence |g_1(Ai1 Uu...J Alh)| = k|A,1 U... UAzh| and |Xz1 U... Uth| = hk. From
gil(Ail Uu...u Azh) D) Xi1 Uu...uU Xih it follows that |A21 U...uU Alh| > h.
It is then easy to check that the function

{7, u U fo,

weg

is an isomorphism between G and H. O

4.3.3 Other non-well-founded universes.

In this section we sketch a possible application of the previous results to the
theory of non-well-founded sets. Let us fix a cardinal £ > w. We say that a
structure G is (k <)—extensional if two different nodes are never (k <)-counting
bisimilar. We briefly describe the construction (inside a model of ZFC) of a
universe U*<¢ satisfying ZFC~ and the following property:
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A structure is (k <)—extensional iff it is canonical.

We call this property AFA*. Notice that AFA! coincide with the property
expressed by the axiom SAF A. Moreover, different properties are incompatible,
because if £ and k' are different cardinals, we prove in Theorem 4.3.10 that there
exists a structure G which is (k <)—extensional but not (k' <)-extensional. If
both AFA* and AFA* were satisfied in a universe of sets I/, then G should have
an injective decoration in U, being (k <)—extensional, but it cannot have one,
because it is not (k' <)-extensional.

The model U*<°.

In [2] a general construction of non-well-founded universes defined by means of
bisimulations is given. We briefly show here that we can perform this construction
starting from our (k <)-counting bisimulation. The idea is simply to consider the
following interpretation U*<¢ of the language {€}:

e the domain is given by the class of all (k <)—extensional structures, modulo
isomorphism;

e GEH <& there exists v such that 7* R*v and G is isomorphic (H, v).

It is then possible to prove that ¢*<¢ is a full system and hence, by Rieger’s
Theorem 4.1.7, a model of ZFC~.

More attention must be given to the verification of AFA*. We can easily
verify the property

a structure is (k <)—extensional iff it is canonical,

in the following sense. Consider a € U*< with U*< |= ‘a is a structure’ and
suppose that the structure O, defined as in Lemma 4.1.9 is (k <)—extensional.
Then we can prove that U*<° |= ‘a is canonical’.

Vice versa, if U*<° |= ‘a is canonical’ then we can prove that O, is (k <
)—extensional. In other words, in general we can verify the property of being
(k <)—extensional only from the point of view of the model of ZFC'. This is so
because we cannot hope to have a first-order formula expressing the property of
being (k <)—extensional for all cardinals k: we only have a denumerable set of
possible formulae and for different cardinals we have different properties, as we
shall see in Corollary 4.3.10.

Hence, in general we cannot speak of the non-well-founded axiom AF A*, but
only of the property AF A*.

The AF A* are pairwise incompatible.

Our next task is to prove that the AFAF are pairwise incompatible properties.
First, we prove the following lemma:
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4.3.9. LEMMA. For any cardinal p > 1 there ewists a structure G, such that for
all cardinals h it holds:

if h > p then G, is not (h <)-extensional;
if 1 <h < p then G, is (h <)-extensional;
if p > Wy then G, is not (p <)-extensional;

if p < Ro then G, is (u <)-extensional.

Proof.
If u > 1, denote by G, the structure with domain

and

{a,b} U{a : o is an ordinal less than u},

RY = {(a,b), (b,b),(0,0)} U{(a, ), (a,0) 1 v < p} U{(r, ) : B < < i}

If h > p we prove that G, is not (h <)-extensional. In G any node has
at most h successors and two different nodes are always bisimilar. But a
bisimulation between structures in which any node has at most h successors
is always an (h <)-counting bisimulation, hence G, is not (h <)-extensional.

If 1 < h < p we prove that G, is (h <)-extensional by analyzing all possible
cases.

1. We prove that there is no (h <)-counting bisimulation between a and
b. Suppose there is such a bisimulation Z between a and b. Then for
all @ < 1 we have aZb, because aR%« and b is the only successor of
b. Consider the set X = {w € RY(a) : wZb}. We have |X| > u > h,
while |[{y € RY(b) : 3z € X zZy}| = 1, a contradiction.
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2. We prove that there is no (h <)-counting bisimulation between o <
and b. By contradiction, suppose Z is an (h <)-counting bisimula-
tion between o < p and b. Since aR% we must have aZb and this
contradicts point 1.

3. We prove that there is no (h <)-counting bisimulation between a < p
and a (here we use the hypothesis h > 1). If « = 0 and Z is an (h <)-
counting bisimulation between 0 and a, then from aR91 it follows
either 1Zb or 1Za (a, b are the only successors of 0). Since Z is (h <)-
counting, 1Zb is excluded by point 2. Hence 1Za and from aR%b it
follows that either 0Zb or aZb, but these cases were already excluded.

If 0 < a < pand aZa for an (h <)-counting bisimulation Z, then
since aRYb there exists a w such that aRw and wZb. But aR9w only
if w= [ for # < a, or w= a and we already proved that there is no
(h <)-counting bisimulation between a and b or # and b.

4. We prove by induction on «a that there is no (h <)-counting bisimu-

lation between « and ~, for p > v > a. If « = 0 and 0Z~ for an
(h <)-counting bisimulation Z then, since 0RYb, there exists a w such
that YRYw and bZw. Since v > 0, yR9w iff w = a or w = 3 for 3 < 7,
but bZa, bZ3 are excluded by the preceding points.
Suppose that for all § < a there is no (h <)-counting bisimulation
between 3 and v, for 3 < v. If aZ§ for a < 6, then from dRYq it
follows that there exists w such that aRYw and wZa. Since a > 0,
aR%w iff w = a or w = 3, with 3 < «; but aZa is excluded by point
3, while fZ« is excluded by the induction hypothesis.

e We are left to discuss the (u <)-extensionality of G,. If > No, then we
can reason as in the case h > pu: any node has at most p successors and
any bisimulation between the nodes of G, is a (11 <)-counting bisimulation.

If p < Ny and Z is a (u <)-counting bisimulation between a and b then
we have |[{w € RY(a) : wZb}| = p+1 > pu, while |[{y € R9(b) : Jz €
X zZy}|=1.

We can exclude all other possible cases as we did in the case of h < . O

4.3.10. COROLLARY. For k = lork > w, the properties AFA* and AFA are
pairwise incompatible.

Proof.
First we show that AF A" is incompatible with AF A", for h > k, by producing a
(k <)-extensional structure which is not (h <)-extensional.

k = 1. Consider the structure G = {a,b} with RY = {(a,a), (a,b), (b,b)} (this
example was used in [2] to prove that SAFA = AF A' is incompatible with
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AF A). This is a Scott-extensional structure because (G!,a) is not isomor-
phic to (G!,b). On the other hand, the relation Z = {(a,a), (a,b), (b,b)}
is an (h <)-bisimulation if A > 2, hence (G, a) is not (h <)-extensional for
h > 2.

k > w. Consider the structure (Gp,a) of Lemma 4.3.9. From the hypothesis it

follows that (Gp,a) is (k <)-extensional but not (h <)-extensional.

The cases above show also that AFA* is incompatible with AF A, for any

k > w, because the structures defined there are not strongly-extensional. a

4.4 Concluding remarks.

In this chapter we considered formulae of extended modal logics as (descriptions
of) non-well-founded sets. We presented a model for the theory ZFC~ + AF A
built of infinitary modal logic formulae and we investigated the role of extended
modal logics w.r.t. the Scott anti-foundation axiom. In this case it turned out that
the logic corresponding to this axiom is Infinitary Graded Logic. The following
points need further investigation.

e Can we find a bisimulation-free characterization of the infinitary graded

formulae which are description of Scott-sets, as Proposition 4.1.2 does for
AF A-sets?

As we have seen, the AF A-axiom implies a strengthening of the extension-
ality axiom by saying that bisimilar sets are equal. In its modal logic version
this axiom becomes: two sets that verify the same infinitary modal formu-
lae are equal. Aczel proved that we can restrict the notion of bisimulation,
ending with new non-well-founded axioms that are consistent with ZFC~.
In this respect, by investigating the Scott axiom we showed how we could
ask that two sets that verify the same infinitary graded modal formulae are
equal. Within this theory, we identify less objects than in ZFC~ + AF A,
because two sets to be equal have to verify the same formulae of a logic
which strictly contains Infinitary Modal Logic. What about considering
logics that go in the opposite direction (that is, that will identify more
objects)? As an example, consider the Modal u-Calculus. If two sets are
bisimilar they verify the same formulae of this logic, but the converse is not
true. Can we prove that to identify sets having the same Modal u-Calculus
behavior is consistent with ZFC~7

As we have seen, the class of minimal infinitary modal formulae is a model
of ZFC~+AF A. Can we use this result to transfer results from modal logic
to non-well-founded sets? This seems not to be the case of interpolation,
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even if we consider sets with urelements and languages with propositional
constants (see the discussion about urelements at the end of Section 2.6).
Being minimal formulae, sets can never be entailed by other sets. On the
other hand, we can give a set-meaning to generic infinitary modal formulae
(non necessarily minimal) as a collection of sets or as a partial description
of a set. What is the meaning of interpolation in this context?

e In Lemma 4.2.3 and Lemma 4.3.1 we proved that structures can be de-
scribed by extended modal formulae modulo counting bisimulations. Is
there a general pattern here? For what kind of structure-simulations and
languages is this description possible? One possibility here is to consider
the bisimulations described by means of pebble games as in [5].






Chapter 5
Interpolation for graded modal logics.

In this chapter we consider the problem of interpolation in the family of graded
modal logics. As we already pointed out in the preliminaries, the behavior of
these logics w.r.t. interpolation is not uniform: the finitary logic £°<", which
contains only a finite number of graded operators, lacks interpolation, while the
logic £%<® has Craig interpolation. Here we consider the extensions of these
logics that allow countable conjunctions, £5<" and £~"" and prove elementary
interpolation for the former and Craig interpolation for the latter. We also give
preservation theorems for these logics w.r.t. Countable Infinitary First Order
Logic L,,. We prove these results for the countable case and not for the full
infinitary logics £S<" and L% for the sake of simplicity in the proofs; in the
final section, however, we give a proof of interpolation for the logic £37*¢ which we
already encountered in Chapter 4 in connection with the Scott anti-foundation
axiom, showing that the restriction to the countable case is avoidable.

The main technique used in this chapter is the use of consistency property
modulo bisimulation, that was first introduced in [11] in the context of Infinitary
Logic. It consists of a generalization of the notion of consistency property for
First Order and Countable Infinitary Logic. Let us recall briefly the use of this
technique in proving interpolation. Suppose a pair (¢, 1) does not have an inter-
polant. We sketch a construction of a model for ¢ A =9, showing that = ¢ — 9,
as follows. Starting from the two sets s; = {¢}, s = {1} we can try to simplify
the formulae in these two sets, towards atomic sentences, being careful to preserve
the non existence of an interpolant between the formulae As; and — A s,. For
example, if dxf belongs to s;, we can add a constant ¢ to the language, taken
from a countable set of C' of new constants and consider the set s} = s; U{6(c)};
if As; and = A sy do not have an interpolant, then As] and — A s do not have
one as well. We can then consider the two sets s, s2 and reduce another formula
in their union and so forth: by making appropriate reductions we can build an
increasing sequence of sets of formulae and in w-steps we reach a set s* whose
sentences are either atomic or have been reduced in previous steps. Then the

83
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atomic sentences of s* can be used to build a model from the set of constants C'
which verifies all sentences in s*. In particular, this model verifies ¢ A .

Let us see with an example what happens to this construction if the logic does
not have interpolation. Consider the two £%<3 sentences

¢(p) = ((@)2p A (@)7p),

¥(qg) = ((@)2q V (@)27q).
We have ¢(p) E ¥(q): if M satisfies ¢(p), then the root r™ has at least three

a-successors and hence it satisfies 1/(q). We can also show that ¢ and ¢ do not
have an interpolant. Consider the following two structures M and N:

M = {rM wy, wo, ws}, M Ryw; for i =1,2,3, w; =pfori=1,2;

N = {TN,Ul,U2},7’NRan for i =1,2 and v, = q.

It is easy to see that M and N are (< 3)—counting bisimilar w.r.t. the language
{a} and that M | ¢ and N = —). Suppose by contradiction that ¢ and v have
an interpolant # € £L9<3. Then M [= 6 and N [ 6 as well, being (< 3)—counting
bisimilar to M. But since 6 is an interpolant of ¢, ), it follows that N |= v, a
contradiction.

Hence we have a pair ¢, without a garded interpolant, but the previous
construction of a model for ¢ A =) will fail, because ¢(p) = ¥(q). By simplifying
{#}, after a few steps three new constants are introduced, and the set {¢} is
extended with the sentences saying that these constants are distinct successors
of the root. But then when we simplify the set {—1} we have to decide which
constants have to go in ¢ and which not and this generates a contradiction at
the atomic level. Hence, we cannot hope to simplify the sets {¢}, {—¢} and at
the same time preserve the absence of a graded interpolant. But if we reduce
our expectations and we give up the idea of building a model for ¢ A =, then
we can still use the method of consistency property to characterize pairs without
interpolants in £°<3. What we shall do is to build two different (< 3)—counting
bisimilar structures: the first, M, which verifies ¢ and the second, N, which
verifies —), thereby showing that ¢ does not entail 1 along L£<3-equivalence.
We start again from s; = {¢} and sy = {—}, but this time we use a set C' of
countable constants to simplify s; and a different set D to simplify s,; at the
same time we create links between C' and D, in such a way to obtain after w-
steps the desired models M and AN out of C and D, respectively, together with
a (< 3)—counting bisimulation described by the links we created.

This is just the general idea of a proof of interpolation in the family of graded
logics using consistency property modulo bisimulation. For the sake of simplic-
ity, we divide the proof in two parts. The first deals with a general notion of
consistency property modulo bisimulation and in the second we apply this notion
to give a proof of interpolation. The whole chapter is organized as follows. In
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Section 5.1 we give the notion of a consistency property modulo bisimulation and
prove a Model Existence Lemma with respect to it. In Section 5.2 we use this
notion to prove elementary interpolation for the logics ngk, for £ > Ny and we
provide preservation theorems for these logics with respect to First Order Logic.
In Section 5.3 we consider the Infinitary Logic of Finite Graded Modalities £ <¥:
in this case we improve the result of the previous section by showing that this
logic enjoys Craig interpolation (this result was already proved in the case of
L9<¥ by Andréka in [1]). Finally, Section 5.4 proves Craig interpolation for the
full logic of graded modalities £I7%4.

5.1 Consistency properties for graded modali-
ties

In the classical case, a consistency property is a set S of countable sets of sentences
in a language L containing constants from a countable set ', which satisfy a
set P of natural closure properties, such as if s € S and Jz@(z) € s then there
exists a ¢ € C with sU {¢(c)} € S. These properties are extrapolated form the
properties of the set

So = {5 C (L¢)s, : s is countable, IM(M E s AM ={cM:cecC}}.

Then a Model Existence Lemma shows that the satisfiability of the properties
P in S is a sufficient condition for the existence of a model for any element s
in S. To build such a model, we first close the set s, with respect to P, that
is, we build a sequence sg, s1, ... in such a way that, for example, if Jz¢(z) € s;
for some ¢ then there exists a j > ¢ and a ¢ € C such that {¢(c)} € s;; then
we take all atomic sentences R(cy,...,cn) in (J,., 5i and use them to describe
an interpretation M with domain equal to C' (or equivalence classes in C), if the
language contains equality).

In this section, we generalize this idea to fit the logics £L%<* for k = Xj or a
natural number and for their countable infinitary extensions. We introduce the
method of consistency property modulo bisimulation, which will be used to prove,
besides interpolation, a preservation theorem of £3<* (£°<F) w.r.t. countable
Infinitary Logic £,, (First Order Logic, respectively). This method is introduced
for the modal case in [11] and it is used to prove an interpolation theorem for £,
in [64].

Let k be a natural number or 8y. We consider two languages £, £ and their
extensions L and L', relative to two countable sets of constants C, D with {r} =
C N D. We think now about a model M for L with domain {¢™ : ¢ € M} and
a model N for £/, with domain {d" : d € D}, such that M and N are (< k)-
counting bisimilar w.r.t. the language £ N £'. Our motivating example consists
here in the set S of triples (Z, X, A) for which there exists M, N as above and
such that:
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1. EC(Lc)wr, A C (Lp)uns

2. M E3;

3. N EA;

4. Z is a graded bisimulation w.r.t. £N L' between M and N.

Again, some natural properties are extrapolated from this example: for example,
if p(c) € X, for p € LN L' and (¢,d) € Z, then the triple (Z,%,A U {p(d)})
belongs to S. This example leads to the notion of consistency properties modulo
bisimulation and a Model Existence Lemma proves that any element (Z, %, A),
which belongs to such a set, is satisfiable in the following sense: there are M, N/
whose domains are given by (equivalence classes in) C, D, respectively, such that

1. MEZX;
2. N EA;

3. Z describes a graded bisimulation w.r.t. £N L' between M and N.

We are now ready for details. Let C, D be countable sets of constants symbols
which are disjoint, except for the root constant » € C' N D. Without loss of
generality we suppose that the formulae of (L¢),, and (L%),, are constructed
from atoms and negated atoms using V, 3, A ,c.» Vyeo- If @is a formula, we denote
by —¢ the formula obtained by ‘moving the negation inside’ (e.g. —(p(z)Ag¢(x)) =
—p(z) V 2q(@)).

5.1.1. DEFINITION. Let £ be a natural number or Ry. A consistency property
modulo (< k)—counting bisimulation is a set S of triples (A, 3, A) where

e (nr)e ACC x D,

e Y is a countable set of (L¢),, sentences, and A is a countable set of (L)),
sentences, which satisfy the following closure properties.

Left consistency properties:

(c1) If ¢ is an atomic sentence of (L¢),,, then either (A, X U {4}, A) € S or
(A, ZU{-¢},A) €S;

(co) If ¢ is an atomic sentence of (L¢).,,, either ¢ € ¥ or =g ¢ ;
(c3) if AP € X thenforallp € @ (A, ZU{p},A)eS;

(cq) if Vzgp(z) € X, then for all c€ C (A, T U {¢(c/x)},A) € S;

(cs) if \/ @ € X, then there is a ¢ € ® such that (A, X U {¢},A) € S;
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(c¢) if Jz¢g € X, then there is a ¢ € C such that (A, XU {¢(c/x)},A) € S.

Right consistency properties:
The same as above, with A, £', and D instead of ¥, £, and C.

