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Abstract

This paper investigates the formalization of independence in logic, in
particular between quantifiers. We first illustrate that this form of inde-
pendence plays a role in many fields. A logic that has the possibility to
express such a form of independence is Independence Friendly logic (in-
troduced by Hintikka); its semantics is defined by means of strategies in
a sequential game. It will be shown that this logic gives results that are
in not in accordance with intuitions on independence. An alternative se-
mantics is presented where the logic is interpreted by means of a strategic
game. The semantics exploits one assumption: the players are assumed to
be rational (they do not play a strategy if there is a better one available).
It is shown that this semantics gives results that are in accordance with
intuitions about independence.

1 Introduction

In this paper we aim at a formalization of independence in logic. First some
examples will be given of the kind of independence we are interested in: a
quantifier that is independent of another quantifiers although it occurs in its
scope. Such independency plays a role in many fields.

Mathematics: continuity
Intuitively a function is continuous if it can be drawn as one line. The formal
definition is the well known epsilon-delta definition:

The function f is continuous if
(1) VzVeddVa' [|[z —2'| < § — |f(z) — f(2')] < €]

In this definition the choice of § depends on z, and this dependency is needed
for a function like 2 because that goes steeper and steeper, hence the larger
x is, the smaller § has to be.

For some functions this dependency is not needed because they have a steepest
part, examples are £+1 and sin(z). Then § only depends on €. Such functions
are called uniform continuous, defined by:



(2) VedoVaVa' [|z — 2| < 6 — [|f(z) — f(z')| < €].

This definition is obtained by a reordering of quantifiers. It would be more
attractive if we could express explicitly that § does not depend on x by writ-
ing 30, because that is the only difference between continuous and uniform
continuous. Then the definition would read:

(3) Vz Ve, Vo' [z — 2’| <6 — [|f(z) — f(a')] < €.

Natural language semantics: de dicto - de re
The sentence John believes that a stranger blighted his cow is ambiguous.
It may be the case that John has no particular person in mind, but that
he believes that whatever the situation is, it will such that some stranger
blighted his cow. This is called the de dicto reading. Let Bel(John) denote
the believe-alternatives of John, and a the actual world. Then this reading is
represented by:

(4) Jy [cowqa(y) AVw € Belg(John) Iz [Strangery (z) A Blight.,(z,y)]].

The other reading, the de re reading, is that there is a particular person,
indeed a stranger, of whom John believes that he blighted his cow. Its repre-
sentation is obtained by an rearrangement of the quantifiers

(5) JzTy [Strangery(z) A cow,(y) A Vw € Belg(John) [Blight.,(z,y)]].

It would be attractive to describe this by an explicit indication of the inde-
pendence (by 3z/,,), because that is the difference between the two readings:

(6) Jy[cowa(y) AVw € Belq(John) 3z, [Strangery (z) A Blight,(z,y)]].

Natural language semantics: branching quantifiers
The most well known type of independence in the semantics of natural lan-
guages, and at the same time the most discussed one, is due to Hintikka (e.g.
in Hintikka & Sandu (1997), Hintikka (1996)) Examples are (7) and (8):

(7) Some friend of each townsman and some neighbor of each villager hate
each other

(8) Some book by every author is referred to in some essay by every critic.

In the intended meaning of (7) the friend of the townsman can be chosen
independent of the neighbor of the villager. This meaning is often discussed
in the literature, but we will accept that those sentences have such a meaning.
Sentences of this type are called ‘branching quantifier sentences’ because their
meaning could be represented using a branching quantifier. As an example
this is done for (7): some selfexplaining abbreviations are used:

© (ve 3 ) (T AV(@a)) = (Flaz,en) A Nl 0) A B(oa,20)

If we use the notation 3z4 /5, 5, to indicate that the choice of x4 has to be
made independent of x; and x5, then the meaning of (7) is represented by:



(10) Vo132oVr33ny/p, 0, [(T(21) AV (23)) — (F(2, 21) AN (24, T3) A H (T2, T4))]

The semantics for (7), as represented in (10), will be discussed in Section 6.

