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Abstract

Generalizing ordinary topological and pretopological spaces, we introduce
the notion of peritopology where neighborhoods of a point need not contain that
point, and some points might even have an empty neighborhood. We briefly
describe various intrinsic aspects of this notion. Applied to modal logic, it gives
rise to peritopological models, a generalization of topological models, a spacial
case of neighborhood semantics. (In a last section, the relation between the
latter and the former is discussed, cursorily). A new cladding for bisimulation
is presented. The concept of Alexandroff peritopology is used in order to deter-
mine the logic of all peritopological spaces, and we prove that the minimal logic
K is strongly complete with respect to the class of all peritopological spaces.
We also show that the classes of T0, T1 and T2-peritopological spaces are not
modal definable, and that D is the logic of all proper peritopological spaces.
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1 Introduction

H. CARTAN introduced filters and ultrafilters in 1937. Before that time, it was

common practice to consider a topological space as a structure with an idempotent

“closure operation”. Right after, (as illustrated by BOURBAKI), a correlative def-

inition for topological spaces bloomed. A topological space was viewed as a set X

with a filter V(x) of neighborhoods attached to each of its points x ∈ X, a field of

filters, so to say. Two conditions must hold for the new definition to be equivalent

to the earlier: Each point x must belong to each of its neighborhoods V ∈ V(x), (re-

flexivity), and each neighborhood V ∈ V(x) must contain a neighborhood U ∈ V(x)

which, in turn, is a neighborhood of each of its points y ∈ U , (transitivity). Thus,

∗Ege University Department of Mathematics, 35040 Bornova-Izmir, TURKEY.
E-mail: ahmet.hamal@ege.edu.tr

†Ege University Department of Mathematics, 35040 Bornova-Izmir, TURKEY.
E-mail: mehmet.terziler@ege.edu.tr

1



topological spaces have two different, and still equivalent, faces: Idempotent closure

operations and filter fields, one and the same object.

G. CHOQUET, in 1947, dispensing with transitivity, introduced pretopologi-

cal spaces whose associated closure operations are no longer idempotent, of course.

Pretopologies are a very important tool in the study of convergence, namely in hy-

perspaces, that is, spaces of (closed) subsets of topological spaces, such as spaces of

curves or continua, for example.

Dispensing with both reflexivity and transitivity, we here offer an ultimate gen-

eralization of topological spaces, peritopological spaces. Therein, a point does

not necessarily belong to all its neighborhoods and, moreover, for some points x, all

subsets might be neighborhoods, that is V(x) can be the unproper filter.

The blend of logic and topology started very early, with the origins of both. The

topological model, for instance, was a great help to the comprehension of negation

in intuitionism. Though topological models in modal logic, and the corresponding

notion of bisimulation, are now well-known, to our knowledge, this is the first sys-

tematic introduction of peritopology (and pretopology) as such, in modal logic. It

is, by no means, an artificial contraption. That points may not necessarily belong

to their neighborhoods is an essential feature which can lead to many interesting

interpretations.

In the last section, we try to clarify the relation of our approach to neighborhood

semantics.

An Alexandroff topological space is one in which every point has a smallest neigh-

borhood. Those spaces are in exact correspondence with preorders, that is, binary

relations which are, both, reflexive and transitive. The definition extends to peritopo-

logical (and pretopological) spaces. So that, Alexandroff pretopological spaces are in

exact correspondence with reflexive binary relations, and Alexandroff peritopological

spaces, simply, with all binary relations.

To end this introduction, let us just mention the following: Whereas, on a given

set E, topologies can be viewed as closed preorders on the Stone space β(E) of

ultrafilters on E and pretopologies as closed reflexive binary relations on β(E),

peritopologies are easily identified to closed binary relations on β(E).

But this is another story...

2 Peritopological Spaces

Generalizing topologies, G. Choquet [5] introduced pretopologies, using many different

(though equivalent) definitions. We, first, recall two of them.