Left Bisimulation properties:

(by) if (¢,d) € A, pe LNL', and p(c) € ¥ then (4, X, AU{p(d)}) € S;
(by) for all h < k, if (¢,d) € A and ¢y, ...,cp 1 are constants in C such that

{Ralc, i) i <h}U{ci#cj:i<j<h}CX,

then there are constants dg,...,d, 1 in D such that

(AU{(Cz,d,) < h},E,AU{Ra(d,dz) < h}U{di 7£d] <y < h}) es.

Right Bisimulation properties
The same as above exchanging the role of ¥, C' with A, D.
Left Equality properties:

Ifc=c €Xthen (A, XU{d =c},A)€S;

=1

if c=c €% and ¢(c¢) € £ then (A, XU {p(c)},A) € S

=2

forallce C, (A, X U{c=c},A) €S,

=3

)
)
)
=) If ¢, € C,d € D, (¢,d) € A, and (¢ = ¢’) € X, then the triple (AU
{(d,d)}, X, A) belongs to S.

Right Equality properties:

The same as above exchanging the role of ¥ and A. O

Notice how these properties are extrapolated from our first example, in which
S is the set of triples (Z, ¥, A) such that there exist two (< k)-counting bisimilar
models M, N with M = S, N |E A, and DM = {cM : c € O}, DV = {d" :
d € D}. On the other hand, we can prove that this example of a consistency
property is paradigmatic, in the sense given by the following theorem. We give
the proof of this theorem in full details and this will keep us busy until the end of
the paragraph. In the next sections we will not be so pedantic and refer to this
proof to fill the gaps in the exposition.
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5.1.2. LEMMA. If S is a consistency property modulo (< k)-counting bisimula-
tion and (A,X,A) € S then there are:

e a countable model M of Lo such that M = X,

e a countable model N of L', such that N' = A,

e a (< k)-counting bisimulation Z w.r.t. LNL' between M and N such that
for all (¢,d) € A, the pair (cM,dV) € Z.

Proof.

We say that a consistency property S is closed if whenever (A,X, A) € S and
A C A Y C ¥ and A" C A then (A, X A") € S. Notice that if S is a
consistency property modulo (< k)-counting bisimulation then

S'={(A Y A" F(A XS, A) e Swith (r,r)e A'CAY CE A CA}

is also a consistency property modulo (< k)-counting bisimulation. Just to give an
example, we check that property (c;) holds for (A’ X', A’) € S'. By definition of
S’ there exists (4,3, A) € S such that A’ C A, ¥ C ¥ A’ C A. Since (4,3, A)
satisfies ¢;), if ¢ is an atomic sentence of (L¢),,, then either (A, XU {¢},A) € S
or (A, XU {-¢},A) € S. In the first case, we have (A", X' U {¢}, A’) € S, while
in the second (A', X' U {—¢}, A’) € §".

Hence, we may suppose without loss of generality that S is closed.

Let Y be the least set of sentences of (L¢),, and (L"), such that:

YCY,ACY;

Y is closed under C-substitution and D-substitution instances of subformulae;

ife,d € Candd,d € Dthenc=¢,c#c,d=d, and d # d' belong to Y

Foralle,d € C,d,d € Dif¢(c) € Y then ¢(¢') € Y, if ¢(d) € Y then ¢(d') € Y.
Let T be a set of tuples containing:

L) all tuples (¢, ', d), with ¢, ¢’ € C, d € D;

Ry) all tuples (d,d', c), with d,d’ € D, c € C;

L,) all tuples (a,c,d,co,...,ch_1), where h < k, a is an action in £ N L',
¢, Co,...cpo1 in C) and d in D,

Ry) all tuples (a,c,d,dy,...,d, 1), where h < k, a is an action in LN L', ¢ in
C, and d, d(), c. ,dh,1 in D,
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Ls) all tuples (¢, d,p), where ¢ € C, d € D, and p is unary predicate symbol of
LNnL

R3) all tuples (d, c,p), where ¢ € C, d € D, and p is unary predicate symbol of
LNL.

These tuples correspond to the various requirements that a (< k)—counting
bisimulation Z between models M, V' must satisfy, on the left (L) and on the right
(R). We will construct our models and our bisimulation step by step, following
an enumeration that contains these tuples. Whenever a tuple of type L; (R;)
is met, We continue the construction in such a way that if j\g M, dV) € Z and
M = ™ then (™M, dV) € Z (if (M, dV) € Z and @V = then Md’N)
Z, respectively). The second pair corresponds to the zig—zag requ1rement of a
(< k)—counting bisimulation and the third pair to preservation of propositions:
the tuple (c,d,p) is used to remind us that if (c™,dV) € Z and M |= p(c) then
N [= p(d) must hold, while the tuple (d,c,p) means that if (¢c™,dV) € Z and
M = p(d) then N |= p(c) must be true.

Consider an enumeration Gy, Gy, ...,G,,. .. of all sentences in Y and of all
tuples in T'.
We shall construct a sequence ty = (Ag, X0, o), 1 = (A1,%1,4),..., of

triples in S as follows.

(Ao, Xo, Ag) is the given (A4,%,A). If (A,,X,,A,) is already defined, then
(Ant1, Xnt1, Ans1) is constructed using the definition of a consistency property,
according to the element G,,.

More precisely, if G, is a formula in (L¢),, then:

o if (A, X, U{G,},A) &S, then t, 1 = t,;

e if G,, is an atomic formula, or G, = A®, or G, = Vz¢ and (4,,%, U
{Gp},A) € S, then t,,11 = (An, 2, U{G,}, A);

o if G, =V ®and (A,,Z, U{G,},A) € S then by (c5) there is a ¢ € ® such
that (An, X, U{G,} U{¢}, A) belongs to S. We take this triple as t,1;

e if G, =3Jz¢ and (A,,E, U{G,},A) € S then by (cg) there is a ¢ € C such
that (A,, X, U{G,} U{¢(c)}, A) belongs to S. We take this triple as t,1;

The same construction is performed if Gy, is a formula in (£’,),,, using the
right consistency properties of S.

On the other hand, if GG, is a tuple then:
if G, = (¢,c,d) with ¢,¢ € C, d € D, and the triple

(A, U{(c,d)}, S0 U {c =}, A)
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belongs to S, then by (=4) the triple
(A, U{(c,d),(c,d)}, T, U{c=C}Ap)

belongs to S as well and we choose %, equal to this triple.

If (A4, U{(c,d)},Z,U{c=C("},A,) &S, choose t, 1 = tp,.

If G, = (¢,d,p) with ¢ € C,d € D, and p is a unary predicate of £ N L', then
if (A, U{(c,d)},%, U{p(c)},A,) belongs to S, by the left bisimulation
property (b;) we can take

tny1 = (An U {(C7 d)}) X, U {p(C)}, An U {p(d)})
If (A, U{(c,d)}, 2, U{p(c)}, A,) does not belongs to S, take t,1 = t,.

if G, = (a,¢,d, co,...,cp 1) where h < k, a is an action in LN L', ¢,¢cq, ..., cp 1
belong to C, d € D, and the triple (A%, X%, A,,) belongs to S, where A} =
A, U{(c,d)},2r = E, U{Rys(c,ci) : i < h}U{c; #¢j: i < j < h}, then
by the left bisimulation property (bs) there are dy,...,dn_1 such that the
triple

(A%, S5 A U{Ry(d,di) i < h}U{d; #d; :i < j <h})

belongs to S. We take this triple as t,.1. If (4%, ¢, A,,) does not belong
to S, take t,.1 =t,.

The same construction is performed on the right, when G, is a tuple of type
(d,d',c) or (d,c,p) or (¢,d,dy,...,dn_1).

Our next task is to define the models M, N and the bisimulation Z between
them.
Define

A,=J4 o=z, A=A

n<w n<w n<w

5.1.3. REMARK. a) If G, is a sentence in X, then (A,, X, U{G,}, A,) belongs
to S and G, € Xj41.

b) If G, is a sentence and r > n is such that (A,, 3, U {G,},A,) belongs to S,
then G,, € ¥, 41.

c) If G, is a sequence (c,d,p) with (¢,d) € A,, p € LN L', and p(c) € £, then
p(d) € An+1;
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d) If Gy, is a sequence (a,c,d,cy...,cp_1) where h < k, a is an action in £LN L/,
(c,d) € A, and {Ry(c,¢;) i <h}U{c; #¢c; 11 <j < h} C3,, then there
are dy, ...,dp_1 in D such that {R,(d,d;) : i < h}U{d; #d;:i < j <h} C
Ayyq and {(¢,d;) 1 i < h} C Apyg.

The same properties hold ‘on the right’. O

We just prove a) and d).

a) If G, € &, let r > n be such that G,, € X,. Then X, U{G,} C X, and since
S is closed the triple (A4,,%, U{G,}, A,) belongs to S. By construction,
Gp € Xpy1.

d) Let 7 > n be such that (¢,d) € A, and {R,(c,¢;) i <h}U{c;#c¢j:i<j<
h} C E,. Then A, U{(c,d)} C A, B, U{Rs(c,c;) i <h}U{ci#c;j:i<
j < h} C %, and, since S is closed, the triple

(A, U{(c,d)}, Zn U{Rs(c, i) i < h}U{c; #¢j:i<j<h}Ay)

belongs to S. By construction of ¢, there are dy,...,d,_1 in D such that
{Ra(d,di) 11 < h}U {dz §£ d]' 1<y < h} - An-}-l and {(Cz,dz) 11 < h} -
Apit

Construction of the models M, N.
To define the model M, let E be the following relation on C:

cEd iff c=c e€3X,.

From the equality properties of S it follows that F is an equivalence relation. For
example, suppose cEc' and ¢ Ec”. Let n be such that G, isc =", and let r > n
be such that ¢ = ¢’ and ¢’ = ¢" belong to X,. By applying (=), with ¢(c’) equal
to ¢ = " we obtain that the triple

(A, 2, U{c=C)A4,)

belongs to S. By Remark 5.1.3.b we obtain ¢ = ¢" € ¥,,,. Hence, cEc".
Reflexivity and symmetry of E are proved in the same way using properties

(=)1; (5)s-

For ¢ € C, let [c] be its equivalence class w.r.t. E. The domain of M is the
set {[c] : ¢ € C} and each constant ¢ € C is interpreted in M as [¢]. By the
equality property (=), if Ry(c1,c2) € X, and ¢1 Ec), coEc)y, then R,(c, ) € X,
and the definition

R (e [eo])  iff Rq(c1,02) € o
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does not depend on the representatives of the classes [c1], [ca].
The same is true if we define

M) i p(e) € X,

for all unary predicate p € L.
Finally, let [r] be the root 7™ of M.

We now show that all formulae of ¥, are true in M. If ¢ is an atomic formula,
then by definition we have

peX, iff M E ¢.

Using the consistency properties (c1), (c2) we can easily extend this fact to literals.
For example, if ¢ is ¢; # ¢; and ¢ € X, then M = ¢, because otherwise ¢; = ¢;
would also belong to X, contradicting (c2). Vice versa, if M = ¢, G, is ¢; = ¢j,
and G, is ¢; # c;, consider » > m,n. The triple (4,,%, U {G,},A,) does not
belong to S otherwise by Remark 5.1.3.b we would have G, € ¥,,4; and M | G,,,
which is not. By (¢;) the triple (4,, %, U{G}, A,) belongs to S and by Remark
5.1.3.b it follows that G, € ¥, 11 C X,

In case of more complex sentences, we can prove by induction on the com-
plexity of a sentence ¢ belonging to Y that

pex, implies M = ¢.
e If ¢ is a literal, we have already proved a stronger result.

o If p =Vayp € X, and ¢ € C, let G, = ¥(c) (¢(c) is in Y because Y is
closed under C-substitution instances of subformulae). If r > n is such that
Vzy € X,, by (cq) we have that the triple (A4,, %, U {¥(c)}, A,) belongs to
S. From Remark 5.1.3.b it follows that ¢ (c) € ¥,,.1 C X, and by induction
M = (c). Since this holds for all ¢ € C' and any element of M is denoted
by an element in C, it follows that M &= Vzi.

o If ¢ = G,, = dzyY belongs to X, then by Remark 5.1.3.a we have that the
triple (An, X, U {3z}, A,) belongs to S. By construction of ¢,,1, there is
a ¢ € C such that ¢(c) € ¥,,; C 3, and by induction M |= ¥(c). Hence,
M = Jxyp.

e The remaining cases are similar and left to the reader.

In this way we proved that M is a model for all sentences in X,.

In a similar way we can prove that there is a model NV, whose definition is
based on the equivalence relation

d~d ift d=d e A,,
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which is a model for all sentences in A,,.

Construction of the (< k)—counting bisimulation Z between M and

N.

Let
[c]Z[d] iff (c,d) € A,.

We prove that the definition of Z does not depend on the representatives of [c], [d].
By the equality property (=4) we have that if (¢,d) € A, and ¢ = ¢’ € ¥, then
(cd,d) € A, if G, = (¢,¢,d) and r > n is such that (¢,d) € A,, c = € &,
then, since S is closed, the triple (A, U {(c,d)}, X, U {c = '}, A,) belongs to S.
By definition of ¢,,; we have (¢/,d) € A,.1 C A,.

In the same way we prove that if (¢,d) € A, and d =d' € A,, then (¢,d') €
Ay

Finally, we show that Z is a graded bisimulation w.r.t. £ N £’ between M
and V.

e From (r,7) € Ay C A, we have rMZrV,

o If [c|Z]d] and M [= p(c) for p € LN L', then (¢,d) € A,, p(c) € ¥, and
by Remark 5.1.3.c it follows that p(d) € A, ;1. Hence by definition we also
have N = p(d).

o If [c|Z]d], [co],-- -, [chn—1] With h < k are such that M | R,(c,c;), for all
i<handain LNL' and M |= ¢ # ¢; for | < j < h, then R,(c,¢;) € X,
and (¢ # ¢;) € X, (remember that for literals we have ¢ € ¥, & M = ¢).
By Remark 5.1.3 d there are dy,...,d, 1 in D such that {R,(d,d;) : i <
h}U{d; #d;: i <j<h}CA,and {(¢,d;) : i < h} C A,. It follows that
N E R,(d,d;), N |E d; # d;, and [¢;]Z[d;] for @ < h, | < j < h, as required
to a (< k)—counting bisimulation.

Hence, if (4,%,A) € S we showed how to construct two models M, N with
M E X N E A, and how to expand A to a (< k)-counting bisimulation Z
between M and N. O

5.2 Preservation and elementary interpolation

In this section we characterize the graded (infinitary) logic £5<F, for k < Ry, as
the fragment of Infinitary Logic £,, which is invariant for (< k)—counting bisim-
ulation and prove elementary interpolation for it. All proofs can be specialized
to the finitary fragment £<*.

First of all, let us recall how consistency properties are used in £, to prove
interpolation. Suppose ¢ |= ¢ and suppose by contradiction that the pair (¢, 1)
does not have an interpolant.
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Consider the set S of all finite sets of sentences s which can be decomposed
as s = 1 U s9, with:

1. L(s1) € L(¢), L(s2) € L(¥);
2. As1, 7 A s3 do not have an interpolant.

It can be proved that the set S defined above is a consistency property and since
by hypothesis the pair ({¢},{—%}) belongs to S, the Model Existence Lemma
tells us that there exists a model for ¢ A =%, a contradiction.

To fit our definition of consistency property modulo bisimulation (see Defini-
tion 5.1.1), we generalize this idea in the proof of Theorem 5.2.3. In this context
the interpolant is a graded formula, but for technical reasons that will become
clear during the proof, we need an extension inside L, of the graded fragment,
the so-called extended graded formulae over a set of variables X (these formulae
where first introduced for the modal case by van Benthem). Intuitively, extended
graded formulae consist on boolean combination of ordinary graded modal for-
mulae evaluated on different nodes.

5.2.1. DEFINITION. A formula §(X) € L, is an extended k-graded formula over
the set of variables X if there are graded infinitary formulae ¢;; € ngk and
variables x;; € X for j € J,l € L such that

0=\ \ST(6j)(ji/x).

jeJIeL

Notice that if | X| = 1 the extended graded formulae over X are equivalent to
standard translation formulae in £J<F.

In order to state the interpolation theorem, we need the following definition.

5.2.2. DEFINITION. Let ¢, be sentences in L£,,. We say that ¢ entails ¢ along
(< k)—counting bisimulation if whenever M is an £(¢) model such that M = ¢
and N is an £(¢) models which is (< k)—counting bisimilar to M with respect
to L(¢) N L(¢), then N | 1. O

Suppose that the two sentences ¢,y have a graded interpolant, that is, there
exists a formula 8 € (L(¢) N L())S=* such that
o ¢ =0 (ie if M|=¢then M = ST(0)(r)),

e =1 (ie. if N |=ST(6)(r) then N = ).
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If ¢, have a graded interpolant then it is easy to show that ¢ entails ¢ along
(< k)—counting bisimulation: if M = ¢ and N is (< k)—counting bisimilar to
M wrt. L(¢) N L(Y), then M = 0, N = 0 (because k-graded formulae are
preserved under (< k)-counting bisimulation) and N |= 9.

The converse is given by the following theorem.

5.2.3. THEOREM. Let ¢, be sentences in L,,. If ¢ entails ¢ along (< k)-
counting bisimulation, then there is a graded infinitary formula 6 in the logic
(L(¢) N LW))o=F such that ¢ =0 and 8 = 1.

Proof.

By contraposition. If ¢ and 9 are infinitary sentences having no graded in-
terpolant, then using the notion of consistency property modulo (< k)—counting
bisimulation we prove that there are two models M, N which are (< k)—counting

bisimilar w.r.t. £(¢) N L(), such that M E ¢, N' E .

Let C, D be countable sets of constant symbols with {r} = C'N D. Consider
the set S consisting of all triples (A, ¥, A) such that

e (r,r) € A and A is a finite subset of C' x D;

e Y is a finite set of C-substitution instances of subformulae of ¢, or of type
c=c,c#d, forc,cd € C;

e A is a finite set of D-substitution instances of subformulae of =, or of type
d=d,d#d, ford,d € D.

e there is no extended graded formula 6(X) over variables X in the language
L(¢) N L(3) and no substitution functions oy : X — C, 02 : X — D such
that:

for each « € X the pair (012, 032) is in A;
Y E6(o1) and A = —0(03).

Notice that only finitely many constants appear in ¥, A, and A (this is because
if x is a sentence of £, then its subformulae contain only a finite number of free
variables).