Physics: mechanics The mechanical properties of a particle are described by
its position and its pulse. By some experiment one may measure the values
of these features. In classical mechanics the position and pulse of an object
can be measured independently of each other. In quantum mechanics (which
involves subatomair particles) this is not possible because a measurement of
the position disturbs the particle with as a consequence that we are not sure
about its pulse (and vice versa). If we determine the one rather precisely,
the other becomes unspecific; the relation between the two measurements is
expressed by Heisenberg’s uncertainty relation Aa x Ap > % Here Aa is
the uncertainty in position, Ap in pulse, and h Planck’s constant.

Let x and y be the real values of the pulse and position, and v and u the values
measured by M, and M, respectively and suppose we make statement ¢ about
the measured values. For quantum mechanics, in which the first measurement
has influence on the second measurement, this situation is described by:

(11) VzIuVyIvu=M,y(z) Av=My(z) A ¢(u,v)]

The independence of the two measurements in classical mechanics cannot be
expressed by some rearrangement of the quantifiers. But if we indicate the
independence of v by Jv/; , it can be expressed as follows (note the same
quantifiers prefix as in (10)):

(12) Vz JuVy Fv/gq[u= My (x) Av=Mpy(x) A ¢(u,v)]

2 IF logic

In the last decade of the previous century, Hintikka presented his Independence
Friendly Logic, henceforth IF logic (see e.g. Hintikka (1996) and Hintikka &
Sandu (1997)). This logic extends earlier work in Branching Quantification and
Game Theoretical Semantics for logic. The syntactical extension consists of a
slash operator that can impose quantifications and connectives to be removed
from the scope of another quantifications. E.g. in the formula Vz 3y,, ¢(z,y),
the slash operator in Jy,, indicates that there exists a y that is independent of
z such that ¢(z,y) holds.

The interpretation of IF logic proceeds by means of a game between two
players. The one player, we call her Jloise, aims at verifying the formula on a
given model, the other, we call him Vbelard, aims at refuting that. 3loise chooses
the values for existentially quantified variables and chooses from disjunctions a
disjunct, likewise does Vbelard for the universal quantifiers and conjunctions.
So in the game Vz Jy,, ¢(x,y) Jloise has to pick a value for y in ignorance of
the value chosen by Vbelard for z.



Of course, we are not so much interested whether Jloise by accident wins or
looses a game, but whether she has a strategy to win the game against any play
of Vbelard. In order to define this notion, we need a some definitions.

Definition 2.1 Let ¢ be a subformula of . The set Fry(1) of variables free
in 1 relative to ¢ consists of

1. the variables that are bound by quantifiers that have 1 in their scope

2. the free variables of

Definition 2.2 Let V be a set of assignments and Y a set of variables. A
function f defined on V is called Y-independent on V' (independent of Y on
V) if for all v,w € V that assign the same values to variables outside Y, holds

that f(v) = f(w).

Definition 2.3 Let A be the domain of our model and ¢ some formula. A
choice function for the subformula p1V )y @2 of ¢ is a Y -independent function
Cor1V,ypa AFrelervyvea) L R}. A choice function for a subformula 3z,y 1
in game @ is a Y -independent function caz,,, , : AFTe@T/v€) 5 4,

Definition 2.4 A strategy S, for Jloise in game ¢ played on model A is a
collection of choice functions which for each subformula v of ¢ where Jloise has
to play, provides a choice function cy. Likewise for Vbelard.

A winning strategy for 3loise in game ¢ played on model A is a strategy
that guarantees 3loise to win any play of the game, whatever Ybelard plays, if
she uses the choice functions to make her moves. That means,

1. If for subformula @1 V/y ¢2 Cpiv,yp,(v) = L the game continues with
determining the truth of p1, and if was R, of pa.

2. If for subformula 3z /vy ¢,v,3: caz,, »(v) = a, then the game proceeds with
determining the truth of [*/4].

8. For atomic formulas 3loise wins if that formula is true in A.

Likewise we define a winning strategy for Vbelard.

Definition 2.5 A formula ¢ is called true on a model A if Floise has a winning
strategy for the game ¢ on A, and false if Vbelard has a winning strategy.

The independence conditions may cause that neither of the players has a winning
strategy, so the law of the excluded middle does not hold for IF-logic.

