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1. Introduction

During the last 15 yeas there has been growing interest among game theoristsin epistemic conditions for
game-theoretic solution concepts. Most of the work in this areahas more or lessexpli citly employed some
version of Kripke-style epistemic logic. Actually, most game theorists do not work with the syntadic
formulations of epistemic logics, but instead with information-structures. An information structure,
however, can be viewed as a Kripke model, and as the relation between Kripke models and normal modal
systems are well known to logicians, | do not need to go into that here.

Instead, | will use the weakest normal system K (in fad, the multi-agent version thereof) to explain a
problem with thiskind of logic which | believe an only be alequately resolved by moving beyond
“normal” modal systems. In the second part of the paper | will t herefore suggest an epistemic logic which
resolves the problem in what | believe to be asatisfadory way.

2. Thelogic Kp

For a given finite extensive game of perfect information (PI) ', we define the logic K- as foll ows:

atomic formulas are: move formulas a, b, c, ... one for eac move of I', and preferenceformulasa-b ...
where g b are any moves, and i isaplayer of I'. Wffs are made up from these aomic formulasin the usual
way by appli cations of negation, conjunction, and belief operators B;. The aiioms of K are the usual ones
of multi-agent K plus I'-spedfic axioms describing the rules of the game " and the preferences of the
players acording to the payoff function of I". For the simplest nontrivial example of aPl game, I"o, which
has just one player 1, who has to choose between moves a and b, whereof he prefers the former, the -
spedfic axioms are (allb) - (allb) and a-1b. The rules of inference ae modus ponens and epistemization
(which may be gplied to al the aiioms including the I"-spedfic ones).

3. Theproblem of self-knowledge of rationality and options

Within Kr, we give asufficient condition for the badward induction play of I which can be shown to be
weaker than the one of Aumann (1995. In this abstrad, we explain our condition only for the one-player
example I'o (described above), which suffices to explain the problem we seek to solve in this paper.

Asthe player may have false beliefsin K, his choiceof b — contrary to his preference— may be due to his
belief that a is not posshle. This motivates a cndition we cdl relative rationality:

(RR) -B;-ald=-b

Asa-ibisan axiomof [, this saysthat the player will not take adion b if he wnsiders the preferred adion
posshle. Clealy, RR 0 adoesnot hold in Ko However, it seems natural to add the assumption that the
player does consider a posshle. We cdl this assumption Posshili ty of Badkward Induction moves:

(PB|) -B;-a

For our simple example, RR OPBI OO aistrivially atheorem of I,. (For the general case, an analogous,
but more daborate theorem holds.) However, a problem arises from the fad that it seems natural and in line
with the usual informal assumptions of game theory to assume of all moves that they are considered
possble, and that there is mutual (or even common) belief in rationality and the structure of the game.
Clealy, By( RRO-B; =a[0-B; —b) isinconsistent in I'y: The player can infer from what he believes that
what he considers possble will not bethe case.



2. ThelogicLr

To resolve the @ove problem we suggest an epistemic logic which has a sequence of beli ef operators B°,
B, B ... for ead player, corresponding to the temporal sequenceof the player’s states of belief. Limiting
ourselves (in this abstrad) to the one-player case ajain, we consider the aiomatic system (for which we
also provide abeli ef-set semantics, similar to the autoepistemic logics of Moore, 1985, and Konolige,
1983) with the foll owing axiom schemes:

(Al) ¢, whenever ¢ isapropasitional cdculustautology or al -spedfic axiom;
(A2)  BY(¢), whenever ¢ isapropasitional cdculus tautology or al-spedfic axiom;
(A3)  B(¢) OB'(W) O B¢ OW);

(A4)  BY(¢) O B™(¢);

(A5)  BY(¢) O B™(B'(¢));

(A6) = BY(¢) O B™(~ BY(9));

the sole rule of inference being modus ponens. Among other properties of thislogic L, we show that a
delayed version of the epistemization rule holds.

3. A Solution to the Problem

Within L, the problem explained above can be eaily resolved: Writing (RR®) for =B°-a 0 - b, one
can verify that -B°-a - B°-b OB% RR’) isconsistent, and soisB}( RRR 0 =B -a - B®=b).
These formulas can be naturally taken to describe asituation where initially the player considers both
options posdble and himself to be rational, and then, on refledion, recognizes that he will not take b, while
remembering that heinitialy considered bah options posshble.

A multi-agent version of L can be used to reconstruct both the badkward induction argument and that it
may fail if the players have insufficient knowledge éout ead ather’s reasoning processes.
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