5.2.4. PROPOSITION. S is a consistency property modulo (< k)-counting bisim-
ulation.

Proof.
We prove some of the left properties, leaving the others and the right properties
to the reader.
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(c1) If ¢ is an atomic sentence in (L¢),,, suppose by contradiction that (A, ¥ U
{¢},A) € S, and (A, XU {—¢},A) € S. Then there are extended graded
formulae a(X),B(Y) over set of variables X,Y (which we may suppose
disjoint) and substitutions 47, d2, 71, 72 such that

YU {s} F a(d), A = —a(dy),

TU{~¢}t FB(n), AFB(n)
IfO(X,Y)=a(X)VE(Y) and o, = 6, Uy, 02 = 02 U T2, then

X ): 9(0’1), A ): _'9(0'2),
in contradiction with (A4,%,A) € S.

(c5) If \/ ® € ¥ and for no ¢ € ® the triple (A, XU{¢}, A) belongs to S, then for
each ¢ € ® there is an extended graded formula 64 over a set of variables
X4 and two substitutions af , ag’ such that

B U{¢} F 0s(a7),

A | —8,(0%),
and (0f(z),09(x)) € A, for all 2 € X4. We may suppose without loss of
generality that the sets of variables are pairwise disjoint.
Consider the formula 6 = \/,_4 0, over the set of variables X = (J,cq Xy

and the two substitutions o1 = Uscq 0l oy = Usca 0. Then
by ): 9(01)7

A ): _'9(02)7
and (o1(x),02(x)) € A, for all x € X, proving that (4,3, A) € S.

(ce) If Jzp € X, consider a ¢ € C which is new for A, ¥ (this is possible because
A and ¥ only contain a finite number of constants). We prove that (A, XU
{#(c/x)},A) € S. If (A, XU {o(c/x)},A) ¢ S then there are an extended
graded formula #(X) and substitutions oy, 09 such that ¥ U {¢(c/z)} =
6(01), A = —6(02), and (012, 002) € A, for all z € X. Since c is new for
A, Y we also have ¥ | 6(01), A | —6(02), a contradiction.

We prove the left bisimulation properties.

(by) If (c,d) € A, p e L(¢) N L(¢), and p(c) € T suppose by contradiction that
there are an extended graded formula #(X) and substitutions oy, 0 such
that ¥ = 60(01), AU {p(d)} = —6(02), and (012, 02z) € A, for all z € X.
Then ¥ = p(c) A 0(01), A = =(p(d) A B(os)), and (A, X, A) ¢ S, witnessed
by the extended formula 6'(y, X) = p(y) A 0(X) (which can be rewritten in
the form required to be an extended graded formula by moving p(y) inside
over disjunctions) and by the substitutions o7 U {(y,¢)}, o2 U {(y,d)}.

TN —

—_ —
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(by) for all h < k, if (¢,d) € A, and a is an action in L£(¢) N L(¢)) with

{Ralc, i) i <h}U{ci#cj:i<j<h}CX,

then consider some constants dy, ..., d,_1 new for A, A.

Suppose there is an extended graded formula #(X) and substitutions o, o2
such that

Y ): 9(0'1), AU {Ra(d, dz) < h} U {dz §£ dj <y < h} ): _19(0'2),

and (oyz,002) € AU{(¢;,d;) : i < h}, for all x € X. For each i < h,
let V; = {z € X : oy = ¢;,000 = d;} and consider the set of variables
X'=X\U;.p, Yo If0(X"U{a}) is defined as the formula

dyo .- Yn 1 (/\ TRy; N /\yz‘ Zyi NO(Yo/Yo,- - Uh—1/Yn-1)),

i<h i<j

(where each y; substitutes all variables in Y;) and o}, o} are the restrictions
of 01,09 to X', then

6o U{(z,0)}),
Al (o3 U {(z,d)}).

However, #' is not in the form of an extended graded formula. The prob-
lem is that in 6’ we require the existence of different successors o ... Yyn_1
satisfying the formula 6, where all y; may occur simultaneously. Since 6
s an extended graded formula, we can divide out 6 so that each y; has to
satisfy a formula without the occurrence of other variables and then we can
use Proposition 2.4.2 to show that the obtained formula is equivalent to an
extended graded formula over X'.

Formally, if 6 = \/;c; A;jc; ST¢1,(215), then 0" is equivalent to the formula

\/ Jyo ... Yn-1 (/\ TR.y; N /\yi 7 Y; N /\ STy (xii) - v/ Y, - )

leL i<h i<j jed

A variable z;; is substituted by a y-variable only if z;; € |J
the equivalence with the formula

\/Hyo---yh—1 (/\ xRayi/\/\yi 7 Y;i\

leL i<h 1<j

/\ ST¢l,z‘($l,j)/\/\ /\ STéni(yi)),

1, Ui <n Yi i<hx; jEY;

i<n Yi, proving
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which is in turn equivalent to

V A STéulxy) Anl),

leLm;@U; o Yi

where

(@) =3 un-1 (N\aRavi A Nwi 2y A\ N\ STus(wi)).

i<h 1<j i<hz ;€Y;

If {a}p is the operator defined in Section 2.4, then v;(z) is equivalent to the
formula

{adn( N\ b, 7o N\ @)

Ti; €Yo Ti; €Yn 1

Since the formulae ¢;; belongs to ngk, by Proposition 2.4.2 it follows that
vi(z) is equivalent to the (standard translation of) a formula ¢ in £J=F.
Hence, ¢ is equivalent to the k-extended graded formula

V' A STéuileiy) A STé(x).

leLay ;@U;p Yi
Then, (A, X, A) ¢ S.

Next, we prove the equality property (=)4, leaving the other properties to the
patient reader.

(=4) If (¢,d) € Aand (¢ = ¢) € X, suppose that there exists an extended graded
formula 6(X) substitutions oy, o9 such that

Y E6(oy), A E —6(oy),

and (oyz,092) € AU{(c,d)}, for all z € X. Consider the set Y = {z €
X : o1z =, 09z = d}, and the substitution

S oz if e X\Y
o c otherwise;

Then ¥ = 6(m1), A E —6(02), and (mz,022) € A, for all ¢ € X, contra-
dicting (4,%,A) € S.
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Having proved that S is a consistency property modulo (< k)—counting bisim-
ulation, we can conclude the proof of our theorem. If ¢, ¢ are sentences in (L),
that have no graded interpolant, the triple {(r, ), #, 79} belongs to S. Otherwise
there are an extended graded formula 6(X) and two substitutions oy, oy such that

¢ ): 9(01)) ) ): _'0(02))

and (o1x,092) = (r,r), for all x € X. Hence o1(z) = r,02(z) = r, for all
z € X, and we may suppose that |X| = 1. Therefore #(oy) = 6(02) is equivalent
to a graded formula # which is an interpolant for ¢, 1, a contradiction. Hence
{(r,r),#,~} belongs to S and by Lemma 5.1.2 it follows that there are two
(< k)-counting bisimilar models M, N with M = ¢, N' | —¢. This proves that
¢ does not entails ) modulo (< k)—counting bisimulation. a

The finitary version of the invariance part of the following corollary is already
known; this and related results can be found in [61].

5.2.5. COROLLARY. Let k be a natural number or Ny.

(Invariance) A sentence ¢ € L, is invariant for (< k)—counting bisimulation
ioff it is equivalent to a formula in [,f,fk. If ¢ 1s a first-order sentence, then
the equivalent formula can be found in LO<F.

(Interpolation) If ¢, are sentences in L% and ¢ entails ¢ along (< k)-
counting bisimulation w.r.t. L(P)NL(1), there is a graded infinitary formula
0 € (L(¢) N L) such that ¢ }= 0 and 8 = (and the finitary version

w1
as above).

Proof.
For the first part, notice that a sentence ¢ € L, is invariant for (< k)—counting
bisimulation iff ¢ entails ¢ along (< k)—counting bisimulation.

The second part is just Theorem 5.2.3 applied to the sentences ¢, v € [,ka,
which can be considered L, sentences via the standard translation. a

Notice that this corollary gives elementary interpolation for the logic £J<*:
since two (< k)-counting bisimilar structures satisfy the same £$~F-sentences, if

¢ entails 1 along (L(4) N E(w))gfk—equivalence, then ¢ entails ¢ along (< k)-

counting bisimulation w.r.t. £(¢) N £(¢) and we can apply the corollary to get
the interpolant.

Finally, we remark that we cannot improve Corollary 5.2.5 to full interpolation
in the logics £5<" for n > 3. At the beginning of this chapter we proved that
LE<% does not have interpolation and it is easy to modify the counterexample we
gave for this logic in order to fit the logics £5<": just consider the two formulae

¢(p) = ({(@)n-1p A (a)=p),
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¥(q) = ((a)2q V (@)n-179).

We have ¢(p) = 1¥(q), but ¢(¢g) does not entail 1(q) along (< n)—counting
bisimulation. Hence ¢, cannot have an interpolant. The situation is different
if we allow the use of the operators (a),, for all natural n: indeed, an interpolant
for the formulae ¢, ¢ above is the formula (a), T. In the next section we prove
Craig interpolation for the Infinitary Logic £5<%0.

5.3 Craig interpolation for £J<"

In the previous section we proved a weak form of interpolation for the graded
logics LS<F, LO<F for k < Xg and we provided a counterexample to interpolation
in the logics £L°<", £L5<" for a natural number n. The situation is different for the
logics L<Xo, ESfRO: these logics enjoy the classical Craig interpolation property.
This result is already known for £9<% ([1]) and it will be proved here for the logic

ESfNO by using Corollary 5.2.5 and the notion of unraveling (see Definition 2.2.5).

For the sake of simplicity, in the following two sections we just deal with
languages containing as binary relation symbols only one binary relation R,,
which we denote by R. Similarly, the graded operators (a), are denoted by <.
However, this restriction is not necessary and the proof could be carried out with
minor adaptations also in the case of a countable number of such relations.

By Corollary 5.2.5 we know that a sufficient condition for a pair (¢, ¢) in L=<
to have an interpolant is that ¢ entails ¢ along (< Rp)-counting bisimulation w.r.t.
the language £, = L(¢)NL(1). To prove interpolation for £ <%0 it is then enough
to prove the following lemma:

5.3.1. LEMMA. Let ¢,1 be in ESfNO. If ¢ entails ¢ then ¢ entails ¢ along
(< Ng)-counting bisimulation w.r.t. the language L4 = L($) N L(1).

Proof.

Suppose ¢ does not entails 1 along (< Np)-counting bisimulation w.r.t. £;, that
is, suppose there are two models M, A/ which are (< Rp)-counting bisimilar w.r.t.
L1, such that M = ¢ and N = —p. We prove that ¢ does not entails 9, either.

Claim: we can suppose without loss of generality that M and N are count-
able. To show this claim, consider the language L = {M,N,ry,rn, R, Z} U {p:
p € L1}, where M, N are unary predicates, R, Z are binary, rjs, ry are constants,
and {p : p € L;} is the set of unary predicates of £;. We can then write a
L,,- sentence © which expresses the existence of models M, N as above. For
example, to say that Z is an (< Ng)-counting bisimulation w..r.t. £; between the
models M and N we use the conjunction of the sentences M (r) A N(r), ryZry,
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Va,y(zZy = Npeg, (p(z) < p(y)), and

Ve, y(eZy — /\ <E|w1 . ..Eiwn(/\wai A /\xZ # ;) —

n<Np 1<j

Jyi .. .yn(/\(yRyi A z; Zy;) A /\yZ + yj)> A and vice versa,
i i<j

while to say that the formula ¢ is true in M we just use the standard translation
ST(¢) of ¢ with rp in the place of z.

Since © is a consistent L, -sentence, by the Lowenheim-Skolem Theorem for
L,, we obtain that © has a countable model.

Hence, there are two countable models M, N which are (< Rp)-counting bisim-
ilar w.r.t. £y, such that M |= ¢ and N = —4). But an (< Rg)-counting bisimu-
lation between countable models is easily seen to be a full counting bisimulation
(see Definition 2.4.10) and two counting bisimilar models verify the same formulae
of £97% (see Lemma 2.4.11). By Theorem 4.2.7 (or, better, by its straightforward
generalization to languages with propositional constants) it follows that the un-
ravelings M! and N! are isomorphic. Hence, we can copy the evaluation of all
propositional constants of £(¢) from N*' to M!, ending in a model K for the
language L£(¢) U £(1) which is isomorphic to both the unravelings of M and N
w.r.t. the language £(¢) U L(¢). Then, again by Theorem 4.2.7, IC satisfies the
same formulae of (L£(4) U L(¢))%* as M and N, hence K E ¢ and K | .
This proves that ¢ does not entails . O

From Lemma 5.3.1 and Corollary 5.2.5 we obtain:

5.3.2. COROLLARY. The logic EfijO enjoys Craig-interpolation.

5.4 Interpolation for £%.

In this section we prove Craig interpolation for the full logic of graded modalities
£97% that is, Infinitary Modal Logic extended with the operators ¢, for all
cardinals h.

In the previous section we proved interpolation for £ <% using the method of
consistency property modulo bisimulation. By looking at the proof of this result
we see that a central step in it is given by the following property: given n formulae
®0, .- Pn_1 € ngm), there exists a formula of ngm) that in any structure M
defines the set

{w: Jwy,...,Jw, ; € R(w)/\wi#wj/\/\wi = ¢i}.

1#] 1<n
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This was proved in Proposition 2.4.2 using the Marriage Theorem. Unfortunately,
the same proof fails when we consider an infinite set of formulae, because a
straightforward generalization of the Marriage Theorem does not hold for infinite
families (consider for example {{0},{0,1},...,{0,...,n},...,w}). However, as
we shall see in Corollary 5.4.7, a generalization of Proposition 2.4.2 still holds
and can be used to prove the interpolation property for £9794.

The proof of interpolation will consist in the following steps.

1.

First, in Definition 5.4.1 we generalize the notion of a bounded bisimulation
(see Definition 2.2.9) to fit the logics LI~k

. Second, we prove that we can use £LL* formulae to characterize equivalence

classes defined via bounded bisimulation and that for a fixed depth o we just
need a set of formulae to describe all equivalence classes.

Third, using the preceding points we give the generalization to infinite car-
dinals of Proposition 2.4.2.

Finally, we use consistency property and the preceding points to give a proof
of interpolation for £¢7%¢.

First Step: Bounded Bisimulation for £<F.

5.4.1. DEFINITION. Fix a limit cardinal £ and an ordinal a. An («, k)-counting
bisimulation between two models M, N of a language £ is a sequence (Zg)g<q
of relations Zz C M x N such that the following holds:

1.

2.

rMZng, for all 8 < a.
For all 8 < a, if uZgv then u, v agree on all propositional constants of L.
If 8 <y < athen Z, C Zs.

If uZgyiv, uRY', and X is a subset of R(w) with |X| < k, then there exists
an injection f between X and R(v) such that w'Zgf(w'), for all w' € X.

. Vice versa.

If 4 is a limit, then Zg = nv<ﬁ Zsy. a

If (Z)p<a is such a sequence we write M ~q; N and if wZ,v we write
(M, w) ~qr (N,v) or simply w ~ur v. It is not difficult to check that the
relation ~,; is an equivalence relation on the class of all structures.
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We define an («, k)-counting bisimulation w.r.t. a language £ C L as in
Definition 5.4.1, except that point 2) is now restricted to propositional constants
in L'

To define the class of graded formulae that are invariant for (o, k)-counting
bisimulation, we need the notion of modal depth and modal width of a graded
formula:

5.4.2. DEFINITION. The (graded) modal depth d(¢) of a formula ¢ € £I7% is the
ordinal defined by d(p) = 0, (6 1) = (6 A ) = d(6) + d(), d(~) = d(6),
d(AN©) =d(\V©)=sup{d(¢: ¢ € ©}, and d(Cpo) = d(¢) + 1, for all cardinal h.

The modal width w(¢p) of ¢ is the least cardinal k such that ¢ € £LI<F (that
is, if ¢ only uses the operators < with h < k). O

5.4.3. LEMMA. Suppose ¢ € LI d(¢) < a, and w(¢) < k. If (Zs)p<a 1S an
(o, k)-counting bisimulation between M and N such that uZ,v, then

Mu) o = (No)Eé

Proof.
By induction on «. The case a = 0 is obvious.

We suppose the proposition is true for all 5 < a and prove it for a by structural
induction on ¢.

The only interesting case is ¢ = Cp9p, with h < k. Since d(¢) = d(¢) + 1, if
« is a limit we have d(¢) < a and we obtain the desired result by induction on «
because (Z3)g<q(g) is a (d(¢), k)-counting bisimulation between v and v.

If o is the successor ordinal v + 1, then d(¢) < . Suppose (M, u) E Opt),
and consider a set X of successors of u satisfying ¢ such that |X| = h. By
definition of («, k)-counting bisimulation, there exists an injection f between X
and the set of successors of v such that w'Z, f(w’), for all w' € X. By induction,

(Na U) ): <>h7/)-

Second Step: Bounded bisimulation descriptions.

5.4.4. LEMMA. Let k be a limit cardinal. For any ordinal a and model M there
1 a formula 9;‘7,6 € L% of modal depth o and modal width k such that for all
model N it holds

N ): Gﬁf‘k & N ~a,k M.

For fized o and k, the collection of all these formulae, when M ranges over all
models, forms a set modulo semantical equivalence.

Proof.
We prove the proposition by induction on a.
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o If o =0, define
k= /\ R

where R is a literal of the language.

e Let a = f+ 1. Consider the set R(w) of successors of w and a set X of
representatives for the equivalence classes of ~g; over w. In other words,
X is such that if w* € R(w) then there is a w’ € X with w' ~g; w* and if
r # y with z,y € X then = g, v.

To proceed, we need some notation: if w' € R(w), let c(w') = |[{w* € R(w) :
w* ~gpw'} and Y = {w' € X : ¢(w') < k}. Let 65}, , be the conjunction
of the following four formulae:

9/\/1

Bk

Maw' Mw'
/\ <>c(w,)9§,7k )/\_'<>c(w’)+9£},k ),

w'eY
A T

w'eX\Y h<k
M,w'
o\ 65%).
w'eX

The induction step then consists of showing that %‘il,k describes the ~ ;-
class of M. The proof is not difficult and we leave it to the reader. Just
notice that since the relation ~gj is symmetric one should have that if
N = 644 then M |= 64 and this can be used to prove point 4 of Definition
5.4.1. Notice where the hypothesis that k is a limit is used: if w’' € X \'Y we
want that the cardinality of the set of successors satisfying Qg\:’w’) is at least
k and this can be done with a formula of £<F (as in the third conjunct)

only if £ is a limit.

e If v is a limit, just put
M M
ea,k = /\ eﬁ,k'

B<la

Let us prove that for fixed o and k the collection of all these formulae forms
a set modulo semantical equivalence, when M ranges over all structures. The
reader can reason by induction on « and show that the collection

{9&{‘:’“’) : M is an L-structure and w € M},

is contained in the set

o<k
maz{|alk+ {65 ") B<aM is an L-structure and w € My}’
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Third Step: On definability of { }, inside £7%.