3 Paradoxical Results

Hintikka’s formalization of independence has paradoxical effects: i.e. there are

several examples where the results are not in accordance with intuitions on
independence. We will present some below, others are given in Janssen (2002).
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. Of course 3z Jy [z =y] is true in every model, with strategy y:=z (read

as choose for y the value x has). Surprisingly also 3x 3Jy,, [x=y] is
true, although the strategy y:=uz is not allowed. The solution consists
in playing two constant strategies: x:=0 and y:=0. One might say that
in the course of the game Jloise has to forget her choice for 3z (because
of Jy,), but still remembers her strategy for z. It has been argued that
the rules for playing IF logic require rather unnatural assumptions about
the properties of the players (Sevenster (2005), van Benthem (2005)); this
clearly is an example.

. One cannot say whether z equals 0 without knowledge about z, so it

understandable that Vz[z =0V, £#0] is not true on a model with at
least two elements. Likewise 3z[z =0V, x # 0] should not be true on such
models . But with Hintikka’s formalization it is true with strategy z:=1
for 3z, and for V, always R. This is again an application of remembering
the strategy for Jz, which indirectly gives dloise information about the
value of x which she is not allowed to know.

. One cannot select independent of x a value for y such that the two have

different values. So Vz 3y, [y # x| is not true with at least two elements.
But Vz3z 3y, [y =2| is true. The trick is to use the z as information for
the value of z: the winning strategy is {z:=y,y:=z}. In analogy of card
games like bridge, the method is called signalling. A value one is not
allowed to know (z in Jy,,), becomes available in another way.

. Consider Vz3uVz Jv,,[u >z A v >y, you may recognize it as a mathe-

matical variant of the branching quantifier sentence (7). This formula is
true on the natural numbers: e.g. by u:=x+1 and v:=y +2. If we add
a requirement that the sum of v and v be even, then we create a depen-
dency between the two values. Surprisingly Vz3uVz Jv/gu[u>z Av>y A
Even(u+v)] is true. A winning strategy is that for u the least even inte-
ger is chosen with v >z, and for v the least even integer with v >y. So,
whereas v should be independent of u, the strategies for v and v can be
coordinated. I do not consider this as making independent choices.

. We know that Vz3y,,[y#z] is not true on a model with at least two

elements. One expects that if one has to make such a independent choice
twice, it still is not possible. Strangely enough Vz[3y,,[y # x|V 3y, [y # ]]
is true. At the left, the strategy is to play y:=0 and at the right to play
y:=1, and at V to play L if z=1 and R otherwise. This shows that ¢ is
not for all formulas equivalent with ¢ V .

Alternative semantics

We have seen that Hintikka’s formalization does not formalize intuitions about
independence. Therefore we will give an alternative semantics for IF logic: we
propose to analyze the game as a special strategic game. The inspiration came



from a paper by Sevenster (2005). He considers a spectrum of possible strategies,
and discusses several criteria for imposing a restriction on that spectrum. For
instance, a player may choose only strategies of a certain type, other players may
know this information and use it to eliminate strategies from their spectrum,
etc. We have one natural assumption on what to keep: rational strategies. The
resulting semantics is more in accordance with intuitions on independence than
Hintikka’s semantics.

For the ease of discussion, we assume that the formula consists of a predicate,
preceded by a series of quantifiers which may contain slashes. We assume that
each quantifier has its own indexed variable, and that they appear in order, first
the quantifier for x1, then for x5, etc. These restrictions are not essential for
the approach, which can be extended to arbitrary IF-formulas.

With a variable z; is associated a player p; who determines the value for that
variable. Players who determine the values for the existential variables aim at
truth value 1, and players for the universal quantifiers aim at truth value 0. The
notion strategy is defined as before, and we need further the following definitions.

Definition 4.1 Two strategies f and g are called equivalent if, for any combi-
nation of strategies for the other players, f yields the same result as g.

Definition 4.2 A strategy s for player p; who determines Jz,y is better than
strategy t if:

1. Against all combinations of strategies of the other players where t yields
1, also s yields 1.

2. There is at least one combination of strategies for the other player such
that s yields 1 whereas t yields 0.

Analogously, we define ‘better’ for a player who determines Vx,y, with the
roles of 1 and O reversed.

Definition 4.3 A strategy s for player is rational if there is no strategy t such
that t is better than s.