2.1 Pretopology

A pretopology on a given set E is defined to be a family (V(x))x∈E of filters V(x)

on E such that x ∈ V for each V ∈ V(x). The elements V ∈ V(x) are called

neighbourhoods of the point x for this pretopology. A pretopological space is a set

with a pretopology on it.

A preclosure operation on E is an operation g : P(E) −→ P(E) on subsets of E

having the following three properties. For any subsets X and Y of E,

(i) g(∅) = ∅,

(ii) g(X
⋃
Y ) = g(X)

⋃
g(Y ),

(iii) X ⊂ g(X).

Notice that, from condition (ii), easily follows condition

(iv) X ⊂ Y implies g(X) ⊂ g(Y ).

That preclosures and pretopologies are dual, two faces of the same notion, can

be seen very much the same as for closures and topologies. Indeed, given any subset

X in a pretopological space, define X− to be the set of points x such that each

neighborhood V of xmeetsX. ThenX 7−→ X− is a preclosure operation associated to

the pretopology. Conversely, start from a preclosure operation g on E and set V(x) =

{X : x 6∈ g(Xc)}. Then, (V(x))x∈E is a pretopology whose associated preclosure is

nothing else but g, the preclosure one started with.

Now, just a slight change in the definitions of those structures leads to spaces where

neighbourhoods of a point need not contain that point, and some points might even

have an empty neighborhood. Indeed, deleting some of the conditions on pretopologies

and preclosures, we introduce the following generalizations.

2.2 Peritopology

A peritopology on a given set E is defined to be a family (V(x))x∈E where each V(x)

is either a (proper) filter on E or V(x) = P(E) (the unproper filter on E). The

elements V ∈ V(x) are called neighbourhoods of the point x for this peritopology. A

peritopological space is a set with a peritopology on it.

A periclosure operation on E is an operation g : P(E) −→ P(E) having the

following two properties:

(i) g(∅) = ∅,

(ii) g(X
⋃
Y ) = g(X)

⋃
g(Y ) for any subsets X and Y .



Clearly enough, periclosures and peritopologies are dual, quite as are preclosures

and pretopologies. Given any subset X in a peritopological space, its periclosure is

X−, the set of points x such that each neighborhood V of x meets X. Conversely,

given a periclosure operation g on E, the neighborhood filter of a point x in the

associated peritopology is V(x) = {X : x 6∈ g(Xc)}. For more details, see [6].

2.3 Examples

2.3.1 From pre to peri (puncturing neighborhoods). The following construction

produces all peritopological spaces. Start with any pretopological space (E, (V(x))x∈E).

Choose a subset G ⊂ E and let

U(x) = V(x) for x ∈ G,

U(x) = V∗(x) = {V \{x} : V ∈ V(x)} ∪ V(x) for x 6∈ G.

Then, (E, (U(x))x∈E) is a peritopological space.

The construction also applies to topological spaces, of course.

In case E = R is the real line, for instance, a neighborhood basis for each point

x 6∈ G is obtained as B(x) = {]x− r, x[∪]x, x+ r[: r > 0}.

2.3.2 From peri to pre (the other way round). Start with any peritopological

space (E, (V(x))x∈E) and let U(x) = {V ∪ {x} : V ∈ V(x)}. Then, (E, (U(x))x∈E) is

a pretopological space and, which is more, all pretopological spaces are thus obtained.

Some notions pertaining to general topological (and pretopological) spaces have

their natural analogues for peritopological spaces. Such are the notions of Alexan-

drovity, continuity, hemi-open relations, quotients, separation, and reduc-

tion. Proofs are omitted when they follow the same lines as for topology and pre-

topology.

2.4 Alexandrovity

Alexandroff topological spaces, those in which each point has a smallest neighborhood,

are among the simplest. They are in a canonical one-to-one correspondence with

preordered sets, as is well-known. Whence the following generalization.