We now generalize to infinite cardinals Proposition 2.4.2. For each cardinal A,
consider the operator { }, which applies to a transfinite sequence of formulae {¢; :
i € h} and whose intended meaning is: there are at least h different successors
{yi : i € h} with y; = ¢i, for all i € h. We prove in Corollary 5.4.7 that the
operator { }, is expressible in the logic £97%¢ for any cardinal h. The proof is
based on the following:

5.4.5. DEFINITION. A class C of models is said to be closed for (a, k) equivalence
if whenever M € C and N ~, M then N € C. O

5.4.6. THEOREM. A class C is closed for (a, k) equivalence iff there exists a for-
mula 6 of £I7 with d(¢) < a, w(¢p) < k such that C = {M : M = 6}.

Proof.
Suppose C is closed for (a, k) equivalence and consider the formula

o="\/ 625

Mel

To prove that N € C iff N = 0, just apply Lemma 5.4.4. O

5.4.7. COROLLARY. For any cardinal h the operator { }, is expressible in the
logic £,

Proof.

By Theorem 5.4.6 it is enough to show that if {¢; : i € h} is a set of L£Ir%d
formulae, a = sup{d(¢) : i € h}, and k = maxz{h*, sup{w(p) : i € h}}, then the
class {M : M = { }pn({¢; : i € h})} is closed for (a+ 1, k) equivalence. Consider
M with M |= { }n({¢i : ¢ € h}) and a model N with N ~q 416 M: let (Z3)g<at1
be an (a + 1, k)-counting bisimulation between N and M. If X = {m; : i € h} is
a set of different successors of 7 such that (M, m;) = ¢;, then there exists an
injective function between X and R(r") such that m;Z,f(m;). By Lemma 5.4.3

we have f(m;) = ¢; and N = { }u({g i € h}). 0

We have now completed the first three steps towards a proof of interpolation
for £974. The final step consists of generalizing the notion of consistency property
modulo bisimulation (see Definition 5.1.1) and on proceeding in the proof of
interpolation as in sections 5.1, 5.2. We will not give all the details of the proofs
and definitions involved, but merely indicate how the corresponding proofs and
definitions in sections 5.1, 5.2 must be changed in order to fit the logic £7%¢. We
consider the logic £7% as a fragment (via the standard translation) of Infinitary
Logic expanded with all quantifiers Qpx ¢, whose intended meaning is: there are
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at least h elements in the domain satisfying ¢. This logic is denoted by Lo (Qoo)-
If k£ is a limit cardinal, we will also use the logic £ (Qy) where we restrict the
quantifiers Q) to cardinals h < k.

Forth Step: Consistency property for £7%¢.

Let k£ be a limit cardinal and let C, D be sets of constants of cardinality equal
to k with {r} =CnND.

5.4.8. DEFINITION. A consistency property modulo (< k)—counting bisimulation
is a set of triples (A, X, A) where

e (nr)e ACC x D,

e ¥ is a set of (L¢)oo(Qr) sentences and A is a set of (Lh))w(Q)) sentences
(hence only the quantifiers @y, with h < k can appear in ¥, A).

e The cardinality of the set of the subformulae of ¥ (A) is at most k.

Moreover, this set of triples satisfies the following closure properties (we only
indicate the differences and only on the left, with Definition 5.1.1):

(ce) if Qnx ¢ € X, then there is a subset C' of C' such that |C'| = h and

(A, XU {d(c/z):ce C'}U{c# : for different ¢,¢' € C'}, A) € S.

(by) Suppose that (¢,d) € A, C" C C is such that |C'| < k, and

{R(c,c'): ' € C'} U{c; # ¢j: for different ¢;,c; € C'} C X

Then there are a subset D' of D and a bijection f between C’ and D’ such
that (A*, X, A*) € S, where

A = (AU{(d, f(d)): e},
A*=AU{R(d,d):d € D'y u{d; # d; : for different d;,d; € D'}.

|

5.4.9. THEOREM. If S is a consistency property modulo (< k)-counting bisimu-
lation and (A,X,A) € S then there are:

e a model M of L¢ such that M =X and |IM| < k;
e a model N of L', such that N E A and |N| < k;

e a (< k)-counting bisimulation Z w.r.t. LN L' between M and N such that
if (c,d) € A then (M, dV) € Z.
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Proof.
We follow the lines of the proof of Lemma 5.1.2. As in that proof, we may suppose
without loss of generality that S is closed.

Let Y be the least set of sentences of (L)oo (Qk) and (L)) (Q%) such that:
YCY,ACY;
Y is closed under C-substitution and D-substitution instances of subformulae;
ife,d € Candd,d € Dthenc=¢,c#c,d=d, and d # d' belong to Y

For all ¢, € C,d,d € D, if ¢(c) € Y then ¢(c') € Y, if ¢(d) € Y then
Y(d)eY.

Let T be a set of tuples containing;:
all tuples (¢, c,d), with ¢,¢' € C, d € D;
all tuples (d,d’, c), with d,d' € D, ¢ € C;
all tuples (¢,d,C"), with C' C C, |C'| < k, c € C, and d in D,
all tuples (¢,d, D'), with cin C, d € D, and D' C D, |D'| < k;
all tuples (¢, d, p), with ¢ € C, d € D, and p a unary predicate symbol of LN L';
all tuples (d, ¢, p), with ¢ € C, d € D, and p a unary predicate symbol of LN L.

The set TUY has cardinality at most £ and we can enumerate it in a transfinite
sequence Gy, ...,G,,... with a < k.

We shall construct a transfinite sequence
tU = (A(h E07 A0)7 s ata - (Aaa Eaa Aa); cee

(with a < k) of triples in S as follows.
to is the given (A, X, A). If o is a limit, then

ta = (|J 45, | s, [ 29).

B<a B<a B<la

If (Ay,Xq,Ay) is already defined, then (A1, Xar1, Aat1) is constructed using
the definition of a consistency property, according to the element G,. The con-
struction follows the corresponding one in the proof of Lemma 5.1.2, except for
the following differences (which we indicate only on the left):
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o if Go = Qpzr ¢ and (A, o U {Ga},A) € S then by (cg) there is a set
C' C C such that |C'| = h and

(Ap, o U{Go} U{o(c) :ce C'Yu{c# ¢ : for different c¢,c' € C'},A)
belongs to S. We take this triple as t41;

e if G, = (¢,d,C"), withece C,de D, C'"CC, |C'| <k,and (AL, X5, A,) €
S, where
A=A, U{(c,d)},

Y =Y, U{R(c,c): ' € C"YyU{¢; # ¢j : for different ¢;,¢; € C'},
then by the left bisimulation property (by) there is a set D' C D and a
bijective function f between D' and C' such that

(AL U{(d, f(d)):eC}, = ALY e S,

(67

where
A =A,U{R(d,d") :d" € D'} U{d; # d; : for different d;,d; € D'}).

We take this triple as t4;.

Define

A=JA Si={J%, A=A

a<k a<k a<k

Finally, the construction of the two models M and N from C, D, the verifi-
cation that M | X, N = Ay, as well as the fact that there is a (< k)-counting
bisimulation between M and A containing Ay, are proved with minor adjust-
ments as in Lemma 5.1.2 and is left to the reader.

We now apply the method of consistency property to prove Craig interpolation
for £97%4. We first prove that this logic has elementary interpolation.

5.4.10. LEMMA. Let ¢,v € LI, If ¢,v do not have an interpolant, then there
are a cardinal k and two models M, N with |[M|,|N| < k such that M = ¢,
N E =9 and M is (< k)-counting bisimilar to N'. In particular, if ¢ entails 1)
along (< k)-counting bisimulation, then ¢, have an interpolant.

Proof.
Let ¢, € L£9% and let k be the first limit cardinal which is bigger than
Ro, w(), w(v)), |subformulae(p)|, |subformulae(y))|. Via the standard transla-
tion (see Section 2.4 in the preliminaries) we can consider ¢,v¢ as Loo(Qk)-
sentences.

Let C, D be disjoint sets of constant symbols of cardinality equal to k. Con-
sider the set S consisting of all triples (A, ¥, A) such that
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e (r,r)e ACC x D and |A| < k;
e ¥ is a set of C-substitution instances of subformulae of ¢ with |X| < k;
e A is a set of D-substitution instances of subformulae of =) with |A| < k;

e there is no extended graded formula 6(X) over variables X in the language
L(¢) N L(¢) and no substitution functions o1 : X — C, 02 : X — D such
that:

for each « € X the pair (012, 032) is in A;
Y = 0(0y) and A = —0(02).

As in the proof of Proposition 5.2.4, one can prove that S is a consistency
property modulo (< k)-counting bisimulation. Here we only point out the major
differences.

(ce) becomes: if Qpr ¢ € X, consider a set C' with |C'| = h which is new for
A, Y. This set exists because the set of constants appearing in ¥ and A has
cardinality strictly smaller than k. Since C' is new we have

(A, X U{d(c/z) : ce C'}U{c# for different ¢, € C'},A) € S.
(by) is generalized similarly, using Corollary 5.4.7.

Suppose now that the two sentences ¢, 1) do not have an interpolant: it follows
that the triple ({(r,7)}, {¢},{—%}) belongs to S and from Theorem 5.4.9 we
obtain two models M, N both having cardinality at most k& with M = ¢, N =
—1). Moreover, M is (< k)-counting bisimilar to N' and we obtain that ¢ does
not entail 1 along (< k)—counting bisimulation. O

We can now give the proof of interpolation:

5.4.11. THEOREM. The logic LI"* enjoys interpolation.

Proof.

Let ¢, € LI, Suppose by contradiction that ¢ entails ¥ but the pair (¢, )
does not have an interpolant. Then from Lemma 5.4.10 it follows that there
are a cardinal k£ and two models M, N both having cardinality at most & with
M E ¢, N = —. Moreover, M is (< k)-counting bisimilar to A. Since
IM| < k,|N| <k, and k is a limit cardinal, it is easy to see that a (< k)-counting
bisimulation between M and N is a counting bisimulation (see Definition 2.4.10).
Since two counting bisimilar models verify the same formulae of £47%? (see Lemma
2.4.11), by Theorem 4.2.7 (or, better, by its straightforward generalization to
languages with propositional constants) it follows that the unravelings M' and
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N1 are isomorphic. As in the proof of Lemma 5.3.1, we can then find a third
model /C which is counting bisimilar to M w.r.t. £(M) and counting bisimilar
to N w.r.t. L(N). From this it follows that K = ¢ and K [~ 9, a contradiction.

([

5.5 Concluding remarks.

In this chapter we investigated interpolation in the family of (infinitary) graded
modal logics, proving elementary interpolation and Craig interpolation whenever
possible. One question we left unsolved here is whether the logic £°<® enjoys
uniform interpolation or not. We also have some general questions regarding the
method of consistency property modulo bisimulation. We list them below.

e Can we fruitfully use this technique to prove results in other logics as
well? In any logic which is invariant under bisimulation, the amalgamation
Lemma 2.2.10 allows to prove interpolation by showing that if ¢ entails
¥ modulo bisimulation then ¢, have an interpolant. In this chapter we
showed how this weak form of interpolation can be proved via consistency
property. What about this technique in PDL?

e In this chapter we characterized pairs of formulae having an interpolant in
logics which do not have Craig interpolation. What about doing the same
with uniform interpolation? For example, we know that PDL does not
enjoy uniform interpolation. Can we characterize formulae of PDL having
a uniform interpolant? Between them we certainly have all basic modal
logic formulae, but these are not all. For example, (a*)p is not a basic
modal logic formula but it has T as uniform interpolant w.r.t. the language
{a} (more generally, all positive ¢(p) have ¢(T) as a uniform interpolant).

e In classical logics consistency property are often used to prove completeness
theorems. Can we do the same with consistency property modulo bisimu-
lation? In this respect, there are two directions that we think are of some
interest. The first one is the more straightforward: just use consistency
property modulo bisimulation to prove completeness theorems for infini-
tary modal logics. The second one is perhaps more interesting. Consider
entailment along bisimulation in First Order Logic, that is, consider the
relation |=. defined as

¢ E. ¢ < for all bisimilar structures M N, if M = ¢ then N = ¢.

One can show that this relation is r.e. and not decidable. Can we turn the
closure conditions of a consistency property into proof rules for this kind of
entailment?



Chapter 6

A Set translation method for Modal
Logic.

In this chapter we consider the relation between modal logic and set theory in
a specular way with respect to our discussion in Chapter 4, where modal logics
where used to describe non-well-founded sets. Our aim here is to use non-well-
founded sets to describe (derivability in extended) modal logic.

The starting point of our discussion is the correspondence between proposi-
tional connectives and set operations. Propositional connectives have a natural
interpretation as set operations: disjunction corresponds to set-union, conjuction
to set-intersection, and negation to set-complementation. If we limit ourselves to
these operations, we only use the boolean perspective on sets: sets are seen as
flat objects and the membership relation is not even necessary. However, sets can
be viewed (as Cantor and von Neumann taught us) as a much more complex col-
lection of objects, among which the membership relation plays such a significant
role that the hole mathematics can be built in a language containing only €. One
of the first operators on sets that is introduced after N, U, and \ is the powerset,
that given a set produces the collection of its subsets. In this chapter we show
that the modal O can be seen as a powerset operating among the elements of a
(in general non-well-founded) transitive set, thereby obtaining a correspondence
between O and Pow as natural as the ones between A and N, V and U, and —
and \.

More precisely, in Chapter 4 we have seen that there are non-well founded set
theories in which Kripke frames can be seen as sets, with the membership relation
acting as the accessibility relation. A Kripke model is then a set x, together with

a collection of sets xy, ..., x, that are supposed to represent the valuation of the
propositional constants py, ..., p,. In this chapter we show that we can translate
a modal formula ¢(py, ..., p,) by a set term ¢*(x, 1, ..., x,): this term represents

the set of those worlds (in the frame z) in which the formula ¢ holds. In other
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words, we want the following to hold:

w ): ¢(p17)pn) =W e ¢*(x)$17"')$n))

where on the left we consider w as a world in a Kripke model, and on the right
we look at it as a set.
We begin with the correspondence given by translating a propositional letter
into a variable:
wEp S weE ;.

The following steps are easy: as in propositional logic we translate ¢ V ¢ with
¢* U ¢*. The formula —¢ can be translated with = \ ¢*, but how should we
translate O¢ in such a way that the corresponding term (O¢)* still satisfies the
correspondence w = O¢ < w € (0¢)*? Kripke semantics together with our
decision to consider the accessibility relation as the membership relation between
sets gives us the answer:

wE O¢ < Yo(wRv — v = ¢) &

Vo(vew v e ¢') e wC o' < we Pow(ph).

Hence, it seems we can translate (0¢@) as Pow(¢*), achieving our goal to find a
natural set operator for the O.

However, if ¢ is always true in a model, so is O¢, while if z is a subset of ¢*
nothing forces x to be a subset of Pow(¢*). Since this property corresponds to
the necessitation-rule of modal logic, we have to force it for our sets and this is
the reason for restricting our correspondence to transitive sets, which are subsets
of their own powerset: if  is transitive and z C ¢* then © C Pow(x) C Pow(¢*)
and the necessitation-rule will be built-in in our system.

We define the universe of sets in which the correspondence is carried out
axiomatically. Our set theory ) is a theory in the language {€,U, \, C, Pow} and
consists simply in a description of the elements of a union, of a difference, and
of a powerset. As we will see, neither the axiom of foundation, nor the axiom
of extensionality are present in the theory. Modal formulae will be translated
as terms of this language with the powerset operator corresponding to the O-
operator; transitive sets will correspond to Kripke frames and all these ingredients
will be used to build a sentence SetT'r(¢, ) for each pair of formulae ¢, ), such
that the derivability of ¢ from K + ¢ corresponds for frame complete ¢ to the
derivability of SetT'r(¢,) in Q.

We obtain this result by comparing the set translation with the standard
translation. Standard modal deduction via the standard translation is supported
by a simple two-sorted first-order theory p of general frames (see Chapter 2 Sec-
tion 2.1.5). Comparing p with Q, we establish an effective equivalence between
the latter and a suitable extension of u, that we call y*. Such an extension is
obtained by adding to p an axiom reflecting the “uniformity” of our set-theoretic
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approach which uses just € for both set-membership and the accessibility rela-
tion. We then prove that u™ is non-conservative over u. On the ground of the
equivalence between 2 and p™, this allows us to conclude that the set translation
is not adequate for logics which are not frame complete. However, by varying our
translation we could obtain a full equivalence between general modal deduction
from K (that is: deduction from K + ¢, for all ¢) and 2-deduction.

One possible line of generalization of the previous result is toward extended
modal logic and there are at least two directions one can explore. One is to
leave the standard modal language (or, equivalently, its standard translation in
Monadic Second Order logic) unchanged and strengthen the deductive power of
the logic over its intended frames; the other is to enhance the expressive power
of the logic by extending the basic language (for instance, by adding new propo-
sitional operators). In this dissertation we consider the first solution which, in
the limit, leads us to standard monadic second-order theories of frames, of which
a prime example is the logic Ly [10, 9]. In particular, such a logic suffices for
carrying out the usual Sahlqvist-style substitution arguments that are so charac-
teristic for much modern work in modal logic. The semantics of Ly is obtained
by considering general frames in which the existence of all valuations defined by
means of suitable first-order formulae is required. For the case of “pure” general-
frame semantics considered before—that is, for the case in which no condition is
imposed on the set of possible valuations—the underlying set theory is still 2. This
cannot be the case with Lo, whose expressive power forces a vigorous departure
from €2; this theory allows us to establish a deeper link between second-order
and set-theoretic derivability. Our main result in this context is the proof that
modal derivability in L, can be captured via (a suitable adaptation of) the set
translation, extending the underlying set theory by adding closure axioms for the
so-called Gddel constructible operations [4, 33].

This chapter is organized as follows. In Section 6.1 we prove the soundness and
completeness of the set translation, for frame complete ¢. In the same section we
prove that the theory u*, which is used to prove this result, is non-conservative
over u. In Section 6.2 we show how to modify the set translation, in order to
discard the hypothesis of frame completeness of ¢.