In the examples one will see that a player may have one rational strategy,
several rational strategies, or may have none. Our notion of rationality is known
in game theory, I learned it from Genesereth, Ginsberg & Rosenschein (1986).
There are other notions of rationality, and this one is not the most popular
because its properties are mathematically not so nice under the operation of
iteratively removing irrational strategies (we will not do that). For an overview
of notions of rationality, see Apt (2004).

The central feature of our semantics is that at the start of the game each
player determines what its own rational strategies are. A sentence is defined to
be ’true’ if all combinations of rational strategies yield the outcome 1.

Two examples are given below; they are played on the domain {1, 0}.

1. Consider Jz13x2[z; = z3]. Player p; has two strategies: z;:=0 and z;:=1.

Player p has 4 strategies; z2:=0, z3:=1, z2:=x1, and za:=(ifz;=1

then 0 else 1). None of the strategies for p; is better than the other one



(the combination z; :=1,z5:=0 yields 0, but also 27 :=0,z2:=1 yields 0).
So both p;’s strategies are rational. For p; the strategy which yields 1
against all other strategies of p; is z9:=z1. So it is a rational strategy (in
fact the only one). All combinations of rational strategies (there are two
combinations) yield 1, so the sentence is true.

2. In 3z13x9,,, [x1 =x2], both players p; and p; have only two strategies:
choose always 0 and choose always 1. For none of the players there is a
strategy that improves all his other strategies, so for both players these two
strategies are rational. For some combinations of strategies the sentence
yields 1, for others it yields 0. Therefore the sentence is not true.

The last example illustrates that our semantics is not equivalent with Hintikka’s
original semantics and that we get a result that is in accordance with intuitions
on independence.

A yet unsolved problem for our approach is that situations may arise in
which a player has no rational strategy at all. This may arise in infinite models;
consider for instance 3z13xs]x2 < 1] played on the natural numbers. A ratio-
nal choice for p is 25 :=0 another one might be z5:=maz(0,z; —1). However
p1 has no rational strategies: = :=1 is better than z; :=0, but z; :=2 is better
than z;:=1 etc. One might say that any combination of rational strategies
vacuously yields 1 because there are no rational strategies. However, with this
version of rationality, 3z13z2][xe < 1] A 3z3Vx4[z3 = 4] would be true (incor-
rectly because of the second conjunct). So the definition of truth has to be
adapted somehow for the case that there are no rational strategies.

5 Properties of the alternative semantics

The following theorem says that the truth of a formula cannot essentially depend
on signalling.

Theorem 5.1 For any rational strategy of a player for ¢ there is an equivalent
strategy that depends only on variables that occur in .

Proof. Without loss of generality, we prove the result for the situation that
the formula is of the form ...3z,4; ¢ the player is pp41, and z; is a vari-
able that does not occur in ¢. So we have to show that any rational strat-
egy fn+1(Z1,...,2,) of player p, can be replaced by an equivalent strategy
JATRY (7 T Zr), so by one which does not have z; as argument. We define this
function in two steps.

First define g by:

b, where b € A such that
_ [[(p]]{wl:b,zmyz,---zn:ymzn“:f(b,yz---,yn)} =1,
9(y2 -5 yn) = if such an element exists,

arbitrary otherwise

Next define f,;(z1,22,...,2n) = fat1(9(22, ..., Tn), T2,y ..., Tn).



Suppose that application of strategy f,+1 in a situation that z; =a1,...,Tpn=a,
yields 1. Then there apparently is a value b for z1, viz. a1, such that:

I[SO]]{33135,12102,---93niam93n+11f(b,a2-~~yan)} =1.

Maybe for g(asg,...,an) some other value is selected than a;, say b’, but also
for that value (because of the definition of g):

I[‘P]] {z1:b",2:02,...8n a0, Tnt1:F (b 1a2.,an)} 1.

So under the assumption that z; =a4,...,2, =a, and fn41 = 1 strategy f;,,
yields the same value as f,41. If fr41 = 0 it might even be better. The same
argumentation applies for values other than ai,as,...a,. So fi 41 is at least as
good as fn41. Since fr11 was rational, f;,; cannot be better, so the two must
be equivalent must be equivalent.