Define an Alexandroff peritopological space to be a peritopological space in which

every point has a smallest neighborhood. There is a canonical one-to-one corre-

spondence between Alexandroff peritopological spaces and couples (E,R) with R a

relation on E. Moreover, the relation R is reflexive if and only if the peritopology is

a pretopology.



Let (E, (V(x))x∈E) and (F, (W(x))x∈F ) be two given peritopological spaces.

2.5 Countinuity

A function f : E −→ F is said to be continuous at a point x ∈ E whenever f−1(W )

is a neighborhood of x for each neighborhood W ∈ W(f(x)) of f(x). When f is

continuous at every point, it is said to be a continuous function.

We will need the following observation, in the sequel.

2.6 A remark

Let R ⊂ E × F be a (binary) relation between sets E and F . Then, for each subset

X ⊂ E, the following holds:

R−1(F \R(X)) ⊂ E \X ( that is R−1(R(X)c) ⊂ Xc) as well as R−1(R(X)c)c ⊂ X.

Indeed, assume that x 6∈ Xc. We have to show that x 6∈ R−1(R(X)c). Now, we

have x ∈ X, hence R(x) ⊂ R(X), which amounts to say that R(x)
⋂
R(X)c = ∅.

Therefore x 6∈ R−1(R(X)c). 2

2.7 Hemi-open relations

Extending the class of open functions to binary relations between topological spaces

E and F, Choquet [5] introduced the notion of “relation mi-ouverte” (hemi-open) :

The relation R ⊂ E × F is said to be mi-ouverte whenever R(U) is open in F for

each open set U in E. Say that R is bi-ouverte when both, R and its converse R−1,

are mi-ouvertes.

To be used in bisimulation, here is our generalization of this notion to peritopology.

Let R ⊂ E × F be a relation between the two peritopological spaces E and F .

Define R to be adequate whenever, for each neigbourhood V of a point x in E,

the subset R(V ) is a neigbourhood in F of each point y ∈ R(x). Call R bi-adequate

when both, R and its converse R−1, are adequate.

Notice that, when R is bi-adequate then, for subsets X ⊂ E and Y ⊂ F , we

always have

R(Xc−c) ⊂ R(X)c−c, R−1(Y c−c) ⊂ R−1(Y )c−c. (1)

Indeed, Let y ∈ R(X)c−c. Then there exists x ∈ Xc−c such that xRy, which implies

that x 6∈ Xc−, so that there exists V ∈ V(x) such that V
⋂
Xc = ∅. Making use of

the remark above, we have V
⋂
R−1(R(X)c) = ∅, and hence R(V )

⋂
R(X)c = ∅. It



follows that R(V ) ∈ V(y), since R is adequate and xRy. Therefore, y 6∈ R(X)c−, and

y ∈ R(X)c−c follows. The second inclusion is proved similarly. 2

2.8 Separation

We, now, extend separation axioms from topology to peritopology.

The peritopological space E is said to be T0 whenever each distinct points x 6= y

have distinct neigbourhood filters, i.e. V(x) 6= V(y).

It is said to be T1 whenever each distinct points x 6= y have uncomparable neig-

bourhood filters, i.e. V(x) 6⊆ V(y) and V(y) 6⊆ V(x).

It is said to be T2 whenever each distinct points x 6= y have incompatible neig-

bourhood filters, i.e. no proper filter contains both V(x) and V(y).

2.9 Quotients

Let R be an equivalence relation on the peritopological space E and p : E −→ E/R

be the canonical projection. The quotient peritopology on E/R is defined by setting

W(p(x)) = {V ⊂ E/R : p−1(V ) belongs to each V(y) such that p(x) = p(y)}

Indeed, we have the following result whose proof is much the same as in ordinary

topology.

The set W(p(x)) is a (proper or unproper) filter on E/R and (W(p(x))x∈E is the

maximal peritopology on E/R for which p is continuous.