In Section 6.3 we consider the problem of extending the set theory €2 in such
a way to capture modal derivability in the monadic second-order theory L,. We
begin presenting the L, theory and its semantics, then we define the theory 2.
obtained from (2 adding one axiom for each of the operations introduced by Gédel
to describe the constructible universe and then we rewrite the set translation
within the language of 2.. Next, we prove the completeness of the translation
with respect to Lo-derivability, showing that whenever there exists a model of €2,
containing a set-theoretic frame satisfying a formula, then a true frame satisfying
the same formula can be built. Subsequently, we prove the correctness of the
translation by showing that a constructible universe (a model of €2.) can always
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be generated starting from a general frame closed under first-order definitions.

6.1 The basic translation.

Let us begin by defining the theory of sets {2 and the translation SetT'r, taking
a pair of modal formulae to a first-order sentence in the language of €2, in such a
way to be able to prove that, for any frame complete formula ¢:

Fiio < QF SetTr(¢, ).

This result will be proved by comparing modal derivability in 2 (via the set
translation) with modal derivability in a suitable extension u* of the theory p (via
the standard translation) (see Chapter 2 Section 2.1.5). From this we derive our
main result, that is, the equivalence, for frame complete ¢, between derivability
of ¢ from K + ¢ and derivability of SetTr(¢,v) in Q. Finally, we prove that the
theory pu* is stronger than p, with respect to modal derivability.

6.1.1 The set theory 2 and the modal theory u*.

First of all, let us introduce the first component of our correspondence, that is,
the set theory (). Its axioms, in the language with relational symbols € and C,
and functional symbols U, \, and Pow, are the following:

reyUzorzeyVe €z

reEy\zeceEYNT €z

rCyevVz(zex — 2z €y);
z € Pow(y) &z Cy.

Notice that neither the extensionality axiom nor the axiom of foundation are
in Q.

Next, we define the translation SetT'r. Given a modal formula ¢(py,...,pn),
we define its translation as the set-theoretic term ¢*(z, x1, ..., z,), with variables
T,T1,..., Ty, built using U, \, and Pow. Intuitively the term ¢*(z,z1,...,x,)
represents the set of those worlds (in the frame z) in which the formula ¢ holds.
The inductive definition of ¢*(z, z1,. .., x,) is the following:

® p; = Ty

o (pVY) = ¢ Uyt
o (7¢)" =z \ ¢

e (0¢)" = Pow(¢").
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To say that a formula ¢ is true in a Kripke frame z, which we see in our
correspondence as a transitive set, we write

Ve, ... xq ¢ C % (2,21, ..., 2y).
Finally, we define SetTr(¢, ) as the first-order sentence
Va(Trans(z) ANVy(x C ¢*(x,y)) — VZ(x C 9¥*(z, 2))),

where ¢, 2 denote finite sequences of variables and Vy,VZ denote the universal
closure w.r.t. these variables.

Let us now consider the second component of our correspondence, that is,
modal logic. We know that derivability in modal logic can be seen via the standard
translation and the first-order theory p defined in Section 2.1.5. For all pair of
modal formulae ¢, 1, the following holds:

k1o ¥ & pF ST(@) — ST().

Can we compare p and the standard translation with €2 and the set translation?
In other words, can we prove that the derivability of ST (¢) — ST (¢) from u is
equivalent to the derivability of SetTr(¢, ) from Q7

We will see in Lemma 6.1.6 that the answer is negative, if we don’t put any
restriction on ¢. We will also define an extension pt of the theory u which
corresponds exactly to the theory 2 with respect to derivability of modal formulae.
The key idea is the following: in the theory u we have two sorts of elements, worlds
and sets, and two binary relations, the membership relation € and the accessibility
operation R, while in the theory 2 we have just one sort of individuals and only
the membership relation €. To compare the two theories we extend p by requiring
that for each element w of the world-sort there exists an element p of the set-sort
which has the set of R-successors of w as elements. Formally, u* is the theory
obtained by adding to p the axiom

VwIpVv (v € p <> wRv),

that links R and €.

In the following we will show that the standard translation method w.r.t. u*
and the set-theoretic one w.r.t.  are equivalent. More precisely, we will prove
that, for all modal formulae ¢, v,

ptFST(¢) — ST(W) < QF SetTr(g, v).

6.1.2 Completeness of the translation.

We begin by proving that derivability in p* implies derivability in €. Given an
-model U and a transitive set z in that model, we show how to construct a
model for put.
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6.1.1. DEFINITION. Let U be a model for €2 and let x be a transitive element
of the domain of U (that is: z CY Pow"(x)). The general frame (W, R, W)
corresponding to U is defined as follows:

e the world sort W is given by all the elements (w.r.t. the model U) of z,
that is, by the set {y € U : y € z};

e the set sort W is given by the equivalence classes in ¢ with respect to the
equivalence relation of “having the same elements of the world sort”. More
precisely, we state that [y] = [2] if and only if w €¥ y < w €Y 2, for every
w €Y z. An element of the set sort is then an equivalence class [y], for
yeu.

e the operations over W are defined as follows: [y] U [z] = [y U 2], —[y] =
[ \" y], and Ofy] = [Pow(y)].

e for worlds y, z we define yRz iff 2 €¥ y, while if y is a world and [2] is a set,
we define y € [z] iff y € z. O

Notice that we cannot restrict ourselves to equivalence classes of elements in x,
because x may be not closed under the set operations. For instance, the transitive
set {0, {0}} is not closed under the Pow operation.

It is easy to show that the resulting model verifies all principles of u™.

6.1.2. THEOREM. For each pair of formulae ¢,,

pt = 8T(¢) — ST (W) = Q + SetTr(e, ).

Proof.

Let U be a model of 2 and let = be a transitive element in it. Consider the
corresponding general frame (W, R,)V), as in Definition 6.1.1. We first prove
that, for any modal formula 0(p,...,p,), y €¥ z, and yy,...,y, €U,

UEYyeT(z,y,....yn) & (W.RW) | STO) (Y, [yi], - -, [Ya])-
The proof is by induction on the structure of 6.

e ifd=p,then Y Fyed(z,y;) cUEyecy; & (W, RW)EyE |y &

o if =-a,thenlU EFy€ b (z,ys,...,u0n) U EyEx\a*(2,91,...,Yn) &
UFyeahy € a(@uy,....y) & (W,RW) FE ST(a)(y, [y, -, [ya])
< W, RW) ESTO)(y, [y, -, [yal);

e the case of U is left to the reader;
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e ifd =OathenUd =y € 0*(z,y1,...,9n) = U Ey € Pow(a*(z,y1,...,Yn))
SsUEYw (wey—we a*(z,y1,...,yn) = (W,R,W) E Vw (yRw —
ST (a)(w, [y1], .-, [yn])) & (W, R, W) = ST(0)(y, [v1],- -, [yn]) holds.

This implies that, for any modal formula 6(py, ..., pn),
UEYY(zCo(z,y) it (W,RW) [ ST(4).

Finally, suppose that u* = ST(¢) — ST(v)). Let U be a model of £ and let
z be a transitive element in it. If U = Vy (z C ¢*(z, 7)), then the corresponding
general frame (W, R, W) satisfy (W, R,W) = ST(¢). By hypothesis, we obtain
(W, R,W) | ST(¢) and U |= Vij(w C ¢*(z, 7). =

6.1.3 Soundness of the translation.

In this section we prove that derivability in € implies derivability in p*. Let
(W, R,W) be a general frame satisfying p*. This means that W includes all
subsets of W defined by the additional axiom characterizing u*, plus the subsets
that can be obtained from them by union, (relative) complementation, and the O
operator. For reason that will become clear during the proof of the next theorem
and without loss of generality we suppose that the elements of W are standard
sets of the same infinite rank a (the definition of the rank of a set can be found in
any book of set theory, see for example [45]). In particular, we have W NW = (.
An Q-model can be obtained from (W, R, V) in the following way:

6.1.3. DEFINITION. The structure U generated by (W, R, W) is defined as follows.
Let

Up = W,

Un = POU)(Unfl) UUnfl,

and let U = |J_, U,. Define a function F : U — U as:

{veW:zRv} if ceW
F(z) = z\W if egWAzNW W
x if cgWAxzNW e W.

The structure U for the language {€} is obtained by taking U as domain and
by defining
ze¥ys e Fy).
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Since (W, R, W) is a general frame satisfying pu*, we have {v € W : zRv} €
W for any x € W and the elements of W are contained in U;. The following
properties are easily verified:

o if yc W, then z € y iff yRux;

e ifyc W, thenz ¥ yiff z c y.

6.1.4. LEMMA. The interpretation U generated by a general frame (W, R, W)
satisfying u* is an Q-model.

Proof.
To show that U/ is a model of €2, it is enough to prove that

U E VaVy3dVu (u €z u e Vuey);
U E VaVyFVu (u €z uczAudy);
U E VedeVy (yez < Vs (s€y— s e€x)).

Notice that for any i, the set U;\W only contains a finite number of elements of
finite rank, or elements whose rank is strictly greater than o. From this, it follows
that the intersection of the range of F' and W is empty: if z € W, F(z) € W and
WNW =0; if 2 ¢ W, then either F(z) = z and F(z) ¢ W or F(z) =z \ W.
In this case, since  C U; for some i, F(z) ¢ W as well, for rank reasons. More
precisely we have:

range(F) ={yeU\W :yNW € W}.

For any z,y € U, the set F(z) U F(y) is in the range of F. Indeed (F(z)
Fy)nW = (F(z)n W)U (F(y) N W) and both (F(z) N W) and (F(y) N W
belong to W, which is closed under union. Therefore, take a z such that F(z)
F(z) U F(y) and observe that

C

~—

tel 2z te Fz) o teFz)Vte Fly) <t avit el y.

Similarly, we can show that the set F(x) \ F(y) is in the range of F. In
fact, (F'(z) \ F(y)) N W = (F(z) N W) \ (F(y) " W) and both (F(z) N W) and
(F(y) N W) belong to W, which is closed under difference. Any z such that
F(z) = F(x) \ F(y) will verify the axiom for \.

Consider now the set {y € U : F(y) C F(z)}. This set is in the range of F
because

{yeU:Fly) CF))NW={yeW:F(y) C F(z)} =

{ye W :Vz(yRz — z € F(x))} = O(F(z) "W).
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Since F(z) N W is in W and W is closed under O, the set O(F(z) N W) is in
W. Any z such that F(z) ={y € U : F(y) C F(z)} will verify the axiom for O,
because

F(y) C F(z) < Vs(s ¥y — s e x).

Using the previous lemma we obtain:
6.1.5. THEOREM. For each pair of formulae ¢, 1,
QF SetTr(¢,v) = u* = ST(¢) — ST(¢).

Proof.

Let (W, R,W) be a general frame satisfying p™ and let & be the Q2-model gen-
erated by (W, R, W) as in Definition 6.1.3. For any modal formula 0(p1, ..., p,),
ye W, and yq,...,y, in U, we prove:

UEyed (W uy,...,yn) it (W,RW) | ST(O)(y, F(y:)) NW,...,F(y,) NW)

(recall that F(y;) "W € W).
The proof is by induction on the structure of §. In the following, we denote
the sequence yi,...,y, by ¥.

oif 0 =p,then Y Eyec Wy ©yey oye Fly vy c
Fly) N W < (W,R,W) = ST(¢)(y, F(y:) " W);

eif ) = ), then Y Fyec Wy ©UEyec W\ Wy U E
ye WAy g (Wy) & (W,RW) E STW)(y, F(y1) N W,..., F(y,) N
W) < (W, RW) E =STW)(y, F(y) "W, ..., F(y) NW) & (W, R, W) |=
STO)(y, F(y) "W,..., F(ya) N W);

e the case of U is left to the reader;

eifd =0y, then Y Eyc W, y) & U Ey e Powlp*W, 7)) & U E
Vo(v € y = v € Y (W, 7)) & (W,RW) | Vv (va%ST( )(v, Fy1) 0
W,..., Fyn) N W) < (W, R,W) = ST(0)(y, F(yr) N , Fyn) OW).

This implies that, for any modal formula 6(py, ..., p,),
UEYy .. Yy, (W COW,y,...,u)) < (W,R,W) = ST(6).
Let us prove that W is transitive, that is,
UEYz(ze W =Vylyer —yecW)).

From U =z € W, it follows that x is an element of the world sort in (W, R, W)
and from U =y € z it follows that Ry in (W, R, W); therefore, U =y € W.
Thus, if ST(4) holds in (W, R, W), then U = ¥ (W C ¢*(W, 7)) and W
is transitive in &. By hypothesis, we obtain U | Vy(W C ¢*(W, %)) and then
(W,R,W) - 5T(s). e
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6.1.4 Comparing ;1 and pu.

Theorems 6.1.2, 6.1.5 give a complete correspondence (via the respective transla-
tions) between derivability of modal formulae in the theories 2 and p*. However,
we did not prove yet that these theories are really stronger, with regards to modal
formulae, than u, which we know to correspond to modal derivability in K. This
is precisely the goal of the next proposition.

6.1.6. PROPOSITION. The theory ut = p+ Va3pVy (y € p < xRy) is non-
conservative w.r.t. modal (the translation of ) formulae over p.

Proof.
The proof is a variant of the proof given in [8], where it is proved that the theory
p® equal to p plus the axiom YzdpVy (y € p <+ x = y) is non-conservative over
p. The modal incomplete logic and the formula showing its incompleteness are
indeed the same as in [8].

We prove that, if y = OCT — O(0(dp — p) — p) and ¢ = OCT — O L,
then

pt/ ST () — ST(¢) (or, equivalently, ¥ f,5 @),

but

wt F ST(y) — ST(9).

The proof that 1 £, ¢ is given in [8]. Let us prove now that u* + ST (¢) —
ST(¢): we suppose that a general frame (W, R, W) satisfying u* is given in which
¢ is not valid and then prove that such a general frame invalidates 1.

If ¢ is not valid, then there exists a world = in the general frame such that
OOT is true at ¢ and Jdy zRy. There are two possible cases:

e all y such that Ry are reflexive;
e there exists y such that xRy and y is not reflexive.

In the first case, we know that there exists X = {y : xRy}, together with
its relative complement —X. Let us take a valuation = such that {w € W :
w = —p)} = X. Consider a world y such that zRy. For all z such that yRz,
either z € —X, or xRz and z is reflexive; in both cases z = Op — p. Thus,
y = O(dp — p), but y = p.

Consider now the second case. Let = be such that {w € W :w = p} = {z:
yRz}. Since y is not reflexive, again y [~ p; moreover, for all z such that yRz,

z = p, and then y E O(Op — p).

In both cases, there exists at least one y such that Ry and y £~ O(0Op —
p) — p. Thus,
z = 00T — 0(B(Bp — p) = p).
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|

We can actually prove something stronger, namely, that u* plus ST(v) is
complete with respect to the class of frames for .

6.1.7. PROPOSITION. For any formula 6,

¥ by 0= it b ST() — ST(9)

Proof.
Consider the formula ¢ of Proposition (6.1.6). We already proved that

p' = ST(Y) — ST(¢),

and it is straightforward to show that ¢ |=; ¢». Therefore, in order to prove that
Y [y 0 implies ut = ST(v) — ST(9), it suffices to show that u F ST(¢) —
ST(6). Since ut is an extension of u, the thesis follows from p* F ST(¥) —
ST(9).

Let (W,R,W) be a general frame satisfying ¢. Since ¢ does not involve
any propositional variable, the underlying frame (W, R) validates ¢. Hence, it
validates ¢ and, from ¢ |=; 6, it follows that it validates §. This implies that also
the general frame (W, R, W) validates 6. O

6.2 Capturing full K-derivability.

In the previous section we proved that modal derivability in ™ and modal deriv-
ability in €2 are comparable by means of the set translation and the standard
translation, but we also showed that pu' is a non-conservative extension of u.
Hence, a direct comparison between derivability from K + ¢ and {2 needs the
frame completeness of ¢ as an hypothesis. This gives rise to a natural question:
can we modify the translation to make €2 and p comparable? In such a case, we
would be able to capture derivability in K 4 ¢ not only for complete formulae,
but in general. The answer is positive. In this section we define a generalization
of the proposed set-theoretic translation which works with any (possibly incom-
plete) modal formula ¢. The idea is to represent general frames in ) as a pair
satisfying some closure conditions (to be denoted by Cl(z,y)).
Define Cl(y, x) as the conjunction of the following formulae:

e Vz (z €y— Pow(z)Nz € y);
e Vz(z€y—x\2z€EyY);

o V2Vu (z€yANuecy—zUu€y).
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We also slightly modify the translation of the O:
(0¢)* = Pow(¢*) N z.
We prove that, for all modal formulae ¢, v, the following holds:

Frve ¥
if and only if
QFVaVy (Trans(z) ANCl(y,z) A\VZ €y (x C ¢*(z,2)) = VZ ey (x C9Y*(z,7))),
where if a(py,...p,) is a modal formula, VZ € y (zr C a*(z,Z)) stands for
Vzi..Vzp (1 €yN ... Azp €y = Ca(x,21,...,2)).

6.2.1. THEOREM. (Completeness) For each pair of formulae ¢, 1,

Frte

4
QFVaVy (Trans(z) ANCl(y,z) A\VZ €y (x C ¢*(z,7)) > VZ ey (x C9*(z, ?))).

Proof.

The proof is by induction on the length of the derivation of ¢ from K + ¢. We
skip the verification of the cases relative to tautologies, K-axioms, and the rule
of necessitation and modus ponens. We only discuss the case of the substitution
rule.

Let ¢(p1, .., pn) such that
QFVaVy (Trans(z) ACl(y,z) A\VZ €y (x C ¢*(x,2)) = VZey (x Cy*(z,2)))
and let 71(p1, .., Pm), -, Tu(P1, --, Pm) be modal formulae. We want to prove that
QFVYaVy (Trans(z) ACl(y,x) AN\VZ €y (x C ¢*(x, 7)) —

VZey (x CY(m,...,m)" (z,2))).
The following two facts can be easily proved by induction:
(i) for any modal formula o (p1, ..., pm), Q@ F Cl(y,z) — VZ € y(o*(Z) € y);
(i) (71, ..., 7o) is the same (syntactically) as ¢* (7] |x1, ..., 7 |zn).

By simultaneous substitution, it holds that
QFYZey (z CY*(x,Z) > VE (1 €eyN...ATh €y —x C Y (z,71],..,7)).