End of proof

An example: for Vz[Ju[u=z A (u=0V u+#0)] there is a winning strategy
{u:=z,(if z=0 then L else R)}, so with the non occurring z as signal for the
value of u. Then there must be one for which the z plays no role, and indeed,
it can be replaced by {u:=z,(if u=0 then L else R)}

More important is that the theorem excludes certain paradoxical situations.
If in Vz3z 3y, [z =y] the player for 3y,, has a winning strategy depending z,
there must be one without z because in =y no z occurs. Since for y,; [z =y]
there is no winning strategy that only has z as argument, there cannot be one
using z. Indeed, if we consider the strategies, there is no rational strategy for
Jy/, that is winning against all strategies of other players.

Another consequence of the theorem is that an inductive definition of sat-
isfaction seems possible. That is remarkable, because we introduced the game
with a way of playing that goes from the outermost quantifier to the innermost.
We present here only the case that the slashed quantifier is the last quantifier.

Definition 5.2 Let p(Z) be a formula with possibly T as free variables. Then
by A =T o(Z)[v] is understood that for any combination of rational strategies
the formula ¢ gets value 1 if for T we take v(Z) as value.

Theorem 5.3 A =% Jy/; 0(Z,y)[v] & there is a function f: (Fr(v)\{y})— A
such that A \= (¢(Z, f(Z)) AVz[Fulp(Z, u)] — (2, f(2))]) [v]

Sketch of proof. (<) The first conjunct says that f yields 1 for the choices
made earlier for Z (given by v). The second conjunct says that if other values
for  would have been chosen (captured by Vz) and if there was then a choice
(captured by Ju) that would yield the formula 1, then also strategy f would
yield 1. This means that that f cannot be improved by any other strategy, i.e.
it is a rational strategy.

(=) The first conjunct is obvious, the second conjunct says that for other values
f cannot be improved, which is a property of rational strategies

End of proof.



The truth definition mentioned in this theorem resembles the one put for-
ward by Janssen (2002). That one is suggested by investigating the intuitions
about many examples of independence and an attempt to find the common pat-
tern. The present work can be seen as an argument that such a semantics for
independence follows natural from considerations concerning game playing.

An important consequence of having a compositional semantics is that the
notion of winning strategy for a certain formula is context independent: if there
is a winning strategy for a formula, it is a winning strategy in all contexts, and
if there is no winning strategy, then in no context there is one. This property
excludes some of the paradoxical examples. There is, on models with more than
two object, no winning strategy for 3y, [y # ], hence in no context this formula
can be true, hence Vz[Jy,, [y # x| V Jy,; [y # z]] is not true. Another example is
that Jz[z =0V, = # 0] cannot be true because =0V, £#0 is not true.

6 Branching quantifier sentences

We return to one of the linguistic applications mentioned in the beginnings. We
repeat the sentence, and its representation in IF logic:

(13) Some friend of each townsman and some neighbor of each villager hate
each other

(14) Vz132oV233T4/5, 0, (T(21) A V(23)) = (F (22, 21) A N(24,23) A H(T2,24))]

Consider now the following situation. Among the friends of the townsmen and
two groups are distinguished, viz. male and female ones, and the same among
the neighbors of the villagers. Assume now that hating is a relation between
all pairs of male friends and male neighbors, and also between female friends
and female neighbors, but not between friends and neighbors of different sexes.
In this situation the choices of friends for townsmen and neighbors for villagers
have to correspond: in both cases male ones, or female ones. So intuitively the
choice for 3z4/;, 5, cannot be made independently of the choice for Jz2. So in
this model sentence (13) should not be true.

As we have seen in the discussion of example EixlEIxz/Il [z1=12], it is in
Hintikka’s approach allowed to tune the strategies for z; and x3. Analogously,
(14) comes out true in Hintikka semantics: coordinate the strategies such such
that they yield male friends and neighbors respectively. This shows that the
required independence is not captured by his interpretation.

Let us now consider our analysis of (14). Suppose that in the model under
discussion a male friend has been chosen. Then a male neighbor must be chosen
as well, say Jacob. And if a female friend had been chosen only the choice for
a female neighbor would be winning. But the condition of rationality requires
that for female friend the original choice Jacob would be winning as well. That
is not the case in the given model, so the formula is not true.

Concluding: for this example our semantics gives the desired result, whereas
that is not the case for the traditional game theoretical semantics.
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7 Conclusion

We have proposed an alternative interpretation for Hintikka’s game theoretical
semantics for IF logic. It is game theoretically a natural interpretation, and it
yields results that are conform intuitions on independence.
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