2.10 Reduction

Define the relation ! on the peritopological space (E, (V(x))x∈E) by x ! y iff

V(x) = V(y). It is clear that ! is an equivalence relation on E. The quotient

peritopological space E/ ! is called the reduced space , the projection E −→ E/ !

being called the reduction map.

While the reduced space of a topological space is always a Kolmogorov space, this

is not the case for peritopological spaces as the following example shows.

Example 2.1 Take two ( finite or infinite) disjoint sets A and B with two distin-

guished elements a ∈ A and b ∈ B, and let E = A
⋃
B. Then define

F = {V ⊆ E : b ∈ V ⊃ A}, G = {V ⊆ E : a ∈ V ⊃ B}

V(x) = F for each x ∈ A, V(y) = G for each y ∈ B

Clearly, F and G are filters on E, and V(x)’s and V(y)’s define a peritopology

on E (indeed, a pretopology). The associated equivalence relation has two equivalence

classes, A and B. The reduced space is not T0.



3 Peritopological Models and Bisimulation

We present a generalization of the well-known topological model notion, and of the

so-called topo-bisimulation to the peritopological setting. Both, also apply, of course,

to the special pretopological case. For details, see [6].

Given a collection of proposition letters P , a peritopological model is a couple

(E, µ) where E is a peritopological space and µ : P −→ P(E) a valuation. Truth-

relation of a formula is defined as usual. The truth-set of ϕ in (E, µ) is denoted by

µ(ϕ). Clearly then, µ(♦ϕ) = µ(ϕ)− is the periclosure of µ(ϕ) and µ(2ϕ) = µ(ϕ))c−c.

Basic notions of modal logic and bisimulation concept can be found in [4,6].

3.1 Bisimulation

A bisimulation between two peritopological models (E, µ) and (F, ν) is defined to be

a nonempty bi-adequate relation R ⊂ E × F between the peritopological spaces E

and F such that, for xRy, we always have x ∈ µ(p) iff y ∈ ν(p).

Clearly enough, pretopological models are a generalization of the notion of reflexive

models for (basic) modal logic, and bisimulation between pretopological models is a

generalization of the notion of bisimulation between reflexive models.

It is easily seen that the topological model notion is a special case of pretopological

model. Furthermore, it is obvious that there is a one-to-one correspondence between

Alexandroff topological spaces and preorders. Here, the concept of topo-bisimulation

is presented in a different disguise, and we shall, readily, show that it is a special case

of peritopological bisimulation. For a classical approach, see [1-3].

3.2 A step back (for a characterization)

Recall that a topo-bisimulation between two topological models (E, µ) and (F, ν) is

a nonempty bi-open relation R between the spaces E and F satisfying the following

condition:

R(µ(p)) ⊂ ν(p) and R−1(ν(p)) ⊂ µ(p) for each p ∈ P.

The following characterization suffices to show that topo-bisimulation is, indeed,

a special case of peritopological bisimulation.

Given a hemi-open relation R between two topological spaces, E and F , the

following condition holds: For each point x ∈ E and each neigbourhood U [not

neccessarily open] of x in the space E, the subset R(U) is a neighboorhood of each

point y ∈ R(x). Conversely, a relation R between E and F for which this condition

holds is hemi-open.



Proof. The necessity of the condition is obvious. As to sufficiency, let U ∈ O(E).

In order to show that R(U) ∈ O(F ), it suffices to see that R(U) ⊂ R(U)◦. Let y 6∈
R(U)◦. So, we have y 6∈ R(U)c−c, hence y ∈ R(U)c−. Then, we have R(U)c ∩ V 6= ∅
for all V ∈ V(y). Now assume that y ∈ R(U). Then there exists x ∈ U such that

xRy, and U being an open subset of E, it follows that U is a neighbourhood of x.