By applying (i) to the terms 77, .., 7, it follows that

QF Clly,x) \VE €y (z C¢*(2, 7)) =2 VT ey (z CY* (2,11, 7)),
and from (i) the result follows. O

Let us now prove the soundness of the modified translation method. First of
all, we show how an 2 model can be obtained from (W, R, W). Without loss of
generality, we suppose that the elements of W are sets of the same rank o > 0.
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6.2.2. DEFINITION. The Q-model U generated by (W, R, V) is defined as follows.
Let

U = W,

Un = POU)(Un_l) U Un—la

and let U =y _, Un.
Define a function F' : U — U as

{veW:zRv} if zeW

T otherwise

F(z) = {

The structure U for the language {€} is obtained by taking U as domain and
by defining
z ey ez e Fy).

To prove that U is a model for €2, we first notice that, if y € W we have:
¥ ye e W AyRz.

Moreover, we can easily see that the range of F' is the set U \ W. This set is
closed under union and difference and F' is the identity on U \ W. Therefore, we
can define

e My=F@)UF(y) «\"y=F(z)\F(y)

and the axioms for U and \ are satisfied. Finally, the set {y € U : F(y) C F(x)}
isin U \ W too and we can safely define

Pout(z) ={y € U : F(y) C F(x)}.
6.2.3. THEOREM. (Soundness) For each pair of formulae ¢,1),
QFVavy (Trans(z) ACl(y,z) A\VZ €y (x C ¢*(2,2)) = VZ ey (x C¢*(z,2)))
4

Frye .

Proof.

We prove that Fx.4 ¥ by showing that, for any general frame (W, R, W), if ¢ is
valid in (W, R, W), then ¢ is valid as well. Given a general frame (W, R, W), let
U be the model of Q generated by (W, R, W) (see Definition 6.2.2).
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As before, U = Trans(W); moreover, it is straightforward to show that
Closure(W,W) holds in U: closure under union and complementation w.r.t.
W follows from the corresponding closure properties of W, while, for all x € W,

Pou(z)NW ={y e W:F(y) CF(z)} ={yeW:{ve W :yRv} Cz} =

= 0O(z) € W.
It is now easy to show that, for all ¥ in W and for any modal formula
e(pla cee 7pn)7

U ): w g 9*(W 37)) ~ (Wa Rapl =Y, -5 Pn = yn) ): e(pla 7pn)

By using this correspondence, if ¢ is valid in (W, R, W) one easily shows that
¥ is valid as well. O

6.3 Beyond K: Lo-derivability

In this section we consider the monadic second-order theory L, and we find an
extension 2. of Q such that modal derivability (via the standard translation)
in Ly corresponds exactly to modal derivability (via the set translation) in this
extension.

We begin by giving a brief introduction to the theory L, and its semantics.
Then we present the theory (2. obtained from 2 adding one axiom for each of
the operations introduced by Godel to describe the constructible universe and we
‘rewrite’ the set translation within the language of €2.. Next, we prove the com-
pleteness of the translation with respect to Lo-derivability, showing that whenever
there exists a model of 2. containing a set-theoretic frame satisfying a formula,
then a true frame satisfying the same formula can be built. Subsequently, we
prove the correctness of the translation showing that a constructible universe (a
model of €2.) can always be generated starting from a general frame closed for
first-order definitions.

6.3.1 The theory Ls.

The system Lo is defined by means of the rule of first-order substitution. This
rule can be expressed by the following schema:

Vpa — a(7[p),
where
e « is a monadic second-order formula;

e 7y(z) is a first-order formula;
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e a(7v|p) is the formula obtained from a by replacing the occurrences of p(u)
in which the p is free in a by v(u|z) (after renaming bound variables as
necessary).

The system Lo contains a set of axioms which is complete for first-order pred-
icate logic, plus the rule of first-order substitution. This system is sound and
complete with respect to a general frame semantics in which all first-order defin-
able sets can be used as possible evaluations. More precisely, we say that a general
frame (W, R, W) is closed under first-order definitions if, for all first-order formu-
lae ¥(p1, - .., pm) in the language {R, =, py, .. ., }, with free variables z, z, . .., z,,
for all wy,...,w, € W, and Ay,..., A, € W, the set

{weW:(W,R,p;:=A1,...,pn:=An) Ev(w,wy,...,w,)}

belongs to W. The sets Ay, ..., A, are called the parameters of the definition.
Given two sentences a and (3, we have:

a b, B & for all general frames (F, V) closed under first-order definitions and

all assignments o of worlds in W to individual variables and of set of worlds in

W to unary predicate variables, if (F,W),o = «, then (F,W),0 [ (.

6.3.2 The theory (2.

We will work with a set theory whose axioms are closely related to the so-called
Godel operations for defining the constructible universe. Among all possible ap-
proaches, we choose a weaker version of the one proposed by Barwise in [4] with
the aim of stating our results for a theory as weak as possible. We introduce func-
tions defining the singleton operator, suitable cartesian products (X, X —, X¢), to-
gether with the associated projections (Dom, Rng), plus some operations allowing
us to manipulate argument positions in ordered sequences (Ci, Cs).

We call Q. the resulting theory. The language of €2, consists of =, €, and
C as predicate symbols, {}, Dom, and Rng as unary functional symbols, and
U, \, X, X¢, X=,C1, and Cy as binary functional symbols. The axioms for .
consist of a set of axioms complete for predicate logic with equality plus the
axioms, already in (2, describing C,U, and \ in terms of €, plus the axioms
defining the operators {}, x, X¢, x=, Dom, Rng, Cy, and Cs:

tcexUy & texVtey
tex\y & teaxNtdy;
rCy & Vifter —tey),
te{z} & t=u;
texxy < JaczIbey (t=(a,b));
texxey < dJaczIbey (t={(a,b)Na€cb),
texx_,y < daczdbey(t={(ab) Na=0));
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t € Dom(z) <« 3s ((t,s) € z);
t € Rng(z) < 3s ((s,t) € x);
t € Ci(z,y) < FJab3c ({a,b) exNceyAt=/a,(brc)));
t € Ca(z,y) < FJaFbIc ({a,c) exANbeEy At = a,(brc))),

where (x,y) is the usual encoding for ordered pairs, namely {{z}} U {{z}U{y}}.
Inductively, we denote by (z1,...,z,) the pair (z1, (z2,...,2,)).

The theory 2. differs from the classical approach to constructible sets mainly
in the following points:

1. we do not introduce the axioms of choice, infinity, replacement, and power-
set, since they are not needed;

2. we do not introduce any form of extensionality, since our aim is to use the
membership relation to mimic the accessibility relation in frames.

*

The translation function (-)* is the same as that given in Section 6.1, except
for the O operator. This is obviously the case, because we do not have Pow
among the symbols in the language of .. Moreover, Trans(x) disappears from
the antecedent of the translated sentence.

To understand these changes, it can be easily checked that, in the case of €2, it
would have made no difference to work with (J¢)* defined either as Pow(¢*) or
as Pow(¢*) Nz (see Section 6.1). Actually, we chose the first alternative only to
maintain the translated terms simpler. It is also easy to see that Pow(¢*) Nz =
{y € x : yNnz C ¢*}, whenever z is transitive; as a matter of fact, we will see
that the set {y € z : yNz C ¢*} can always be used to translate ¢ (even in the
case in which z is not transitive). Finally, since the following holds:

{yex:ynz C¢'} =a\ Rng((z\ ¢%) xc ),

we put:

(09)" =z \ Rng((z \ ¢%) xc ).

We will prove the soundness and completeness of the translation by showing
that for any pair of modal formulae ¢, v,

Ly b ST(9) — ST($) & Q. F Va(¥Z (¢ € ¢'(,2)) = V7 (z C ¥*(,2))).

6.3.3 Completeness.

We start proving the completeness of the translation, that is,

Ly b ST(9) — ST($) = Q. F Va(¥Z (¢ € ¢'(,2)) = V7 (z C ¥*(, 2))).
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Given a model of €2, and an element in the model, we preliminary construct a
general frame and show that it is closed under first-order definitions. To this end
it is useful to introduce the notion of generated general frame.

6.3.1. DEFINITION. Let U/ be a model for €2, and let 2y be an element of &/. The
general frame generated by xy in U is the triplet F,, = (W, R, W) where:

o W={wel:we" zy},
e for all w,w' € W, wRw' & w' €¥ w,

eW={{weld:we¥y}:yeclUU Ny CY zy}. O

In order to show that a generated general frame is a general frame closed under
first-order definitions, we first prove that for any first-order formula a(z1, . .., z,),
the set of n-tuples of worlds defined by it in (W, R, W) can be obtained in & by
means of the set-theoretic operations of €2..

In the following, given y € U such that y C¥ x,, we will identify it with the
element {w € U : w €Y y} of W in the generated general frame; in particular, we
will identify zy with W. Hence, it makes sense to evaluate set-terms on elements
of W. We also denote by 7y(z1,...,Zn,p1,-..,0) & first-order formula in the
language {R,=,p1,...,pn} whose free variables are among 1, ..., .

6.3.2. LEMMA. For every first-order formula vy(z1,..., %y, p1,-..,Dk), there ex-
ists a term Fy(Xy,..., X, Y1,...,Y%) in the language of Q. such that, for all
Vieo o 3V, Wi, oo o ) W in W oand v € U,

UkueF(Vi,... Vo, Wi,..., W)

if and only if
there exist wy € Vi, ..., w, €V, such that

a) U Eu= (wp,wy_q...,w1),
b) (VI/? Rapl = Wla"'apk = Wk) ): ’y(wla"'awn)'

The proof of Lemma 6.3.2 is given in the appendix.
On the ground of Lemma 6.3.2, we can now prove that any generated general
frame is indeed a general frame closed under first-order definitions.

6.3.3. LEMMA. Let U be a model for Q. and let xy be an element of U. The
general frame F,, generated by xo in U is a general frame closed under first-order
definitions.
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Proof.

Let vy(z1,...,Zn,p1,--.,0x) be a first-order formula, as,...,a, € W, and Wy,
..., Wi € W. We have to show that the set {a; € W : (W, R, p; := Wi, ..., pg :=
W) | v(ay,as...,a,)} belongs to W. Since the sets {as},...,{a,} belong to
W, by applying Lemma 6.3.2 with V; = W, V5 = {as},...,V, = {a,}, we have
that, for every u € U,

UE=ue (W {a}, ... {a}, Wi,..., W)

if and only if
there exists a; € W such that

o) U Eu=(an,an 1...,01),
b) (W,R,p1 :=Wi,...,pp := W) Ev(a,...,a,).

It follows that, for every a; € U,
U a; € Rng" ' (FE,(W,{az},...,{an}, W1,...,Wi))
if and only if
a; € W and (W, R,p1 :=Wh,...,pr:= W) Ev(a1,as...,a,).
Hence, Rng" Y (F,(W,{az2},...,{an}, Wi,..., W) C W and the set
{a; € W : (W,R,p1 :=W1,...,px :=Wi) Ev(ar,az...,a,)}

is equal to the set {a; € U : a; €Y Rng" Y (F,(W,{az},...,{an}, W1, ..., Wi))}.
By definition of generated general frame, it follows that the set

{ar e W : (W, R,py :=Wy,...,pp :=Wi) Ey(ar,az...,a,)}

belongs to W. Hence F,, = (W, R, W) is closed under first-order definability (we
do not need to verify the closure under union, relative complementation, and O
because, if Wi, Wy € W, then Wy UW,, W \ Wy, and O(W7) are characterized by
first-order definitions with parameters in {Wy, Wa}). O

On the basis of the previous results, we can now prove the completeness of
the translation.

6.3.4. THEOREM. (Completeness) For any pair of formulae ¢, 1),
Ly = ST(¢) — ST(¥) = Q. Vo (V7 (z C ¢*(z, 7)) — V7 (z C ¥*(, 2))).
Proof.

Let U be a model for 2. and let xq be an element of ¢/. We already proved that
the general frame F,, = (W, R,)V) generated by z, is closed under first-order
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definitions. To prove the thesis it suffices to show that a modal formula @ is
valid in F,, (equivalently, F,, | ST(6)) if and only if U |= VZ (z¢ C 6*(x0, 2))
(equivalently, U = VZ (W C 6*(W, 7)), by the identification of zy with ).

It is not difficult to prove that for all w € W and z¢,...,2, € U,

UEwed (W, z,...,2n) < Foy ESTO)(w, 21 "W, ... 2 NW),

where, for i = 1,...,n, 2z, N W stands for the element {v € W : v €¥ 2z} of
W. From this, the thesis easily follows. We just check the property for the O
operator, leaving the remaining cases to the reader:

UEwe (D) (W, z1,...,20) U Ewe W\ Rng(W\ ) xc W) &

U wgRng(W\0) xe W) < UEYs ((s,w) § (W) xc W) &
UEVs(seWhscw—sel) s
Vs € W (wRs — Fpy EST(0)(s,210NW,...,2, NW)) &
Foo EST(O0) (w, 21 "W, ... 2, "W).

6.3.4 Soundness.

Let us prove now the soundness of the translation. We will first define a suitable
notion of model generated by a general frame F = (W, R, W) closed under first-
order definability; then, we will prove the following two claims.

1. The generated model is a model of €2, which contains W as an element;

2. A modal formula @ is valid in the general frame F if and only if VZ(W C
6*(W, Z)) holds in the generated 2.-model.

In the following, we fix a general frame F = (W, R, W) closed under first-order
definitions.

Definition of 2.. The general idea of the construction is to build the model of
Q. as an Herbrand model starting from the element W, W of the general frame
F. However, we have to be careful in this construction: to achieve point 2 above,
in this model any element w of W must have exactly the R-successors of w in F
as elements; moreover, in the domain of the model we do not have to add any
element whose intersection with W in the model produces a subset not already
in W. For these reasons, we will proceed as follows: without loss of generality,
we suppose that

a) all the elements of W are sets of the same rank £,
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b) there exists a set Xy of rank & which is not in W,

¢) no element in W U{X,} is the empty set, a singleton, a pair, or contains such
elements.

The above three assumptions allow us to build the domain of our model in such
a way that all its elements have rank greater than or equal to k. More precisely,
at rank k& we will only have the elements of W and the set X, playing the role of
the empty-set. The remaining elements of the model will be obtained closing the
set (W \ {0}) U{Xo} under the singleton and the following operations:

U" and \/, defined as follows:

2U'r r=0Vr=Xo|r£0Ar+#X,
2=0Vz=2X, Xy r
2+ 0Nz # X z zUTr

z\'r r=0Vr=Xo | r#0Ar+# X,
Z:Q)\/Z:XU XU XU
2+ DNz # Xy z u

[ oz\r ifz\r#0

where u—{ Xo otherwise

zo’r:{ zor if zor#0and z# Xo,r # X, for o € {x, x_, C1,Cy )

Xy otherwise

Y

ZXI’I': ZXE,Rr ifZXE,RT#(Z)and Z#X(],T#XO
€ Xy otherwise

where z xc g ={(a,b) :a € z,b € r,a € bV bRa};

Dom(z) if Dom(z)# 0 and z # X,
Xy otherwise !

Dom!(z) = {

Rng(z) if Rng(z) # 0 and z # X,
Xo otherwise ’

Rng'(2) = {
Finally, we define the domain U, of our model as follows:
Wo = WA{0}) U{Xo};
Wit = {{t1}, Dom/(t1), Rng'(t1) : t1 € U;_, Wi} U

{tl of lp:0€ {U7\7 Xy Xe, X:701a02}7t17t2 € U?:O Wi}a
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W= Uizo Wis
U =WUuUWw.

6.3.5. DEFINITION. The model U, generated by (W, R, W) is defined as follows.
The domain of interpretation is U,.

The interpretation €% of the membership relation is:

z % yiff z € F(y),

where
Y if yGE,
Fly) = § {weW:yRw}=R(y) if y¢W,yeW,R(y)#0,
Xo if ygW,ycW,R(y)=10

The interpretation of function symbols is:

{3 = {2z},
zoer = F(z)o F(r), for o € {U,\, x, x=, X¢,C1,Ca},
Dom%(z) = Dom/(F(z)),
Rng*(z) = Rng'(F(2)).

|

6.3.6. REMARK. Since F(u) € W for all u € U,, it can be easily seen that
the range of the defined interpretation of the function symbols is contained in
W. Moreover, ) € U,, and, from the inductive definition of W, it follows that
u € W if and only if there exist a term 7(X1,...,X,,) and A;, ..., A, € Wy, such
that U, = u = 7(A4y,...,A,). In the following, we denote by A the sequence
A1,..., A, and A € W, stands for Ai,..., A, € W,. O

Our next task consists of proving (Lemma 6.3.11) that U, is a model for Q..
To show this, we first prove that any element of W\ { X} has rank strictly greater
than k& (Lemma 6.3.9) and that the element X behaves like the empty-set in U,
that is, U. = Vz(z € X,) (Corollary 6.3.10). To show these two results we need
the notion of height of a term.

6.3.7. DEFINITION. The height h of a term is defined as follows:

h(z) = 1if z is a variable,
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h(t Us) = h(t\ s) = maz(h(t),h(s)) + 1,
h({t}) = h(Dom(t)) = h(Rng(t)) = h(t) + 1,
h(t x s) = h(t x¢ s) = h(t x= s) = max(h(t), h(s)) + 5,
h(Ci(t,5)) = h(Cs(t, 5)) = max(h(t), h(s)) + 9.
The height of an element u € W is defined as follows:
h(u) = min{h(r) : IA € Wy, U, = u = 7(A)}.

O

By using the height we can prove that U, is transitive outside W U {X,} and
that the height decreases according to the standard membership relation.

6.3.8. LEMMA. For allu € W\ {Xy}, if a € u then a € U, and either a € W or
a €W and h(a) < h(u).

The proof of Lemma 6.3.8 is given in the appendix.
From the above lemma, using the hypothesis on the rank of the elements in
W, it follows that any element in W\ {Xp} has rank strictly greater than k:

6.3.9. LEMMA. For all u in W\ {Xo}, rk(u) > k.

Proof.
By induction on the height of u. First of all we recall that U. does not contain
the empty set.

If h(u) =1, then u € W and a € u implies a € W. The thesis follows from
the fact that all elements of W have rank equal to k.

If h(u) > 1 and a € u, then from Lemma 6.3.8 either a € W or a € W and
h(a) < h(u). If a € W or a = Xy, then rk(a) = k. Otherwise, a € W\ {X,} and
the thesis follows from the inductive hypothesis. O

6.3.10. COROLLARY. U, = Vz(r € Xo) and WNW = ().

Proof.
The proof is by contradiction. Since F(X,) = Xp and rk(Xp) = k, it follows
that if u € U, and u €% X, then rk(u) < k. Moreover, since any element of W
has rank equal to k, u does not belong to W. Therefore, u € W \ {X;}, which,
together with rk(u) < k, contradicts Lemma 6.3.9.