But R(U) ∈ V(y) by hypothesis. Then, from R(U)c ∩ V 6= ∅ for V ∈ V(y) we obtain

R(U)c ∩R(U) 6= ∅, which is a contradiction. So the hypothesis y ∈ R(U) is not true.

Therefore, y must not belong to R(U). 2

Theorem 3.1 Let R be a bisimulation between two peritopological models (E, µ) and

(F, ν). For any formula ϕ, if xRy then x ∈ µ(ϕ) iff y ∈ ν(ϕ).

Proof. Use induction on the complexity of the formula ϕ. Atomic and Boolean cases

for ϕ are straightforward. Consider the box case : ϕ = 2ψ. Then the following

computation is clear.

R(µ(2ψ)) = R(µ(ψ)c−c) ⊂ R(µ(ψ))c−c by (1)

So by induction hypothesis R(µ(ψ))c−c ⊂ ν(ψ)c−c = ν(2ψ).

Conversely,

R−1(ν(2ψ)) = R−1(ν(ψ)c−c) ⊂ R−1(ν(ψ))c−c by (1) again.

Thus, by induction hypothesis, again, R−1(ν(ψ))c−c ⊂ µ(ψ)c−c = µ(2ψ). 2

In order to determine the logic of all peritopological spaces, we need the following

result.

Lemma 3.1 Let F = (E,R) be a frame and A = (E, (V(x))x∈E) the corresponding

Alexandroff peritopological space. Then given an arbitrary valuation µ on E, we have

(F , µ), x |= ϕ iff (A, µ), x |= ϕ

for any x ∈ E and any modal formula ϕ.

Proof. Again, use induction on the complexity of ϕ, and consider only the modal

case ϕ = ♦ψ, since Boolean cases are straightforward. We have

(F , µ), x |= ♦ψ iff (F , µ), y |= ψ for some y ∈ R(x).

Since every V ∈ V(x) contains y, we obtain (A, µ), x |= ♦ψ by the definition of |=.

Conversely,

(A, µ), x |= ♦ψ iff (A, µ), y |= ψ for every V ∈ V(x) and for some y ∈ V .

Now the definition of V(x) gives R(x) ∈ V(x), and that of |= yields (F , µ), x |= ϕ. 2



Theorem 3.2 With respect to the class of all peritopological spaces, the minimal logic

K is

(i) sound,

(ii) strongly complete.

Proof. (i) Indeed, all axioms of K are valid in any peritopological space, and its

inference rules preserve validity; see [6].

(ii) Let Σ be a set of K-consistent formulas. Since K is strongly complete with

respect to the class of all frames, there is a frame F such that Σ is satisfiable on the

model M = (F , µ). Now let (A, µ) be peritopologic model where A corresponds to

the frame F and µ the valuation in the model M. Then Σ is satisfiable in (A, µ)

according to Lemma 3.1. 2

Thus, the minimal logic K is the logic of all peritopological spaces.

4 The Logics of Some Classes of Peritopological

spaces

Theorem 4.1 The class of all T0 -peritopological spaces is not modal definable.

Proof. Assume that there is a modal formula ϕ which characterizes the T0- peritopo-

logical spaces. Let E be a set with more than two elements. Choose two elements a

and b, then define

V(a) := {V ⊆ E : b ∈ V }

and for each x ∈ E different from a,

V(x) := {V ⊆ E : a ∈ V }.

It is clear that the peritopological space thus defined is not a T0 - space. However,

the reduced space E/ ! is a T0 - space. Moreover, the graph of reduction map E −→
E/ ! is a peritopological-bisimulation. Thus, ϕ is refuted on E and by bisimulation

it must be refuted on the reduced space as well, a contradiction. Therefore our

assumption does not hold, i.e. the theorem is proved. 2

That the class of all T1 -peritopological spaces and the class of all T2 -peritopological

spaces are not modal definable can be poven as above.

4.1 Proper spaces

For a subset X in a given peritopological space E, define the peri-interior of X to be

the subset Xc−c. This is a substitute to the interior in topological spaces.



Recall that for a subset X in a topological space we always have Int(A) ⊆ Cl(A),

where Int and Cl denote the interior and the closure operators, respectively. More-

over, Int(A) = Cl(Ac)c holds. However, this is not always the case for peritopological

spaces, as illustrated by the following example.

Take the peritopological space E = {a, b, c} with V(a) = {V : {b, c} ⊆ V },
V(b) = V(c) = P(E). Let X = {a, b} ⊆ E. Then, Xc = {c}, Xc− = {a} and

Xc−c = {b, c}. But X− = {a}, hence Xc−c 6⊆ X−.

In other words, in peritopological spaces the peri-closure of a set does not neces-

sarily contain its peri-interior.

Call a peritopological space proper whenever the peri-closure of each subset X

contains the peri-interior of X.

The modal logic D is known to be the extension of the minimal logic K with the

axiom of the seriality 2p→ ♦p.

We have the following two results.

Theorem 4.2 (i) The logic D defines the class of proper peritopological spaces.

(ii) It is sound and strongly complete with respect to the class of proper peritopo-

logical spaces.

Proof.(i) We only have to consider the formula 2p → ♦p since K is the logic of

all peritopolocical spaces. So, we have to prove that 2p → ♦p is valid in any peri-

topological space T = (E, (V(x))x∈E) if and only if T is a proper space. This is so

because, for any set X ⊆ E and under the periotopological interpretations of modal

operators, 2p→ ♦p is nothing but Xc−c ⊆ X−.

(ii) Soundness follows from (i). To establish completeness, we use Kripke com-

pleteness of D. Let Σ be a set of D-consistent formulas. Since D is strongly complete

with respect to the class of serial frames, there is a frame F such that Σ is satisfiable

on the model M = (F , µ). Now, consider the peritopological model (A, µ) where A
is the corresponding peritopological space to F and µ is the valuation on M. Then

by Lemma 3.1, and the fact that F is a serial frame, A is a proper space, so Σ is

satisfied on (A, µ) by the same lemma . 2

5 Neighborhood semantics and peritopology

For brevity’s sake, we only recall two definitions from neighborhood semantics.

A neighborhood frame is a pair (E,N) with N : E −→ PP(E) a function. A

neighborhood model is a tuple (E,N, µ) where (E,N) is a neighborhood frame

and µ : P −→ P(E) a valuation. So, clearly enough, peritopological models are

special cases of neighborhood models.



Now, of course, to each neighborhood frame (E,N), a canonical peritopological

space E is attached, whose neighborhood filters V(x) are, respectively, the filters,

proper or not, generated by the N(x)’s. Thus, to each neighborhood model M =

(E,N, µ) we can associate, canonically, the peritopological model N = (E, µ).

The truth-set of a formula ϕ, in any model, is defined as µ(ϕ) = {x ∈ E : x |= ϕ},
and the notion of truth in a neighborhood model depends solely on those truth-sets,

and not on the whole system of N(x)’s. Any formula true in the neighborhood model

M is also true in its peritopological counterpart N

Now, truth in the model N has the following two properties:

(i) ϕ ∧ ψ is true if and only if ϕ and ψ are, both, true.

(ii) If ϕ and ϕ −→ ψ are true, then ψ is also true.

Now, the family of truth-sets in any model is closed under finite intersections,

since µ(ϕ ∧ ψ) = µ(ϕ) ∩ µ(ψ) . A simple argument shows that the truth defined in

the neighborhood model M and the one defined in its peritopological counterpart N

coincide if and only if the truth in M also satisfies both properties (i) and (ii).

We shall not further elaborate.

6 Conclusion

Keeping the spatial flavor of topology in modal logic, the language of peritopology

can cope with general situations where reflexivity and transitivity are absent, it is

hoped.
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