As for the second part of the corollary, since any element of W is different
from X, and has rank equal to k, we have that W NW = 0. a

On the ground of the above results, we can prove the first of our initial claims.
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6.3.11. LEMMA. The model generated by (W, R, W) is a model of Q.. Moreover,
this model is extensional on elements of W, i.e. if u,u’ € W are such that
a ¥y ac u foralla € U, then u = u'.

Proof.

In the following equivalences, we will exploit the fact that the range of an inter-
preted function is a subset of W (see Remark 6.3.6) and hence the function F is
the identity on this range. Let a, z, and r be elements of U,. By definition of F
we have that F'(a), F(2), F(r) are all different from 0.

o g {2} iff a € F({z}*) iff a € {2} iff a € {2} iff a = z. Hence the
singleton axiom holds in U,.

eacth ;U eriffac FzUer)iffac z M riffac F(z) U F(r). We
consider the various cases, depending on the definition of F(z) U F(r).
If F(z),F(r) # Xo, then a €% 2z M riff a € F(z) UF(r) iff a € F(z) or
a€ F(r)iff a €% z or a €% r.
If F(z) = Xy then F(2) U F(r) = F(r). Hence a €' z U r iff a € F(r)
iff @ €¥c r. On the other hand, by Corollary 6.3.10 a €% z and the thesis
follows.

The remaining cases are left to the reader, who can thus verify the axiom
of union.

e The verification of the set-difference axiom is similar to the above one.

eacth yx%riffac F(z x¥r)iffaczx¥riffac F(z) xL F(r).
If F(2) xer F(r) =0, or F(z) = Xy, or F(r) = X,, then there is no pair
(b, c) of elements of U, such that b €% z, ¢ € r and b €= ¢. On the other
hand, no element of U, belongs to Xy = 2 xzélc r.

If F(2) xer F(r) # 0, F(2) # X, and F(r) # Xo, then a €% z x% r iff
a€ F(z) xer F(r)iff 3b,c (a = (b,c) Ab € F(z) Ac€ F(r)A(b € cVcRD))
iff (use Lemma 6.3.8) 3b,c € U, (a = (b,c)e Ab e z Nc e r A b EXe ).

Hence, the axiom for x is verified.
e The cases of the axioms for x, x_, C;, Cy are similar.

e a €Y Dom¥(z) iff a € F(Dom%(z)) iff a € Dom%(z) iff a € Dom'(F(2)).
If Dom(F(2)) = 0 or F(z) = Xy, then there is no pair (a, b) in F(z) as well
as a ¢ Xo = Dom/(F(z)).

If Dom(F(z)) # 0 and F(z) # X,, we have a €% Dom%(z) iff a €
Dom/(F(2)) iff 3b ({a,b) € F(z)) iff (use Lemma 6.3.8) b € U, ((a,b)" €
F(2)) iff 3b € U, ({a,b)%= €% 2).

Hence, the axiom for the Dom function is verified.
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e In a similar way it is possible to verify the axiom for Rng.

Finally, to see that extensionality holds on elements of W, suppose we have
u,u' € W such that for all @ € U, it holds a €% wu iff a €% «'. Then, either
u = u = Xy, or, for example, u # Xy, u is not empty and, by Lemma 6.3.8,
if d € u, then d € U.. Hence u # X, implies v’ # Xy and u = u/, by the
extensionality property of the standard universe. a

Let us now consider our second claim, that is, that a modal formula @ is valid
in the general frame F if and only if VZ(W C 6*(W, 2)) holds in the generated
Q.-model U.. To prove this it is essential to show that Y. does not see any new
subset of W which is not already in W. To show this we will prove (Lemma
6.3.13) that F(u)NW € W, for all u € U,. To this end, we extend the definition
of height to the elements of W by putting h(w) = 0 for all w € W. In the
following lemma we show that we can isolate the elements of any element T(/f)
of W by using smaller terms and Ag-formulae. Using the closure of ¥V under
first-order definitions, we will then prove in Lemma 6.3.13 that with elements in
U. we do not get more subsets of W that the ones already in W.

6.3.12. LEMMA. For any set term 7(y) there are:

1. terms T(Z,9), ..., T, (%, 7, ), such that h(r;) < h(T) and if h(T) > 1, then
h(mi) < h(7),

T

2. Ag-formulae in the language {=,€}, of(Z,9),...,a} (Z,7), with possibly
W as parameter,

such that, for all AeWyUW and for allu € U,
U uer(A) o \/TBeW (u=r7(d,A) Ao (@, A)).

The proof of Lemma 6.3.12 is given in the appendix.

6.3.13. LEMMA. Forallu e U, Flu)NW € W.

Proof.

Consider first the case in which v € W U {Xj}; in this case F(u) "W = R(u) or
Fu)NW = XoNW = (. In both cases, F(u) "W € W, since W is closed under
first-order definitions. If u € W\ X, then the element v/ = u \% (u \% W) =
u\' (u\' W) is in W. Moreover, for all a € U,, by the axiom of . it holds that
a €% v if and only if a € F(u) N W and we can consider v’ instead of F/(u) N W
(recall that z Ny = = \ (z \ y)). Since v’ € W, there exists A in Wj such that
U, k= ' = 7(A), where 7 is a term in the language of .. From Lemma 6.3.12, it
follows that there exist
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e terms 71 (Z, }7), oo Ti(Z, }7),
o Ag-formulae o (Z,Y),...,al(Z,Y)

such that for all @ € U,,
U baecr(d) o\ Iaew (a = (@, A) A ol (@, /T)) .

Notice that if h(7;) > 1, then, for any @ in W, to build the element 7;(w, A)
we apply a function of the model at least once and 7;(, ff) ¢ W. Since all the
elements of 7'(/?) are in W and WNW = 0, by Corollary 6.3.10 we must have
h(r;) = 1or U, = —af (@, A), for all @ . Moreover, if 7; = y;, then 73 (A, ... A,) =
A; ¢ W. Thus, if the variables ¥ used in the terms 7y,..., 7 are x1, ..., Ty, then

Ubacr@) o /) Fwew (a — 7,(, A) A af (@, /f)) .
1<i<kr
T,'E{:Dl,...,wm}

Notice now that the validity of the right-hand side formula above is equivalent
to the validity in (W, R) of a corresponding first-order formula (just read the
atomic subformulae of type x; € x; in o] as z;Rx; and the parameter X, as the
empty set). Since W is closed under first-order definitions, this implies that the
set {a € U, :a €% u'} = F(u) N W belongs to W. O

On the basis of the previous results we can now prove the soundness of the
translation.

6.3.14. THEOREM. Soundness

Qe FVz(VZ (z C ¢*(z, 7)) = V7 (x C ¢*(z,2))) = Lo b ST(¢) — ST ().

Proof.

Consider a general frame (W, R, W) closed under first-order definitions and the
generated general model of Definition 6.3.5. We only need to show that a modal
formula @ is valid in (W, R, W) if and only if U, = VZ (W C 6*(W,7)). This
follows from Lemma 6.3.13. Indeed, for all w € W, uy,...,u, € U., we can prove
by induction on € that

U Ew e " (Wuy,...,u,) & (W,RW) = ST(0)(w, Fu)) W, ..., F(u,) NW).

We prove the equivalence above only for the cases § = p; and 8 = O, leaving
the remaining cases to the reader.
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o If = p; then U, F w € *(W,uy,...,u,) if Uy &= w € u; iff w €¥e u,
iff we F(u) iff w € F(u;) "W iff (W, R,W) | pi(x)(w, F(u;)) N W) iff

o If 0 =0y, then U, | w € *(W,uy,...,u,) if U, Ew e W\ Rng((W\
V)X W) iff U, | Vul(u,w) & (W\YP*) xc W if U, EVu(u € WAu € w —
u e ¢*) iff (W,R,W) E Yu(wRu — ST (¥)(u, F(uy) "W, ..., F(u,) N W)
iff (W,R,W) = ST(09)(u, F(u) N W,..., F(uy) N W) iff (W,R,W) k=
ST(6)(u, F(uy) NW, ..., F(u,) "W).

Since by Lemma 6.3.13 we have F(u) "W € W, for all u € U,, it easily follows
that
U, EVZ (W Co(W, 7)) < (W,R,W) & ST(6).

6.4 Concluding remarks.

In this chapter we used non-well-founded sets to give a semantics for Modal Logic
in which the O-operator is represented by the powerset operator in transitive
non-well-founded sets. We presented this result via a translation from Basic
Modal Logic and its complete extensions to a set theory 2. Then we showed
how we can tune this theory to deal with different notions of modal derivability,
ending with the second-order theory of general frame closed under first-order
definitions. Here we showed that the corresponding set theory is nothing but 2
reinforced with axioms for the Godel constructible operators. We only considered
mono-modal languages and this could appear as an intrinsic limitation of the
set translation since we insist on translating the accessibility relation with the
membership relation. However it can be proved that the set translation can be
generalized to deal with poly-modal logics as well, using a technique similar to
the one introduced in [65]. This generalization can be found in [20]. Another
generalization goes towards graded modal logics: in [53] it is showed how the set
theoretic translation has to be modified to deal with these logics.
Further directions of investigation in this area could be:

e Being a theory of sets, one can think of various other extensions of €2, besides
Godel constructible operators. Just to make an example, one could add to
2 the axiom of choice. Do we have other natural extensions of 2 which
have a natural modal counterpart, as Godel constructible operators did?

e Can we establish some more uniform information on the modal side using
the set translation? As an example, various decidability results are known
in Computable Set Theory which apply to classes of formulae described by
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their syntactical complexity. Can we use this results and the set translation
to obtain (uniform) decidability results in Modal Logic? A toy example here
is the proof of the decidability of K. SetTr(T,v) is a universal sentence
in the 2-language and one can prove (see [19]) that the universal theory of
(a variation of) © is decidable. Less trivial examples could be obtained by
considering the class of subframe logics defined by Kit Fine in [29].

6.5 Appendix

LEMMA 6.3.2 For every first-order formula a(zy,...,&n,p1,...,Dk), there ex-
ists a term Fo(Xy,...,X,,Y1,...,Y%) in the language of Q. such that, for all
Viyoo i s Vi, W, oo ) W in W, and u € U,

Ukue Fa(Vi,..., Vo, Wi, ..., W)

if and only if
there exist wy € Vi, ..., w, €V, such that

a) UEu= (wy,w, 1...,wy),
b) W, R, pr:=Whi,...,pk := W) E alw, ..., wy,).

Proof.
The proof is by induction on the structural complexity of «, and it is very similar
to the proof of Lemma 6.1, p. 64, in [4].

By possibly renaming bound variables, we can assume that the formula «
verifies the following property: if Va; or dz; occur in «, then 7 is the largest index
among the indices of the free variables in the scope of the quantifier. Moreover,
notice that a formula in the language {R, =, p1, ..., p;} with free variables among
T1,...,x; can be considered either as a formula a(zq,...,z;,p1,...,p;) or as a
formula a(z1, ..., 2,, p1,...,pk), for any n > i, k > j. Statement (1) below shows
that we can consider every possible denotation for the same formula without
loosing the property expressed by the lemma.

(1) For any m,r,n, k, if 8(z1...2m,01,---,0r) = a(T1,..., 2y, P1,-..,Pk) and
the thesis is true for the formula a(zy, ..., 2, p1, ..., Pk), then it is true for

/6(‘7’.11“‘7xm7p17“‘7p7‘)‘
Statement (1) follows from (1a)—(1c) below.

(la) For any r > 1, if B(z1,...,Zn,p1,---,08) = @(x1,..., T, P1,--.,pr) and
the thesis is true for the formula a(z1, ..., z,, p1,. .., D), then it is true for

ﬁ(xla"'axnapla"'apk)a with
Fy(Xi, . X Vi, Ye) = Fa(X, . X Vi, Y))

(the verification is left to the reader).
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(1b) If B(z1, ..., Tn, Tpy1,D1,-- -, Pk) = @(@1, ..., Ty, P1,- .., Px) and the thesis is
true for the formula a(z, ..., 2,, p1,. .., Pk), then it is true for the formula

/8(‘7:1)"'7xn7xn+17p17"')pk)7 with
F,B(Xla"'vXn-I-la}/l?"'a}/k) :Xn—i-l X Fa(Xl,...,Xn,}/l,...,Yk).
To prove this, denote by V a sequence V;,...,V, and by W a sequence

Wi, ...,Wy, where Vi,...,V,,...,Wq,..., W, are elements in WW. Then, if
Vi1 € W and u € U we have:

U ):’LL S FB(V,Vn+1,W) <U ):u € Vo1 X Fa(vaW) =

U ): Elwn+]_5|b (wn+]_ S Vn+]_ AbE Fa(v, W) ANu = <wn+]_, b>) =4

there exist wy; € Vi,...,wyy1 € Vyy1 such that

a) U E u= (Wpy1,Wy,...,w),
b) (W, R,py :=Wi,...,pp :=Wi) E Bwy, ..., wpy1).

(Ic) If B(zy, ... &pn 1,P1y- - 0k) = Ty, ..., Zpn, D1, ..., D) and the thesis is true
for the right-hand side formula a(z,...,2,,p1,...,Px), then it is true for

B(wl) cooyTp-1,P1,- - )pk)a with
FE(XI) .- '7Xn71ap17 s 7pk) - Rng(Fa(Xla .- '7Xn717VV)pl) s 7pk))

(we leave the verification to the reader).

Two further preliminary steps are needed before we can start the inductive
proof. In each step, we just determine the term Fj, leaving the verification of the
thesis to the reader. The notation a(...,z;|z;,...,...) is used to denote uniform
substitution of z; for z; in the formula a.

(2) If B(x1,...,Tpi1,01,---,0k) = a(®1,...,Tpi1|Tn,p1,...,pk) and the the-
sis is true for «, then it is true for . If n = 1, it is enough to take
F3(X1,Xo,Y1,...,Yy) = Fo(Xo,Y1,..., V%) X Xy, If n > 1, let

Fﬂ(Xl) .- '7Xn+17}/1) .- 7Yk) — CZ(Fa(Xh s )anlaXn+1;le) .- )Y;c)aXn)

(3) If B(z1,...,&n, 01, -, 0k) = a(Tn_1|T1,Zn|T2,P1,-..,Pk), With n > 2, and
the thesis is true for a, then it is true for 3, with

Fﬂ(Xla"')XnaYia"'aY;c) :Cl(Fa(anlaXnale)"')Yrk)aan2><"'XXI)-

Let us prove now the thesis by induction on the structural complexity of
a(xy,...,Tp,P1,-..,Pk). We start with atomic formulae.
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(4a) If a(xy, z2) is the formula z; = xo, then let F, = X5 x_ X;. If we need
to consider z; = x5 as a formula in x,...,%,,p1,...,pr, then the thesis
follows from (1).

(4b) If a(zy, ..., Zpn,p1,-..,Pk) is the formula x, ; = z,, then the thesis follows
from (4a) and (3).

(4c) If a(zy, ..., 2pn,p1,-..,pk) is the formula z,, = z,, with m < r < n, there
are two possibilities: if m = r, then F, = X,, x ... x Xy; if m < r, then the
thesis follows from (4a) and (2) by induction on r.

(5a) If a(zy,zs) is the formula xiRzy, then F, = X5 x¢ X;. If we need to
consider x; Rxs as a formula in the variables x4, ..., 2., p1,. .., Dk, then the
thesis follows from (1).

(5b) If a(zy,...,zpn,p1,--.,pk) is the formula z,_; Rz,, the thesis follows from
(ha) and (3).

(5¢) If a(y, ..., 2n,p1,-..,pk) is the formula z;Rx;, consider the formulae
’Yl(wla"')$n+2)pl)"'7pk) = T; = Tp+1,
72(981,---,$n+2apla---,pk) = Xj = Tpy2,
73(*7;17"'7‘7;72-}-271)11"'7pk) - xn—l—len—i-Z-

From (4c) and (5b), it follows that the thesis is true for ;, ¢ = 1,2, 3. Then,
it is easy to verify that the thesis is true for a, with F, equal to

Rng(Rng(F,,(X1,...,Xn, Xi, Xj, Y1,...,Y%)N
Foy(Xny e X Xy X5, Yoy oY) O E(Xay e X Xo X, ey YE)))

6) If a(xq,p1) is the formula p; (1), then F,(X;,Y7) = X1 NY;. It can be easily
generalized to the case of a(z1,...,@n,p1,...,pk) = p;(2;) as in (5c).

In the inductive step, the case of boolean combinations of formulae is dealt
with U and \ (whit respect to X,, x ... x X;, where n is the number of world
variables displayed in the formula), and left to the reader.

Consider the case in which B(zy,...,Zn,p1,...,pk) is the formula

Axp1a(T1, ..oy Tog1, Py - - oy DE)-

Let Fp(Xy,..., Xp, Y1,...,Ys) = Rng(Fo(X1,..., Xn, W, Y1,...,Y%)). Then, for
all Vi, ..., Vo, Wy, ..., Wi in W, and u € U,

Ukue Fs(Vi,..., Vo, Wi,..., W)

if and only if
there exist w, € Vi,...,w, € V,,s € W such that
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a) U Eu= (w,,wp_1,...,w1),
b) (W, R, py :=Wi,...,pp := Wy) | a(wy, ..., wy,s)

if and only if
there exist wy € Vi,...,w, € V, such that

a) U Eu= (w,,w, 1,...,w),
b) W, R, py :=Wi,...,pp := Wy) E Jxpa(wy, ..., Wy, Tpgt)-

|

LEMMA 6.3.8 For allu € W\ {X,}, if a € u then a € U,, and either a € W
ora € W and h(a) < h(u).

Proof.
The proof is by induction on h(u), starting from h(u) = 1, which implies u €
Wo = W\ {0}) U {Xp}. Since u # Xy, we have that u € W\ {0} and a € u
impliesa € W.
Suppose that the thesis is true for all u' € W\ {X,} with h(u') < h(u), and
h

let 7(X) be a term such that 34 € Wy with U, = u = 7(A) and h(u) = h(7).

o If 7 = pUw, then u = uy U% uy, with U, |= uy = p(A), U, | uy = v(A),
and uq,us; € W. Moreover, both u, u, are different from Xp: if u; were
equal to Xy, then u = Xy U* uy = F(Xo) U F(uz) = Xo U uy = uy, and
h(u) = h(us) < h(v) < k(7)) (the same argument shows that us # Xj).
Since ) & U., uy, up are also different from (), and u = F'(u;) U F(ug) = uy U’
uy = uy Uug. Moreover, h(u), h(v) < h(7) = h(u) and since h(u;) < h(u)
and h(uz) < h(v), it follows that h(uy), h(uz) < h(u). If @ € u, then a € u;
or a € ug and the thesis follows by the inductive hypothesis.

e The case 7 = p\ v is similar to the previous case, and it is left to the reader.

o If 7 = {u}, then u = {u'}* = {w'}, with U, |= v’ = u(A), v' € W, and
h(u') < h(u). Then, a € u implies a = ', and the thesis follows.

e If 7 = Dom(y), then u = Dom¥ ('), with U, |= v’ = u(A), v’ € W, and
h(u') < h(u). Since u # Xy and u = Dom¥e(u') = Dom/(F(u)), it follows
that v’ # Xy and u = Dom(u'). If a € u, then there exists b such that
(a,b) € v'. By induction, (a,b) € U, and since no element of WU {X,} is a
pair, it follows that (a,b) € W\ {X,}, and h((a, b)) < h(u') < h(u). Then,
we can apply the inductive hypothesis to (a,b). Since {a} € (a,b), we have
that {a} € U,, and since no element of W U {X,} is a singleton, we obtain
{a} € W\ {Xo}, and h({a}) < h({a,b)) < h(u). Another application of
the inductive hypothesis to {a} guarantees that a € U, and either a € W
or h(a) < h({a}) < h(u).
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e The case 7 = Rng(p) is similar to the previous case, and it is left to the
reader.

o If 7 =y x v, then u = uy x% uy, with uy, us € W, and h(uy), h(us) < h(u).
Since u # X, we have that uy,us # Xo, and v = uy x% uy = uy X us.
If a € u, there exist b € u; and ¢ € uy such that a = (b,c¢). Moreover,
a = (b,c) = (b, c), because no element of W U {X,} is a singleton or a
pair. Hence, it follows that a € W, because, by induction, we have b € U,
and ¢ € U,.

To see that h(a) < h(u), suppose that neither b nor ¢ are in W. Then,
h(b) < h(uy), h(c) < h(uz), and h(a) < maz(h(b),h(c)) + 4, which is
in turn strictly less than maz(h(uy), h(uz)) +4 < h(w). Suppose that b
is in W, but ¢ is not. Hence {b} is in W, and h({b}) = 1. Therefore,
h(a) < h(c) +4 < mazx(h(uy), h(u2)) +4 < h(u). The remaining cases are
similar.

o If T=pu X_vor7=puXxcv, we can proceed as in the previous case.

o If 7 = Cy1(u,v), then u = C¥ (uy, uy), with uy, us € W, and h(uy), h(us) <
h(u). Since u # X, we have that uy,uy # Xo and u = CY¥(uy,up) =
Ci(ug,uz). If a € u, then there are b, ¢, and d such that a = (b, (c,d)) and
(b,c) € uy, d € uy. From the inductive hypothesis and the fact that no
element of W U {X;} is a pair, it follows that (b,c) € W\ {Xo}, h({(b,c)) <
h(u1), d € U., and either d € W or d € W and h(d) < h(uy). Using the
inductive hypothesis twice on b € {b} € (b,c) as in the case of Dom, we
can prove that either b is in W or b € W and h(b) < h(u;), and the same is
true for c. Suppose that b, ¢, and d are not in W. Thus, h(b), h(c) < h(uq)
and h(a) < max(h(b), h(c),h(d)) + 8 < maz(h(uy), h(uz)) + 8 < h(u). The
case in which one of b, ¢, and d is in W is proved as in the preceding case.

e The case of 7 = Cy(p,v) is similar to the previous case, and thus it is left
to the reader.

LEMMA 6.3.12 For any set term 7(4) there are:

1. terms 71(Z,9), ..., 7. (Z,9,), such that h(1;) < h(7) and if h(T) > 1, then
h(mi) < (1),

2. Ao-formulae in the language {=,€}, of(7,¥),...,a} (¥,7), with possibly
W as parameter,
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such that, for all Ae Wo UW , and for all u € U,,

k‘r
U. Euer(d)« \/3Iw0eW (u=rnd,A)Aaf(@, A)).

i=1

Proof.
The proof is by induction on the height of the term 7.

If h(r)=1and 7 =y, then put k, =1, 1 =z, and o] =z € y.

Suppose h(7) > 1, and let u,v be terms such that h(u),h(rv) < h(r). By
induction, the lemma holds for u,v; let w1, ..., px, and vy, ..., v, be the terms,
described in (1), for p and v, respectively.

We begin by showing the following four facts:

(a) there exists a Ag-formula a¥ such that for all A € Wy UW,
Ue | (p(A) = v(A)) & av(A);

(b) there exists a Ag-formula o*” such that for all A € Wy U W,
U | (u(4) € v(A)) & ak(A)

(c) there exist Ag-formulae 81;(%,7",9), B12(Z, 2, 9) ..., By, 4, (T, 7,9, ), such
that for all A € W, UW and for all a,be U,

U = {a,b} = p(A) <

\/ =i —»/ a" (a — lh( A’) Ab= ,u]( /f) (—”,u_)"I,A’));

3,j=1

(d) there exist Ag-formulae 07'(Z,9), . .., oy, (%, ) such that for all AeWyuw

and a € U,
ku
U = {a} = p(A) & \/ 36 € W (a = pi(d, &) A ol (i, A)).
=1

Each of the above facts is proved by induction using the main inductive hy-
pothesis.

(a) if h(p) = h(v) = 1, the formula a” is p = v.
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If h() =1 and h(v) > 1 (or vice versa), then p is a variable, say y;. For
all A e WoUW, u(A) = A;, v(A) ¢ W (see Corollary 6.3.10). Since U, is
extensional on W we obtain:

U= A =v(A) & A E W AVE(E € 4; 5t e v(A)).
Since 1 < h(v) < h(7), the main inductive hypothesis holds for v, with
terms v; such that h(v;) < h(v), and

ku
U Etevd) e \/Ioew (t = v, (5, ) /\oz;-’(w,/f)) .
j=1

-,

Thus Vit (t € A; <> t € v(A)) is equivalent in U, to

ku
Vt € A; (\/ 3 e W (t = v;(@, A) A o (4, E))) A
j=1

ku

N\ Vi ew (a;(w, A) = v;(w, A) € Ai) .

7=1
Notice now that if i(r;) > 1, then the element v;(w, A) does not belong to
A; in the model U, (since it does not belong to W), and thus o (i, A) is

false in U,. This implies that A; = u(ﬁ) is equivalent in U, to

ku
A @ W AVEE A (\/awe W (t:uj(w,ff)m;(w,ff))> A

j=1

A /\ Vi € W (a;’(w’,/f) — vy, A) € Az‘) :
1<j<ky

h(vj)=1

which is a Ag-formula except for the subformula t = v;(w, A). Since h(vj) <

-,

h(v), we can proceed inductively on ¢ = v;(w, A) to obtain the required Ay-
formula.

—

If h(u), h(v) > 1, then for all A € Wy UW, u(A),v(A) ¢ W and by Lemma
6.3.11 (extensionality),

—, — —, —, —,

Ue | u(A) = v(A) & p(A) S () A () C p(A).

By the inductive hypothesis, the lemma holds for p,v with terms u;,v;
such that h(u;) < h(w) and h(y;) < h(v). Thus, the first conjunct on the
right-hand side of the above formula is equivalent to

Ky Ky

N\ Vi e W |ok(w, A) = \/ I € W (i, A) = v; (@', A) A o (i, A))
i=1
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Consider the subformula (@, A) = v;(w', A). Since h(u;) < h(u) and
h(vj) < h(v), we can proceed inductively to obtain the required Aq-formula.
The same argument applies to the second conjunct.

(b) It follows directly from (a) and the inductive hypothesis of the lemma.

(c) If h(p) =1, then p = y; and we can take fy ;(z, 2, y) equal to the formula

yEWAzeyhd eyAYweW (vey—v=zVv=2r).

If h(p) > 1, then u(A) € W and, by Lemma 6.3.11, we have

—,

U, b= {a,b} = p(A) & a € p(A)Abe p(AYAVE (t € p(A) =t =aVt=b).

Since h(p) < h(7), by the main inductive hypothesis this is easily seen to
be equivalent (in U,) to the formula

ku
\/ 3w e W

1

ZV]

Since h(p;) < h(p) < h(r) for any i € {1,...,k,}, from (a) it follows that
the equalities between the terms above are equivalent to Ag-formulae.

(d) It easily follows from (c).

To complete the proof of the lemma, we consider the various cases correspond-
ing to the structure of the term 7. To simplify the notation, we sometime avoid
to explicitly indicate the elements A. We suppose that the lemma holds for terms
p, v with h(p), h(v) < h(7), and we denote by u;, vj, af, o the corresponding
terms and Ap-formulae.

e The case 7 = pu U v directly follows from the inductive hypothesis.

-,

e Let 7 =\ v. In U, we havea € 7(A) < a € u(A) Aa & v(A), which is
easily seen to be equivalent to

ku
\/awew

=1
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o = () Aol (@) A \ VT € W (a¥(d) — () # vs (i)

The last formula can be reduced to a Agp-formula applying (a) to each
subformula p;(W) # vj(w'). Notice that h(w;) < h(p) < h(1), h(v;) <
h(v) < h(r).

e Let 7 = {u}. In this case, U, |= a € 7(A) <+ a = p(A). Since k() < h(7),
it is enough to take 71 (Z, ¥) = u(¥) and y; = y; as Ag-formula.

e Let 7 = pu x v. By the inductive hypothesis, a € 7(A) is equivalent in U, to

kﬂ ky

\V V3w’ € W [a = (i), v; (")) A ol (@) A o ()]

i=1j=1
Since h((us,v;)) < h(7), the thesis follows.

e The case of 7 = p x_ v is proved as the case of 7 = p X v using (a).

e The case 7 = u X v is proved as the case of 7 = u x v using (b).

e Let 7 = Dom(p). Suppose that h(p) = 1. In this case, 4 = y; and
U. EVz(z & Dom(A4;)), because no element of an element of Wy UW is a
pair. It is then enough to take 7 = z, and z # x as of.

Consider now the case in which h(x) > 1. In U,, a € 7(A) is equivalent to

3 ((a,5) = {{a}, {a,b}} € u(d)),

which, in turn, is equivalent to
b, ¢, d (c = {a} Ad={a,b} A{c,d} € u(/f)) .

By the inductive hypothesis and (c), this can be rewritten as

kg Ky
b, c,d(c={a} Ad={a,b} A \/ A\/T0 € W(a(w)A
Im=1 =1
Ky,
\/ 3,0 € W(e= pig(@', ) Ad = pim (0", ) A B, (&, 5", 10)))],
I,m=1

in which ¢ and d can be eliminated obtaining

ku kg
3\ \/ 30,0, 0" € Wi (@', 0) = {a} A pism(5", %) = {a,b}A

i=11,m=1
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o (@) A B, (0", 0", @),

Using (c) again, we can eliminate b, obtaining the following formula:

/-L kﬂz k“z m

\/\/ \/El—»—»/—»// ’IGW

i=11,m=1rs=1
[a = pim, (T, ", @) A BEG™ (T, 0", @", W) A

o (@', ", ) A i (0, ) = { i m,p (7, 0", 0) } A o (@) A B (0, 0", 15)

Since h(p) > 1, we have that h(u;) < h(p), for all i € {1,...,k,}.
follows that A(pi), A({ftims}) < h(7), and a further application of (a) to
the subformula p; (@', W) = { i m, (0, 0", W)} gives the desired result.

e The case of 7 = Rng(p) is proved as the case of Dom.

e Let 7 = Cy(p,v). In U,, we have
a€7(A) < Tbe,d(a= b (c,d)Abc) e u(d)Adev(A)).

Let 4/ = Dom(p) and p = Rng(p). Notice that (b,c) € u(A) implies
be p'(A) and c € p"(A). Hence the above formula is equivalent to

—,

b, ¢, d (a= (b, {c,d)) Nbe u'(A)Ace u"(A)A (b c) e u(d)Ade v(A)).
Since h(u'), h(u") < h(r), we can conclude as in the case of x.

e The case of 7 = Cs(u, v) is proved as the case of C}.
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Samenvatting

Bisimulatie is een eenvoudige en natuurlijke notie van equivalentie tussen ver-
schillende weergaven van processen en verwante structuren, die sinds 1980 een
belangrijk begrip is geworden in logica en informatica. Met name verbindt het de
twee voornaamste gebieden die in dit proefschrift worden samengebracht: “uit-
gebreide modale logica’s” en “niet-gefundeerde verzamelingen”. Modale logica’s
beschrijven z.g. proces-invarianten, d.w.z. eigenschappen die processen blijven
bewaren, ook onder een andere manier van beschrijven van hun toestanden en
toestandsovergangen, mits die laatste een geschikte bisimulatie toelaat met de
eerdere weergave. Dit verband blijkt overigens heel flexibel: verschillende noties
van simulatie blijken equivalent met verschillende visies op een proces, en deze
weer met verschillende modale talen om invarianten te beschrijven.

Verzamelingen hebben althans formeel eenzelfde structuur als processen: hun
leden zijn op te vatten als toestanden, en overgangen zijn mogelijk hiertussen langs
de relatie “element van”. In de moderne “niet-gefundeerde verzamelingenleer”
blijkt deze parallel essentieel. Het gaat hier om een uitbreiding van de klassieke
verzamelingenleer met de mogelijkheid van circulariteit en oneindige regressie in
lidmaatschap —iets wat op vele gebieden in de moderne semantiek en informatica
nuttig blijkt. Twee weergaven van een niet-gefundeerde verzameling gelden nu
als “hetzelfde” wanneer er een bisimulatie tussen bestaat. Ook dit verband blijkt
weer flexibel: verschillende noties van simulatie genereren verschillende genres
“verzamelingen”, en daarmee verschillende grondlagentheorieen.

De aldus geslagen bruggen tussen modale logica, verzamelingstheorie, en pro-
cestheorie kunnen gebruikt worden om resultaten en technieken de een oever over
te hevelen naar de andere. Hierbij ontstaan vaak verrassende nieuwe inzichten.
In dit proefschrift steken we een aantal malen over. Onze voornaamste resultaten
zijn daarbij als volgt —na een eerste inleiding in het totale werkterrein.

In hoofdstuk 3 bewegen we van modale logica naar procestheorie. We bestud-
eren de z.g. “u-calculus”, een modale procestaal uit de vroege 80er jaren waarin
veel rekenprocessen en handelingen in het algemeen op een natuurlijke wijze kun-

155



156 Samenvatting

nen worden weergegeven, zodat hun gedrag exact kan worden bestudeerd. Ons
hoofdresultaat is dat de u-calculus de logische “uniforme interpolatie-eigenschap”
heeft. Dit zegt, heel ruwweg, dat gegevens opgeslagen in deze taal een modulaire
structuur hebben, zodat afleiden van verdere informatie zich steeds kan beperken
tot de relevante module. Ons bewijs van deze wenselijke eigenschap gebruikt
algemene modale logica, maar in het byzonder ook technieken uit de automaten-
theorie en z.g. “bisimulatie-kwantoren”, een recente uitbreiding van standaard
modale talen bedacht door Marco Hollenberg.

In hoofdstuk 4 introduceren we modale talen als techniek in de verzamelin-
genleer. Bekend is uit recent werk van Jon Barwise en Larry Moss [7] dat elke
niet-gefundeerde verzameling een unieke beschrijving heeft door middel van een
modale formule met oneindige conjuncties en disjuncties. Wij generalizeren deze
opmerking, en tonen aan dat zulke modale formules een alternatief model vor-
men voor het gangbare verzamelingstheoretisch universum, beschreven door Peter
Aczel [2]. Maar er zijn ook alternatieve visies, waaronder een van Dana Scott,
die verzamelingen definieert via een andere simulatie. We identificeren ook hi-
ervoor de juiste modale taal, die de gewone modale logica uitbreidt met z.g.
tel-modaliteiten, die aantallen toegankelijke alternatieven tellen vanuit een geven
toestand. Dit generalizeert het hoofdresultaat van Barwise & Moss, en maakt ook
een spectrum aan verschillende niet-gefundeerde verzamelingsnoties zichtbaar.

Tel-modaliteiten (E: “graded modalities”) vormen ook op zich een natuurlijk
formalisme. Ze komen bijvoorbeeld natuurlijk op bij de veel voorkomende tech-
niek van “uitrollen” van procesmodellen tot bisimulerende boomstructuren. Haj-
nal Andréka bewees dat deze uitgebreide modale taal in het algemeen geen inter-
polatie kent. Wij laten echter zien in hoofdstuk 5 dat er wel een gemodificeerde
vorm van deze eigenschap opgaat (voorgesteld voor oneindige talen door Jon
Barwise en Johan van Benthem [5]), die bovendien voor sommige talen met tel-
modaliteiten te versterken is tot de gebruikelijke versie. Wij bepalen alle gevallen
waarin deze “opwaardering” mogelijk is.

Tenslotte steken we nogmaals over van verzamelingenleer naar modale log-
ica. In hoofdstuk 6 laten we zien hoe modale talen kunnen worden vertaald in
een verzamelingenleer, met als voornaamste idee de behandeling van een “uni-
versele modaliteit” als een machtsverzamelingsoperator. Als gevolg kunnne we
geldigheid in allerlei modale logica’s, na vertaling, opvatten als afleidbaarheid
in een eenvoudige axiomatische theorie van niet-gefundeerde verzamelingen: (2.
Deze theorie werd in 1995 voorgesteld door D’Agostino, Montanari en Policriti
in [20] als een computationeel aantrekkelijke “kern” van de standaard verzamel-
ingstheorie. Om met deze techniek ook allerlei uitgebreide modale logica’s te
kunnen behandelen, breiden we de basis modale logica uit tot een natuurlijke
tweede-orde logica Lo. Tegelijkertijd versterken we Omega met axioma’s die ons
alle verzamelingstheoretische operaties geven in het “construeerbare universum”,
gebruikt door Kurt Gdédel voor zijn bewijs van consistentie van de continuum hy-
pothese. Ons voornaamste resultaat is een getrouwe vertaling van afleidbaarheid
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in Ly naar afleidbaarheid in deze sterkere verzamelingenleer. Verzamelingenleer
valt dus te bestuderen met modale logica’s, maar het omgekeerde geldt evenzeer.

Onze voornaamste conclusie is dat modale logica, procestheorieen, en verza-
melingsleer vele bruikbare analogieen bezitten. Onze aanbeveling is om deze
gebieden dan ook meer in samenhang te bestuderen.
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